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Abstract

Conditional heteroskedastic financial time series are commonly modelled by (G)ARCH processes.
ARCH(1) and GARCH were recently established in C[0,1] and L?[0,1]. This article provides sufficient
conditions for the existence of strictly stationary solutions, weak dependence and finite moments of
(G)ARCH processes for any order in C[0,1] and L?[0,1]. It deduces explicit asymptotic upper bounds
of estimation errors for the shift term, the complete (G)ARCH operators and the projections of ARCH
operators on finite-dimensional subspaces. The operator estimaton is based on Yule-Walker equations,
and estimating the GARCH operators also involves a result estimating operators in invertible linear
processes being valid beyond the scope of (G)ARCH. Moreover, our results regarding (G)ARCH can be
transferred to functional AR(MA).
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1 Introduction

Volatility, usually measured by the variance, is one of the essential objects of study of financial time series
which are often strictly stationary and conditional heteroskedastic. Latter means that the variances at any
time conditioned on the past are non-constant and randomly changing. A popular model exhibiting this
phenomenon for a real-valued process (X )rez was established by Engle [9] in 1982, namely the autoregressive
conditional heteroskedasticity (ARCH) model

P
Xy = epoy, Uk2 =0+ Z Ckingfi (].].)
i=1

for which he was awarded the noble prize in economics in 2003. This model was extended by Bollerslev [4]
in 1986 to the generalized ARCH (GARCH) model

p q
X = epog, ng =0+ Z aiX,S,i + Z /31‘01373* (1.2)

i=1 j=1

Various authors established modifications of uni- and multivariate (G)ARCH models, studied their prob-
abilistic properties and estimated the parameters, see [1], [11], [12]. Along with a progress in processing
techniques and since high-resolution tick data are accessible and can be described as functions, it seems rea-
sonable to extend these models on infinite-dimensional spaces, which is unproblematic from a mathematical
point of view for complete, separablemetric spaces, see [24]. Such an extension enables the analysis to be
more accurate. It also allows applying our recurrence equations on continuous processes by decomposing
these in a natural way, see Figure 1, and to model random events in time for which modelling by real-valued
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multivariate processes with discrete time failed due to missing data where one is incapable of assigning a
constant vector length throughout time. For a detailed introduction in Functional Data Analysis (FDA) and
Functional Time Series Analysis (FTSA), the areas dealing with random variables resp. time series with
values in an infinite-dimensional space, see [5], [10], [13], [16], [27], and for a compact synopsis (in German),
see [23]. Outstanding overviews of Functional Analysis including operator theory, on which FDA and FTSA
are built, are provided in [8], and [35] (in German).
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Figure 1: Fictitious processes in the period 2020-2024, e.g. measured in USD, based on the same pseudo
random numbers. Processes of daily measurements with following errors: AR(1) with parameter a; = 0.6
(blue), which have constant variances conditioned on the past; ARCH(1) where § = 0.2,a; = 0.6 (black);
GARCH(1,1) where § = 0.2,a;7 = 0.6,8; = 0.3 (red). Further, a continuous stochastic process (green)
which also can be interpreted as a functional time series consisting of four consecutive random functions,
with step width 1,/1000.

In 2013, Hérmann et al. [14] introduced ARCH(1) processes with values in C[0,1] and L2[0,1], the
spaces of continuous resp. measurable, square-Lebesgue integrable real valued functions with domain [0, 1].
GARCH(1,1) was carried out on C[0, 1] and L2[0,1] by Aue et al. [2] afterwards, and GARCH for any order
on L?[0, 1] by Cerovecki et al. [6] recently. All authors discussed the existence of strictly stationary solutions
and probabilistic features, consistently estimated the parameters in L?[0, 1] and outlined applications. [14]
estimated the shift term and the ARCH(1) operator projected on a finite-dimensional subspace by estimat-
ing its integral kernel. [2] used a least squares estimator for the projections of the GARCH(1, 1) parameters
on a finite-dimensional subspace, and [6] a quasi-maximum likelihood approach for the projections of the
GARCH(p, q) parameters on a finite-dimensional subspace for all orders p, q € N and for the complete param-
eters for p = q = 1. For further work regarding functional time series under conditional heteroskedasticity,
we refer to [22] and [29].

This article develops ARCH and GARCH processes for any orders with values in the function spaces
L?[0,1] with p € [1,00) and C[0, 1] in particular. It provides sufficient conditions for the existence of strictly
stationary solutions, weak dependence and moments of these processes under mild conditions, and also
discusses parameter estimation. The focus of the article is on deducing estimators and explicit asymptotic
upper bounds of the estimation errors for the shift term and the complete operators of L?[0, 1]-valued ARCH
and GARCH processes for any order. Explicit asymptotic upper bounds of the estimation errors are also
derived for ARCH operators projected on finite-dimensional subspaces for any order. The operator estimation
is based on Yule-Walker equations and utilizes upper bounds of eigenvalues and eigenfunctions, and the upper
bounds of the estimation errors for our GARCH operators depend on upper bounds of estimation errors for
operators in invertible linear processes. We also simulate possible realizations of our processes and some of
our estimators.

In this paper, we use following notation. aAb := min(a, b) and aVb := max(a, b) for a,b € R. |-] denotes the
floor function, sgn(-) the sign function, §;; the Kronecker delta with i, j € Z, and 14 the indicator function of a
subset A C R. For functions f,g: D C R — R, we write f « g resp. f 3 gif thereisa c € R with f(x) = cg(x)
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resp. f(x) < eg(x) for all x € D. For sequences (ay, )nen, (bn)nen C (0, 00), we write a,, ~ by, if ‘;—: —1,a, <0b,
if a,, ~ cby, for some ¢ # 0, a, = w(by,) if b, = o(a,) (for n — o0) and a, = Q(b,) if b, = O(a,) (for n — o0).
Further, Z(a,, b,) = w(a,)No(b,), Elan, by) = Q(an)No(b,) and Elay,, b,] = Q(a,)NO(b,). Let V be a vector
space. Then, V" := {(vy,...,v,) T |v1,...,v, € V}, with n € N, becomes a vector space by our componentwise
definition of scalar multiplication and vector addition. Further, Oy stands for the identity element of addition,
and Iy for the identity operator from V to V, where operator always means linear mapping. For a space F’
of functions f: [0,1] — R, Fs¢ and F>o denote the sets of functions f € F with f(¢t) > 0 resp. f(t) > 0
for M-a.e. t € [0,1], where X is the Lebesgue-Borel measure on [0,1]. f ® g denotes the pointwise product of
f,g € F, with f2 :== f ® f, if it is well-defined. Essential spaces F of functions f: [0,1] — R in this work
are the space of continuous functions C[0, 1] endowed with the supremum norm ||f|[oc = sup;epo 1) |f(?)]
for f € C[0,1], the space of bounded functions £>°]0,1] endowed with || - ||, and the spaces of (classes of)
measurable functions with absolutely Lebesgue integrable p-th power LP[0,1] for p € [1,00) endowed with the
norm || f||zr0,1) = (fol |£(t)|P dt)Y/P for f € LP[0,1], with integration w.r.t. . These are separable Banach
spaces w.r.t. their norms, and # = L?[0, 1] endowed with the inner product (f, g) = fol f)g(t)dt for
f,g € A, with integration w.r.t. A, is a separable Hilbert space. Hereafter, let (B, ||-||5), (B’ ||-||5’) be Banach
and (M, (-, )n), (H, (-, -)3¢/) be Hilbert spaces. On Hilbert spaces we always use norms induced by their inner
product, and abbreviate 'complete orthonormal system’ by CONS. We endow Banach spaces (B" || - ||gn)
with the norm ||b|%. = Y1, ||bi||% for b == (b1, ....b,)T € B" and Hilbert spaces (H" (-, ")) with the
inner product (h, h)zn = >1 (hi, hi)g for b= (hy, ..., k)T, Bo= (b1, ..., hn)T € H™. Also, we define the
following spaces of operators. Lp g is the space of bounded operators from B to B, with Lz = L g. Thereby,
A* denotes the adjoint of A € Lp g . Further, Sy 3, and Ny 3 are the spaces of Hilbert-Schmidt and nuclear
operators from H to H’, respectively, with Sy = Sy 3 and Ny = Ny 3. The meaning of A being an Hilbert-
Schmidt and nuclear operator is that its singular values are square and absolutely summable, respectively.
Moreover, for the norms of the mentioned spaces holds |||z, ., < [|-ls,, ;. < [| |5, 5., - Also, we define the
operator h@h' == (h, -y h' for h € H,h' € H'. In all respects, we assume our random elements to be defined
on some common probability space (€2, 2, P). For B-valued processes (X )rez and (Yi)kez, X5 = Op(Ys,) (for
n — oo) denotes that (Xj/Yy)x is asymptotically P-stochastic bounded. For p € [1,00), L = LE(Q,2,P)
denotes the space of (classes of) B-valued random variables X with v, 5(X) = (E||X||})Y/P < oo, we call
a process (Xy)gez of B-valued random variables L%—process if Xj € L’é holds for all k, and centered if
E(X%) = 0g holds for all k& with expectation in Bochner-integral sense, see [16], p.40-45.

This article is organized as follows. Section 2 studies probabilistic features of our (G)ARCH processes.
Section 3 introduces parameter estimators and derives upper bounds. Section 4 conducts a simulation study.
Section 5 summarizes the main results and gives an outline for future research. Section 6 contains proofs.

2 Functional ARCH and GARCH Models

Here, probabilistic features of F-valued ARCH and GARCH processes for any order are derived. F' stands
either for LP[0, 1] with p € [1,00), or for a separable Banach space of functions f: [0,1] — R endowed with
the supremum norm || - ||oc and being closed w.r.t. the pointwise product ®. Latter is especially satisfied
for C[0,1], but not for L>°[0, 1] which is closed w.r.t. ® but inseparable. We deduce sufficient conditions for
the existence of strictly stationary solutions, finite moments and weak dependence. But firstly, we formally
define our processes.

Definition 2.1. Letp € N, q € No. Further, let (ex)rez be an i.i.d. F-valued process, 6 € Fs o and oy, 5 € Lp
with oy, B Fso = F>q for all i, j. Then, if

p q
i, = € © oy, o =06+ Z ai(Z2) + Z ﬁj(glg—j) (2.1)

i=1 j=1

holds a.s. for all k, the F-valued process (Zk)x is an ARCH(p) process if ¢ = 0 and op # Oz, and a
GARCH(p,q) process if ¢ € N and ap # Oz, Bq # O, -
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Throughout, «;, 5;,9,¢ex,p,q, 0k, £ are the variables in the equations (2.1), with oy = §; = 0, for
i>p,j>q, and we write vt := p V q,5 := p + q. Defining our ARCH model through (2.1) with g = 0 allows
us to derive assertions for our ARCH and GARCH processes simultaneously. (2.1) differs to (1.1) and (1.2)
for real-valued ARCH and GARCH, respectively, as follows. First, ¢; and oy in the left equation in (2.1)
are assembled not through a common but a pointwise product, being well-defined for our spaces F' endowed
with the norm || - ||, and for L?[0, 1] spaces additional assumptions are needed. Second, § is a vector and
oy, B; are operators, instead of being scalars in the real-valued case. For the operators when mapping from
LP[0,1], further conditions are needed to ensure well-definedness. Third, the conditional variance o7 of 2,
given the past has to be interpreted as a function rather than a non-negative number as usual.

