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Abstract

We present the Lagrangian and Hamiltonian formulations of a the-
ory for spin 2 fields. The construction is developed in flat space-time.
The construction in curved space-time is conceptually straightforward,
although it is not unique. The theory is based on a symmetric tensor
Sµν , contains two degrees of freedom of radiation, is motivated by the
teleparallel formulation of general relativity, and displays a certain
resemblance with Maxwell’s theory for the electromagnetic field.
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1 Introduction

It is generally accepted that a theory for spin 2 fields is based on second or-
der symmetric tensors. However, there is no consensus as to what would be
the theory for these symmetric tensors. One standard approach for obtain-
ing field equations for massless spin 2 fields is the linearisation of Einstein’s
equations. A second standard approach, although not completely indepen-
dent from the former, is given by the Fierz-Pauli theory [1, 2]. In the case
of massive spin 2 fields, there are also several investigations in the litera-
ture (see, for instance, Refs. [3, 4, 5] and references therein). Theories with
slightly massive gravitons have attracted attention recently, as they could
be relevant for the cosmological constant problem. Unlike the case of spin
1 fields described by Maxwell’s theory, the interaction of spin 2 fields with
other fields is not a trivial issue, as it is not entirely clear what is the source
(or sources) of the massless spin 2 fields. Electric charges and currents are
sources of the electromagnetic field, but a similar physical description is not
known to exist for spin 2 fields. As we will discuss at the end of this article,
the gravitational field might be one source for spin 2 fields.

In this article we present a new theory for the dynamics of spin 2 fields.
The theory follows from the analysis developed in Ref. [6], and is based on
a Lagrangian density similar to the one adopted in the teleparallel equiv-
alent of general relativity (TEGR) [7, 8], the difference being that instead
of using tetrad fields, as is normally done in the TEGR, now one redefines
the Lagrangian density in terms of a symmetric tensor Sµν . By adopting a
suitable gauge condition, the symmetric tensor obeys the wave equation for
massless fields. Although the structure of the theory in consideration here
is very much different from the theory for spin 1 fields, it shares similarities
with Maxwell’s theory for the electromagnetic field.

In section 2 we present the Lagrangian formulation of the theory, although
most of the content of this section was already presented in Ref. [6]. In
section 3, the Hamiltonian formulation of the theory is developed. At the
end of this section we show that the theory describes two degrees of freedom of
radiation, in similarity to the degrees of freedom that arise in the linearisation
of Einstein’s equations, and that yield linearised gravitational waves. In
section 4 we calculate the energy density of the spin 2 fields, assuming the
same gauge that is used in the linearisation of gravitational waves. In the final
section we discuss the interaction of the spin 2 fields with the gravitational
field. We show that there is a natural minimal coupling with the gravitational
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field, but the coupling seems to be different if the background space-time
geometry is either the Weitzenböck or Riemannian space.

2 The Lagrangian formulation

The geometrical framework of the theory considered in this article has already
been presented in Ref. [6]. The motivation is to look for an extension of the
standard teleparallel equivalent of general relativity (TEGR) by considering
the distorted torsion tensor, a quantity that was introduced by Okubo [9].
The distorted torsion tensor is defined in terms of the tetrad fields and of
a tensor Sλµ which, in turn, defines the Nijenhuis tensor [10, 11]. It was
observed that in flat space-time limit of the models considered in Ref. [6],
the symmetric form of this tensor obeys the usual wave equation, a feature
that also holds in curved space-time.

In the present analysis, the focus is only on the tensor Sλµ = Sµλ, in
order to investigate the essential features of the theory. For this purpose, we
will treat the theory just like we address Maxwell’s theory in the standard
way. The theory considered below is formulated in flat space-time, and is
invariant under Lorentz transformations. The introduction of a flat space-
time metric tensor, or flat space-time tetrad fields, to build a theory invariant
under general coordinate transformations, will be carried out in the future,
only after the relevant aspects of the theory are displayed and understood.

