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Abstract: We investigate a possible reduction mechanism from (bosonic) Quantum Field Theory
(QFT) to Quantum Mechanics (QM), in a way that could explain the apparent loss of degrees of
freedom of the original theory in terms of quantum information in the reduced one. This reduction
mechanism consists mainly in performing an ansatz on the boson field operator, which takes into
account quantum foam and non-commutative geometry. Through the reduction mechanism, QFT
reveals its hidden internal structure, which is a quantum network of maximally entangled
multipartite states. In the end, a new approach to the quantum simulation of QFT is proposed
through the use of QFT's internal quantum network
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1. Introduction

Until the 1950s, the common opinion was that quantum field theory (QFT) was just quantum
mechanics (QM) plus special relativity.

But that is not the whole story, as well described in [1] [2]. There, the authors mainly say that
the fact that QFT was "discovered" in an attempt to extend QM to the relativistic regime is only
historically accidental. Indeed, QFT is necessary and applied also in the study of condensed matter,
e.g. in the case of superconductivity, superfluidity, ferromagnetism, etc.

The substantial difference between QM and QFT was understood around the 1950s [3], the
Haag's theorem [4] [5] [6], the breaking of spontaneous symmetry, the dynamic generation of
collective modes (long range correlations) ... In QM the Stone-von Neumann theorem [7] [8] holds:
for systems with a finite number of degrees of freedom the representations of the CCRs are "unitarily
equivalent", and therefore physically equivalent. The theorem of Stone-von Neumann does not apply
to QFT because the fields by their nature introduce an infinite number of degrees of freedom,
therefore the hypothesis on which the theorem of Stone-von Neumann is based falls: in QFT there
are infinitely many unitarily inequivalent representations. There are physically different "stages" or
dynamic regimes.

For a review on these topics see, for example, some foundational works in [9] [10] [11].

Another common opinion is that QFT does not have a quantum information content, differently
from QM (for example in the case of a two-levels quantum system). For an introduction to quantum
information and quantum computation see, for example [12]. This is a very important point, of great
interest to us. In fact, we don’t fully agree with this common opinion, in the sense that we believe
that there is an hidden quantum information in QFT. We instead agree that the quantum information
content is not explicit in QFT, and, put in these terms, this can be taken as one of the main differences
between QFT and QM.

Then, we maintain the following main differences between QFT and QM:

1-The number of degrees of freedom is infinite in QFT and finite in QM.

2-The representations of the canonical commutation relation (CCR) are all unitarily equivalent
in QM (for the Stone-von Neumann's theorem). Instead, QFT admits unitarily inequivalent
representations (uir) of the CCR. In the case of QFT with interactions, Haag's theorem states that the
representation of the interacting fields is unitarily inequivalent to that of the free fields.
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3-QFT does not seem to have an explicit quantum information content, differently from QM.

4-From point 3 it follows that, while QM can be simulated directly by a quantum computer (QC),
QFT cannot. The QFT must first be "adjusted" before being simulated and the regulator is typically a
lattice, which however breaks Lorentz's invariance. For the topic of quantum simulation of QFT see,
for example [13] [14].

Points 2, 3, 4 will be discussed in more detail below.

But first, a few questions arise (relating to points 3 and 4):

“Is there any quantum information hidden in QFT?"

And also: “How can we reduce QFT to QM in such a way that the hidden informational quantum
structure, if it exists, can be revealed?”

Furthermore: “Does that quantum information structure lead to a direct simulation of the
original QFT?”.

Answering these questions was the goal of this paper. So, we looked for a reduction mechanism
from (bosonic) QFT to QM that could reveal QFT's Hidden Quantum Information (HQI). We found
that HQI was there and was organized in a quantum network of maximally entangled multipartite
states. That was the quantum computational "skeleton" of the original QFT. Since such a "skeleton" is
itself a quantum network, it seems that it is right to enter it in a one-to-one correspondence with an
external QC to simulate the original QFT.

The various stages of the reduction mechanism are illustrated below, which is quite complex
and requires sophisticated mathematics.

We considered a boson field operator, over which we performed an ansatz that admits an
attractor in whose basin there is a flow of spatial degrees of freedom (an analogous ansatz was used
for an SU(2) gauge field in [15]).

The ansatz we perform in this work corresponds to a boson translation in terms of the
annihilation operator in momentum space. This defines a new vacuum and, in the case of infinite
volume, the two representations are unitarily inequivalent. However, in the finite volume of the basin
of the attractor, the two representations become equivalent, indicating that the (bosonic) Quantum
Field Theory has been reduced to Quantum Mechanics.

Within the attractor basin it is possible to define a new metric, quantized in Planck units, that
undergoes quantum fluctuations, (the quantum foam) [16] [17], which induce uncertainties in the
position states. The latter can be interpreted as maximally entangled qubits on the surfaces of the
spheres centred at the attractor point. This is possible if an adequate non-commutative space, which
is a generalization of the fuzzy sphere [18] is taken as the geometrical representation of the state space
of the (maximally entangled) n-qubits states.

Within the spheres, instead, the position states are fully mixed states, and represent the spatial
degrees of freedom which have been released.

The entanglement entropy of the maximally entangled states equals the total quantum entropy
(the von Neumann entropy) of the fully mixed states, so that quantum information is conserved.

The study of representing qubit states by non-commutative geometry started a few years ago.

In [19] we looked for a quantum system, on a quantum (non-commutative) space, which could
mimic (simulate) space-time at the Planck scale. For a review on quantum spaces see, for example
[20] and for the relation with QFT see [21]. The theoretical construction in [19] was developed in [22],
where we found a model for quantum-computational gravity: a quantum computer on a quantum
space background, namely the fuzzy sphere.

A few words should also be spent for the important role played in this paper by the uir of the
CCR in QFT. In QM, i.e., for systems with a finite number of degrees of freedom, the choice of
representation is inessential to the physics, since all the irreducible representations of the canonical
commutation relations (CCR) are each other unitarily equivalent: this is the content of the Stone-von
Neumann theorem. Thus the choice of a particular representation in which to work, reduces to a pure
matter of convenience. The situation changes drastically when we consider systems with an infinite
number of degrees of freedom. This is the case of QFT, where systems with a very large number of
degrees of freedom are considered. In contrast to what happens in QM, the von Neumann theorem
does not hold in QFT, and the choice of a particular representation of the field algebra can have a
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physical meaning. From a mathematical point of view, this fact is due to the existence in QFT of
unitarily inequivalent representations (uir) of the CCR (in the infinite volume or thermodynamic
limit). The two particularly important cases of linear transformations, are the boson translation [2] [9]
[23] [24] [25] and the Velatin- Bogolijubov transformation (for bosons) [26] [27].

In the context of conventional approach to Quantum Field Theory, when we try to explain the
interacting theories, more than one class of representations is needed. The said phenomena was
observed bay Haag and sometimes is called the Haag’'s no-go theorem, which states that free and
interacting fields must necessarily be defined on different unitarily inequivalent Hilbert spaces.

The main problem is that when we try to construct a physical theory, by considering, e.g., the
Poincare symmetry, we select just one of these classes and simply forget about the existence of others.
This causes some problems such as Haag’ s no-go theorem. On the other hand, the formulation of S-
Matrix is such that one can find the final state by operating S-matrix on the initial state without taking
into account the moment of interaction, regarding it as a black box. But it is the moment of interaction
that all of these classes may become equally important.

