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Abstract: We shall discuss three methods of inverse Laplace transforms. A Sinc-Thiele approxi-
mation, a pure Sinc, and a Sinc-Gaussian based method. The two last Sinc related methods are
exact methods of inverse Laplace transforms which allow us a numerical approximation using
Sinc methods. The inverse Laplace transform converges exponentially and does not use Bromwich
contours for computations. We apply the three methods to Mittag-Leffler functions incorporating
one, two, and three parameters. The three parameter Mittag-Leffler function represents Prabhakar’s
function. The exact Sinc methods are used to solve fractional differential equations of constant and
variable differentiation order.
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1. Introduction

In the present paper, we present three methods for carrying out the numerical inver-
sion of the Laplace transform [1]. The methods are all based on Sinc approximations of
rational expressions via Thiele’s continued fraction approximation (STh) [2], indefinite
integral approximations based on a Sinc basis [3], and indefinite integral approximations
based on a Sinc-Gaussian (SG) basis [4]. The three methods avoid Bromwich contours
requiring a special parameter adaptation on each time step [5–9]. The motivation behind
avoiding Bromwich contours is to represent numerically generalized functions and provide
a practical method for computing inverse Laplace transforms. Among the generalized
functions, we aim at Mittag-Leffler (ML) functions and especially Prabhakar functions
among them. ML functions are frequently used in fractional calculus [10,12–15]. For an
overview and detailed discussion of theoretical properties and applications of the Mittag-
Leffler functions see the recent book by Gorenflo et.al. [15] and Kilbas [16]. Mittag-Leffler a
Swedish mathematician introduced this function at the beginning of the last century [17] to
generalize the exponential function by a parameter α

Eα(z) =
∞

∑
k=0

zk

Γ(αk + 1)
with α ∈ C,<(α) > 0, and z ∈ C. (1)

Three years later Wiman [18] extended the one-parameter function to a two-para-
meter function also defined as an infinite series using gamma functions Γ(x) to replace the
factorial in its definition

Eα,β(z) =
∞

∑
k=0

zk

Γ(αk + β)
with α, β ∈ C,<(α) > 0, and z ∈ C. (2)
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In 1971, the Indian mathematician Prabhakar [19] proposed another generalization to
three parameters, i. e.,

Eγ
α,β(z) =

1
Γ(γ)

∞

∑
k=0

Γ(γ + k)zk

Γ(k + 1)Γ(αk + β)
with α, β, γ ∈ C,<(α) > 0, and z ∈ C. (3)

Comparing these series definitions of higher parameter ML functions it is obvious
that all of them are generalizations of the exponential and thus include the exponential
function as a limiting case. There are many other ML functions in use with larger numbers
of parameters especially in fractional calculus, for a detailed discussion of these types of
functions see [16]. We shall restrict our examinations of the numerical representation to
the above three variants because currently they are the most frequently used in fractional
calculus. However, the higher-order ones can be included in our approach in a straight-
forward way if needed. One common property of the ML functions as stated above is
the Laplace representation G(s) as a transfer function instead of the infinite series. The
series representation is not an efficient option for numerical computations because the
convergence of the series is sometimes restricted to |z| < 1, the sequence of the terms in the
series do not decrease monotonically [20], and the numerical evaluation of the Γ function
is usually limited to a restricted magnitude of the argument if single or double precision
is used in computations. For this reason, we use the Laplace route to avoid such kinds of
convergence limiting problems.

