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Abstract: A two-link model of exoskeleton with variable-length links for supporting the lower
limbs of the human musculoskeletal system is proposed in the article. The researched model differs
from the existing ones by the variable-length links, and by the angle calculation method. While in
the existing models, the angles are calculated from the regular direction — from vertical, or from
horizontal, - in the proposed research they are calculated between the links. As for practical exo-
skeleton implementation, the proposed method of angle calculation is appropriate to the actual
working conditions of the electrical motors with the reduction gears installed in the hinges, which
change the angles between the links. The mathematical model in the form of the system of La-
grange differential equations of the second kind is obtained. The obtained mathematical model is
examined for existence and uniqueness of the Cauchy solution. The kinematic trajectory of the link
motion has been synthesized. The controlling actions required for its implementation have been
found.

Keywords: exoskeleton; hinge; variable-length link; human musculoskeletal system; angle between
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1. Introduction

The exoskeletons will have vast scopes of applications after they become comforta-
ble functional devices. They can find applications in military, industry, agriculture, and
medicine. By means of exoskeletons it is possible to make the surrounding environment
comfortable for the people with impaired motor capabilities and return them to fulfilling
lives. In this respect, the exoskeleton not only has a medical role, but also has an im-
portant socio-economic value. Owing to exoskeleton the disabled persons could be so-
cialized and returned to active working lives, though previously they had no such an
option. Exoskeletons can also be used in rehabilitation and gerontologic centers.

The papers about simulating anthropomorphic mechanisms of various structures
usually consider 2-D models and employ angles calculated from the vertical [1-7], or
from the horizontal [8-11]. This method of angles calculation is convenient for mathe-
matical simulation of anthropomorphic mechanism motion. It is also suitable for con-
sidering a wide range of tasks starting from synthesizing the trajectory of link motion,
and ending with the solution of the Cauchy problem with the given control. However,
when there is a need of engineering design for a model of anthropomorphic mechanism,
for example, for an active exoskeleton with electric motors and gears implementing the
relative rotation in hinges for the human musculoskeletal system, the problem relating to
angles recalculation arises. The designer needs to calculate the angles between the
mechanism links. It is these angles which are changed as a result of electric drive opera-
tion. The reasons that lead to a model of exoskeleton with variable-length links are scru-
tinized in the paper [11]. A 2-D exoskeleton model with angles calculated between the
links is proposed in the paper [12]. In the same paper, the model of the variable-length
link is also described in detail. The problems of developing exoskeletons are considered
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in the papers [13-17]. The functioning exoskeleton models are presented on the websites
of the development companies [18-23]. A 3-D model of exoskeleton with angles calcu-
lated between the variable-length links is presented in this paper.

2. A Model of an Exoskeleton Variable-Length Link with Two Inertial Absolutely
Rigid Sections and One Weightless Variable-Length Section in Between

Let’s introduce the immobile right-hand Cartesian coordinate system Oxyz, in which
the mechanism motion takes place (Fig. 1.). Let’s also introduce the mobile local system
of coordinates Ox1y1z1, fixed with the link. We'll direct the mobile axis Oz1 along the link;
the other two axes are introduced based on the right-basis rule. Consider a link model
that consists of the two weighty absolutely rigid parts that can perform the relative mo-
tion along the AoA1 line, passing through its beginning and end (Fig. 1). The spherical
hinge, located in the point Ay, is firmly connected to the supporting surface. The motion
of CiA1 section relative to the AoB1 section along the AcA1 direction is performed by the
gravity and reaction forces applied by the surface and adjacent rods (not shown on the
Fig. 1). This ensures the length change of the section BiCi1, and consequently of the entire
link AoA1.

Figure 1. 3-D model of exoskeleton variable-length link with the introduced absolute and local
systems of coordinates.

The lengths of the variable-length link elements are as follows: AoB1 = [11, C1A1 = l12.
The double subscript numbering is related to construction of a multilink exoskeleton
model: the first index corresponds to the link number, while the second one corresponds
to the number of the weighty section on the link. The variable-length link section BiC1 =
&1(t) is considered weightless. It is assumed that the force Fi, that ensures the required
controlled change of the link length, is applied on this section.