The fact of ignoring the moment of interaction derives from the common attitude of the
practitioners to adopt an ontology of events, instead of an ontology of processes.

In many domains of Physics, an ontology of events seems to be the only possible one, or at least
the most convenient. The typical case is the scattering of particles. All that we can practically observe
are the events before and after the scattering. All that happens in the meanwhile is unknowable, and
the only theories we can make concern the correlations among input and output events. This way of
reasoning is sufficient for many practical purposes. Let us now come to processes. A process is a
temporal sequence of events. A process is ruled on by some dynamical law which characterizes the
process itself .This is exactly the structural content of QFT, as stressed and explained in Refs. [1], [2]
and [9], where it is clarified that the dynamics, expressed by the equations for the interacting fields
(also called Heisenberg fields), defines and characterizes the theory under study and "manifests itself"
in the observable physical fields at the level of the observations. Events are thus the "manifestations"
of the underlying dynamics (the process).

For example, a calculation is ruled on by the implemented algorithm. An ontology of processes
does not deny that observations are about events, but hold that events are explained only in terms of
the underlying process, and that the descriptions of events and processes are somehow inseparable.
The expression “ontology of processes” has been borrowed from information science, where it has
been introduced within the context of space-temporal databases (see, for instance, Kuhn [28]). In
particular, in the reduction mechanism of QFT to QM illustrated in this paper, it is extremely
important to take due account of the moment of interaction, that is, to assume an ontology of
processes, as we will see in Sect. 8 (and in the Conclusions). Avoiding doing so would lead to an
internal classical computational structure of QFT, that is of no real help in the simulation of the latter.

Theoretical research on quantum simulation of QFT is very urgent nowadays, because it should
support important experimental applications, mainly in high energy physics (HEP), and also for
setting up the fundaments of theoretical computer science (TCS) [29].

The paper is organized as follows.

In Sect. 2, we make an ansatz on the boson field operator, we take the spatial slice at constant

time equal to zero, and show that the centre of an open sphere of rational radius I, =1/n, where n

is a positive integer, of the induced topology is an attractor, through which there is a flow of degrees
of freedom of the boson field.

In Sect. 3, we describe a new metric within the attractive basin, which is quantized in Planck
length units. This metric undergoes quantum fluctuations, which are maximum for an open sphere
of unitary radius, and disappear when approaching the attractor. So, in the classical limit, the
attractor would become a singularity in which all the degrees of freedom of the boson field would be
lost.

In Sect. 4, we show that carrying out the ansatz on the boson field corresponds, in the momentum
representation, to performing a boson transformation, which defines a new vacuum state. In the limit
of infinite volume, the two representations are unitarily inequivalent, but in the finite volume of the
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attractive basin they are equivalent. This means that in the attractive basin, the original Quantum
Field Theory has shrunk to Quantum Mechanics.
In Sect. 5, we hypothesize that, in the presence of quantum fluctuations of the metric, the surface

of a sphere of radius I, which incorporates the attractor basin, encodes quantum information (this

will be formally demonstrated in Sections 6 and 7) and that in this case there is a relationship of
uncertainty between the metric and quantum information. Due to the uncertainty relation, there are
some missing qubits on the sphere, corresponding to the mixed states between two spheres of radius
r, and I, respectively.

In Sect. 6, we illustrate the origin of the quantum information encoded by the surface of the
sphere that incorporates the attractor basin, that had been hypothesized in the sect. 5. We show that
when taking into account the ansatz (in the finite volume of the basin), the quantum fluctuations of
the metric induce an uncertainty in the position state, giving rise to a superposed state that can be
interpreted as a qubit. Furthermore, we show that two cat position states are maximally entangled
(forming a Bell state) on the surface of the sphere, while the reduced state, which is completely mixed,
is inside the sphere. Since the maximum entanglement entropy (mutual information) of the Bell state
is equal to the maximum von Neumann entropy of the fully mixed state, there is no loss of quantum
information. Hence, we extend this result to multipartite maximally entangled states such as the
Greenberger - Horne - Zeilinger (GHZ) [30] states.

In Sect. 7, we show that in order to have n-partite maximally entangled states on the surface of
the sphere enclosing the attractor basin, such a sphere should be a (modified) fuzzy sphere with

rational radius I, =1/n, in the fundamental representation of SU(2) (with two elementary cells).

In fact, in the case of a usual fuzzy sphere, the latter would encode 1 qubits in the N =2"
irreducible representation of SU(2) [22], each one of the N cells encoding a string of # bits, and such
geometrical representation would be that of a separable n-qubits state. In the case of the modified
fuzzy sphere, instead, the n-maximally entangled states are accommodated in two cells, each one

®n ®n
encoding either a string |0> or a string |1> . Furthermore, in this way the one-to-one

correspondence [19] between the Bloch sphere and the usual fuzzy sphere with unitary radius in the
fundamental representation of SU(2) is maintained.

In Sect. 8, we show that a quantum computer can simulate both free and interacting fields once
the quantum fields are reduced to a quantum network.

Sect. 9 is devoted to the conclusions.

2. The ansatz over the boson field operator

A

Let us consider the boson field operators @(X) and qA)T(X) that obey the following

commutation relations at equal times:

ld(x), T (x)]= 53 (x — %) x=(Xt) K={. %, %! t=t (1)

[ (), 8" ()] = [b(x). b(x)]= 0
The boson fields qB(X) and @ (X) are the annihilation and creation operators respectively.

@(x) annihilates the vacuum state |0):
d(x)0)=0

and @F (X)Ci)(X) is the boson number-density operator.

Now, let us make an “ansatz” for CD(X) , given in terms of the following transformation:
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~

d,(x)=D(x)+ f(x)

where the subscript “A” stands for “ansatz”, and f (X) is given by:
f(X,t)=u(x)-eE" (2.2)

In (2.2) we take the spatial slice at constant time t =0, and we choose:
r (%)

u(x)=const-e ‘v (2.3)

e

CS

12
where L, is the Planck length: L, = ( j =1.6x10"*cm.

Then, the ansatz at constant time t =0 takes the form:
SA(x)
A ~ =1

@ ,(X)=d(x)+const-e ‘- (2.4)

For future convenience, we make the following choice for the constant: const =1/2i .

A similar ansatz was used for the SU(2) gauge fields in [15], in order to reduce a pure non
abelian gauge field theory to quantum information theory on the fuzzy sphere [18].

The complete metric space (R3 , d) , where d is the Euclidean metric d(%,X')= |)_( - )?'| has
an induced topology which is that of the open balls with rational radii I, =1/n, with n a positive
integer.

The open ball of radius I, centred at X* is:

B(x")={x e RId (X", %) <, ] . (2.5)
Now, let us make the following natural choice for ﬂ()?):

*

X =X

AX)=x*e " (2.6)

where X is a fixed point for A(X) as it holds:
(2.7)

It is easy to check that A(X) continuously approaches X for large values of 7 (i.e., for smaller
radius of the ball): lim___A(X)=X".

The fixed point X is an attractive fixed point for A(X), as it holds:

A'(x7)| <1 (2.8)

where: ' ()?* ) = % A()‘()' .