That is, if R+ denotes the interval (0, ∞), we obtain accurate approximations to f
defined on R+ by

L f = G(s) (4)

where G the transfer function is given on R+. The Laplace transform L f is defined by

(L f )(s) =
∫ ∞

0
e−st f (t)dt . (5)

The Laplace transform occurs frequently in the applications of mathematics, physics,
engineering, and is a major tool nowadays in fractional analysis [14,22], especially in the
representation of special functions. We will use this technique to numerically represent
functions like the ML functions needed in practical applications of relaxation processes.
However, one of the major problems of the Laplace transform is and especially its inverse,
contrary to Fourier transform, is that there is no universal method of inverting the Laplace
transform. In applications such as fractional calculus G is frequently known on R+, and
the use of the Bromwich inversion formula [21]

f (t) =
1

2πi

∫ σ+i∞

σ−i∞
estG(s)ds (6)

is therefore not analytically feasible in many cases. Recently, the Bromwich inversion
formula was used in connection with Talbot’s idea to replace the Bromwich contour C ∈ C
by a simplified contour in C [5–8]. However, it turned out that a special tuning of the
parameters in the parametric representation of the contour is needed to achieve trust-
able results. The lack of universal methods for inverting the Laplace transforms stems
from the fact that the space of functions f for which L f exists is simply speaking too
big. We immediately restrict this space by assuming that f ∈ L2(R+), which implies that
G ∈ L2(R+). In applications, it is generally possible to achieve this criterion via elementary
manipulations [23]. An excellent summary of other methods for inverting the Laplace
transform is contained in [25]. Furthermore, the methods summarized in [25] are tested on
several functions. While the tests in [25] are interesting, the criteria of testing do not restrict
the space of functions, and it is thus possible to write down test functions for which any
one of the methods does extremely well, while all of the others fail miserably. A variety of
other methods are discussed in [22] and references in [23].
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The connection between the Laplace transform G(s) and the function f (t) is easily
recognized if we recap the physical background in dielectric relaxation processes. Let us
assume for simplicity of the discussion that the orientation polarization Por is related to
the alignment of dipoles in the electric field, whereby the permanent dipoles are rigidly
connected to the geometry of the molecule. Thus the time for complete development of
Por is coupled to the rotational mobility of the molecules. This in turn is a variable that
is closely related to the viscosity η of the substance. The simplest approach to describe a
temporal law for Por (t) is incorporated in the idea that after switching on an electric field,
E(t) = E0 for t > 0, the change dP or

/
dt depends linearly on Por (t) which is known as

Debye relaxation of dielectrics [26] resulting in the celebrated relaxation equation

dP or

dt
= −τ−1Por . (7)

The solution of the initial value problem (7) is given by the exponential function
Por (t) = Por (0) exp(−t/τ) with τ the relaxation time. More interestingly the Laplace
representation of this relation which in terms of a standard relaxation function χ(t) reads

sχ̂(s) = − 1
τ

χ̂(s) + χ(0), (8)

or

χ̂(s) =
χ(0)

s + τ−1 . (9)

Delivering immediately the time dependent solution χ(t) = χ(0) exp(−t/τ) using the in-
verse Laplace transform. A canonical fractionalization of the standard relaxation equation
(7) in terms of χ(t) result to

Dαχ(t) = −τ−αχ(t) +
χ0t−α

Γ(1− α)
, (10)

using the initial condition χ(0) = χ0; here Dα represents the Riemann-Liouville fractional
derivative. Since equation (10) is a linear equation we can get the Laplace transform of this
equation including the initial condition χ0 as

χ̂(s) = χ0
sα−1

sα + τ−α
. (11)

Inversion of the transfer function by involving a Mellin transform results to the
time dependent solution χ(t) = χ0Eα(−(t/τ)α) [11], where Eα(z) is the one parameter
ML function Eα(z) defined in classical terms as an infinite series by equation (1). The
comparison with the exponential function exp(z) = ∑∞

k=0
zk

Γ(k+1) reveals that Eα(z) is in
fact a generalization of the exponential function using the fractional parameter α restricted
to 0 < α < 1.