2.1 Strictly Stationary Solutions

The identity (2.1) implies the state-space form

C;Ep’q) — 5]£p,q) + \If,j”’q)(c,i"_’i‘)) AN (2.2)
22 ] (502 D]Ikal 0 Dokap gokﬂl O Dokﬁq C 22
22 0o p O oo oo Opp e Opp <o oo Op, 27,
) O, Ip O <o Ogp Oz o o oo Opp .
%CQ_FH OF : : : : %C{p+1
‘%_p_"_l _ OF + OLF s OLF Ir OLF OCF T OKF OCF OCF ‘%62—;)
o? 5 Qp e ey Br e e e By o,
‘71@271 O Ocp  Opp oo oo Opp, Ir  Ogp - - Ofp %272
Oy LTl Oz Oz Ip Ogp -+ Ogp :
U€7q+2 OF UkzacH»l
L Ok—q+1 L O | Oz 0 Og O O O oo Oy Ie Ogy | Tk—q

Thereby, [, in the matrix above are operators mapping from F' to F, with
Dk(f)::f®€lga fEFa

where E is also a function space defined by

. L%, if F =[P,
F= (2.3)

F, if F is a Banach space w.r.t. || - ||co-

Using the modification F' of the initial space F in the definition of [J;, ensures well-definedness, at least if
e € F a.s. holds. If the i.i.d. errors g, satisfy

Eln(1V ||g2]|z) < oo, (2.4)

then in particular ||e2]|;» < oo a.s. Thus indeed £f € F a.s. for all k which implies that [y, is a well-defined
operator a.s., and also bounded with

10kl . < Mkl as. (2.5)

Hence, g,ip’q), 5,§p’q) € F*a.s., and \Ilk(p’q) € Lps a.s. if §, 5,%,0,624', ey O € F a.s. Moreover, (2.4) and || - ||z, <
Il |2y, imply (see [23], p.28)

Eln(1V[[%"?|z,.) < co. (2.6)
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Since (\Ilk(p’q)k is 1.i.d. and || - ||z, is sub-multiplicative, [18], Theorem 6 yields

V(M) — lim %Eln’}l:[lk(p’q)qlk(gyf)...\Ill(PaQ)HEFs

k—o0

L1 (p,) gy (p>0) (p,q)
:kli)n;o%lnH\Ilk v H£F5 a.s., (2.7)

where 779 is the top Lyapunov exponent of (\Ilk(p’q)k, with 4(P9) € [—o0, 00).

Remark 2.1.  (a) The state-space form (2.2) rests upon the version in [11] used for real-valued GARCH(p, q)
(and ARCH(p)) processes.

(b) Aside from the fact that the condition (2.4) is applicable for a large number of spaces, it is due to
Il < || ||oo for any F in (2.3) also milder than the condition Eln(1V ||e2||s) < oo in [6] where
assertions for L2[0, 1]-valued GARCH(p, q) processes were derived.

We are now in the position to state sufficient conditions for the existence of non-anticipative, strictly sta-
tionary solutions of our ARCH(p) and GARCH(p, q) processes. Thereby, a process (Yy )xez is non-anticipative
w.r.t. some F-valued process (e )kez if there exists a measurable function f: F*° — F so that

)fk = f(5k7 Ek—1, ) (28)

holds a.s. for all k. If (ex)rez is strictly stationary and ergodic, which is especially the case if (e ) is i.i.d.,
(2.8) implies that (Yj )y is also strictly stationary and ergodic, see [32], Theorem 3.5.8.

Theorem 2.1. Let the requirements in Definition 2.1 and (2.4), 6 € Fsq and a;, Bj € Ly for all i, j hold.
(a) If
AP <, (2.9)

the equations in (2.1) have an a.s. unique, strictly stationary, non-anticipative w.r.t. (ex)r and ergodic
solution where of = f(ex—1,€x—2,...) a.s. holds for all k for some measurable function f: F> — F.

(b) The equation (2.9) is satisfied if for some n € N and v > 0 holds
DR 11 AU AT ARl |/t (2.10)

Remark 2.2. (a) Theorem 2.1 generalizes Theorems 2.1, 2.3 in [14], 2.1-2.2 in [2] and 1 in [6]. That is
because it provides sufficient conditions for strictly stationary solutions ARCH and GARCH processes
for any order with values in F' = LP[0, 1] with p € [1,00) and in our Banach spaces F' endowed with
[||oo, closed w.r.t. ® (this includes C10, 1]), whereas [2], [14] discussed ARCH(1) resp. GARCH(1,1) in
C[0,1] and L?[0, 1], and [6] discussed GARCH for any order in L?[0, 1]. Further, we imposed bounded
instead of integral operators which is more restricting, and the condition (2.4), on which the definition
of v¥-% is built, is milder than that of [6], see Remark 2.1 (b), thus (2.9) is more general.

(b) The condition (2.10), which is new for p V q > 1 as far as we know, is stricter but easier to validate
than (2.9), see Section 4.

(¢) In the scalar case, a condition as (2.9) is also necessary for the existence of strictly stationary solutions,
see [11]. However, [6], Remark 1, which also applies here, notes that proving (2.9) to be a necessary
condition is difficult, since norms in infinite-dimensional Banach spaces are not equivalent.

(d) [6], Proposition 1 also applies here. Thus, under (2.4) and (2.9), a sufficient condition for the existence of
a pointwise second-order stationary solution of (2.1) is, that the spectral radius satisfies p(]E(\IJ((Jp’q))) <

1, with random matrix \I,(()M) in (2.2) and expectation in Bochner-integral sense.

(e) For detailed examples of parameters and innovations for which both the initial requirements of Theorem
2.1 and (2.10) hold, see Section 4.
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2.2 Finite Moments and Weak Dependence

Based on ideas in [2], [14], and with (2.10), we now deduce sufficient conditions for the existence of finite mo-
ments and weak dependence in sense of LP-m-approximibility for our F-valued ARCH(p) and GARCH(p, q)
processes. Thereby, a process (Yi)kez is Li-m-approzimable for p > 1 if Y}, = f(eg, ex—1,...) a.s. holds for all
k, for some i.i.d. F-valued process (e )rez and a measurable function f: F*° — F, and if

D (Y= Y,i™) < oo, (2.11)

m=1

with Yk(m) = f(ek, €r—1, ...,sk,mﬂ,a,(ck_)m,s,ik_)m_l, ...) and v, ¢ (+) = (E| - ||%)1/7, is satisfied, where (z—:,in))kez
are independent copies of (e )rez for all n. Further, we call (Y )rez geometrically Ly.-m-approzimable if (Yy)y,
is LF.-m-approximable with v, g (¥;,— Y,{™) = O(p™) for some p € (0,1). For each m, (Yk(m))kez are strictly
stationary, m-dependent processes, and Yk(m) equals Yy in distribution. LY.-m-approximibility of a process
thus means that it is non-anticipative w.r.t. another process and can be approximated by some m-dependent
process so that the approximation errors measured by the Lf.-norm 1, p(-) are summable. For a detailed
introduction to LP-m-approximibility, see [15].

Lemma 2.1. For some n € N,v > 0, let B||&5|[%, < oo and (2.10) hold. Then,
(a) BI[2¢|l7 < oo and Ellog]|; < oo;

(b) (Z32)k is geom. Lp-m- and (o7, is geom. Ly -m-approzimable.

Remark 2.3. (a) As far as we are aware, both parts of Lemma 2.1 are new for functional ARCH(p) with
p > 1 and part (b) for functional GARCH(p, ¢) processes with p vV q > 1. Lemma 2.1 also extends the
theories regarding finite v-th moments with v > 0 and weak dependence in [14] and [2] where only
C[0,1]- and s#Z-valued ARCH(1) resp. GARCH(1, 1) processes with # = L?[0, 1] were discussed, and
it extends [6], Proposition 2.

(b) [6], Proposition 2 gives a statement for finite moments without using a moment condition as (2.10) for
A ~valued GARCH processes for any order. They concluded that E||e2||7, < oo for some 7 € (0, 1),
(2.9) and (Zk)r being a strictly stationary solution of (2.1) implies that there exists s € (0,7) such
that E||2¢%||5, < oo and E||og]|5, < oo. By following the lines of their proof, it becomes clear that
this proposition also applies to any of our F-valued (G)ARCH processes.

(¢) The proofs of Theorem 2.1 and Lemma 2.1 neither rely on the fact that our spaces consist of real-valued
functions with domain [0, 1] nor on specific features of their norms. Hence, these results are likely to
be carried out on further separable Banach and Hilbert spaces, provided the (G)ARCH equations (2.1)
are well-defined and prerequisites hold. It might be useful to extend our processes, where n € N, on
separable Banach spaces C™(D) of functions on a compact domain D for which the n-th derivative
is continuous, L?[0,1]", separable Sobolev spaces (see [8]), B", H" L and Sy; where B and H denote
separable Banach resp. Hilbert spaces, etc.

3 Estimation Procedure and Asymptotics

In this section, estimators for the parameters ¢ and «;, 5; of J-valued ARCH(p) and GARCH(p, q) processes
with known orders p, q € N with 2 = L2[0, 1] are established and asymptotic upper bounds of the estimation
errors are deduced. The reason for restricting the estimation on L2[0, 1], the only separable Hilbert space
for which our (G)ARCH processes are defined, is that then an inner product is at hand. The notion of
an adjoint and of specific operators, e.g. covariance operators, then becomes easier to grasp and verifying
required auxiliary results less cumbersome. Nevertheless, conducting our estimation procedure on separable
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Banach spaces is conceivable, since on these spaces covariance operators etc. can be defined (see [5]) and
operator estimation was already executed (see e.g. [30]). Hereinafter, we put ¢ := L*[0, 1], and for assertions
regarding (G)ARCH we throughout impose the following.

Assumption 3.1. § € oy, @i, Bj € S N Ly ,p for all i and j, E||e3 < 00,

15
B(E(0) = 1 (3.1)

for M-a.e. t € [0,1], and there are n € N and v = 4 with (2.10).

(3.1) implies E(.2;2(t)) = E(02(t)) for A-a.e. t and all k. Thus, (2.1) yields

q
Qp_l/k""z az"’/@z %ez Z BJ Vg— ]) (32)
i=1 ji=1

a.s. for all k& where oy = B; = Oz, for i > p,j > q, 2 = EKkQ — my with my = E(27?) and Vgj =
22 — op_ ;. Hence, & = (Z)r is an s -valued AR(p) resp. ARMA(r,q) process if g = 0 resp. q € N,
with stationary but not i.i.d. innovation process v := (1})r. Both 2 and v are centered, stationary, non-
anticipative w.r.t. (e;); and geometrically Lj,-m-approximable. For general functional AR(MA) processes
and their applications, we refer to [5], [19], [31].

When estimating the operators in our ARCH(p) and GARCH(p, q) model, we use the related AR(p) resp.
ARMA(r, q) equation (3.2), their associated Yule-Walker equation which we establish later, and also impose
the following.

Assumption 3.2. § € £°[0,1], o, B; € Ly, gopo,1) for all 4,4, ||Ty ql|c,, < 1 where T}, 4= ELI ; + 22:1 Bj,
and there is no closed, affine subspace U C # such that P(e} € U) = 1.

Lemma 3.1. Let Assumptions 3.1-3.2 hold. Then, there is no closed subspace V. C H# such that P(Z €
V) =1LPw €V) = 1,P(Z5 € V) = 1, and the covariance operators 6y.e2, 6o.a2, Go.v and 6.2, see
Definition 3.1, are injective.