The fixed point X isthena particular kind of attractor for the dynamical system described by
this theory.
Furthermore, it holds:

2 (%) <1 (2.9)

forall X e Brn (7(* ), which is equivalent to say that A(X) isa contraction map in the attraction basin

of 7(*, that is, it satisfies the Lipschitz condition [31].
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Then, it holds:
d(A(x), A(x)) < qd(%,X') (2.10)

with 6(0,1) forevery X,X'e€ B, (7(*) :

3. The ansatz and the quantum foam

It should be noted that the choice (2.6) for A(X) implies that we are considering a discrete space
background quantized in Planck length units L, =nL,, with neZ".
In the classical limit L, -0 wehave: A(X) > oo, ®,(X)>0.

Then, the new metric inside the basin of the attractor is:

g,(%,%)= d(’?’zl):R_T', nez* (3.1)

an an

The function A(X) in (2.6) can be rewritten as:
A(%) = x*explig, (", %)| (3.2)
The absolute value of the variation of g, with respectto n is:

1
?

|Ag,| = (3.3)

and the quantum fluctuations of the metric (¢, are:

Ag,| 1
A(g), =20l _1 (3.4)
0, n

Let us consider the Wheeler relation [16] of the “quantum foam”, that is the quantum
fluctuations of the metric 5(9 )ij @1,]=1223):

_ Ag; :i (3.5)
9ij L

A(g )ij

The maximal fluctuation occurs for L = LP , that is at the Planck scale:

A(g)ij =1, Agij = 0jj (3.6)

The Wheeler relation was extended to the case of a quantum de Sitter space-time [32], which is

discretized by  spatial slices: t,=nt, , where t, is the Planck time:
1/2
hG -
tp = (—J ~5.3x10* sec.
C
In that context, the Wheeler relation takes the form:
AQ;; L
j
A(g)ijn =—t=-" (3.7)
gijn I‘n
where L isthe proper length:

L, =ct, =cnt, =nL,;, nez” (3.8)
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For N =1 we recover the maximal fluctuation of the metric as in (3.6): A(g )ij = 1.

In the limit N —> 00, the fluctuations of the metric tend to zero: lim, A(g )n =0.From Egs.
(3.7) and (3.8), it follows that the values of the rational radii of the balls can be identified with the
quantum fluctuations of the metric:

A(Q),=1/n=r,. (3.9

The maximal fluctuation occurs for N =1, which corresponds to the maximal radius of the attractor
basin. Instead, very close to the attractor point X" (the centre of the basin), thatis, for N1 —> 00, the
fluctuations of the metric vanish A(g )n — 0. This suggests that in absence of the quantum

fluctuations of the metric, that is, in the classical limit, the attractor would become a singularity where
all the degrees of freedom of the boson field would be lost.

4. From QFT to QM

In absence of the ansatz, the operator CD(X) annihilates the vacuum |0> :

®(x)0)=0, (4.1)
The number operator is:
N = [d*x o(x) ®(x) (4.2)

and the v.e.v. of the number operator is zero:
(0|NJ0) =0, (4.3)
meaning that there are no particles in the vacuum state |0> .

he K -momentum space representation, the annihilation and creation operators a(k) and

nt
L . . . (g N . .
a (k) are given in terms of the fields operators (I)(X) and ® (X) respectively:

alk)= % [dx o(x)e " (4.4)

The annihilation and creation operators a(k) and a' (k) satisfy the canonical commutation

relations:

a(k) a(k')|= 5%(k — k) (4.5)
()l o
' (k) a'(k")|=0

By defining:
N, = [d*% @,(x) @,(x), (4.6)

it holds:

(ON,Jo)=laf =, (@7)
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where
A%
o= i_e te (4.8)
2

which is the density of boson condensate in the vacuum state |O> once the ansatz has been

performed.

Performing the ansatz corresponds, in the momentum K -representation, to performing the

boson transformation [2] [9] [23] for each mode K :

a —a (0)=a +6, 0, €C (4.9)
where, in the case of homogeneous condensation, it is:
0.=—~ (4.10)
We define the new vacuum:
a,(9)0(9)=0 vk (4.11)
The number of quanta with momentum K is:
(0(9)a,a[o(9) =4[ =% . (4.12)
The generator of the boson transformation (4.9) is a unitary operator U:
a (0)=U(3a U *(9) (4.13)
where:
U(O)=expliG(9)],  G(0)=-i[d*k(s a - 5a]) (4.14)

is called the displacement operator [33] [2] [9].
Then the new vacuum is:

10(9) = exp{—% [ d3k|19k|2}exp[— [d%ks,a!]o) (4.15)
The scalar product of the two vacua is given by:
(0]0(9)) - exp[—% [d 3k|19k|2} (4.16)
Now, let us consider, for example, the case of an homogeneous condensation, namely

6, = 95(k) 1.
We have:

(0]0(9)) = exp{— %925(k)| ko} = exp[— % 9? (27[)3V:| (4.17)

In the infinite volume limit V — 00 the exponential tends to zero, and the two vacuum states are
orthogonal:

(0]0(9))=0. (4.18)
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This means that the two representations are unitarily inequivalent. While this fact is admissible
in QFT, it is forbidden in QM by the Stone-von Neumann theorem [7] [8].
In our case, we are considering a finite spatial volume, which is the basin of the attractor, that is

the open ball of radius I, =1/n, centred at X

Then, the two vacuum states in this case are not orthogonal:
(0[o(9)), =0 (4.19)

(where the subscript A indicates the ansatz) and the two representations are now equivalent.
More in detail, the volume of the ball is:

Y =%7zrn3 =%7rn—13 . (4.20)

By replacing (4.20) in (4.17) we get:

(0]0(9)), =exp (4.21)

_ igzﬂfznfs
12

There is a countable set of vacuum states |0(19)>n , with Ne€Z", each one corresponding to the

volume of a ball of radius r, =1/n .

5. Metric-quantum information uncertainty relation

In [32] it was shown that the quantum information | (the total number of qubits) stored by

the nt cosmological horizon of a discrete quantum de Sitter space-time, with quantum fluctuations
of the metric:

1

A(g), =——
(9), 1

was:
I, =(n+1)° with neN.

Here we assume that the quantum information encoded by the surface of a sphere S, of radius

r.=1/n, embedding the attractor’s basin in presence of quantum fluctuations of the metric

A(9), =1/n is:

| =n? . (5.1)

n

The variation of |, fromslice N toslice N—1 is:

Al =1 —1_,=2n-1. (5.2)

n

In [34] it was shown that Al is the number of the “virtual qubits” (whose occurrence is due

to the quantum fluctuations of the metric) which will be transformed into real qubits by Hadamard
gates at each node.

Then, within the basin of the attractor, A(g), and Al are linked by the uncertainty

relation:

Al -A(g), :2—%21 (5.3)

which is saturated for n=1.
In fact, for N =1 we get:
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A(g)l :1:A(g)MAX =0, I =1= Mviax 1 All =1= I1 = IMIN (5.4)

that is, the fluctuations of the metric get the maximal value, the maximal radius is the unit radius of
the Bloch sphere, and quantum information |, is one qubit.

In what follows, we will analyze the distribution of both the “real” qubits (pure states encoded
on the surface of the sphere S,) and “virtual” qubits (mixed states in the interior of a sphere, for

example in between sphere S, of radius I, =1/Nn and sphere S ,; ofradius I,,, =1/n+1).