We will use, as much as possible, the same notation of Ref. [6]. The
flat space-time metric tensor is ηµν = (−1,+1,+1,+1), and Sλµ = ηλρ S

ρ
µ,

Sρσ = Sρµ η
µσ. We define the tensor

Tλµν = ∂µSλν − ∂νSλµ = −Tλνµ. (1)

The Lagrangian density for the theory of spin 2 fields is defined by

L = −1

2
k

(
1

4
T λµνTλµν +

1

2
T λµνTµλν − T λTλ

)
, (2)

where Tµ = T λ λµ, and k = c3/(16πG). The Lagrangian density may be
rewritten as

L = −1

2
kΣλµνTλµν , (3)

where
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Σλµν =
1

4

(
T λµν + T µλν − T νλµ

)
+

1

2

(
ηλνT µ − ηλµT ν

)
. (4)

Equations (2,3,4) are similar to the quantities that arise in the TEGR [7, 8].
In particular, Eq. (4) was first established in Ref. [7]. The field equations
that are obtained from the variation of the action integral are given by

k(∂µΣλµν + ∂µΣνµλ) = 0 . (5)

The equation above is symmetric in the indices (λν), However, it can be
verified by explicit calculations that the quantity ∂µΣλµν alone is symmetric
in the indices (λν), if Σλµν is written in terms of Eq. (1). For this reason,
this equation can be simplified as

2k ∂µΣλµν = 0 . (6)

We consider now a hypothetical interaction of the field Sλν with matter
fields. Let us assume that the Lagrangian density for the matter fields ψM de-
pends also on Sλν , i.e., LM = LM(ψM , Sλν). We define the energy-momentum
tensor T λν according to

δ

δSλν

(
1

c
LM

)
≡ 1

c
T λν . (7)

where c is the speed of light. We see no other interpretation for the tensor
T λν other than an energy-momentum type tensor. If Sλν is of gravitational
nature, on equal footing with the tetrad fields (as discussed in the first model
of Ref. [6]), then it interacts with the matter fields as the gravitational field
does, possibly via the minimal coupling. 1 However, it is possible (and in
fact, very likely) that the spin 2 field Sλµ interacts only with the gravitational
field, according to the discussion in the last section of the article. Thus, for
the time being, we assume the validity of Eq. (7). Then, in the presence of
matter fields, the field equations for the spin 2 fields are assumed to be

1As discussed in Ref. [6], possible solutions for the tensor Sλµ are given in the form
Sλµ = ηλµ + wave solution (see Eq. (14) below), and the projection of this tensor
on a tetrad basis yields Sab = ea

λeb
µSλµ, where (a, b) are Lorentz indices. This latter

tensor may be interpreted as an extension of the flat Minkowski (tangent space) metric
tensor ηab = (−1,+1,+1,+1), which includes oscillations (fluctuations) of the background
geometry. In this sense, the tensor Sλµ might be of gravitational nature
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∂µΣλµν = − 1

2kc
T λν . (8)

Denoting T as the trace of the tensor T λν , it follows from the equation above
that

ηλν ∂µΣλµν = − 1

2kc
T . (9)

With the help of this equation, and after some rearrangements, the field
equation (8) is simplified as

∂µ∂
µSλν − ∂µ∂λSµν − ∂µ∂νSµλ + ∂λ∂νSµ µ = − 1

kc
(T λν − 1

2
ηλνT ) . (10)

The left hand side of (10) is similar to the linearised Ricci tensor for hab,
which is considered in the investigation of linearised gravitational waves,
where gab ' ηab + hab (see eq. (20.10) of Ref. [12]; here we are adopting
the notation of the latter reference, where (a, b, ...) are space-time indices).
Note, however, that Eq. (10) is exact, since it does not follow from any
linearisation procedure.

It is straightforward do verify that the field equations (10) are invariant
under the gauge transformation

Sλµ → S̃λµ = Sλµ + ∂λV µ + ∂µV λ , (11)

where V λ(x) is an arbitrary vector field. We may use this gauge freedom to
require the tensor Sλµ to satisfy the condition

∂ρS
λρ − 1

2
∂λSρ ρ = 0 . (12)

The condition above is known as the de Donder, or Einstein, or Hilbert, or
Fock gauge [12]. By requiring Sλµ to satisfy Eq. (12), we arrive at (dropping
the tilde)

∂µ∂
µSλν = − 1

kc
(T λν − 1

2
ηλνT ) . (13)

Thus, in empty space-time we obtain the wave equation

∂µ∂
µSλν = 0 . (14)
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In view of the anti-symmetry Σλµν = −Σλνµ, we have the conservation
law

∂µT
λµ = 0 , (15)

that follows from Eq. (8). Finally, note that the tensor Tλµν satisfies the
cyclic relation

Tλµν + Tµνλ + Tνλµ = 0 , (16)

a property that the third rank tensors are required do satisfy in the framework
of the Fierz-Pauli theory [2].

3 The Hamiltonian formulation

We will develop this section in two parts. First, we carry out the Legendre
transform, obtain the primary Hamiltonian and the primary constraints. In
the second part we establish the Poisson brackets, analyse the constraint
structure and write the time evolution equations for the field variables in
the phase space of the theory. We show the equivalence of these equations
with the Lagrangian field equations, and finally determine the number of the
dynamical degrees of freedom of the theory.