Another type of fractional relaxation equation which changes the initial decay of the
process by an additional fractional exponent β, is given by the following two-parameter
equation

Dαχ(t) = −τ−αχ(t) +
χ0tβ−α−1

Γ(β− α)
. (12)

Applying the same procedure as before, we get the transfer function representation as

χ̂(s) = χ0
sα−β

sα + τ−α
. (13)
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After inverting the Laplace transform by using the Mellin transform [11,13,27], we
gain the two-parameter ML function

χ(t) = χ0tβ−1Eα,β(−(t/τ)α). (14)

Again the comparison with exp(z) and Eα(z) reveals, that Eα,β(z) is a generalization of
the exponential function. We could continue in this way by adding additional parameters
to get generalized rational expressions in Laplace space resulting in generalized functions
of the exponential. We will get back to this idea in a moment. However, Prabhakar followed
another route which is based on the following Laplace representation of a function (see.
Kilbas et al. [16]) using multiplications instead of additions in the parameter set α, β, and γ
as follows

χ̂(s) = χ0
sγα−β

(sα + τ−α)γ , (15)

delivering a three parameter generalization of the exponential function as

χ(t) = χ0tβ−1Eγ
α,β(−(t/τ)α), (16)

with

Eγ
α,β(z) =

∞

∑
k=0

(γ)kzk

Γ(k + 1)Γ(αk + β)
, α, β, γ ∈ C, <(α) > 0, z ∈ C, (17)

where (γ)k = Γ(γ + k)/Γ(γ) is the Pochhammer symbol and Γ(z) denotes the Euler
gamma function. Note that Prabhakar’s function is an entire function of order ρ = 1/<(α)
and type σ = 1 [15]. The above Prabhakar model can be reduced to a Riemann-Liouville
fractional integral equation of relaxation type [28]. In this framework of Laplace transforms,
we can introduce generalized transfer functions G(s) in the Laplace space incorporating
many parameters combined in different ways.

Such an approach was proposed in the field of electronic filter design, such as
low−pass, high−pass, and bandpass filters including the construction of a rational function
that satisfies the desired specifications for cutoff frequencies, pass−band gain, transition
bandwidth, and stop−band attenuation. Recently these rational approximations were
extended to fractal filters improving the design methodology in some direction. Following
Podlubny [29] a fractional-order control system can be described by a fractional differential
equation of the form:

anDαn χ(t) + an−1Dαn−1 χ(t) + . . . + a0Dα0 χ(t) = (18)

bmDβm χ(t) + bm−1Dβm−1 χ(t) + . . . + b0Dβ0 χ(t) (19)

or by an equivalent continuous transfer function

G(s) =
bmsβm + bm−1sβm−1 + . . . + b0sβ0

ansαn + an−1sαn−1 + . . . + a0sα0
. (20)

The use of the continuous transfer function is nowadays the standard approach to
design filters. The transfer function uses fractional exponents αi and β j to represent the
fractional orders of the differential equations. The problem with this approach is that only
in rare cases a direct inversion of the Laplace representation to the time domain is possible.
One way to solve this problem was originally proposed by Roy; that is the transfer function
G(s) with fractional exponents can be replaced by a rational approximation G̃(s) using
natural number exponents [30]. Such kind of rational approximation G̃(s) can be generated
by a Sinc point based Thiele algorithm (STh) [2,31]. Thiele’s algorithm converts a rational
expression to a continued fraction representation which is related to a rational expression
possessing exponents of natural numbers. Such kind of approximation will change of
course the representation of the rational character of the transfer function but allows us
to use a fraction with integer orders if we need to invert the Laplace transformation. The
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benefit here is that for rational functions with integer powers a well-known method by
Heaviside exists, also called the partial fraction method, to invert a Laplace transform to a
sum of exponential functions. This is in short how the method of numerical approximation
of all the different transfer functions mentioned above can be transformed to the time
domain with sufficient accuracy.