If we wanted to rebuild now the quantum fluctuations of the metric A(g), =1/n at level n

from virtual quantum information, we would see that the latter is too large because of the uncertainty
relation (5.3) :
1
Alg), > —=— (5.5)
(9) 25—
This means that not all virtual qubits are transformed into pure states on the surface of the sphere

S, but some of them are transformed into mixed states below the surface.

Then we redefine the virtual quantum information as:

Aln'ZAln —é]n (5.6)
where:
Sl.=n-1. (5.7)

This is the number of degrees of freedom released by the quantum field at level N. The remaining
N states are N qubits at each level N.

Note that the redundancy of Al is peculiar of the uncertainty relation (5.3), which instead was
not valid in [34].

Now, the information Ol is not really lost, but simply transformed into the entanglement

entropy of pure n-multipartite states maximally entangled at every level 1, as we will see in Sect. 6.
More in detail, we will consider n-maximally entangled states: for N = 2, the Bell states:

©7),, =(0), @0}, +[1), B[,

and for N> 2, the Greenberger-Horne-Zeilinger (GHZ) [30] states:

|GHz>n:%Q0>®”+|1>®”) n>2

The simplest GHZ state is for N =3:

|GHZ), :%(]000)4111)).

For n=4 itis:

|GHZ), =%(joooo>+|1111>),

and so on.

At this point one might argue that transforming quantum information into entropy means that
there is anyway a loss of quantum information, which is forbidden by the conservation principle of
quantum information. But this not the case, because entanglement entropy is strictly related to
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mutual quantum information. This relationship, which is fairly well known, will however be briefly
discussed in Sect. 6.

However, it must be said that the transformation of "missing" information into mutual
information is a process that can take place as long as the discrete quantum structure of space holds
up, since in the classical limit this is no longer possible. In fact, we would get:

A(g), >0 r, >0 Al, > o, A, —»>xo for n—>ow (5.8)

which means that very close to the attractor, where the quantum fluctuation of the metric vanish (the
quantum structure of space is lost) all the spatial degrees of freedom flow inside the singularity.

In summary, at each level N, there are are 2N —1 virtual states that should be transformed
into qubits. However, because of the uncertainty relation (5.3) there are N —1 missing qubits on the
The

remaining N qubits are maximally entangled, with maximal entanglement entropy, which is 1,
equating the quantum entropy of the fully mixed states. In more detail, at level 2, we have a Bell state

sphere S, corresponding tothe N—1 mixed states in between sphere S and sphere S

n’ n+l*

with maximal entanglement entropy (equal tol), and there is a fully mixed state with quantum
entropy equal tol.

At level 3, we have a maximally entangled |GHZ > , tate, there are 2 missing qubits, there is a

fully mixed state, which, together with the one at level 2, equates the quantum information balance.
In fact, the sum of the maximal entanglement entropies of level 2 and level 3, is 2, which is equal to
the sum of the quantum entropies of the mixed states at levels 2 and 3.

At level 4, we have a maximally entangled |GHZ > , State, there are 3 missing qubits, there is a

fully mixed state, which, together with those of level 3 and level 2, equates the quantum information
balance. In fact, the sum of the maximal entanglement entropies of level 2, level 3, and level 4, is 3,
isequal to the sum of the quantum entropies of the mixed states at levels 2, 3 and 4, and so on.

The whole picture described so far can be formalized by a quantum network, which we call the
“Hidden Quantum Network” (HQN) of (bosonic) QFT, with the following rules:

1. There are N nodes, with N=12,3.....

2. Each node Nis connected to the previous node N—1, to the next node N+1 and to infinity
(the attractor A) by 2n—1 links. The latter represent the 2n—1 virtual qubits induced by the
quantum fluctuations of the metric.

3.Of the 2n—1links, N of them are going from node N—1 tonode N and fromnode N to
node N+1.They arethe N virtual states which are transformed into N real qubits.

4. Of the 2n—1 links, the remaining N—1 are the links connecting the nodes N to the
attractor A. They are fully mixed states.

Of course, only at node N = 1 there are no mixed states.

5. Ateachnode N thereare N outgoing arrows representing N maximally entangled qubits.
See Fig.1.
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Fig. 1 THE “HQN"

The dotted connecting links are fully mixed states, converging in the attractor A.

The non-dotted connecting links are virtual states.

The nodes, labelled with integers 1, represent the n spherical surfaces in the attractor basin.

The free outgoing links on each node 1 represent n qubit states, which are maximally entangled for

any n>1.

In terms of the S, spheres, the quantum network of Fig.1 can be visualized as in Fig.2.

Fig.2

THE “SINGULARITY”

The concentric circles, labelled by a positive integer n=1,2,3... represent the surfaces of the n spheres centred in
the attractor A.

The dots on the circles represent the maximally entangled n- qubits encoded by the n surface.

The n-1 arrows pointing from the nth surface to A, represent n-1 fully mixed states.

It might be worth pointing out the difference between the quantum network in Fig. 1 and that
described in [34], and illustrated in Fig. 3, where all the virtual qubits have been transformed into
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real ones and have not been mixed. The quantum network of Fig. 3, which illustrates the quantum
information content of the inflationary era was called the “Quantum Growing Network” (QGN).

Fig. 3

THE “QGN”.

The outgoing free links are qubits.
The connecting links are virtual states.

The nodes, labelled by integers, are Hadamard gates.
Let us now consider the following scheme and table.

Scheme 1

n = number of maximally entangled qubits encoded on the sphere S, .
r, =1/n =radius of sphere S, .

|, = n’=total number of qubits which should be encoded on all the spheres S, , S, ,.....S, at

level n in absence of (maximal) entanglement.

Al =2n—1=total number of “virtual” qubits at level n.

ol , =n—-1= number of qubits missing on the sphere S,. Missing quantum information is
that information which is the cost of maximal entanglement entropy.

nin+1 . . .
l,'= (T) = total quantum information encoded on the spheres at level n, in presence of

(maximal) entanglement.
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< nin-1
Z&Ii =1 -1/ = ( > ) =total number of degrees of freedom released by the boson field

in the attractor’s basin embedded by a sphere of radius r, =1/n.

Table 1

» n-ln | =n* Al —2n-1 & =n-1 =00+ anal,:”(”‘l)
2 - 2

st =1 =1  Al,=1 8,=0 l,'=

n=2 r,=1/2 1,=4 Al, =3 a,=1 l,'=

=3 r,=1/3  1,=9 Al, =5 A, =2 I,'=6 A, +8,=3

=t r,=1/4 1,=16 Al =7 a,=3 1,/=10 A, +d,+d,=6

6. Quantum fields and quantum entropy

The spatial degrees of freedom of the quantum field did “flow” inside the attractor’s basin, and
filled it with quantum entropy. The latter is the von Neumann entropy defined as:

S(p)=-Tr(plg p) (6.1)
where p is the density operator of the quantum system:
r= Z Pi | ¥ ><LP| | ' (6.2)

|‘Pi> are the quantum states, and P; are the probabilities.

A pure state is defined as:
p=[¥)Y| . (6.3)
For a pure state it holds:

Tr(p)’ =Tr(p)=1, S(p)=0,

while for a generic mixed state it is:
Tr(p)? <1 , S(p)>0.