3.1 The Legendre transform

In order to carry out the Legendre transform of the Lagrangian density (3),
we find it more suitable to rewrite the latter in first order differential form.
For this purpose, we introduce the new set of fields φλµν , that eventually will
be eliminated by the field equations. Thus, we establish L = L(Sλµ, φλµν).

We define the tensor Λλµν in similarity to Eq. (4),

Λλµν =
1

4
(φλµν + φµλν − φνλµ) +

1

2
(ηλνφµ − ηλµφν) , (17)

where φµ = φλ λ
µ. Thus, the Lagrangian density in first order differential

formulation is given by

L =
1

2
kΛλµν(φλµν − 2Tλµν) . (18)

The variation of L with respect to φλµν yields

5
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δL = k

[
(δΛλµν)(φλµν − Tλµν)

]
= 0 , (19)

from what we conclude that φλµν = Tλµν . This equation splits into two parts,

φλ0j = Tλ0j , (20)

φλij = Tλij . (21)

The Latin indices i, j, k.... represent space indices and run from 1 to 3. In
the 3+1 decomposition of (18), we will use Eq. (21) to eliminate φλij from
the very beginning, but the “velocity” fields φλ0j will be eliminated only at
the end of the Legendre transform, after inverting the velocities in terms of
the momenta.

As usual, the dot indicates time derivative, i.e., Ṡλµ = ∂0Sλµ. In Eq. (18),
there is no time derivative of the field quantity S00. The canonical momenta
are obtained from the Lagrangian density through the term (−2kΛλ0j)Tλ0j,
i.e.,

(−2kΛλ0j)Ṡλj = (−2kΛ00j)Ṡ0j + [−k(Λi0j + Λj0i)]Ṡij (22)

≡ Π0jṠ0j + ΠijṠij .

Thus, we define the momenta canonically conjugated to S0j and Sij by

Π0j = −2kΛ00j , (23)

Πij = −k(Λi0j + Λj0i) , (24)

respectively. The right hand side of Eq. (23) does not depend on time
derivatives. It is equal to −kT k k j. As a consequence, we have the following
primary constraints,

Π00 = 0, (25)

Π0j + kT k k j = 0 . (26)

The algebra that leads to the expression of the “velocities” in terms of
the momenta is not intricate. By developing Eq. (24) we find

6

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 October 2020                   doi:10.20944/preprints202010.0382.v1

https://doi.org/10.20944/preprints202010.0382.v1


Πij = −k
2

(φi0j + φj0i)− kηij(ηklφk0l) . (27)

Denoting Π = Πi
i, we obtain

ηijφ
i0j =

1

2k
Π , (28)

Thus, Eqs. (27) and (28) lead to

φi0i + φj0i = −2

k
(Πij − 1

2
ηijΠ) . (29)

From the equation above we obtain

Ṡij =
1

2
(∂iSj0 + ∂jSi0) +

1

k
(Πij −

1

2
ηijΠ) , (30)

and

φi0j =
1

2
T0ij +

1

k
(Πij −

1

2
ηijΠ) . (31)

With the help of the expressions above, it is not difficult to rewrite the
Lagrangian density in terms of the field variables in the phase space of the
theory. After a number of rearrangements and simplifications, we arrive at

L = ΠijṠij + Π0jṠ0j −
1

2k
(ΠijΠij −

1

2
Π2)

−Π0j∂jS00 − Πij∂jSi0 −
3

8
kT 0ijT0ij −

1

2
kΣkijTkij . (32)

Equation (32) finally leads to the expression of the primary Hamiltonian,

H0 =
1

2k
(ΠijΠij −

1

2
Π2) + Πij∂jSi0 + Π0j∂jS00

+
3k

8
T 0ijT0ij +

k

2
ΣkijTkij . (33)

Both in (32) and in (33), the tensor Σkij depends only on Tkij, i.e., it does
not contain the “0” index.
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3.2 Poisson brackets and time evolution equations

The Poisson brackets between any two functions in the phase space of the
theory is given by

{F,G} =

∫
d3z

(
δF

δSµν(z)

δG

δΠµν(z)
− δF

δΠµν(z)

δG

δSµν(z)

)
. (34)

With the help of the Poisson brackets, we will study the time evolution of
the primary constraints. Considering first Eq. (25), we have

Π̇00(x) = {Π00(x),

∫
d3yH0(y)} . (35)