Unlike to the papers [1-12], the angles are calculated between the links, i.e. between
the axes of the local systems of coordinates counterclockwise from the link with the
smaller number to the link with the greater number. As for the first link, the angle is
calculated from the axis of the absolute immobile system of coordinates to the axis of the
mobile local system of coordinates which is firmly fixed with the first link. On the Fig. 1,
the angles au(t), Pi(t), yi(t) between the axes of the immobile and local systems of coordi-
nates are shown in the negative directions.

The position of the weighty section C1A: depends on three parameters and is une-
quivocally identified by the angles ou(t), Bi(f) and the variable-length link section &i(t).
The considered system has three degrees of freedom. We'll designate the controlling
torques, applied in the hinge Ao, as Mic and Mip. The length change of the link section
&1(t) is controlled by the force Fi, which is the fourth controlling parameter in the con-
sidered system.
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The mass of the AoBi rod is equal to mu. Its moment of inertia relative to the axis
passing through mass center perpendicular to the motion plane is equal to I11. The mass
of the C1A1 rod is equal to m12, its moment of inertia relative to the axis passing through its
end perpendicular to the motion plane is equal to I1.

The kinetic energy of the link is the sum of the kinetic energies of the rods AoB1 and
C1A1: T = Tags, + Tcrar.

T =[ETmyp + (11 + Lo +myp(Ify +Iiqlp + 28101 + &l +E7))(GF cos” By +B1/2. (1)

The differential equations of motion composed based on the Lagrange equations of
the second kind in the local system of coordinates are as follows:

Iin + Tz + mz((21 + [12)&1 + (I + [12)l11 + &12))( 6iq cos?Pr —
— 2641 cosPisinB) + nacos?Bi(2h + Lz + 2&1) é»l o + ()
+ g(mulu + m2(2M1 + hiz2 + 2&1))cosP1 = Mio,
(I + D2 + maa((2In + h)&r + (In + la)ln + E2)) By +

+ cosPisinBu(li1 + [z + ma2((2h1 + l2)&1 + (I + [i2)l11 + &12) d% +

. . (3)
+mn+h2+281) &1 By -
— g(mnln/2 + muz(ln + h2/2 + &1))cosousinPr = Mg,
— ma2(2h1 + h2 + 2&1)( d% cos?P1 + B% )/2 + gmizcosaiicosPi + miz El =Fu. 4)

Thus, the system of differential equations of motion, describing the 3-D model of
exoskeleton variable-length link, has been composed.

3. Description of the Model with Two Variable-Length Links and Generalization of
the Model on n — link Case

Consider the model of two exoskeleton links with angles calculated between the
links and the introduced local systems of coordinates (Fig. 2). The design of each link is
similar to the one considered in the previous paragraph (Fig. 1). The bold thick lines
show inertial absolutely rigid link sections AoB1, C1A1, A1B2, C2A2. The thin lines show the
weightless variable-length sections BiC1 = &1(t), B2C2 = Ex(t).

The generalized coordinates describing the mechanism position are the angles be-
tween the corresponding axes of coordinates and the lengths of the weightless link sec-
tions (Fig. 2): ¢i, B, yi1, &i(i = 1,2). The considered system has seven degrees of freedom.
Seven independent drives are required to implement the controlled motion — to control
each rotation angle, and to control the length change of each link. The drives can be of
different types: hydraulic, pneumatic, electric. In this study it is assumed that electric
motors are used. To control the angular coordinates, the electric motors are installed with
reduction units decreasing the speed and increasing the torques. As for linear coordi-
nates, controlling the change of link length, the electric motor with rack and pinion or
screw-type gear is used.

The system of differential equations of motion for the model shown on the Fig. 2 is
composed similar to that of the model with one link. However, the obtained equations
are so cumbersome that we can’t list all of them in this paper. Therefore, the analysis of
the equations has been done, their pattern has been identified, and the equations have
been presented in the generalized vector-matrix form. The matrix subscripts designate
the corresponding generalized coordinate: k =1, 2, 3, 4, here 1 corresponds to the gener-
alized coordinate o, 2 - 3,3 -7, 4 - &.
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Figure 2. 3-D model of two variable-length exoskeleton links with the angles calculated between
the links.