From a practical point of view of the STh approach, we gain a numerical representation
of the function but miss the analytic properties if we are not able to compute the inverse
Laplace transform analytically. In some cases an analytic representation is possible via
Mellin-Barns integrals delivering special function included in the class of Fox-H functions
[12,14,16,27]. For our numerical computations, this is however not a disadvantage if we
are aware that the numerical results belong to this larger class of special functions which
are representable by Mellin-Barns integrals. Given the ML function, we know that these
functions belong to this class of Fox-H functions. The gain of the numerical inversion of
the Laplace transform, however is, that at least for practical work we have access to the
determining parameters of the function.

The paper is organized as follows: Section 2 introduces, in short, the methodology
of Sinc methods. Section 3 discusses some applications and error estimations. Section 4
summarizes the work and gives some perspectives for additional work.

2. Sinc Methods of Approximation

This section discusses the used methods of approximation for the two sets of basis
functions. First, the approximation of functions is introduced defining the terms and
notion. The second part deals with approximations of indefinite integrals. Based on these
definitions we introduce the approximation of inverse Laplace transform in the next step.
We use the properties of Sinc functions allowing a stable and accurate approximation based
on Sinc points [40]. The following subsections introduce the basic ideas and concepts. For
a detailed representation we refer to [31,35,36].

In their paper Schmeisser and Stenger proved that it is beneficial to use in Sinc approx-
imations a Gaussian multiplier [4]. The idea of using a Gauss multiplier in connection with
Sinc approximations is a subject discussed in literature from an application point of view by
Qian [32]. The group around Qian observed that a Gauss multiplier improves under some
conditions the convergence of an approximation [33]. Schmeisser and Stenger verified this
observation on a theoretical basis and proved an error formula possessing exponential
convergence [4]. A similar approach was used by Butzer and Stens [34] to improve the con-
vergence in a Sinc approximation in connection with the Whittaker-Kotelnikov-Shannon
sampling theorem. The general multiplier used by Butzer and Stens is here replaced by
a Gaussian. We note that the used multiplier function used by Butzer and Stens in the
limit m→ ∞ is the same as the Gaussian for c→ 0. It turned out that the approximation
is useful not only to represent functions but can be also applied to integrals and integral
equations as well as to derivatives.

It is a well-known fact that numerical Laplace transform and especially its inversion
is much more difficult than numerical integration. It turns out that numerical inverse
Laplace transform based on Bromwich’s integral is influenced by several factors like the
choice of nodes, the method of integration used, the algorithmic representation, and the
structure of the contour to mention only a few. In applications, it is sometimes required that
a certain accuracy is achieved over a definite or semi-infinite interval and specifically at the
boundaries. It would be beneficial if the method is easy to implement and the number of
computing steps is minimized. Also, from the mathematical point of view, we may gain
some insights if an ad hoc estimation of the error is possible. Such a set of requirements are
in most of the cases not available eighter one of the properties is missing or the whole set
of requirements cannot be satisfied by a specific method. We will discuss a new method
that was mentioned in a basic form in an application to initial value problems [1]. Our
new method uses the basic idea of collocating indefinite integrals in connection with the
fundamental theorem of calculus. This allows us to approximate a basic relation using
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eighter a Sinc basis or a Sinc-Gaussian (SG) basis. Both approaches will be discussed and
used in examples.

To put our results in perspective, we briefly discuss the basics of approximations using
a Sinc-Gaussian basis, indefinite integrals, convolution integrals, and the inverse Laplace
transform.

2.1. Sinc Basis

To start with we first introduce some definitions and theorems allowing us to specify
the space of functions, domains, and arcs for a Sinc approximation.

Definition 1. Domain and Conditions.
Let D be a simply connected domain in the complex plane and z ∈ C having a boundary ∂D.

Let a and b denote two distinct points of ∂D and φ denote a conformal map of D onto Dd, where
Dd = {z ∈ C : |Im(z)| < d}, such that φ(a) = −∞ and φ(b) = ∞. Let ψ = φ−1 denote the
inverse conformal map, and let Γ be an arc defined by Γ = {z ∈ C : z = ψ(x), x ∈ R}. Given φ,
ψ, and a positive number h, let us set zk = ψ(kh), k ∈ Z to be the Sinc points, let us also define
ρ(z) = eφ(z).