After simple calculations, we obtain

Π̇00(x) = ∂jΠ
0j ' 0 . (36)

Therefore, ∂jΠ
0j = 0 is a secondary constraint of the theory. The primary

constraint (26) also yields a secondary constraint. After long but also simple
calculations, we obtain

d

dt
(Π0i(x) + kT k k i(x)) = {Π0i(x) + kT k k i(x),

∫
d3yH0(y)}

= 2∂jΠ
ij(x) + k∂jT 0ji(x)

' 0 . (37)

Therefore, we have the following set of constraints,

A(x) = Π00(x) = 0 , (38)

Bi(x) = Π0i(x) + kT k k i(x) = 0 , (39)

C(x) = ∂jΠ
0j(x) = 0 , (40)

Dj(x) = 2∂iΠ
ij(x) + k∂iT 0ij(x) = 0 . (41)

We recall that A(x) and Bi(x) are primary constraints, and C(x) and Dj(x)
are secondary constraints. The time evolution of the constraint C(x) yields
∂i∂jΠ

ij ' 0, which is a consequence of the constraint (41) (in view of the
anti-symmetry T 0ij = −T 0ji). Note also that by taking the divergence of
the constraint Bi, and considering the constraint C(x), we have ∂iT k k i =

8
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0. It can be verified by explicit calculations that the resulting equation,
∂i∂kS

ik − ∂k∂kS
i
i = 0, is the 00 component of the field equations (10),

assuming the vanishing of the energy-momentum tensor on the right hand
side of (10). Finally, the time evolution of the constraint Dj(x) is strongly
equal to zero.

It can be shown that all possible Poisson brackets between the constraints
(38), (39), (40) and (41) are strongly equal to zero. In the evaluation of
{Bi(x), Dj(y)}, special attention is needed in the symmetrization of the vari-
ations required by Eq. (34) (i.e., δ/δSij(z) = δ/δSji(z)). Thus, all constraints
of the theory are first class constraints.

In principle, one would have to add the first class constraints to the
primary Hamiltonian density H0(x), each one multiplied by a priori arbitrary
Lagrange multipliers. The latter should be consistent with the field equations
of the theory. However, it can be verified that the primary Hamiltonian alone,
constructed out of H0(x) only, already yields field equations that are strictly
equivalent to the Lagrangian field equations. First, it is very easy to show
that Hamiltonian field equation

Ṡij = {Sij(x),

∫
d3y H0(y)} , (42)

yields exactly Eq. (30). As for the field equation for the momenta Πij = Πji,
it is not difficult to conclude that

Π̇ij = {Πij(x),

∫
d3y H0(y)}

= k(∂mΣimj + ∂mΣjmi) . (43)

Let us now identify φi0j = Ti0j, which follows from Eq. (20), and consider
this identification in Eq. (24). Then, it is straightforward to rewrite the time
derivative of the momenta canonically conjugated to Sij as

Π̇ij = −k∂0(Σi0j + Σj0i) . (44)

Combining the expression above with the right hand side of (43), we find

k∂µ(Σiµj + Σjµi) = 0 , (45)

which is the ij component of the field equation (8), assuming the vanishing
of the energy-momentum tensor in the latter. Considering the dependence of

9

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 October 2020                   doi:10.20944/preprints202010.0382.v1

https://doi.org/10.20944/preprints202010.0382.v1


the tensor Tλµν on Sµν , as in Eq. (1), then it is not difficult to show that each
term ∂µΣiµj and ∂µΣjµi are, separately, symmetric in the indices ij. Making
use of Eq. (1), the field equation above is rewritten as

k(∂µ∂
µSij − ∂j∂µSiµ − ∂i∂µSjµ

+ηij∂µ∂λS
λµ − ηij∂µ∂µSλ λ + ∂i∂jSλ λ) = 0 . (46)

This equation is invariant under the gauge transformation (11), exactly like
Eq. (10), again assuming T λµ = 0 in the latter.