Let us consider now the pure quantum state |‘I’> , which is the one-boson state in the position

eigenstate |X) at position X:

%) =" (%)0) (6.4)
The density matrix is:

p=[X)(x[=®'(x)b(x) . (6.5)

We remind that ®'(X )Ci)(i) is the boson number-density operator: N = J.QA)Jr (X)D(X)d*x.

The quantum entropy is zero, as it should be for pure states:
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S(x)=Tr(d' (X)b(x)Ig(®' (x)b(%)))= 0 (6.6)
However, when the ansatz is taken into account (in the finite volume of the basin), the quantum

fluctuations of the metric &3, (X) induce an uncertainty |AX > in the position state | X > :

.
A_’ = LP N . 67
' Lagn(x)J o

The above expression of AX in terms of the metric fluctuations was first introduced in [32].

In this case, we can redefine the position state |7<> as the superposed state:
%) > = (%) £]|A%))=|¥), . (6.8)
Consider now a second position state |X'), which can as well be redefined as:

%) > %q %) +|A%))=| W) (6.9)

2 B
In the following, we will consider only the plus sign in both Egs. (6.8) and (6.9) for simplicity.

Now, let us identify the position state |)?> and its uncertainty |A)?> with the computational

basis states of C?, that is, with the logical bits |0> and |1> , respectively:
[X)=[0), |AX)=|1).
The two states in Egs. (6.8) and (6.9) are then identified with the qubit cat-states, respectively:

), =5 (0)0), [¥),=(0+[), 610

Let us consider the following three cases. The two qubits in (6.10) can be:
a) Uncorrelated
b) Mixed
c) Entangled.
In case a) their joint entropy is: S(A,B) =2, and their mutual entropy (mutual information, in

bits), defined as S(A:B) = S(A)+ S(B)— S(A, B) is zero: S(A:B)=0.
In case b), their joint entropy is: S(A, B) =1 and their mutual entropy is: S(A:B) =1.
In case c) their joint entropy is zero because a Bell state is a pure state: S(A, B) =0, but their mutual
entropy is maximal, as in this case it measures the degree of entanglement: S(A:B)=2.
The available information is quantum, and is limited by the Holevo bound [35].
Quantum information | is the mutual quantum entropy. The quantum mutual entropy is

defined as follows: If  p,g is the joint state of two quantum systems A and B, the mutual entropy

S :pB) is:
I ES(pA :pB):S(pA)+S(pB)_S(pAB) : (6.11)

The Holevo theorem [35] states that the available information | ,, that is the information that can be

obtained from a generalized quantum measurement (or POVM = positive operator-valued measure),
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cannot exceed the mutual entropy: |, < S(pA : pB), the latter given in bits. We recall that the

number of bits corresponding to 1 qubits is 2".
From the above it follows:

l,=1,=n, | =S(p,:pp)>2"" (6.12)

where 2" is 2" the number of bits corresponding to n qubits divided by 2.
Notice that for N =2 it holds:

S(pn:ps)22 (6.13)

which is saturated for maximally entangled N=2 (A and B) states.
We conclude that for N =2, corresponding to the radius I, = E , the bipartite system of two

position cat-states is maximally entangled (case c). This is the Bell state:
. 1 1. -
o) =ﬁ(1oo>+|11>)AB zﬁ([xx>+|AxAx>) . (6.14)

The cases a) and b) cannot occur as they do not satisfy Eq. (6.12).
, denoted by E(pAB ), is

The bipartite entanglement entropy of a pure state P,z = ‘ oM > AB AB <CI)Jr

defined as the von Neumann entropy of either the reduced states, as they are of the same value:

E(pAB): S(pA): S(pB) (6.15)
where:
S(p ): _Tr(pA log PA)’ Pa=Trg (pAB) : (6.16)

If the reduced state is fully mixed, then the original pure state is maximally entangled, with maximal
entanglement entropy:

E(0ps )ua =1 (in log basis 2). (6.17)

In the case of maximal entanglement, then, the following relation holds between the entanglement
entropy and the mutual information:

1 1
E(IDAB)Max:ES<pA:pB):EI : (6.18)
Although a Bell state is a pure state:
Pae =| P8 ) o @7, S(A,B)=0 (6.19)

the reduced state is fully mixed:
1 1o IR N |
P =Trepps = E([O><0| e E(j X)(%|+|AX)(A%]) = EIZ : (6.20)

Note that the reduced state (6.20) of case c) is identical to the reduced state in case b.

Let us consider the metric for N =1. The associated quantum informationis | =N =1, thatis,
one qubit. The particular case N =1, corresponds to the maximum volume of the ball with radius
I, =1 and the embedding surface is the Bloch sphere, that is the geometrical representation of the
state space of one qubit. The points on the surface of the Bloch sphere are pure states, like for example,
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the cat state %(] )_('> +|AX>) in (6.8), the basis states |)7> and |A5(> (corresponding to the north

and south pole respectively) and, more generally, states like Ot| )_('> + ﬂ| A7> with |0£|2 + | S |2 =1.

The points inside the Bloch sphere, instead, correspond to mixed states. The maximally mixed
state in this case is:

Puse =5 (OH0] +[1))= 2 (x| + | Ax)a%)= 1, (6:21)

which is the same as the reduced state in case c¢) for N=2, (two qubits maximally entangled),
r,=1/2.
This fact suggests that being a pure state or a mixed state in this model depends on the observer:

If he/she is on the surface of the Bloch sphere Sr:1 of radius I = 1, he/she would see all the states
inside the Bloch sphere (for example at I, = 1/ 2) as mixed states like in  (6.21). Instead, an observer
on the surface of the sphere S,_;,, of radius I, =1/2, will see a bipartite pure state, that is, a Bell
state as in (6.14) but will see the states inside the sphere S, _,, (for example at I, =1/3) as mixed

states, like:

Pas = %(}oo><oo| +[12)(11))= %q XX )(XX | + | AXAR ) ARAX|). (6.22)

Instead, an observer on the surface of the sphere S,_,; will see a maximally entangled three partite
state (the GHZ state):

IGHZ) = L (000) +[111)) (6.23)

V2

which is also a pure state, with:

PeHz = |GHZ><GHZ | ' S(pGHZ): 0 . (6.24)

And so on.

7. Maximally entangled states on special fuzzy spheres

In this section we will formalize and demonstrate the assumption we made since the beginning
that the n pure states are encoded by the spheres S, of rational radii I, =1/n, and are maximally

entangled.
To this aim, we will consider a generalized version of the fuzzy sphere with radius

Is =, =1/n, in the fundamental representation N =2 of SU(2).

Let us consider the ordinary, commutative sphere S? of radius I' embeddedin R®:
> xt=r? . (7.1)

The fuzzy sphere is constructed replacing the algebra of polynomials on the sphere S? by the
non commutative algebra of complex N x N matrices, which is obtained by quantizing the coordinates

X; (i=1,2,3), thatis, by replacing the X; by the non-commutative coordinates X, :

X — X, =kJ, (7.2)
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where the J; form the N-dimensional irreducible representation of the algebra of SU(2) satisfying

the commutation relations:
3,3, ]= &3, (i, j,k =123) (7.3)

where & is the three-dimensional anti-symmetric tensor, and K is a parameter called the non-

commutativity parameter.