AK(O“/B/Y/&) a + BK((X/[S/V/‘:) B + CK((’“/B/Y/E)) Y + DK(O(/B/Y/‘:)E +

+ Ex(0,B,7,8) At + Fe(a,B,7,6) BB + Ge(aB,1,6) T +2He(aB1,6) AE + .
+2Ke(o,B,1,E) BE +2Le(o, By, 6)TE +2N(o,B,1,8) AR +2Pc(0,B,1,8) Ay +

+ 2QK(OL/B/Y/E.>) BY + gRK(a/B/Y/E)) = MK(OLIB/Y/(%)/

here: a, B, y — the angular generalized coordinates of the concentrated masses; a =
(o,...,on)T, B=(B1, ..., Pu)T, y=(yy, ..., yn-1, 0)T — the vectors of the angles between the axes of
the coordinate systems; £ — the generalized coordinates related to length change of the

links; € = (&1, ..., &) — the vector of the variable-length links lengths; o, B, vy - the
vectors of angular velocities; G, f, ¥ - the vectors of angular accelerations; A = diag(
Opseees Oy ), B = diag( Bl,...,Bn ), r = diag(yq,...,v,) — the diagonal matrices; M« - the
vectors of generalized forces; A«(o,B,v,E), Be(o,B,7,8), Ce(o,B,v,E), Dx(o,B,v,8), Ex(a,B,y,8),
FK((X”B/'Y’&)’ GK(O'/B/Y/%;)/ HK(O'/B/’Y/a)/ KK((X/B/’Y/é)/ LK(OL,B,"{,E_,), NK(OMBIY/@)/ PK(arB/'Yra)r
Qx(a,B,7,8) — the matrices describing the mechanism structure; R«(o,f,y,&) — the matrices
specified by the gravity moments.

This system can be applied to a model with any finite number of variable-length
links similar to that as it was done in the papers [8-10], in which the high-speed recurrent
and matrix algorithms of composing the system of differential equations of motion were
developed. The maximal link number used for building an exoskeleton is limited only by
the computing power, since the equations’ complexity grows non-linear with the system
geometry.

4. Examination of the Obtained Mathematical Model in the Form of the System of
Differential Equations of Motion for Solution Existence and Its Uniqueness

Let’s undertake the analytical study of the considered exoskeleton model. Consid-
ering the ballistic motions, we can assume that the right part of the first equation in the
system (2) equals to zero. We also assume the right part of the second equation in the
system (3) be potential. Therefore, an energy integral exists for the considered model [7]:
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E=T+II=

=[&Fmyy +(Iy +I1p +myp (5 +113lp + 28] +E1lpp +E7))(GF cos® By +B1)1/ 2+
+ g(muln/2 + muz(ln + h2/2 + &1))cosousini = h.

From this we can derive:

[Emyp +(I1y + I +myp(Ify +Iqlp + 28101 +E&lp +E7))(6F cos® By +B1)1/2 =
=2(h — g(mul11/2 + mz(l1 + 112/2 + &1))cosousinPi).

The left part of the equation (7) is positive-definite. The right part of the equation (7)
depends on trigonometric function and accepts all of its possible values from a limited
enclosed domain. Therefore, it is bounded below by a constant H:

[E2ma +(Iyy + 12 +myp () +lylio + 281k + &1l +ED))(GF cos” By +B)1/2< H. (8)

Thus, the Cauchy solution for the system of differential equations of motion (2) ex-
ists under any initial conditions; it is unique and infinitely continued [7].

The obtained result can be generalized for a model with # mobile links. In this way,
it has been demonstrated that the Cauchy problem for a mechanism with n mobile links
has a solution under any initial conditions; it is unique and infinitely continued [7].

5. Controlling the 3-D Two-Link Exoskeleton Model by the Analytically Specified
Kinematic Properties of the Motion

In some cases, the exoskeleton control should be done based on a certain algorithm
[12-23]. For example this is required for people with impaired human musculoskeletal
system, for muscle training to rehabilitate the human motor activity, or in sports, when a
work-out is done in exoskeleton or in parts of it.