3.1 Preliminaries

For our estimation procedure of the (G)ARCH parameters in (2.1), we need further assumptions and asymp-
totic upper bounds of estimation errors for specific moments, operators, eigenvalues and eigenfunctions, all
related to processes with values in separable Hilbert spaces. These are stated for general, separable Hilbert
spaces, hereafter denoted by (H, (-, ) ), (H', (-, )2) and (H", (-, ). Also, we discuss estimating operators
within a composition of operators in a general manner which can be applied to our Yule-Walker equations
from which estimators for the ARCH and GARCH operators are derived.

We start with estimating moments.

Lemma 3.2. Let X = (Xi)kez be an L?_L—m-approa:imable process. Then
N
iy =1y (X) =N""Y" X/ (3.3)
i=1

is an unbiased esimator for my = m(X) = E(X}) for 1 = 1,2 and N € N with
K[y — my||3, = O(N™1). (3.4)

The Yule-Walker equations for estimating our (G)ARCH operators contain lag-h-covariance operators of
processes and some modifications, known as lag-h-cross-covariance operators of two processes.

Definition 3.1. Let X = (Xj)kez be a stationary L3,-valued process and let h € Z. Then, the lag-h-
covariance operator of X is defined by

Ch = Ch,x = E[(Xo —my) ® (Xp — ml)], (35)
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with my = mq(X) == E(Xq), and its empirical version by

1 N R R
G = Chx = { M=t 2r=fnf 41 (X = 112) @ (Xpeyp, —7i1), 1= N <h <0,

Nn o ~ (36)
N1 Zkzl(Xk—m1)®(Xk+h—m1)7 0<h<N-1

where 1y = my(X) = Nh_1 EN’LI Xi;yN, =N —|h] and N € N, |h| < N — 1.

1=

Lag-h-covariance operators 43 : H — H and its empirical versions %,: H — H are nuclear resp. bounded
operators with finite-dimensional image, short 4, € Ny and %, € Fu, with € = ¢, and ‘f}f =4,
for all h. %y, briefly called covariance operator, and its empirical version ‘KB is also selfadjoint and positive
semi-definite. Our lag-h-covariance operators can be approximated for fixed h and the absolute value of h
tending to infinity not too fast, as follows.

Lemma 3.3. Let X = (Xy)kez be an L;li—m—approximable process. Then

Op(N7Y, if heZ is fived,

(3.7)
Op(hN~Y), if h=hy=Z(1,N).

1€ — Ghll5,, = {

This result enables deriving upper bounds for further operators which we use in our estimation procedure.
Amongst others, for the operators

de@ = %Xd(d);xd+m: ]E[Xd(d) (4 Xd—i—m] and &4:= CgO;X(d) = E[Xd(d) X Xd(d)],
where X (d) = (Xp(d))rez with d € N stands for an H%valued processes with

Xi(d) = (X, Xpp—1ees Xi—ar1) s keZ,

with entries of a centered process X = (Xj)rez. The idea to use such operators is based on [3]. Thereby,
Sam € Nyag and Sge Nya with (see [23], p.56)

1S amllng, < VAEI X0l  and  [|8ullng,. = dEI|Xo] 13- (3-8)

Given a sample X1, ..., Xy of X with N > d, for the operators

Sy = : Y (X yaa(d) —ma(X3(d) @ (XE g — i (X?)), (3.9)

with Ng:=N —d, iy (X2(d)):== N7 SN X7 (d),my (X?):= Nd_lz;\]:dl X3, ;, holds due to (3.7) (see [23],
Definition and properties 4.36):

A Op(N™1), if d € N is fixed,
1641 — Sunll3,, = w( ) 31 , _ (3.10)
HoH Op(d*N~1), if d=dy=E(1,N).
Further, using the empirical version of the covariance operator &y defined by
1
Sa= 37 D (X pama(d) — mi(X3(d) @ (X724 g1 (d) — ma(X3(d))), (3.11)
k=1
leads to
A Op(N~Y), if d €N is fixed,
164~ &dll3,, = oo _ (3.12)
M Op(d°N~1), if d=dy=7Z(1,N).

Further probabilistic features and asymptotics of (lag-h-)covariance and cross-covariance operators can be
found in [5] and [16], and [28] thoroughly studied the asymptotics of lag-h-cross-covariance operators.
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Now, we derive asymptotic upper bounds of the estimation errors for the eigenvalues and eigenfunctions
of a compact, self-adjoint, positive semi-definite operator £ € L4,. We impose this operator to be estimated
by a sequence (Jn)ven € L3 of compact, self-adjoint, positive semi-definite operators, where each Jy

depends on N observations of a stationary process X = (Xj)rez. Thereby, (¢;);en resp. (8);en represent the

~

eigenfunction and (k;);en resp. (k;);en the associated w.l.o.g. monotonically decreasing eigenvalue sequences
of & resp. . For this purpose, we need

laj—b;| <|[A—Bllg,, JjeN. (3.13)

This is true according to [5], Lemma 4.2 where A, B € K4 have the singular value decompositions A =
Yoo aj(a;@aj) resp. B =377 bi(b; @ b)).

Corollary 3.1. Let || — H |7, = Op(an) hold where ay=Z[N"41). Then

sup (k;j — k)2 = Op(ax). (3.14)
jEN

Moreover, if ky, = E[\/an, 1] holds where by = Q(1), then
ki =Op(kyy)  and Ik, = Op(hy,). (3.15)

(3.15) is used in various conversions in proofs, and means the eigenvalues indexed by a constant or a suffi-
ciently slowly decaying sequence are asymptotically equal to their empirical versions up to a multiplicative
constant in some sense.

Eigenfunctions are unambiguously determined except for their sign. Hence, we estimate the eigenfunctions
¢; of A if & / & a.s. holds by

A ~ A

& = sgn((t, )n)Y (3.16)

where sgn is the signum function. According to [5], Lemma 4.3, which can be generalized to any compact,
self-adjoint, positive semi-definite operator,

18— &lln < 351l — ||z, €N (3.17)

if the eigenspace of k; is one-dimensional. Thereby, 41 = 2v/27; and 7; := 2v/2(v;_1V ;) for j > 1, where
v = (kj—kjp1)™' jEN (3.18)

are the reciprocal spectral gaps. The problem in using %; to estimate €; is, that Ej L ¢ as. and thus
sgn((%j, €)%) # 0 a.s. is not guaranteed for all j, N, but needed to obtain our upper bounds of the estimation
errors for the operators in the J#-valued (G)ARCH model. Therefore, we modify Ej in the following way.

Let (hj)jen be a CONS of H and let ({;)jen be a sequence of i.i.d., N(0,1)-distributed random variables,
independent of the observations of X. Then

4 A il
R S (3.19)

is well-defined for all j, N with @;’,K ¢ a.s., hence sgn((%;-’, €)2/) # 0 a.s. Thus we estimate €; with
%;»H = sgn((%}', Ej>7.¢/) %j. (320)

Thereby, (%5-” ); is a CONS of H a.s. according to the spectral theorem.

Assumption 3.3. For all j, k; # kj41 and k(j) = k; holds where x: R — R is a convex function.
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If . is injective and if the eigenvalues of J# satisfy Assumption 3.3, then
ki >Fky>--->0, (3.21)
and for any sequence m=mpy =€(1), due to convexity of «, holds

sup 9 = ym = Q(k;,}). (3.22)
j<m
Thereby, whether the sequence 7, is asymptotically equal to or increases faster than k! depends on the
precise decay rate of the eigenvalues k,. E.g. ky, =< e™™ implies 7, < €™ < k!, and k,, < m™2 yields
Ym =< m3 but kb = m?.

Lemma 3.4. Let J be injective, let Assumption 3.8 and HZV—JKH%H: Op(ayn) with ay ==[N~14 1) hold.

Then,

18"~ &I} = Op(an), jeEN. (3.23)
Furthermore, for sequences m=my =S(1) with v an = o(1) holds

sup [ bl = Op(1f0m). (3:20

The last preparatory step concerns estimating operators within a composition of operators, to be precise,
of bounded operators B € L3, in equations as

A= BC (3.25)

with A € Ly 9,C € Ly 3. Identifiability of B in (3.25), meaning BC = BC implies B = B, is only
guaranteed if B has dense image. C' is not necessarily invertible, and if it is invertible and compact, it has
no bounded inverse which would be desirable for further conversions. However, a generalized inverse

CT:= C*(CC* + b, Ipy) (3.26)

of C, where (b,)nen C (0,00) is a null sequence, is invertible and bounded, and C* := CCT is in a sense
close to Ix/. When estimating operators without projecting them on a finite-dimensional subspace, we also
impose the following.
Assumption 3.4. Let S € Sy 3 and let (¢;;)i jen be a CONS of Sy /. Then, we say that (S, (¢i;):,,) satisfies
the Sobolev condition for f > 0 if
D (80133, 1+ + %) < oo (3.27)
i,j=1
With Z¢:={¢;;|i,j € N,iV j >m} and m=my — 00, (3.27) yields

o0

ITTSIs, = 2 (6%, < 1 +m*) 137 (S,0i)%, (1 4+ + %)
g ’ ivji>m ij=1 '
= O(m~2P). (3.28)

This identity is very benefical when estimating the completely observed operator, as can be seen in proofs
of various subsequent assertions.

Remark 3.1.  (a) Generalized inverses are commonly used for estimating operators in FDA and FTSA.
For instance, [26] utilized a generalized inverse as (3.26) for estimating parameters relating to their
continuous random surfaces, and [25] regularized their covariance operator by finitely truncating the
spectral decomposition of its inverse. For a comprehensive analysis regarding generalized inverses, see
Tikhonov and Arsenin [33].

(b) As far as we are aware, a Sobolov condition as (3.27) is new when estimating (G)ARCH operators, see
[2], [6] and [13].

10
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3.2 Estimation of 4 in Functional ARCH and GARCH

We derive an estimator for § of J#-valued ARCH and GARCH processes for any order from ideas in [14] for
estimating ¢ in ARCH(1). Taking the expected value on both sides of the right equation in (2.1) leads under
Assumption 3.1 to

T

0 =mg — Z (i + Bi)(ma), (3.29)

i=1

with v = pV qand a; = B = 0z, for i > p,j > q. As an estimator for J, with estimators di,Bj for ay, B;
and 7y == N1 Zfil 22, we thus propose

T
=1y — Y (& + ;) (1ha). (3.30)
i=1
Theorem 3.1. Let Assumption 3.1 hold. Then,
T
16 = 6lle = Op(N"Y2) + >~ Op||&s — |z, + Ol|Bi = Bill - (3.31)
i=1

In Sections 3.3-3.4 emerges that the estimation errors for any operator decay at most as fast as N~1/2.

Hence, due to Theorem 3.1 and since t = p V q is finite,
16— 6lle=Opllax — aklle,,  resp. |6 =6l = OrllBi = Billz,

if for all 4, j holds llak — aklle,r = Opl|d: - aillz,, as well as |6k — akllz, = Opl|B; — Bjllc, for some k,
resp. [|81 = Bill c.e = Opl|di — iz, and || — Bill e = Owl|B; — Bjll,p for some L.