In terms of the new coordinates X, defined in (7.2), the relation in (7.1) becomes:

SIX2 =k?YS 37 =k?(N? —1)=r? (7.4)

i=1 i=1

3
where J% = Z JZ=N? -1 isthe Casimir of SU(2) in the N-dim. representation.
i1
From (7.4) it follows:

r
ke . (7.5)

VN? -1

The dimension N of the irreducible representation of SU(2), thtis N =2]+1 is equal to the
number of elementary cells of the fuzzy sphere.

Inthe case N =2 (the fundamental representation) the non-commutative coordinates X; are

given in terms of the Pauli matrices o;:
X; =ko; (7.6)
and Eq. (7.5) becomes:

r
K = ﬁ (7.7)

In this case, the sphere is very poorly defined as only the North and the South poles can be
distinguished. However, the higher is the dimensionality N of the representation, the lower is the
fuzziness. From Eq. (7.5) it follows that K — 0 for N — o0, and one recovers the classical sphere
SZ

The concept of the area of a fuzzy elementary cell was first introduced in [22], although it was

already implicit in [18] through the introduction of the constant K = 47Kr , which has the dimension
of a squared length.

The area Ay ¢ of an elementary cell of the fuzzy sphere in the N-dim. irreducible

representation of SU(2) is then:

4rr?

L 7.8
AT N 79

For N >0 A * 50, that s, the elementary cell reduces to a point.

The total area of the fuzzy sphere is:

2
AF =N (7.9)

VN2 -1

For large N, the area of the fuzzy sphere tends to the area of the ordinary sphere:
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Fs 2
A, > A =4,
In the particular case of N =2, there are two elementary cells, each one of area:

Ec_4ﬂ'r2
S

The quantum version [36] [37] of the Holographic principle [38] [39] is strictly related to 2-
dimensional noncommutative geometry. In fact, for the case of one qubit, it was shown [19] that the
geometrical representation of the qubit state space (the Bloch sphere) is in a one-to-one
correspondence (a bijection) with the fuzzy sphere in the fundamental ( N = 2) representation.

More in detail, for the fundamental representation N =2, and r =1 it was shown [19] that

the North (N) pole |0> and the South (S) pole |1> of the Bloch sphere are “smeared” into two

(7.10)

elementary cells, each one of area:
EC 47Z'

A, _ﬁ . (7.11)

Each one of the two elementary cells EC; (i = 1,2) is a string &, . The strings & (for N =2)

are the cyclic vectors of the Hilbert space C?, which can be obtained from pure states of the non-
commutative C*-algebra of 2x2 complex matrices through the Gelfand-Naimark-Segal
construction [40]:

1 0
o) e 2

The area of each of the two cells is [15]:

i Ec_4_7T : P
Al = \/§p(§,) (i=12) (7.13)

where p(fi) is the probability to find the it string in the it cell, and the fuzzy sphere encodes in
total one qubit. See Fig. 4.

Figure 4. N=2 FUZZY SPHERE.

Two elementary cells. One cell encodes the bit | 0> and the other cell encodes the bit |1>

As a whole, the N=2 fuzzy sphere encodes one qubit.

In the case of many qubits, the non-commutative C*-algebra is the algebra of logic quantum
gates, which are N x N unitary matrices, where N =2", and N is the number of qubits. By the

GNS construction [40], from the N =2" pure states of this algebra, which correspond to N cyclic
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vectors of the associated Hilbert space C*", one can build, by the relation N =2j+1 , all the
. 41
] = 2"t~ E irreducible representations of SU(2). By the GN [41] theorem, to this non-commutative

C*-algebra, it is associated a quantum space which is the fuzzy sphere with N = 2" cells. (For a
review on C* algebras see for example [42] [43] [44]).

The N cells are the N pure states, and then correspond to the N cyclic vectors, which are strings
of n bits. The area of the it cell is proportional to the probability of finding the it" string in that cell.

The quantum background space (the fuzzy sphere) and the quantum computer are then in a one-
to-one correspondence.

However, the one-to-one correspondence between the fuzzy sphere and the Bloch sphere is lost
for n>1.

In fact, let us consider, for example the case of two qubits, N = 2. The fuzzy sphere is in the N=
4 -dim. irreducible representation of SU (2) and the number of cellsis N =4. For a unit radius,

the area of an elementary cell is:

EC _ A

AT

Each cell encodes one of the 4 strings of N =2 bits: |00> ,

(7.14)

01> , 10>, 1l> , which is the

geometrical representation of the state space of a separable two-qubits state. See Fig. 5.

Fig. 5
THE N=4 FUZZY SPHERE.
Four elementary cells. Each cell encodes a 2-bits string. As a whole, the N=4 fuzzy sphere encodes a separable 2-

qubits state.

|00) | |O1)

o1 | [11)

The one-to-one correspondence with the Bloch sphere might be recovered by setting the

®2
1
representation N =2 (two cells) and considering only two strings: |00> :( j and

0
1) - @

In this way, we still have the bijection:

N <> |00) S ¢ |11)
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where N and S stand for North pole and South pole respectively.

The fuzzy sphere for N =2 will then encode the Bell state: ‘ (1)+> = = q 00> + |11>) .

J2

To recover the one-to-one correspondence with the Bloch sphere, it will be necessary to slightly
modify the definition of the area of the fuzzy elementary cells. To this purpose, we will take the radius

of the fuzzy sphere, to be the radius of the sphere S of rational radius I, =1/n.

The non-commutativity parameter in (7.5) becomes:

e 1

nNZ-1

In this case, the fuzzy sphere will be called “special fuzzy sphere”, for any N.

We see that, once the dimension N of the irreducible representation of SU(2) is fixed, k’ depends
on n. For N>, k'>0, and even in the case of the fundamental representation N =2,
commutative geometry is recovered.

(7.15)

For n=1 we recover the usual fuzzy sphere, asitis: K'=K.
The area of the elementary cell (7.8) becomes:

A A . (7.16)

n?yN2 -1

For simplicity, let'sset N =2. Eq. (7.16) becomes:
4r

Avan = N (7.17)
As it holds:
pls)= n—lz plz®") (i=12) . (7.18)

it follows that Eq. (7.13) becomes:

i Ar
Alnzn™ = ———plg™" 7.19
e = ple”) (7.19)

More in detail, for N =2, n=2:

Alns o™ z% p(gi®2)

Ay = % p(g1®2) Ao = % p(g2®2) (7.20)
where:
1 0
®2 0 _ ®2 _ 0 _
G = ol= |00> G, = 0 —|1l> (7.21)
0 1

and the fuzzy sphere encodes the Bell state:
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1

@) :E(joo>+|11>).
See Fig. 6.

Fig. 6
THE N=2,n=2 “SPECIAL” FUZZY SPHERE.

Two elementary cells. One cell encodes the string |00> and the other cell encodes the string |ll> .

As a whole, the N=2, n=2 special fuzzy sphere encodes the Bell state ‘ CD+> .