Note the Sinc points are an optimal choice of approximation points in the sense of
Lebesgue measures for Sinc approximations [41].

Definition 2. Function Space.
Let d ∈ (0, π), and let the domains D and Dd be given as in Definition 1. If d′ is a number

such that d′ > d, and if the function φ provides a conformal map of D′ onto Dd′ , then D ⊂ D′.
Let α and β denote positive numbers, and let LLLα,β(D) denote the family of functions u ∈ HolHolHol (D),
for which there exists a positive constant c1 such that, for all z ∈ D. Let LLLα,β(D) be the set of all
analytic functions, for which there exists a constant c1, such that

|u(z)| ≤ c1
|ρ(z)|α

(1 + |ρ(z)|)α+β
. (21)

Now let the positive numbers α and β belong to (0, 1], and let MMMα,β(D) denote the family of all
functions g ∈ HolHolHol (D), such that g(a) and g(b) are finite numbers, where g(a) = limz→a g(z)
and g(b) = limz→b g(z), and such that u ∈ LLLα,β(D) where

u(z) = g(z)− g(a) + ρ(z)g(b)
1 + ρ(z)

. (22)

These definitions directly allow the formulation of an algorithm for a Sinc approxima-
tion. Let Z denote the set of all integers. Select positive integers N and M = [βN/α] so that
m = M + N + 1. The step length is determined by h = (πd/(βN))1/2 where α, β, and d
are real parameters. In addition assume there is a conformal map φ and its inverse ψ such
that we can define Sinc points zj = ψ(jh), j ∈ Z [37]. The following relations define the
basis of a Sinc approximation:

Sinc (z) =
sin(πz)

πz
. (23)

The sifted Sinc is derived from relation (23) by translating the argument by integer
steps of length h and applying the conformal map to the independent variable.

B(k, h, c)(x) =
{

S(k, h) ◦ (z) if c = 0
S(k, h, c) ◦ (z) if c 6= 0

, (24)
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with S(k, h)(z) = sin(π(z/h − k))/(π(z/h − k)) = Sinc (z/h − k) represents the Sinc
function and S(k, h, c)(z) = Sinc (z/h− k) exp

(
−c(z/h− k)2) is the Sinc-Gaussian. The

first type of approximation results to the representation

Ch,M,N [ f ](z) =
N

∑
k=−M

f (zk)Sinc
(

φ(z)
h
− k
)

, (25)

using the basis set of orthogonal functions

BS = {S(k, h) ◦ φ(z)}N
k=−M = {S(k, h) ◦ φ(z)}N

k=−M, (26)

where φ(z) is a conformal map. As discussed by Schmeisser and Stenger [4] a Sinc ap-
proximation of a function f can be given in connection with a Gaussian multiplier in the
following representation

Ch,c,M,N [ f ](z) =
N

∑
k=−M

f (zk)Sinc
(

φ(z)
h
− k
)

exp

(
−c
(

φ(z)
h
− k
)2
)

. (27)

with c a constant and φ denoting a conformal map. This type of approximation allows
to represent a function f (z) on an arc Γ with an exponential decaying accuracy [4]. As
demonstrated in [4] the approximation works effective for analytic functions. The definition
of the Sinc-Gaussian basis by

BSG =

{
S(k, h) ◦ φ(z) exp

(
−c
(

φ(z)− kh
h

)2
)}N

k=−M

= {S(k, h, c) ◦ φ(z)}N
k=−M (28)

allows us to write the approximation in a compact form as

Ch,c,M,N [ f ](z) =
N

∑
k=−M

f (zk)S(k, h, c) ◦ φ(z). (29)

The two approximations allow us to formulate the following theorem for Sinc approx-
imations.