3.3 Operator Estimation in Functional ARCH

In the following, £ = (Zk)kez is an J-valued ARCH(p) process with p € N. Under Assumption 3.1,
% = (Z)ker = (232 — ma)kez with mo :=E(27?) is an #-valued AR(p) process with innovation process
vi=()kez=(2;2 — 0% )kez, see p.7. Furthermore, Z(p) := (Z5(p))rez satisfies

2(p) = Uk(p) + A1 (Z-1(p)) =

%{: l/k al PR PR P ap ‘%671
%C—l 0.929 Hﬁf Oﬂyf e e Oﬁyf %6—2
= |+ |0 Lr O - Oy :
Z—pi2 Os¢ : P Z—pt1
%@—p—l—l 0‘% O[,% e 0[,% ]Iﬁf O[.yf %C—p

a.s. for all k. The operator
ap)i=lan - o]
is an element of Sye» » and satisfies the Yule-Walker equation
6}3’1 == a[p]6p7 (332)

with &1 =6 (1), 2, .., Sp =%0,2(p)- Since &, is injective as a consequence of Lemma 3.1 (see [23], Lemma
4.35), ap can be identified from (3.32). As an estimator we thus impose

EPYK Ep,K
= Gp1 G [ = 6,06,(82 + vl ) [ [ - (3.33)

ep,l Ep,l

Thereby, K € N, (95 )veny € N with 9y — 0,¢,1, ..., ¢, k are the eigenfunctions of ép associated to the first
biggest eigenvalues é&,1 > --- > &, x and stf is the operator projecting on lin{¢,1, ..., ¢p x } C P

11


https://doi.org/10.20944/preprints201912.0163.v4

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 September 2020 d0i:10.20944/preprints201912.0163.v4

Theorem 3.2. Let Assumptions 3.1-3.2 hold, and also Assumption 3.3 for the eigenvalue sequence (cp;)ien
of 6. Let (Ppij)ijen be the CONS of Syer e defined by @y 5 = ¢p; @ ¢; for all i,j where (¢;)jen C H
denotes the eigenfunction sequences of the covariance operator 6.2, and let the sequence (In)n in (3.33)
satisfy Iy =O(N~1/2).

(a) Let for = {Ppsj|l < 0,5 < K} with K € N. If (ap)(cpp), ¢j)e = 0 holds for all j,I € N with
I <K <j, then

law ~ T emlls,,, = O0r(¥ . (3.34)
HoK

(b) Let (app), (Pp,is)i ) satisfy Assumption 3.4 for some 3 > 0, and let K=Ky =2(1, N) be a sequence with

— _ K 2
Cp,%(’Yg,KKwH =O(N), where vy i == (cp,x — Cp,ic+1) % and 21:1(%)221'»&“[9](%,1),ngf:
O(K~28). Then,

&gy — apllE,, , = Or(K ). (3.35)

Remark 3.2. (a) Asfar as we know, estimating ARCH operators by a Yule-Walker approach is new, as is the
estimation of complete ARCH operators and of ARCH(p) operators projected on a finite-dimensional
subspace for p > 1 as in Theorem 3.2 (a). For p = 1, however, a similar version of Theorem 3.2 (a)
was already stated in [14] where the ARCH(1) operator was imposed to be an integral operator and
the finite expansion of its kernel was estimated with the same convergence rate.

(b) The assumption (cp(¢p1),¢j)or = 0 for all j,1 with [ < K < j in Theorem 3.2 (a), being milder
than imposing o, and &, commute and similar to the condition in [34] for estimating their MA(1)
operator, and the weaker version in (b) is necessary for technical conversions in the proof.

(¢) Regarding the choice of K in Theorem 3.2 (a), [14] outlined that empirical results in [7] showed that
K = 2,3,4 provide best results due to a bias variance trade-off, that it is practical to choose K as the
largest integer so that for the empirical eigenvalues holds éx /é > C for some threshold C, and that
[36] proposed cross-validation to chose K. Since the threshold C' is difficult to interpret, we propose to
choose K as the first integer so that for some w € (0, 1) holds Zlel &/ vazl ¢ > (1 —w), provided a
sample with sample size N is given. Then, w is interpretable as a maximal weight describing a relative
proportion of information one allows to neglect.

(d) In Theorem 3.2 (b), due to (3.35), K = Ky should be chosen so that it increases as fast as possible,
provided all requirements are met, and the greater the variable 5 in the Sobolev condition, which
describes the level of approximibility of an operator by a given CONS, the better.

(e) Since we avoided imposing a specific representation of the given ARCH operators, e.g. an integral
operator representation, the assertion of Theorem 3.2 is independent of the particular structure of the
given Hilbert space 5 = L?[0,1]. Thus, Theorem 3.2 can be extended to further separable Hilbert
spaces, provided the ARCH processes are well-defined.

(f) Theorem 3.2 rests on the Yule-Walker equation (3.32) containing the operators &,; and &, being
based on an AR derived from an ARCH process which is more restrictive than assuming an arbitrary
AR process. Hence, Theorem 3.2 also holds for the operators of #-valued AR processes.

The subsequent example illustrates some explicit asymptotic upper bounds (3.35) of the estimation
errors for the complete ARCH operators and the choice of K = Ky, given the asymptotic behaviour of the
eigenvalue sequence (¢ ;); of the covariance operator &, in the Yule-Walker equation (3.32) is known.

12
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Ezample 3.1. Let the assumptions of Theorem 3.2 hold.

(a) Assume ¢y v < e . Let Ky =1+ Lli(ﬁ)] for all N € N for some b > 0. Then, K = Ky =Z(1, N),

Yo, i =< e and c;%’yg’KKQﬁ‘H = N7 In?**1(N) = O(N). Thus, Theorem 3.2 yields

= Op(In#(N)).

&) — aplls,, . =

(b) Impose ¢, ny< N~ %for some a > 1. Further, Ky = LN3+4i+2f3J forall N € N. Then, K =Ky =E(1,N),
Yo = KO thus ¢ 547 o K2PH < K3T10128 < N. Hence, after Theorem 3.2:

A ___28
||C¥[p] — a[p]”?sfpyﬂ;: Op (N 3+4a+2ﬁ),

3.4 Operator Estimation in Functional GARCH

Hereinafter, Z := (2% )kez is an s-valued GARCH(p, q) with p,q € N, and 2= (2% )kez = (5&”,3 — m2)kez
the corresponding ARMA(t, q) process, where v = p V q, with innovation process v := (v)kez = (2,2 —
0f)kez, see p.7. We derive estimators for the operators in GARCH processes from those for operators of 2
represented as an inverted process. The operators of both processes, as in the estimation procedure for the
complete ARCH operators, are estimated by generalized inverses based on certain Yule-Walker equations,
provided that specific Sobolev conditions are satisfied. To this end, we impose the following.

Assumption 3.5. % is an invertible linear process w.r.t. ¥ and satisfies

Z=vp + Zﬂi(%—i) (3.36)

i=1
a.s. for all k, with (m)ien C Swand >0, ||m]|s, <oo.
With a; = ; = 0z, for i > p,j > q, the representations (3.2), (3.36) yield

(i—1)Aq

2 = v + Z (Oéi + Z 5jﬂi—j)($€—i)
i=1 =1

a.s. for all k. If Assumptions 3.1-3.2 hold, there is no closed subspace V' C 5 with P(Z5 € V) = 1, which
implies (see e.g. [23], Lemma 4.48 and Remark 4.49)

(i—1)Aq

m=oi+ Y Bm_j ieN (3.37)
j=1

This identity, since a; =0, for i >p, implies
q T
s = Z BiTs—j = [51 Ba -+ 5q] [7r5_1 Te_g - 7rp]

j=1

. T
=t Blg) Ty q

where s = p + q. The solution Sy is unique iff the image of 7r[€7 q € Sy ea lies dense which is impossible due

to S C 9. Therefore, we establish estimators for 51, ..., 54 based on the equation

Ts4+q—1 Ts+q—2 Ts+q—3 *°° Ts—1
Ts4q—2 Ts+q—3 Ts+q—4 = Ts5—2
mo.a = B ], = = (BB Bal| : : (3.38)
Ty Ts—1 T5—2 tee T

However, before we establish an estimator for B, and thus for the operators fi, ..., Bq, we clarify that the
image of H[s q € Supa can lie dense.

13
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Ezample 3.2. Let a; = 8= 0, hold for i #p,j # q, and let v := a, =3y € S be an injective, self-adjoint
operator with v # 0., and ||v||s,, < 1. Then, since (3.37) yields 7, = v* for all m =p + (k—1)q for some
k € N and m,, = O, otherwise, and since operator-valued matrices A = (a;;);,; satisfy A* = (a};)i ;,

*

_O»Cﬁf 0/3% 72 OL'%’— _O»C%" Oﬁjf ’72 Oﬁyf_

*

H[B’q]: 0e, i = o, :H[E)q].

Hence, since v and thus +? are injective and selfadjoint, H[E’ al has dense image.

Due to (3.38), analogously to (3.33), we use

R At @s,q;M A K ~ ~ ¥ —1 @s,q;M
Bray= ”[s,q]H[57q] H = W[a,q]H[&q] <H[s,q] oa 9N]ijq> H (3.39)
95,051 Os,q51
to estimate 6[q]. Thereby,
o q) = [Fotqo1 Fotqoz ** T (3.40)
is an element of Syra e, and the operator valued matrix
7%5+q—2 ﬁ5+q—3 e 7}5—1
~ Rotqesd Todtged *°° Te—2
H = o ’ (3.41)
[s.q] :
7?571 7?572 e 7Arp

is an element of Sypq. For any k, 7, denotes the estimator of 7, obtained by choosing the k-th component of

tLK tLK
ﬁ'L,KZ: é[”](ég]’_[ = GLJGL(G% +19NI[320L)71H (3.42)
EL)l EL,l

where (KN)NEN CN, (LN)NGN C N and (ﬂN)NEN - (0, OO) are sequences with K = Ky — oo, L = Ly — o
resp. v — 0 and where ¢z1, ..., ¢z i are the eigenfunctions of Sy, associated to the first biggest eigenvalues
ép1 > - > éok. In (3.39), (My)veny € N and (Ov)nven C (0,00) are sequences with M = My — oo
resp. Oy — 0, and (§sq;)jen is the eigenfunction sequence of ﬂ[s,q}ﬂ;q] € Swa with associated w.l.o.g.
monotonically decreasing eigenvalue sequence (§sq;;)jen. Due to (3.37),

(i—1)Aq

&i=m— Y Bifij, (3.43)
j=1

with &7 := 7y, are plausible estimators of o; for t =1, ..., p where Bj is the j-th component of B[q}.
In order to establish upper bounds of the estimation errors for the GARCH operators, we firstly derive
those of the estimation errors for the operators 7.