Let’s use the exoskeleton control method based on the analytically specified kine-
matic properties of the motion, proposed for a 2-D model, having modified them for a
3-D case.

a1(t)=m/2+ j1js sin[f; - (1 - cos|2nt/ T]m/2],
ap(t)=m/2+ jpjy cos| f — (1-cos2mt/T])r/2],
B1(t)=m/2+ j; sin[ f; — (1—cos[2nt/T))n/2],
By (£)=1/2+ j, cos| fo — (1—cos[2nt/T|)m/2], )
y1(t)=j3 cos|2nt/T],
I(f) = It + ha + &1 + I-sin[27t/T]),
L(t) = I + 12 + £2°+(1 + I'sin[2mt/T]).

here: T - the walking period, j; and f; — the walk parameters, l; — the initial
lengths of non-deformed link, | - the coefficient of link change. The initial lengths of
non-deformed links are as follows: Ii" = 0.385 m, 2" = 0.477 m. These lengths are distrib-
uted on the link as follows:: [11 =0.15m, £&"=0.085m, 1 =0.2 m, &' =0.077 m, ln =12 (i =
1,2). The masses of the links are m; =291 kg, m, =893 kg. They are equally distrib-
uted between the two weighty absolutely rigid link sections, i.e. my =m; =m; /2 (i =
1,2). The moments of inertial of the weighty link sections for the links relative to the axis
passing through the bottom point of the weighty link part are as follows:: [ = 0.011
kg-m?, I1=0.060 kg'm?, In= I (i = 1,2). The acceleration due to gravity is g =9.81 m/s2. The
period of the single-support step phase, i.e. the half of the walking period is # = 0.36 s.

(6)
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The link length change coefficient is [ = 0.25. The walk parameters are as follows: ji = j2 =
0.25,j3=0.279, j+=0.1, i=mn/2, f2=0.687.

The analytical expressions (9) and the values of the corresponding walk parameters
are selected in order to synthesize the periodic anthropomorphic walk.

The listed curves of the controlling torques (Fig. 3) and the lengthwise forces (Fig. 4)
have been obtained by solving the algebraic system (5) for the model presented on the
Fig. 2 with the motion kinematics specified as per (9).
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Figure 3. The curves representing the controlling torques in the hinges of the two-link exoskeleton
as functions of time.
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Figure 4. The curves representing the lengthwise forces applied to the exoskeleton links as func-
tions of time.

The obtained relationships for controlling torques and lengthwise forces as func-
tions of time allow to assess the required motors and reduction gears, rack and pinion or
screw-type gears to make sure they can implement the theoretically calculated torques
and forces respectively.

The kinogram frames of the pictographic animated visualization of motion with the
kinematics specified by (9) are shown on the Fig. 5. The kinogram frames simulate the
motion of the shin and the hip of the supporting leg in the single-support motion phase.
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Figure 5. The kinogram frames of the exoskeleton motion.

Thus, the problem of synthesizing the controlling actions for the given motion of the
two-link exoskeleton is solved. The prospects of this approach for simulating the exo-
skeleton motion are demonstrated.

6. Conclusions

In this way, the model of two links of variable lengths and angles calculated between
the links is described. Subsequently, adding links to this model one can build an exo-
skeleton model with any given number of links. This allows developing exoskeletons
with the specified functionality.

The theoretical significance of the results obtained in this study consists of the newly
developed variable-length link models, and of the new angles calculation method, which
is applied when dealing with electric motors.

The practical significance of the obtained results lies in the possibility of developing
active exoskeletons for various purposes, medical prosthetic devices, anthropomorphic
robots, spacesuits. These active exoskeletons take into account the human anthropo-
morphic specifics. The implementation of these active exoskeletons will make a signifi-
cant contribution into development of various industry sectors, healthcare, sports, and
armed forces.

The obtained results can be used for constructing the human-machine system in the
form of 3-D mechanism with controlled change of link lengths. This system can be used
as a primary or an additional means of transportation, as well as for performing other
heavy-duty jobs in order to decrease the loads on the human musculoskeletal system.
Furthermore, the developed mechanism model could be applied to compensate the mo-
tions of the people with the musculoskeletal system impairments. It allows restoring or
altogether overriding the motor activity of the human musculoskeletal system. It can also
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be used in healthcare for rehabilitation purposes, muscle training, restoring neural
pathways, for example by post-stroke patients. It can be used as an auxiliary device that
enhances the human power capabilities in industry when carrying heavy objects, since it
increases the payload, stamina, and protects the human musculoskeletal system from
injuries. The mechanism of controlled length change of the links can be applied in
healthcare centers when nursing immobile patients, as well as by surgeons during pro-
longed surgery. It can also be applied in industry, agriculture, armed forces and in all
other domains where personnel is expected to carry heavy weights or stay in the same
position for a long time. The developed model can be used for building exoskeletons for
children with impaired or injured musculoskeletal system, for example with spinal
muscular atrophy, infantile cerebral paralysis etc.
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