Theorem 1. Sinc Approximation [37].
Let u ∈ LLLα,β(D) for α > 0 and β > 0, take M=[β N/α], where [x] denotes the greatest integer

in x, and then set m = M + N + 1. If u ∈ MMMα,β(D), and if h = (πd/(βN))1/2 then there exists
a positive quantity, such that∥∥ f (x)− Ch,c,M,N [ f ](x)

∥∥ = K1N1/2 exp
(
−k1N1/2

)
, (30)

using wk as basis functions (see (31)). Here K1 and k1 are constants independent of N.

The proof of this theorem is given for the pure Sinc case in [31] and [4] discusses the
SG case. Note the choice h = (πd/(βN))1/2 is close to optimal for an approximation in
the space MMMα,β(D) in the sense that the error bound in Theorem 1 cannot be appreciably
improved regardless of the basis [37]. It is also optimal in the sense of the Lebesgue measure
achieving an optimal value less than Chebyshev approximations [41].

Here zk = ψ(kh) = φ−1(kh) are the discrete points based on Sinc points kh. Note that
the discrete shifting allows us to cover the approximation interval (a, b) in a dense way
while the conformal map is used to map the interval of approximation from an infinite
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range of values to a finite one. Using the Sinc basis we can represent the basis functions as
a piecewise-defined function wj(z) by

wj =


1

1+ρ(z) −∑N
k=−M+1

1
1+ekh B(k, h, c) ◦ φ(z) j = −M

B(k, h, c) ◦ φ(z) j = −M + 1, . . . , N − 1
ρ(z)

1+ρ(z) −∑N−1
k=−M

ekh

1+ekh B(k, h, c) ◦ φ(z) j = N
, (31)

and c = 0 or c 6= 0, where ρ(z) = exp(φ(z)). This form of the Sinc basis is chosen as to
satisfy the interpolation at the boundaries. The basis functions defined in (31) suffice for
purposes of uniform−norm approximation over (a, b).

This notation allows us to define a row vector Vm(B) of basis functions

Vm(B) = (w−M, . . . , wN) (32)

with wj defined as in (31). For a given vector Vm(u) = (u−M, . . . , uN)
T we now introduce

the dot product as an approximation of the function u(z) by

u(z) ≈ Vm(B).Vm(u) =
N

∑
k=−M

ukwk. (33)

Based on this notation, we will introduce in the next few subsections the different
integrals we need [35].

2.2. Indefinite Integral Approximation

In this section, we pose the question of how to approximate indefinite integrals on
a sub-domain of R. The approximation will use our basis system introduced in section
2.1. We will introduce two different approximations using Sinc and Sinc-Gaussian basis. It
turns out that for both basis systems we can get an approximation converging exponentially.
Specifically, we are interested in indefinite integrals of the two types

J+( f ) =
∫ x

−∞
f (t)dt and (34)

J−( f ) =
∫ ∞

x
f (t)dt. (35)

If the function f is approximated by one of the approximations given in section 2.1 we
write for J+( f ),

J+( f ) =
∫ x

−∞
f (t) dt ≈ Jh,c,M,N [ f ](x) =

∫ x

−∞

N

∑
k=−M

f (tk)B(k, h, c) ◦ φ(t)dt (36)

=
N

∑
k=−M

f (tk)
∫ x

−∞
B(k, h, c) ◦ φ(t)dt (37)

=
N

∑
k=−M

f (tk)


∫ x
−∞ S(k, h) ◦ φ(t)dt if c = 0∫ x

−∞ S(k, h) ◦ φ(t) exp
(
−c
(

φ(t)−kh
h

)2
)

dt if c 6= 0
. (38)

Scaling the variable ξ = t/h and collocating the expression with respect to t, we end
up with the representation

J+( f ) ≈ h
N

∑
k=−M

f (tk)

{ ∫ x/h
−∞ Sinc (φ(ξ)− k)dξ if c = 0∫ x/h

−∞ Sinc (φ(ξ)− k) exp
(
−c(φ(ξ)− k)2)dξ if c 6= 0

(39)
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The collocation of the variable ξ → x delivers an integral Ic
j,k which will be our target

in the next steps.