Lemma 3.5. Let Assumptions 3.1-3.2, 3.5 hold. Let also 3 > 0,L=Ly==(1,N), K=Ky=2(1, VL IN)

and Iy = O(ci K ~P) hold. Thereby, (ci;); is the eigenvalue sequence of &y, for which holds Assumption
02

3.3 for all L, ¢, k = Q(VL3N—1), Z£1(ﬁ)22j>x<ﬂl(cw)a ¢j)2, = O(K ) where my, = [m1 -+ -],

and ¢ 3 LV e KN ™! 4 (3o plImill e )?) = O(K—2P) where yp, i = (co,x — crc41) ™' At last, we also

impose that (7, (Prij)i;), with ®p i =cr; @ ¢; as in Theorem 3.2, satisfies Assumption 3.4 for all L for

some 3 > 0 being independent of L. Then, for all i € N holds
|| — |5, = Op(K 7). (3.44)

14


https://doi.org/10.20944/preprints201912.0163.v4

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 September 2020 d0i:10.20944/preprints201912.0163.v4

The conditions L:LN :E(LN),K:KN = (1 \/L IN ) 19N == (CL KK_B) hold if (KN)N; (LN)Na (19N)N
are chosen appropriately. The following example outlines that there are sequences of operators (;); being
absolutely summable w.r.t. ||-||s,, , and that other more complex conditions in Lemma 3.5 are also satisfiable,
at least if some information about the eigenvalue sequences is given.
Ezample 3.3. As in Example 3.2, we impose oi; = 3; = 0, fori #p,j #q,and v :i= oy =55 € Spe. Addltlonally,
v =27218(¢ @ ;) for some € € (0 ’ﬁ)’ which implies y # O, and ||[7|[3, = 2272, 6% = 1752 < 1. Also,
for some a > 1, we assume the mild condition (c(LZ.), ¢l = O(i7%) for i = oo for any j, L, n.

Due to (3.37) and our assumptions, m,, = v for m=p + (k,,—1)q with k,, € N and 7, = 0., otherwise.
This implies with ||v||s,, <1 and sub-multiplicativity:

D mmllse < 3 IS, < oo (3.45)
m=1 k=1

Now, we illustrate that (7, ($r ;)i ;) can satisfy Assumption 3.4 for all L for some ,B > 0 being indepen-
dent of L. For L < p, this assumption is satisfied here for any f, since then 7wy, = [m1 -+ 7] = [0z, - - Oz, |-
For L > p, we choose kr, € N such that p+ (kp —1)qg < L < p+ krq. Then, the relatlonshlp between 7, and
«y for all m, the features of 7, and @, ;;(¢cr;) =0d;¢; for any [ imply

0o L

2 m 2

<77La(I)Lz]>s%L%,: Z (mr(cra), ®rijern)),, = <Z Wm(c£7i));cj>%
=1 m=1

<27 (p+(m Da)y j>2 kLZ£23m (p+(m Da) >%7

and since || < 1 and (cg?, )2, = 0(i72*) for i — oo and any j, L, n with a > 1/2, for 8 € (0,a — %) holds

oo kr, oo 0o
Z (7, ‘I’L,z‘jgjﬁﬁ(l +i% 4 %) < kg Z Z (1+44%7) &> Z (1+%) <C(Lr::r(m_1)q), Cj>;¢ < oo.
3,7=1 m=1 j=1 =1

Hence, (7, (Pr45)i,;) indeed can satisfy Assumption 3.4 for all L for some S > 0 independent of L.

At last, we validate some assumptions in Lemma 3.5 for the eigenvalues which is generally difficult
because their specific features are mostly unknown. However, since &, is nuclear, due to ¢ x < [|SL]] N
and (3.8), we know ¢, x = O(L) for L — oo for fixed K and ¢, x = o(K~!) for K — oo for fixed L. Both
features are satisfied if, for instance, for K = Ky =1+ | K In(N)]| and L = Ly := |[NX| for all N € N with
b,K,L e (0,1) holds

LK = e Kb < NV-K — YLK = (CL,K — CL,K+1)_1 = CI:}(' (3.46)
Justifying such an asymptotic behaviour is difficult, but a priori not ruled out. (3.46) implies L==(1, N), K =
E(1, VL7IN), and Oy = O(c} x K~ ") for any 8 > 0 if e.g. Oy = N2(bL—K)—c for all N for some ¢ > 0, and
also ¢p ;¢ = Q(VL3N-1) if (3 — 2b)L + 2K < 1 which is true e.g. for K = L = 1 t and b = 3. Moreover, our
assumptions, (7, (cr,), ¢;)%, = (m, (I)LJJ>S%,L% for any 7,1, L (see above), £21™ < §J+m for any JjmeNkrr,
and the fact that (cz;); and (c¢j); are CONS of #% and 7, respectively, yield for any 8 > 0:

L1 2 + m—1)q 2 ko 5+1 _
(o)™ D mlera) )i < ko) Zﬁ”’”z it )y S g = O(K%),
= CLatunT (1-9)
= > i>K 7>K m=0
Further, (3'45)a || : ||C% < || : ||$%’L* = %J and H’YHS;&G < 1 leads to 21>L||7Tl||£%4 < Zk>L*+1||7H§‘% X

||7||§; = ||’y\|§% Therefore, with (3.46), K = Ky ~ KIn(N) and L = Ly ~ NL for K, L € (0, 1), we get

- _ 2 2 —_i)— _
CL,%(L<’Y[2,,KKL3N 1 4 (ZHTQH,C”) ) ~ CL KKL4N 1v ln( )N4(K+(1 b)L) 1 — O(K 25)
I>L

for any 8> 0if K + (1 —b)L < 1, which e.g. holds for K=1L= L and b= 2 as above.

15


https://doi.org/10.20944/preprints201912.0163.v4

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 September 2020 d0i:10.20944/preprints201912.0163.v4

Before we turn to the estimation of our GARCH operators, we would like to mention that Lemma 3.5
leads to upper bounds for the estimation errors for the operators of linear processes being, though not needed
in this work, interesting beyond (G)ARCH. Due to Assumption 3.5 where we imposed 2 = (Z% ), to be both
linear, that is 25 = v, + Zf; Y;(Ue—i) a.s. for all k for some sequence of bounded operators (¥;);en C L,
and invertible with the representation 2, = v + Zfil mi(Z4—) a.s. for all k, we have

— ot Z {mel | () (3.47)

a.s. for all k. This and the linear representation yield with g = [ s»:
i
bi =Y mij, i€N, (3.48)
j=1

and thus 1; € Sy for all i. Conversely, the linear representation and (3.48) imply (3.47) due to Lemma 3.1.

Proposition 3.1. Let the assumptions of Lemma 3.5 hold. Then,
R i
i = Zﬁﬂ/h‘—ja i €N, (3.49)
j=1

where 1/30 = Iy, is a consistent estimator for v; with

19 — il|%,, = Op(K 7). (3.50)

Remark 3.3. Lemma 3.5 and Proposition 3.1 are transferable to further separable Hilbert spaces (see Re-
mark 3.2), and are valid without the context of (G)ARCH. Both results are possibly applicable on theories
developed in [3] and [20], and can be seen as advances of the Theorems 3.2-3.3 in [3] where the operators
in the linear process and the inverted representation were, based on assertions regarding spectral density
operators, consistently estimated but without deriving an explicit rate.

For the sake of infering upper bounds for the GARCH operators, we need that for the operators s g
and ], , in (3.38) holds, due to (3.44),

q—1

1#1s0) = o)l B = D 1Fsti = gl |3, = Or(K~27) (3.51)
i=0
and also
q— s—1 2
HH[ﬁ q]H [s,q] H[5 Q]H [s.q] ‘ ‘Sam - Z::o H 2_: 7Tk+z7rk+] Wk+lﬂk+] ’ )S
qg—1 s—1
N Z > rsillg, i — mos iz, + Wik — meal 3, 1m 1%,
4,J=0 k=p
= Op(K~%9). (3.52)

Furthermore, the identities (3.13), (3.52) and Corollary 3.1 yield

sup (Gsqj — Ys.qg)” = O(K ) (3.53)
J

where (gsq;)jen is the w.l.o.g. monotonically decreasing eigenvalue sequence associated to the eigenfunction
sequence (gs,q;)jen of H[57q}H>[k5,q] € Sya, and Corollary 3.1 implies

gﬁ,q;M = OJP(gs,q;M) and Ys,q;M = OJP(gs,q;M) (3-54)
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if gs g =Z(K 4 1) with M= My = Z(1, N). If also H[s’q]HE;’q] is injective and satisfies Assumption 3.3,

Al

sup ||95,q;j = Os,q] Lz%’q =Op (’Yg,q;MKﬂﬂ) (3.55)
J<M

holds after Lemma 3.4 where vs qnr = (gs,q0 — gsﬂ;MH)_l are the reciprocal spectral gaps.
By using these upper bounds, we are now able to state an asymptotic upper bound of the estimation
errors for the complete GARCH operators.

Theorem 3.3. Let the assumptions of Lemma 3.5 hold. Let H[s’q]HE;’q] be injective and let its eigen-

value sequence (gsqj); satisfy Assumption 3.3. Also, let M = My = Z(1,N), 0y = O(K—5/2),75’q;MK_ﬁ =
_ _ _ M 20 _

0(1)7957C|2;MK F=0(M=2P) and Zl:l(gzi;gllaN)22j>M<B[q] (9s,1), )% = O(M~28) hold, and let the tuple

(Braps Yogsig)ing) with Ysg:ij = 9sqi @ ¢ satisfy Assumption 5.4 for the same 3> 0 as in Lemma 3.5. Then,

A O]P(K_QB)7 1=1,
| — ol |3, = apy (3.56)
Op(M ), i=2,...,p,
and for j =1,...,q holds
13, = Bill&, = Op(M27). (3.57)

Remark 3.4. (a) To the best of our knowledge, estimating GARCH operators by a Yule-Walker approach
and explicit asymptotic upper bounds of their estimation errors as deduced in Theorem 3.3 are new, as
is estimating GARCH(p, q) operators for pVVq > 1. Theorem 3.3 extends theories developed both in Aue
et al. [2] and Cerovecki et al. [6] where the parameters of GARCH(1,1) and GARCH(p, q) processes
for arbitrary orders p, q € N, respectively, were strongly consistently estimated, though without stating
explicit upper bounds for the estimation errors. [2] imposed both operators to be integral operators,
their integral kernels and the shift term § to be expressed by a finite linear combination, and estimated
the coefficients in these finite expansions by a least squares estimator. [6] estimated their parameters,
inspired by the standard GARCH model, by a quasi-maximum likelihood approach where the operators
were also imposed to be integral operators. For any order p, q, they assumed the parameters to have a
representation as a finite linear combination of which they estimated their coefficients, and forp = q =1
even the complete operators were estimated. Moreover, both [2] and [6] deduced asymptotic normality
of the estimation errors in the finite-dimensional setup.

(b) In Theorem 3.3, as when estimating the complete operators of our ARCH and invertible process, it is
preferable that ( is as large and that the sequences K = Ky and M = My increase as fast as possible.
Using M = My, declaring the dimension of the subspace on what we project when estimating 31, ..., 84
by means of B[q] in (3.39), instead of K = Ky, provides an additional regulation parameter and thus
more combinations so that all requirements in Theorem 3.3 are met.

(¢) Theorem 3.3 can be generalized to further separable Hilbert spaces and also holds for operators of -
valued ARMA processes, since the estimators for the GARCH operators were derived from operators
associated to ARMA, see also the arguments in Remark 3.2 (e)-(f).

We close the section by validating the assumptions in Theorem 3.3, and outline possible upper bounds.