The remaining Hamiltonian field equations are

Ṡ00 = {Sij(x),

∫
d3y H0(y)} = 0 , (47)

Ṡ0i = {S0i(x),

∫
d3y H0(y)} = ∂iS00 , (48)

Π̇0i = {Π0i(x),

∫
d3y H0(y)} = ∂jΠ

ij +
3k

2
∂jT 0ji . (49)

We may now calculate the radiating degrees of freedom of the theory. In
the phase space of the theory we start with 10+10=20 degrees of freedom,
and we have 8 first class constraints at each space-time event, as given by
Eqs. (38)-(41). These constraints generate the expected symmetries and
remove 8+8 degrees of freedom in the phase space. Thus, there remains 4
degrees of freedom in the phase space of the theory. In the configuration
space, the counting is the same. We start with 10 degrees of freedom, and
observe that the gauge symmetry (11) removes 4 degrees of freedom, either
from Eq. (10) or (46). The equations

S̈00 = 0 , (50)

S̈0i = 0 , (51)

that follow from (47) and (48), also remove 4 degrees of freedom (the Hamil-
tonian density may be rewritten such that the components S00 and S0i arise
as Lagrange multipliers, but the form of H0 is more useful for our purposes),
and therefore we are left with 2 dynamical degrees of freedom in the config-
uration space.
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4 The energy of the spin 2 fields

The energy-momentum of the spin 2 fields described in this article is a rel-
evant topic that deserves a careful analysis, which will be carried out else-
where. Here, we will just assume that the integral of the primary Hamiltonian
density H0 yields the energy of the fields. In order to evaluate this energy, let
us first recall that the left hand side of Eq. (10) is exactly equivalent to the
linearised Ricci tensor for hab, where gab ' ηab + hab (in the notation of Ref.
[12]), and which is considered in the investigation of linearised gravitational
waves. Indeed, equation (20.10) of Ref. [12] is constructed out of hab, and
is identical to the left hand side of (10) (which is not linearised). Thus, we
may adopt the gauge condition given by Eq. (12), which is also adopted in
Ref. [12]. In the latter reference, it is found the general form of the tensor
hab that satisfies a gauge condition similar to Eq. (12). It is given by Eq.
(20.48) of Ref. [12], and reads

hab =


h00 −1

2
(h00 + h11) h02 h03

−1
2
(h00 + h11) h11 −h02 −h03
h02 −h02 h22 h23
h03 −h03 h23 −h22

 . (52)

Making now the identification Sλµ ↔ hab, and requiring initial conditions
such that S00 = S0i = 0, we obtain

Sµν =


0 0 0 0
0 0 0 0
0 0 S22 S23

0 0 S23 −S22

 . (53)

Both S22 and S23 are taken to be functions of (t−x), assuming that the fields
propagate in the x direction. The field equations for these components are
∂µ∂

µ S22 = ∂µ∂
µ S23 = 0.

Since Sλµ reduce to only S22(t− x) and S23(t− x), we find

ΣiikTijk = 2
[
(∂xS22)

2 + (∂xS23)
2] , (54)

and

ΠijΠij −
1

2
Π2 = 2k2

[
(∂0S22)

2 + (∂0S23)
2] , (55)
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which eventually yields

H0 = E = 2k
[
(∂0S22)

2 + (∂0S23)
2] , (56)

where 2k = c3/(8πG). The resulting expression is very simple, and should
represent the energy density of gravitons in a hypothetical quantum theory.

5 Final comments

We have analysed the Lagrangian and Hamiltonian formulations of a theory
for spin 2 fields. The structure of the theory is motivated by the teleparallel
equivalent of general relativity, and some general features of the theory re-
mind Maxwell’s theory for the electromagnetic field, as for instance the field
equations (6). The conclusion is that the theory is consistent. It is clear from
the Hamiltonian analysis that the theory contains two dynamical degrees of
freedom in the configuration space.

One important aspect of the theory is the interaction of the spin 2 fields
with ordinary matter fields. This issue is not completely settled in this
article. However, we may envisage the interaction of the spin 2 fields with
the gravitational field. The natural coupling of the tensor field Sµν with the
gravitational field has already been addressed in Ref. [6]. We expect that
the minimal coupling between Sµν and either the tetrad fields or the metric
tensor is given by equations (28) or (35) of the latter reference, which read

∇µ(eΣλ
µν) = ∂µ(eΣλ

µν)− eΓσµλΣσ
µν = 0 , (57)

where e =
√
−g , g = det(gµν), and which generalize Eq. (6). In principle,

the connection Γσµλ in the equation above may be either the Christoffel sym-
bols, or the Weitzenböck connection. This equation will be investigated in
the weak field approximation of the gravitational field, in which case the grav-
itational field acts as a source of the field equations (8) or (10). Therefore,
time varying gravitational fields generate the propagation of spin 2 fields.

A new aspect of the theory discussed in this article is the possible ex-
istence of static solutions of the field equations (10), in similarity to the
solutions of Gauss law in Maxwell’s theory. By investigating whether these
solutions exist, and whether they are physical or not, we may have clues
about the nature of the possible sources for the spin 2 fields.
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