Ic
j,k =

∫ j

−∞

sin(π(x− k))
π(x− k)

e−c(x−k)2
dx. (40)

Note with c = 0 the integral simplifies to the expression I0
j,k =

∫ j
−∞ Sinc (x − k) dx.

The discrete approximation of the integral J+( f ) thus becomes

J+( f ) ≈ h
N

∑
k=−M

f (tk)
1

φ′(xk)
Ic
j,k = Jj with xk = ψ(kh)and −M ≤ j ≤ N, (41)

and delivers the approximation of J+( f ) via

J+( f ) ≈ Jh,c,M,N [ f ](x) =
N

∑
j=−M

JjB(j, h, c) ◦ φ(x). (42)

For the discrete approximation, we need to know the value of Ic
j,k to be able to find the

approximation of the indefinite representation

Jj( f ) = h
N

∑
k=−M

f (tk)
Ic
j,k

φ′(xk)
= h

[
Ic
j,k

]
D(1/φ′)V( f ). (43)

The matrix Ic
j,k can be written as

Ic
j,k =

∫ j

−∞

sin(π(x− k))
π(x− k)

e−c(x−k)2
dx (44)

=
∫ 0

−∞

sin(π(x− k))
π(x− k)

e−c(x−k)2
dx +

∫ j

0

sin(π(x− k))
π(x− k)

e−c(x−k)2
dx (45)

=
∫ j−k

−∞

sin(πy)
πy

e−cy2
dx = Ic

j−k,0, (46)

reducing the problem to the structure of a Töplitz matrix if the indefinite integral has some
finite values. To get the values of the integrals we divide the integration domain into two
parts

Ic
j−k,0 =

∫ j−k

−∞

sin(πy)
πy

e−cy2
dx (47)

=
∫ 0

−∞

sin(πy)
πy

e−cy2
dx +

∫ j−k

0

sin(πy)
πy

e−cy2
dx (48)

= Ic
0 + Ic

j−k. (49)

The two integrals deliver the following

Ic
0 =

{ 1
2 if c = 0

erf
(

π
2
√

c

)
if c 6= 0

, (50)

and

Ic
j−k =

{
Si (j− k) if c = 0

sign (j− k)σc
|j−k| if c 6= 0 , (51)

with σc
k+1 = σc

k + f c
k , and f c

k =
∫ 1

0 Sinc (y + k) exp
(
−c(y + k)2)dy , thus σc

n = ∑n−1
k=0 f c

k . A
similar procedure can be applied to the integral J−( f ). The difference is a transposition of
the matrix Ic

i−j in the representation of approximation. The following Theorem summarizes
the results.
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Theorem 2. Indefinite Integrals.
If φ denotes a one−to−one transformation of the interval (a, b) onto the real line R, let h

denote a fixed positive number, and let the Sinc points be defined on (a, b) by zk = φ−1(kh), k ∈ Z,
where φ−1 denotes the inverse function of the conformal map φ. Let M and N be positive integers,
set m = M + N + 1, and for a given function f defined on (a, b), define the vector V( f ) =
( f (z−M), . . . , f (zN)), and a diagonal matrix D( f ) by D( f ) = diag [ f (z−M), . . . , f (zN)]. Let
V(B) = (B−M, . . . , BN) the vector of basis functions, and let I(−1) be a square Töplitz matrix of
order m having Ic

i−j, as its (i, j)th entry, i, j = −M, . . . , N,(
I(−1)

)
i,j = Ic

j−k,0 with i, j = −M, . . . , N. (52)

Define square matrices Am and Bm by

Am = hI(−1)D(1/φ′), (53)