Ezample 3.~4. ~Let all assumptignsjn Examples 3.2-3.3 hold. So, K = Ky ~ f(ln(N),L =Ly~ NE,CL,K =
VL_%( = NP =K and 9y =< N2CL=K)=¢ where b, K, L € (0,1),¢ > 0, and the representation of H[&q] yields

74 OL% 04%
vt O,
Oz -+ Oz '72
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Thus, due to y(¢;) = &¢; for any j with £ € (0,1), the eigenvalues of Hé’q] are goq1 = &2 Gogqo = =
Gogiqt1 = &4 Gsqarz = €8 Gogars =~ = Gsg2qr2 = &5 Gsgoqrs = &' ..., with associated eigenfunctions
Go.q1 = (Os o, O, )T € AV for L =1+ (j —1)(q+1) and gsqr = (O, .., O, ¢, O, ..., Op) T € 79 with
¢; positioned at k-th component with k =1, ...,q—1for { = 14+k+ (j —1)(q+ 1), Further, H[iq
Moreover, k(j) = gs,q; for all j for some convex function x: R — R, but (gsq;); does not fulfil the complete

Assumption 3.3, because gsq;j = gsq;j+1 for some j. This, however, is not a real problem, since assertions

] is injective.

when imposing one-dimensional generally can be extended on multi-dimensional eigenspaces by modifying
the reciprocal spectral gaps, see [5]. For such a modification, also denoted by s 4.5, holds due to gs q;n = = ¢2f)
for some function f: N — N with f(n) < n for all n,vs4,; = (£2/00) — 2(FGFD)=1 o ¢=2/0) = g—l < €72,
Then, with M = My =1+ LB loge—2(K)| holds M = Z(1, N), Ysqmu K7 o gﬁyq;MK B<em 2MK A =
K=% =o(1) and g, 2, K" < €"™MK~7 < k=5 = O(M~2%), and 6y := In"#(N + 1) for all N fulfils
Oy = O(K~2P). Further, from Big) = [Ocs s s Oz, ,7]7, the representations of the eigenfunctions gs gy for any
[ and 6y > 0 for all N follows for any 5 > 0:

M 2 [e’e)
gs, il 2 —
S (2 F S gl o < 303 iy x 4 — 00
=1 Jsal TN ST J>M =1

Also, from the definition of Byq), 7, gs,q for all [, Ysq;; for all 4, j, and (s *)S,a. follows <,6[q 5.d; U>SM =
€2(g\) | ¢)2, = 1a,(i) 05, ;€% for some k; € N with k; < i where Aq = {k|31 =l with g\, = ¢;}. Then,

5qk_
Y Biap Toiii)d e o (1 +7+ %) = D 1a @) (1 +2)(1+57) < Z €2(1 + i20)?
b=l i=1

for all 8> 0, in other words (B, (Ys,4;i5):,5) fulfils Assumption 3.4 for all 8 > 0.
Provided having multi-dimensional eigenspaces in our setup does not cause a problem, all requirements
of Theorem 3.3 are validated. Due to the asymptotic behaviour of our sequences, Theorem 3.3 then yields

. ) Op(In~??(N)), i=1,
|6 — aills,, = 28 .
Op(In™*"(In(N))), i=2,..,p,

and for j =1,...,q holds due to M = My < In(K) and K = Ky =< In(N),

18— Bill&, = Op (In™>(In(N))).

Remark 3.5. Having just logarithmic decay rates in Example 3.4, is because we exemplarily imposed a
geometric decay of given eigenvalues. This made conversions less cumbersome since the reciprocal eigenvalues
then are asympotically equal to the reciprocal spectral gaps up to a multiplicative constant. By assuming a
slower decay, but no too slow since our eigenvalues are absolutely-summable, the proof of the requirements
in Theorem 3.3 is possibly more difficult, though the convergence rates for the operators are better.

4 Simulation

Herein, we illustrate some ARCH and GARCH processes in F' = . = L?[0, 1] and estimation errors for their
parameters. Before we do this, 6 and operators satisfying the requirements in Theorem 2.1 will be defined,
and it will be shown that under certain errors e; holds (2.10) which guarantees the existence of a strictly
stationary solution. Since verifying (2.10) is cumbersome for big s = p + q (even for s = 3, see [23], p.92),
we focus on ARCH(1) and GARCH(1,1).

At first, we put

§(t) ==0.01, telo,1]. (4.1)
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Thereby, § € %@0 with F = # = L*0,1]. Our two operators «ay,31: # — S are imposed to be
integral operators since these easily can be illustrated. An integral operator A: 7 — A is defined by

fo s)ds for x € #,t € [0,1] if the integral meant w.r.t. X exists, where a: [0,1]> - R
is a measurable functlon the integral kernel of A. We define the integral kernels a; of a1 and by of 51 by
1 1\2 1\2 1 -
— Z|(s— = - = —(1—s)%t 4.2
a(s?) 8[(5 2) +<t 2) }’ bils,t) =31 =9) (4.2)

for any s,t € [0, 1]. Since a1, by are non-negative, aq, f1: 50 — 0, and a1, 1 € Eﬁ’%p because Cauchy-
Schwarz and Jensen’s inequality lead to finite norms, to be precise,

leullz, , = s / /alst s)ds) dt<// aj(s,t)dsdt ~ 8.041-107" = aj,  (4.3)
il <1

18illz,, , < /O /0 bi(s,t)dsdt ~ 3.014-107° = 7. (4.4)
Further, for any k € Z, we put
ult) = Z’“%ﬁ’f) as., telo,1], (4.5)

where Zj, ~ N(0,1), By = (Bi(t))sc[o,1] is a Wiener process, and ...,Z_1,B_1, Zy, Bo, Z1, By, ... are inde-
pendent random variables. Then, (&g )gez is an i.i.d., centered process with gq(t) ~ N(0,1) for all ¢, and thus
E(e2(t)) = 1 and E(e§(¢)) = 105 for all t. Moreover, Fubini’s theorem yields

1
Elle3l%, = /O E(5(t)) dt = 105, (4.6)

which implies (2.4). Hence, all initial assumptions in Theorem 2.1 are satisfied.

_ W/A“'\W/M\m“ﬂ - ;
et Vo g™

Figure 2: Three realizations of e; (left), eo (middle), e3 (right) in (4.5), with step width 1/1000.

For the state-space form \Il(1 9= Oa; in (2.2), with 0, @3 and innovations in (4.5), holds due to (2.5),
(4.3), (4.6) and Jensen’s inequality:

o) = E|le Y2 <Vi0sa? < L

Thus, (2.10) is verified, and due to Theorem 2.1, a strictly stationary J#-valued ARCH(1) process (2% )k
with the shift term ¢ and the operator «; above exists.

Now, we also take (1 into our consideration. After Theorem 2.1, there also exists a strictly stationary
A -valued GARCH(1, 1) process (2)r with d, a1, 51 and the innovations in (4.5), since the product of \112(1’1)
and \Ill(l’l) in (2.2) fulfils

gD gD _ {52041 Dzﬁ1] [Dlal 5151} _ {Dzm Char + e fr Chailh B
2 ! Iz O, || Le Of, Lo h B

and that due to (2.5), (4.3), (4.4), (4.6), and since [; and [J; are i.i.d., holds
1,1 1,1) g, (1,1)
vis” =T e
< El[Hra1thar+EhBl|Z,, + Bl ChaithBi| 2, + E| |Dla1\ |2, + ElhBIZ,
<V105(2[V105a1 + BT | + V10561537 + a5+ f7) <
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4.1 Simulation of Realizations

In order to simulate possible realizations of (G)ARCH processes under the setup above, we utilize the
following result, ensuring that initial values of such processes can be approximated sufficiently well based on
its recursion equations.

Corollary 4.1. Let (2.10) hold for some n € N and v > 0. Further, define g’k(p’q) = 6]§p,q) + \Illgp’q)(ilfﬁ’f))

for k € N, where €(§p’q) € F* is some deterministic value. Then, there is some p € (0,1) with

E|ley "= &l = (o). (4.7)

1

Il

1

M
., e f
WVM.,M ) \ S

0.00 0.01 0.02 0.03

1
1
1

Figure 3: Initial values 2 (black, dotted) of an ARCH(1) process with ¢ in (4.1) and oy with kernel a;
n (4.2), and 22 (bronze, dotted) and o2 (bronze, solid) of an GARCH(1, 1) process with § in (4.1) and
aq, 81 with kernels aq, by in (4.2), with step width 1,/1000.
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Figure 4: Based on €1, €9, e3 in Fig. 2, from left to right: Three simulations each of 27, 23, 23 derived from
2 in Fig. 3 of an ARCH(1) process (first row) with § in (4.1) and a; with kernel a; in (4.2), of 27, 23, 23
derived from 22,02 in Fig. 3 of an GARCH(1,1) process (second row) with ¢ in (4.1) and «ay, 31 with
kernels a1, by in (4.2), and of the differences of the values in the second and the first row (in third row), with
step width 1,/1000.
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Remark 4.1. The realizations 27, 25, 23 of our ARCH(1) process in the first row in Fig. 4 have nearly the
same structure as €1, €9, €3 in Fig. 2 on which they are based on, since ¢ is constant and a7 has little impact.
Z2 in Fig. 3 as well as 27, 25, 23 of the ARCH(1) and GARCH(1, 1) process in the first and second row
in Fig. 4 are almost identical, because «; coincides in both processes and (1 has very slim influence, see
third row. In each plot of this row, the amplitudes increase w.r.t. ¢ because ¢ — b (s,t) is non-negative and
monotonically increasing for any s.

4.2 Simulation of Estimators

For the sake of clarity, we illustrate an estimator for the shift term ¢ in (4.1) and the operator oy with integral
kernel ay in (4.2) in ARCH(1) for the sample sizes N = 75,200. Hereto, we generate a sample 27, ..., Zn
by simulating both an initial value 2 of our ARCH(1) process as in Section 4.1 and innovations ey, ..., ey
in (4.5), and apply the recurrence equation (2.1). In our calculations, any x € 2 = L?[0, 1] is evaluated at
250 t—1 t—1

t=0, ﬁ, s %, and (x,y),r with z,y € S is approximated by the Riemann sum flo > i (555)y (555 )-

With p =1 and 9y := N~/2 for any N, the estimator apj = Gy for oy is

5%
& = VNG (VEE + 1) T (48)
&
where %, and 4] are the empirical covariance and lag-1-covariance operators in (3.6) based on the sample
21y ey XN, and €1, €, - -+, Cx are the eigenfunctions with associated eigenvalues é; > é > -+ > éx > 0 of
%o- As suggested in Remark 3.2 (c¢), we choose K = K as the first integer so that Zfil ¢i/ Zf\il ¢ > (1—w),
where we put w = 0.001. The estimator for § with &; in (4.8) and 7 = N~} Zf\;l 272 has the form

6 = (Lw— é1)(ri2). (4.9)

z=a_1(s,1) z=4(s,t) with N=200

0.06

0.05

0.04

0.03

0.02

0.01

Y i

Figure 5: The integral kernel a; in (4.2) of a; and the integral kernels a derived from the estimator &; in
(4.8) with N =75 and N = 200, where the step width is 1/250.

‘ 0.0‘12

O.C"lO

0.908

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6: § (black), and § in (4.9) for N =75 ( ) and N = 200 (green) with step width 1/250.
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5 Conclusions

This article studies ARCH and GARCH processes in established and not yet considered function spaces,
and provides explicit asymptotic upper bounds of the estimation errors for all parameters. By a Yule-
Walker approach, ARCH operators projected on a finite-dimensional subspace are estimated, as are complete
(G)ARCH operators using an additional Sobolev condition. Our theories contribute to Hérmann et al. [14],
Aue et al. [2] and Cerovecki et al. [6] who established ARCH(1) in C[0,1] and 5 = L?[0,1], GARCH(1,1)
in C[0,1] and %, resp. GARCH processes for any order in J#.