For n=3, it holds:

i 4Ar
Alnans™ =——=plg” 7.22
N=2,n=3 9J§ p(g. ) ( )
where:
1 0
0 0
0 0
6" = 4| =000) s =| |11 (7.23)
0 0
0 1
And the special fuzzy sphere for N =2, N =3 encodes the (maximally entangled) |GHZ) .
state:
1
GHZ), =—(000) +|111
6Hz), =L (000 113)
See Fig. 7.
Fig.7

THE N=2, n=3 SPECIAL FUZZY SPHERE

Two elementary cells, each one encoding a 3-bits string. One cell encodes the string | 000> ,

and the other cell encodes the string |111> . As a whole the N=2, n=3 fuzzy sphere encodes
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the GHZ state |GHZ>3,

1000)

111)

In the same way, for N =2, N =4 the special fuzzy sphere will encode the (maximally entangled)

|GHZ>4 state:

|GHZ), =i2(joooo>+|1111>),

and so on.
Then, in general it holds:

i 4 n
Ao = ﬁ ple®") (7.24)

and the N =2, Nspecial fuzzy sphere with radius I, =1/n will encode the |GHZ >n state:

oz), =—=(0) +1)”).

8. Quantum simulation of QFT: A new approach

In this Section, we propose a new theoretical approach to the topic of the quantum simulation
of QFT, at the light of the arguments discussed in so far.

As it is well known, quantum simulation is needed since Feynman [45] showed that a classical
computer would experience an exponential slowdown when simulating quantum phenomena, while
a quantum computer would not.

Then Deutsch [46] described a universal quantum computer, and Lloyd [47] showed that a
standard quantum computer can be programmed to simulate any local quantum system efficiently._

However, there is a conceptual, foundational problem in using quantum computers for
simulating QFT, which arises from Haag's theorem [4], which states that free and interacting fields
must necessarily be defined on unitarily inequivalent Hilbert spaces. So suppose that a scattering
process must be simulated by a quantum computer. This is impossible in principle, because the
quantum computer is a quantum mechanical system, with a finite number of degrees of freedom,
which, according to von Neumann's theorem, has only unitarily equivalent representations. In other

words, if the quantum computer simulates free input fields, let us say in representation 77 (where

the subscript F stands for “free”) it cannot also simulate their interaction in representation 7,

(where the subscript I stands for “interacting”) because it does not exist a unitary transformation
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U:H. —>H, such that 7z =U'7,U . Then the interaction process will be a black box for the
quantum computer. See Fig. 8.

Fig. 8

THE BLACK BOX

The 7, g, 7T ac indicate the representations for the interacting fields, the free fields and the QC
respectively. The 77, 77p arenot unitarily equivalent to each other for Haag'’s theorem. The 77
representations are all unitarily equivalent for the Stone-von Neumann theorem. Then, if 75 can be

unitarily equivalent to 77, cannot be also unitarily equivalent to 7, . Then, the interaction appears as a black

box to the QC, and cannot be simulated.

Free fields in input: 7, Free fields in output

B
»

h 4

Interaction: 7,

v
[ =—w [ =+
" :
\_\‘ ‘
N ' Black Box
Simulation: 7, = 7, . -
.\‘\ *
QC: 7,

Although the formulation of S-Matrix is such that one can find the final state by operating S-
matrix on the initial state without taking into account the moment of interaction, regarding it as a
black box, the interaction cannot be simulated by a QC. In fact, it is the moment of interaction that all
of the classes of representations may become equally important, and instead the QC is endowed with
only one class.

Hence, the "for all useful purposes" black box of the S matrix formulation becomes a true black
box with regards to quantum simulation.

So, in principle, we will not be able to directly simulate interacting quantum fields. However,
quantum simulation might become possible once quantum fields are reduced to a quantum network
of qubits. A seemingly argument was proposed by Preskill [13] and by Jordan et al. [14], who

recognized that in order to build up an efficient quantum algorithm to quantum simulate the ¢4

theory, the field should be “represented with finitely many qubits by discretization of space via a
lattice, and discretization of the field value at each lattice site”.

In this work, we have shown that a (bosonic) QFT has in itself a hidden quantum information
Igrr. Extracting this quantum information, involves the reduction of QFT to a quantum-mechanical
system, which is a quantum network, the Hidden Quantum Network (HQN) like the one shown in
Fig. 1.

Now, if we think of an external quantum simulator QCk, with which we would like to simulate
the QFT, we would simulate in fact the HQN, not the original QFT, because the QFT ceased to exist
once it revealed the quantum information Igrrit hid . However, in some sense, the quantum network
HQN is a kind of "skeleton" of the original QFT, from which we could go back to QFT.
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We state the following no-go theorem:

“If it exists a representation 7. of the quantum simulator which is unitarily equivalent to the
representation 7. of the free fields, then it does not exist a representation 7, of the quantum

simulator that is unitarily equivalent to the representation 7, of the interacting fields”. That means,

in practice, that a quantum algorithm for simulating QFT will be incomplete, unless quantum QFT is
reduced to a quantum network HQN, which has only one class of unitarily equivalent
representations.

Now, the question is: "How can an external quantum computer simulate two interacting
quantum networks HQN! and HQN? ?”. The answer is given by “gluing” the two quantum networks
as shown in Fig. 9.

Fig. 9

THE INTERACTION NET

The interaction net results from the gluing of two identical nets like that of Fig. 1. The connected part of the graph
describes the interacting fields. The disconnected part of the graph (the free outgoing arrows) describes the free fields: the
input on the left, the output on the right. The primed and unprimed numbers that identify the nodes refer to the left and

right networks respectively.

1

(Joo}+|11})

=l

1

e

(jooo}+|111})

%UOOOO)HMM}]

The connected part of the network in Fig. 9 represents the interaction, and consists of fully mixed
states (the dotted connecting links) and quantum fluctuations of the metric (the un dotted connecting
links).

The connected part of the network is the most similar to a scale-free growing network, where
free links are absent. However, the connected part is deterministic, in the sense that it follows some
precise rules, as a lattice.

The disconnected part of the graph (outgoing free links), which consists exclusively of pure
states that are maximally entangled, represents the free fields. The free links destroy the structure of
a regular lattice, as the configuration of free links changes at each node.

Each node of the graph is associated with a quantum gate of the quantum simulator QC. The
presence of maximally entangled states in the quantum network is crucial for quantum simulation,
in fact entanglement was shown [48] to be necessary to achieve quantum computational speed-up.
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By balancing the quantum entropy of the fully mixed states with the entanglement entropy of
the maximally entangled states, it will be possible to simulate both the interacting fields and the free
fields of the original QFT.

However, an important requirements is needed: The quantum simulator should be able to
simulate mixed states. Actually, such a quantum computer has been described in [49], where the
authors define a quantum circuit which is allowed to be in a mixed state and to use quantum
operations as gates, not necessarily unitary.

It may be worth stressing the fact that the connected part of the graph in Fig. 9is filled of fully
mixed states, whose maximum von Neumann entropy indicates our total ignorance of the interaction
process in the original QFT.

Ignoring the connected part of the quantum network in Fig. 9, is what one does in discarding
the mathematical formalism of interactions in QFT, as often happens in constructivist formulations
of QFT: only free fields in input and output are taken into account. If virtual states and mixed states
were absent in the quantum network of Fig. 9, the computational speed would be much lower. In

fact, in this case, the quantum network would be reduced to a 2" Boolean lattice (n = 0,1,2, ....)
represented by the regular tree graph (a binary tree) in Fig. 10.

Fig. 10
THE BINARY TREE
A (classical) abstract data structure (ADS), a binary tree, is what is left when the connected part of the interaction net of

Fig. 9 is removed.

The dramatic consequences of ignoring the quantum-computational structure of the interaction
process will be discussed, among other topics, in Sect. 9.