Section 2 introduces ARCH(p) and GARCH(p, q) processes for any order p,q € N in LP[0, 1] with p €
[1,00), C[0, 1] and more abstract spaces. For these processes, we present sufficient conditions for the existence
of strictly stationary solutions, finite moments and weak dependence. Section 3 establishes explicit asymptotic
upper bounds of the estimation errors for the shift term § and the operators of .77-valued ARCH and GARCH
processes for any order using upper bounds of estimation errors for certain moments, (lag-h-)covariance
operators, eigenfunctions and eigenvalues which are also useful beyond (G)ARCH. Theorem 3.1 deduces
upper bounds for § which is new in ARCH(p) for p > 1 and GARCH. The main results of the article
are stated in Theorems 3.2-3.3. Theorem 3.2 (a) provides explicit upper bounds for the projections of the
ARCH(p) operators on a finite-dimensional subspace for any p € N as in [14] for p = 1, and part (b) and
Theorem 3.3 for the complete ARCH and GARCH operators for any order, respectively, being new as far
as we are aware. The upper bounds for GARCH operators depend on these for operators of invertible linear
represented as inverted processes, see Lemma 3.5, which also hold for the operators of associated linear
processes. Both results are valid beyond (G)ARCH, extending theories in [3], [20]. All assertions regarding
(G)ARCH in Section 3 can by minor modifications be transferred to AR(MA), and Sections 2-3 possibly
can be carried out on further Banach and Hilbert spaces. Section 4 simulates some of our processes and
estimators. Section 6 contains all proofs.

We leave the investigations concerning probabilistic properties of (G)ARCH in general separable Banach
spaces behind for future research, as we do for order estimation, see [21]. Concerning the parameters, unsolved
problems are their estimation in Banach spaces (see [30]), the asymptotic distribution of their estimations
errors (see [2], [6] for the parameters projected on a finite-dimensional subspace), and the asymptotic lower
bounds of their estimations errors.

6 Proofs

In various conversions, we utilize for any n € N and a4, ...,a, > 0,

- v T al, v e (0,1],
(o) = {Zink vl
k=1 n Zk:l ag, vV € (l,OO),

thus (35—, ax)” 3 Y r_; af, and the operator valued Holder’s inequality which we state in the following.
Let (H,{-,)n),(H',{-,-)») and (H",{-,-)31) be Hilbert spaces. For p € [1,00],,5”#7{, C Ly 3 is the p-
th Schatten-class, with 5”7_%)%, = Ny, 5”%27“, = Suw S = Lua. For p € [1,00),A € y?f,?—t/ if
Z;’;l s?(A) < 0o, where s;(A) is the j-th singular value of A € Ly 3, and .7, is endowed with the
norm || - H'y;f’ﬁ, = (30, s?(-))l/p. Now, let p,q,r € [1,00] with 1% + % =1 where L :=0,4 ¢ Stz and

T

B € S 4,- Then, after the operator valued Hélder’s inequality (see [17], Theorem 11.2), AB € .4, with
148l < 2| Al I1Bllz, (6.1)

Lt

Proof of Theorem 2.1. (a) The state-space form (2.2) yields

=g 3 WD (60 2
m=1
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a.s. for all k if the series converges a.s. Further, (2.7) implies

1 (9,0) g, (P+9) (1.a) 5(Ps0) 1 (p.a)
W}gnoo EIHH‘I’k ! ‘I’k—f ”"Ilk—gm—i-l(ak—:ln)HFs <A W}gnooglnﬂék_anps

where s = p + q. By definition of 5,5’1’:2 and because of 0 < ||§]|p < |||z, we have H(?,iifi”?;ﬁ < [l6]Z.(1 +

||5,627m|\1%ﬂ), and thus, due to (2.4), E(1Vv H(S,E'ifi”ps) < 0. As a consequence, since y(P9) < 0,

T [[@COGPD gD (0D [ o

Moo k—m+1 m

Thus the series in (6.2) converges a.s. by Cauchy rule. Hence, there exists a solution (§,§p7q))k of (2.2), its
(p + 1)-th component defines a solution of (2.1) if q € N, and from its first component one can deduce a
solution of (2.1) if g = 0.

For verifying that the solution is a.s. unique, we use the argumentation in [6], p.19. We assume that
(ék(p’q))k is another solution. Then,

R R LR e T I

N
where ¢ =6 + 3" gP VgD gD (500,

k—m
m=1

Since v(#9) < 0, both ||g,§f’]’\?) — PV ||pe = 0 and |[PVEPID . @PY) L0 as. for N — oo, and the

+(p,q) |

law of ||¢," \/_1||Fs is independent of N. Ergo,

N—oc0

F's O?

(p,q)

g»k(;o,q) _ gIgm)| o < ||§15qu) _ S.Igp,q)| ot H‘I’k(p’q)‘l’k(ﬂ’f) . \I,k(i,]‘17)||ﬁm &P

by which is shown that the solution is almost surely unique.

By definition of g‘,gp’q) and due to (6.2), 0f = f(ex—1,&k—2,...) a.s. for all k for some measurable function
f: F* — F, so (6?)r and (Z;)x are non-anticipative w.r.t. (gx); and strictly stationary as well as ergodic
after [32], Theorem 3.5.8.

(b) The assertion follows from the fact that wy(f;q) < 1, (2.10), sub-multiplicativity of || - ||z,. and Jensen’s
inequality imply

vy ™9 < lim 1E1n<HH‘I’lS’q)‘I’l(p’q) 'I’((l'ﬁ;nﬂngs) < In(e5"). .

T m—=oom n—1"""
=1
Proof of Lemvma 2.1. (a) For all v > 0,

156 e 3 105 Ve + (3 [P w1650 1)

m=1
n—1 m 00
S8Vl + 3 10 e [Tz + (D ([ Ve O ||, 11800 )
m=1 =1 m=n

Moreover, E|le5||%, < oo implies IE||5(()p’q)||§’;5 < oo as well as Il*3||\Il0('C"c')||ZFs < o0o. From the definition of \Il,gp’q)

and 5,5p’q) and since (g ) is i.i.d. thus follows

n—1 m n—1
B( 188 15 TTIe B8 E,.) = Blo 1z > (B |lz,.)" < .
m=1 =1 m=1
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Furthermore, (2.10) implies for v € (0, 1]:

E(Z ||‘I,ép,q)‘1,£ﬁ,q) \I,(p q) E”(;((]p,q)n%ﬁz E||\Ilép’q)\ll£ﬂ’q) ()

Ll 882 ) < LNl

- m;il o]
< BP0 (B )2,)0) S @)

k=0 =1

and for v > 1 with Jensen’s inequality and monotone convergence theorem:

IE( Z ||\I,ép,q)\1,£pl,q) lI,(p q) 1||£F5 |5(p q)”F) ]E”(;(()p,q)”;ﬁ(z (]E| |\Il()(p"')\11£"1’q) g q)lHLFE )1/1/)

<
= n:l (e’
< Bl I (3 (BIw™ )" ) (3o eE)) < o
k=0 =1

Hence, E||gép’q)||}$5 < 0o. Thus E||2¢||% < oo, E||o¢||% < oo and

Ellog |7 3 |\5IIF+Z Bl (2 HF+Z E|8;(a])II7

i=1 j=1

P q
< I8l + Ell2 | Y Naallz, .+ Ellog |5 > 1185117, , < oo

i=1 j=1

(b) From the identity (6.2) follows

m m— l+1

m—1 o)
C7();744) — 5793,‘1) + Z ‘I’ﬂ(f’q 9 J(p q) ) + Z w (p,a) .\I,I(PM)\I,O(P%W) . \1,72 f)(‘sr(rf lﬁm)>
=1 l=m

a.s. for all m € N. Thereby, \Ilk(p’q’m) and 6,5p’q’m) stand for \Ilk(p’q) resp. 6]?3’0') in (2.2) depending on sl(cm)
where (El(gm))kez are i.i.d. processes for all m, which are independent of each other, and Elgm) equals gy in

distribution for all k, m. Consequently, for any m,

oo

<3 ([ PV |, 180 e

l=m

Hg(p ) c(” q)

+ H‘I’rslp’q) . \I,l(pyq)q,o(p,q,m) \I,(pql

m

167%™ Ir=).

,m)
e

From this identity, the proof of (a) and since elgn) and g are i.i.d. for all k, 1, n, it follows in the case v € (0, 1]:

B9 ca|[r, < 2B(|6 V|l > Bl [wd0 . w® )Y
l=m
n—1 o)
< 21681 (D2 (Bl VE.)") 3o @)Y o« (wE)"
k=0 j=m

and in the case v > 1, based on the argumentation in the proof of (a) for v > 1:

oo
El[o® -l < (D2 2 (B[P P9, (7))

n—1 oo
< 9v E||5ép’q)|\?s ( Z (E”‘I’O(p’q)Hﬁps ) (Z (P (1) ]/u) (¢7(L?I;q))m/u. 0
k=0 j=m
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Proof of Lemmas 3.1-3.4. The proofs of Lemmas 3.1-3.4, which are auxiliary results in this work, can
be found in [23], Lemma 4.11, Theorem 4.2, Theorem 4.4 and Lemma 4.21 (b), respectively. Thereby, in the
proof of [23], Lemma 4.21 (b), k,,,! has to be substituted by 7. O

Proof of Corollary 3.1. (3.14) is an immediate consequence of (3.13), and (3.15) follows from the triangle
inquality, (3.13) and ks, = E[\/an, 1]. O

Proof of Theorem 3.1. The assertion follows from (3.4) and

T

T
16 = 6lle < Iz — malloe (1+ Y llew + Billee) + lmalle (Y 114 — qillze + 15 = Billz). O

i=1 =1

Proof of Theorem 3.2. (a) The definition of &), the inequality (6.1), (‘5£ =6 (67 +UnTws) ", the Yule-
Walker equation &,; = a6y, &} = 6,6/, (3.10), Ly» = ]_[C‘“K—i— [ and o = [+ Iz o with
) P,

Cp, K+1

Sore =1 Ppij|1 <i,j < K} and _£7p ::{¢p7¢j|i,j€N,i\/j>K}, yield for fixed K € N:

EpyK Cp, K
N 2 A A 2 A~ 2
ap) -~ [Tewlls,, , 2 116Gu-&0& ] ls,,, + €& -ITewmlls,, ,
oK o1 ’ R
) N EpyK ) R Ep,K Cp, K 5
S 81— Gpalls,, IS, +11Spal3,, . [ISTTT - ST,
Ep,1 Ep)l Cp,1
Cp, K )
oS [T - [T ewlls,, ,
Cp,1 oK
cpK CpK Cp, K Cp.K
3 Op(N GTHHQMJF HG;H GTHHEMJF HHa[p G,fH Hsﬂw
Cpl Cpl Cp,1 Cp,1
Cp, K )
| T am[S T -1e]lls,,
S K p,1
=O0p(N"Y)-T1+ T+ T3+ Ty (6.3)
Term 71 : As per definition of || - ||[;%,,(‘A5; =6, (ég + InTer) Y, since (€ ;); is the eigenfunction sequence
of ép related to the eigenvalue sequence (&, ;); with &1 > -+ > é, k¥ w.l.o.g., since (C]inf%v)z =0if¢ =0

resp. (%fijﬁN)Q < éj_l if ¢; # 0 and because of (3.15) with Ky = K for all N, we have

|6*H|I£ sup (2"~ Ol ) = Oe(1) 6.4

Term T5: The definition of 6;, (‘5 and || - |[,,, , since (¢y;); is a CONS of J#? and (ty"); is a CONS of 2%
a.s., Corollary 3.1, (3.22) and Lemma 3.4 yield