9. Discussion and conclusions

In this paper we have illustrated a particular process of reduction from QFT to QM. This
reduction mechanism proved to be much more complex than just the reduction to finite volume. In
fact, some unknown characteristics emerged and several topics were involved.

Among the unknown characteristics there is the quantum-computational structure which is
intrinsically rooted in QFT, and the quantum-gravitational origin of this same structure. Among the
topics involved, besides those of quantum information and quantum gravity, there are non-
commutative geometry (the fuzzy sphere) and quantum simulation. The latter is of great importance
as a possible theoretical support for practical applications in scattering processes of elementary
particles at high energies. Until now, quantum algorithms to simulate QFT [13] [14] have mainly used
lattices.

A lattice is a particular type of “regulator”, which allows a computer simulation of QFT.

However, while a lattice breaks Lorentz's invariance, our regulator does not, because a fuzzy
sphere has the same rotational symmetry as the ordinary sphere. As Maas writes in his lectures [50]:
"... it is an unfortunate consequence of our current understanding of quantum field theory that the
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need to have regulators always implies that some symmetries are broken, no matter what, until the
regulator it is not removed". It should be noted, however, that Lorentz's invariance is restored on the
fuzzy sphere.

A lattice is a mathematical artefact, as also Preskill says in [13]: ” The lattice is an artifice
introduced for convenience”. In our case, instead, the regulator is physical, because the discretization
is induced by the quantum fluctuations of the metric in the attractor basin.

Also, while in the case of a reticular regulator the limit of the continuum is reached (but not
always) when the number of sites is huge and the spacing approaches zero, in our case there is the
classic limit that is reached when the fluctuations of the quantum metrics vanish near the attractor.

Moreover, while in the case of a reticular regulator the reduction of QFT to QM is not
mathematically explicit, in our case it is, since the ansatz corresponds to the execution of a boson
translation (as it was illustrated in Sect. 4). This shows how the unitarily inequivalent representations
of QFT are reduced to a single class of unitarily equivalent representations of QM.

In Preskill’s algorithm for simulating scalar field theories, it was introduced a spatial lattice. To
make the theory simulated, they replace the scalar field @(7) at each lattice site by a discrete
variable with a finite number N of mutually orthogonal eigenstates. There is a conjugate variable

E(X), the field momentum at the lattice site X, which is related to CD(T() by the quantum Fourier

transform applied to the N-dimensional Hilbert space residing at each lattice site X. For N =2",
the quantum state of the field at a site can be encoded in n qubits.

In our case instead, qubits are induced directly by the quantum fluctuations of the metric, due
to the uncertainty relationship between metric and quantum information.

Both approaches can lead to satisfactory results, but ours is more physical, not only in a heuristic
sense, since it is supported by a rigorous mathematical framework. As Preskill himself says in [13]: "
There may be more clever ways of regulating that would improve the efficiency of the simulation...

In any case, however, the profound philosophical meaning of the mathematical role of a
regulator is that by reducing the infinite degrees of freedom of QFT to a finite number, allows the
quantum simulator and the simulated quantum system to have unitarily equivalent representations
even when interactions are present.

Then, it may not be quite true that a quantum computer can simulate any quantum system, and
our doubt is shared by Preskill in [13]. We claim that a quantum computer can simulate the hidden
quantum network (HQN) of the quantum system under study. More precisely, a quantum computer
can be programmed to be in a one-to-one correspondence with the HQN.

We think that QFT is meta-logically described (work in progress) by a "quantum metalanguage”
(QML) [51]. If that is true, then QFT is its own semantics (QFT interprets itself). In the reduction
process illustrated in this paper, QFT would appear then as the semantics of the quantum logic
underlying the quantum information hidden in it. The reduction process (in particular the regulator)
would then play the role of a definitional equation [52], which allows the switch from a metalanguage
to an object language (the logic). In particular, the quantum version [53] of the definitional equation
allows to pass from a QML to the quantum logic of quantum information (QLI).

Hence, the metalinguistic links between assertions, which are interpretable as interactions of
quantum fields, are sent to logical connectives between propositions, which correspond to quantum
correlations such as quantum superposition and entanglement.

Then, the definitional equation corresponds to the regulator of QFT discussed in this paper. In
this logical framework, Haag's theorem simply translates the fact that the QML contains the QLI, as
every metalanguage contains the object language. Another important point to discuss is that of the
serious consequences of the attitude of discarding the ontology of processes (in this case the ontology
of interaction). As we have already pointed out in Sect. 8, the quantum network in Fig. 9 consists of
a connected part (which describes the interaction) and a disconnected part (which describes the free
fields). So, ignoring the interaction process is tantamount to eliminating the connected part of the
quantum network in Fig. 9. The problem, unfortunately, is not only mathematical, but also physical.
In fact, by eliminating the connected part of the graph, the balance between the quantum entropy of
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fully mixed states and the entanglement entropy of the maximum entangled states is lost. This
involves the non-conservation of quantum information.

In fact, the result of neglecting the connected part of the quantum graph in Fig. 9 reduces the
latter to a pair of binary trees like the one in Fig. 10, one for the input fields and the other for the
output fields.

In this way, a Boolean lattice, a binary tree, which is an abstract data type used in computer
science, would appear to be the classical computational "skeleton" of the original QFT, which makes
no sense. In fact, as we said before, the computational "skeleton" of a quantum field theory is
quantum. Using a binary tree to trace the original QFT would mean not recovering the quantum
characteristics of the latter.

A fairly unexpected result of this article is that quantum gravity seems to be hidden in QFT just
like quantum information does (remember that there is an uncertainty relationship between metric
and quantum information). Indeed, the quantum fluctuations of the metric appear in this model
within the attractive basin and induce uncertainty in the position states, leading to the definition of
qubit states.

It would be worth further looking for a series of relationships between QFT, QM, quantum
information, entangled space-time, quantum gravity, non-commutative geometry, quantum
metalanguage and quantum logic, since these topics are closely intertwined.

OM and QFT are not at the same level, neither mathematical (due to the appearance of the uir
of the CCR in QFT, while in QM this is prohibited by Stone-von Neumann's theorem) nor logical
(QFT is described by a quantum metalanguage while QM is described by a quantum logic), neither
physical (since Haag's theorem holds in QFT, and therefore the irreducible representations of free
fields are unitarily inequivalent to those of interacting fields).

Moreover, QM has a classical space-time background, which is absolute. Instead, we believe that
QFT should have an entangled quantum space-time [53] as a space-time background. If you remove
the QFT from the background, what remains is the entangled space-time, which is itself a quantum
network, quite similar to that depicted in Fig.1. Some relations between the entangled space-time
background and meta-logic may be found in a recent paper [54].

To conclude, in this work we have shown that a (bosonic) quantum field theory T has in itself a
hidden quantum information Ir. Extracting this quantum information, however, involves the
reduction of T to a quantum-mechanical system, which is a quantum network Qrlike the one shown
in Fig. 1.

Now if we think of an external quantum simulator Qr, with which we would like to simulate T,
we would actually simulate at least Qr, not T, because the latter ceased to exist once it revealed the
quantum information Ir it hid. In a sense, however, Qris T's "skeleton”, and from it we can go back
to T, at least that's hope. It might be worth extending this reduction mechanism to fermionic QFT.
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