S, K Cp, K

. ) . i
IS - T HZ 1 el = 2@ ¢ Y en |
L, 2 1o T, P] p.J 2 » Opj P | | v
e o g ng:p<1 TGst 2+ 0y
A K
Bi P s S|P e
NjSK é2“|"15‘N 62'+’L9N [1| ] ppp <1 = cg,j"i'ﬂN LRe N/ P.J

(& ~ 2
sup |Z 2 2 oe pj (z Cp,j>ffp(cg,/j*°p,j)||%p
||TH/£P<1 =1 p]
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R +é
= sup (Gpj — )%~ ’]” + (K +1De 2 sup [[&7 = ¢ ]2
j§K< g~ Co) (Cg,]+19N) (p7]+19]\[)2 ( ) p’KngH p,J vl e

= Op(cy xN 1) + Op(¢, ke KN 1) = Op(N 7). (6.5)

Term T3: The eigenfunction sequences (¢, ;); of &y, (¢;); of 6.2 and also the sequence (®p;;);; with
D05 (cpr) =0ixc; for all 4, j, k are CONS of A%, A resp. of Syes . Furthermore, because of (‘5% = Gg(Gg +
ﬁNﬂﬁp)_l, %J?K = {q)P,ij |Z,j eNjiVj > K}, )= Z;'),.;':l<a[la]’(I)P,ij>3”gk;fq)lﬂ,ij as well as (a[p],@mj)%ﬂ” =
>y (cpr)s Ppis(epk))e = (o) (ps), ¢j ) for all 4, j and since we imposed (ap)(cp1), ¢j)e = 0 for all
gyl withl < K < j,

Cp, K K
HHa[P]GPHHSMF;{’ IZ; Cpl+19 HHa[p] Cp.l H(%ﬂ
p - k]
i i( g ) > (e (epa) i) = 0. (6.6)
= ot O = o (1), €)= |

Term T : Elementary transformations as in T1-Ts, [ , o) (cp1) = In (1) Z;il (@p1(ep), ¢)ec; for all
I, K and Uy = O(N~1/2) lead to

Cp, K
2
||/IJ_[°‘ GIH Lew HSM% ;H;_Ia[p] Ine (D) W ﬂcp’l)“%’
nK p,1 = pK
o0 2 K
= |H1N§K(l) 2 :_’119 1N<K Z 1(ep0), 5 %CJH%
=1 pl TN j=1
= UN 2
= 2 (gray) tem) ol < el .
ji=1
= O(N‘l). (6.7)

Replacing T1-Ty in (6.3) by (6.4)-(6.7) indeed yields (3.34).

(b) stems from Z{il(c ilgN)ZZpK(a[p](‘pl) )2 = O(K=%0), ¢, k72 K21 = O(N) for any K = Ky =
Z(1,N) and 9y =0O(N~ 1/2) and the fact that o, = H/ O] —&—]_[;L oy, (3.22), part (a) and (3.28) imply

e = apills,, 3 [1am = [Tewlls,, , + [ TTewlls,,

oK A
K 2
_ 2
< Op(c ,12{'7;:2,KKN Z j_ Z CISICTE cj>§£’
=1 I>K
+ O 6 i) + O(K 7). O

Proof of Lemma 3.5. The proof is based on proof ideas of Theorem 3.2 with p replaced by an appropriate
sequence L = Ly — co. From these ideas and also (see [23], Lemma 4.45)

6L,l = m.& + ZﬂlgL,lfl; (6.8)
I>L

which can be identified as a Yule-Walker equation with a residual, follows

e —mlls,, , 3 ||k - H“LHS +||H7"LH5%L%
JLK /LK
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LK tLK LK

S 16— eually,, ST+ e, ST - T,
EL71 EL,l L1
‘LK
e e T~ [T mlls,,  +0w )
L1 Ik
LK tLK ‘LK ‘LK
3 Op(LN! THH[:%)L'FL ||6LTH GLTHHQ”L"'H 27”6131 lGLHHs%L”
tr1 L1 L1 I>L cr1
CLK ‘LK
+||H7TLG¢HHSML%+HH7TL Giﬂ—l[%m Hs 2'8)
B L ALK L1
= Op(I’N™Y) Ty + L Ty + T3 + Ty + T + O(K—2P). (6.9)

Term T7: Similar conversions as in the proof of Theorem 3.2 imply

LK

16111z, = Orleri). (6.10)

L1

Term Tp: (3.12) with L = E(1, N'/?), v,k = Q(c; ) and arguments in the proof of Theorem 3.2 yield

LK ‘LK
& ] - GTHHL%L p(ep LN + Op(cp 377 k KLN ™) = Op(cp 37 k KLN7Y). (6.11)
[T%% L1

Term T3: The inequality (6.1), (6.10), the triangle inequality and (3.8) imply

LK
ZW16L1 ! GTHHS%LMS CLK||Z7U6L1 ZHS oy O(e %L ZHMH&X : (6.12)
I>L L1 I>L I>L

Term Tj: Almost one to one as in the proof of Theorem 3.2, we obtain

LK K 02
TS, = X (G55 2 melens). ol = OU™). (6.13)
HE L1 1=1 Ll i>K

Term 75: Since || ||% Zlel ||m|%,, is finite, we have as in Ty in the proof of Theorem 3.2:

el 7

LK
| I (&L ~Tee]lls,, < dRenilimells,, , = Ol ico). (6.14)
LK L1

Due to L = E(1,N),K = E(1, VL™IN), e x = QVL3N-1), (3.28) and Iy = O(cf x K 7), and since
(7, (P45 )i,;) satisfies Assumption 3.4 for all L for 5 > 0, plugging (6.10)-(6.14) of T3-T5 into (6.9) implies

e —mlls,, , = Op(cp itk ELNY) + O(eg % L(Y Imlle.)’) + O(K~27).
I>L
Hence, since we imposed cI:zKL(W%’KKLi&N_l—i— (e rllmllze)?) = O(K—27), (3.44) is verified. O

Proof of Proposition 3.1. We show the assertion by induction. m = ¥, 7 = 1;1 and Lemma 3.5 yield
indeed (3.50). Assume (3.50) is true for [ = 1,...,7 for some particular ¢ € N. Then, triangle inequality and
sub-multiplicativity imply

i+1
1is1 = viralls, 3 D0 IAIE N1y — diragllE, + 1 — 115, [1dir14ll5, = Op(K 7).
j=1
Consequently, (3.50) is verified for all ¢ € N. O
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Proof of Theorem 3.3. (3.51) and since (Byq], (Pp,q;ij)i,;) satisties Assumption 3.4 for 8 > 0, yields as in
the proof of Theorem 3.2:

||B[q] - ﬁ[CI]H%xq,%’_j HB[q H ﬁ[q Hs,g;q ,f'" H H B[q]Hsﬂ ™

Hoa:M qu
jHﬁ-[ﬁvq] 5q||5£f‘1%HH[sq]HH +||7r[5q||5%qMHH[5q]H H[sq]HH
Os.q:1 Os,q:1
+ H”[“”H[g il H H "]Hs%w M=)
qu

<O]P Zﬂ HHECI HHL%O(, HH[ﬁq]H H[sq H”Lﬂq
Os,q51 Os,q1
+ H H IB[q]H[5 ‘1] H ‘ Syen, yf+ H H IB[q] [H[5 H a Hyfq} Syfqyf+ O(M_Qﬁ)
qu qu

Term T : ]_[[5 q= f[? (f[ [5.d] ]:[?5 a7t OnLyra)~t, and (§sg;); is the eigenfunction sequence of f[[m]ﬂ?s,q]’
thus H[s q]H [s,q and ]_[gs“i’f commute. Hence, similarly as in 73 of Theorem 3.2,

«  Beqn
Hnsq [—IIHL%L]_ H(H[sq H[s q]+9N ‘%Oq) H[5 q]qu IE—IIHL%q
= sup _Gsai O]p(g;ql;M). (6.16)

j<M (Gs,q5+ O )?

At . . A R _ « “
M: Because of H[s,q](gglqj) (957‘1§j+ QN) ! H[s,q] (gg/q j) H [s,q] (gg/q,]) (gs,q;j+ QN) ! H[s,q (glsllcu) and
conversions as in T in Theorem 3.2, we obtain

I, 1 HMHH

Lypa
5q1
o || B ) @b
[l&]| 20 <1 Jsq5 + 0N [, =5 s, T O [s.a] e
M ~n ~
(T, Goqij oo/ s, (T, 95,4 %“\/gsw T, Ps,q.j )00
< sup ‘ 43 W o ; ‘ ‘ 5,03 (Goai — /G )
[ | e <1Z1 Jsa:j + On Ysag + O Ysay + 0N ( o a9)
g 2 = * 2
ol el (0, 2 e T, - T, )
<II\2I gs,q]+9N HH[5 q]|}£‘%’q 5,057 g57q7JH.92”q HH[ﬁ’q] H[s’q]Hﬁﬂq
V 3s KK vV Ys,a: ‘2 -1 A1 2
= su + Mg, . Su = Os.qi
]<1€I Goqit+ 0N Gaqit On gs,quA D 1185 — 9505 |

=+ sup (7) ( V gﬁq] \/gqu HH[5 q]||£3fq||ﬁg,(17] 957q;j||ij+ ||H[5’q]7H[5’q]H2£%q>

J<M gyt On
= Op(goqu K 7) + op<g;;Mv§,q;MK—2BM> +Op(go g K 7)
+ O]P(Q;qQMVE,q mE ) + O]P(gquK ?)
= OJP(gquK ) (6.17)

In the last step, we utilized v g0 = Q(ggql;M), the assumption s g K 7 = o(1) and also gs g = o(M 1)
where latter holds since the eigenvalue sequence (gsq.;); is absolutely summable.
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Term T3: From our assumptions and the ideas in Theorem 3.2 follows

HHﬂq]H[gq]HH

M 2
=3 (P Y (B (wsar) 6 = O). (618)

2
i Seao =1 Jsal +Oy j>M
Term Ty: Analogously as in Ty in Theorem 3.2, we obtain
9s.q:M
H I B [H II- %ﬂ} ‘ = O(63 9agnr)- (6.19)
[s, cI] Swea,w
FoaiM Op,a;L

Replacing T1-T} in (6.15) by (6.16)-(6.19), and considering Oy = O(K ~F/?), You 2 K78 =0(M~2%), yields

H/é[q] =B ||‘23m% = Op(M~?9).

Hence, (3.57) is shown for all j, and (3.56) for ¢ = 1, ..., p follows from (3.44) for all 4, (3.57) for all j, and

(i—1)Aq
6 — cills, 3 1A —mlls, + Y Bil1E, 17— w5, + 18— Bl 1w, - O
=1

Proof of Corollary 4.1. Assume N = mn for some m € N w.l.o.g. Then, since ¢ ;, .8 < 1 and (\Ilk(p’q))kez
is i.i.d., the assertion follows from

]E|| (pya)_ (p,q)H%s _ EH‘I’JEIP’q)‘I’Jsrp—’ql) L q,l(p,q)(gép,q) ~(p q)>‘

FS
< (BN E|| PV - gy 0
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