Bm = h
{

I(−1)
}T

D(1/φ′), (54)

where the superscript “T” denotes the transpose. Then the indefinite integrals (34) and (35) are
approximated by

J+( f ) ≈ J +
m f = V(B)AmV( f ) and , (55)

J−( f ) ≈ J −m f = V(B)BmV( f ). (56)

The error of this approximation was estimated for the pure Sinc case c = 0 in [31] as

EN =
∥∥I( f )− Ih,c,M,N [ f ](x)

∥∥ ∼ K2N1/2 exp
(
−k2N1/2

)
, (57)

where K2 and k2 are constants independent of N.

Note the matrices Am and Bm have eigenvalues with <(λi) > 0 which guaranties the
convergence of the solution. A proof for the pure Sinc case for the matrix I(−1) was recently
given by Han and Xu [39].

If we use the properties of the matrices defined above we know that

Am = hI(−1)D(1/φ′) = h
(

Ic
0 Î +

[
Ic
j−k

])
D(1/φ′), (58)

where Î is a m×m matrix filled with 1’s and
[

Ic
j−k

]
is antisymmetric. The elements of the

diagonal matrix D = D(1/φ′) are all positive according to their definition. If we assume
that Am is diagonalizable then for each eigenvalue λi ∈ C there exists a complex valued
eigenvector wi ∈ Cm. Since the eigenvalues of Am are the same as D1/2 AmD−1/2 we can
write

w∗D1/2 AmD−1/2w = hw∗D1/2 I(−1)D1/2w = hw∗D1/2
(

Ic
0 Î +

[
Ic
j−k

])
D1/2w = λ‖w‖2

(59)
equivalent to

Ic
0w∗D1/2 ÎD1/2w + w∗D1/2

[
Ic
j−k

])
D1/2w =

λ

h
‖w‖2 (60)

Ic
0

(
N

∑
k=−M

w∗k d1/2
k

)
︸ ︷︷ ︸

W∗

(
N

∑
k=−M

wkd1/2
k

)
+ w∗D1/2

[
Ic
j−k

]
D1/2w =

λ

h
‖w‖2 (61)

Ic
0W∗W + w∗D1/2

[
Ic
j−k

]
D1/2w =

λ

h
‖w‖2 (62)
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Figure 1. Limits for eigenvalues of the Hermitian Matrix H = A∗m Am. Left panel shows the minimal
and maximal eigenvalues for a Sinc basis and the right panel for a Sinc-Gaussian basis (log-log plot).
The limits follow a relation λn,M ∼ ν±γ with ν = m×m the size of H, and γ ≈ 1/2 for the upper
limits and γ ≈ 7/100 for the lower limit of a Sinc approximation. The lower limit for Sinc-Gaussian
follows the upper limit with the opposite sign.

Ic
0‖W‖2 + w∗D1/2

[
Ic
j−k

]
D1/2w =

λ

h
‖w‖2. (63)

The real part of this expression delivers

<
(

λ

h

)
= <

(
Ic
0
‖W‖2

‖w‖2

)
+ Re

(
w∗D1/2

[
Ic
j−k

]
D1/2w

)
︸ ︷︷ ︸

=0

, (64)

the second term vanishes because the matrix
[

Ic
j−k

]
is anti-symmetric and thus since Ic

0 > 0
and h > 0 we have

<(λ) = hIc
0
‖W‖2

‖w‖2 ≥ 0. (65)

If we assume that the norm is defined on the vector space, we can use the Rayleigh
quotient of a matrix H given by RH(w) = w∗Hw

/
(w∗w) to bound the eigenvalues λ.

According to [43,44] there exist a minimal and maximal eigenvalue defined by

λm = min
w

RH(w) and (66)

λM = max
w

RH(w). (67)

The relations were examined numerically by computing the eigenvalues of the Hermi-
tian matrix H = A∗m Am with A∗m the conjugate transpose of Am. The results for different
size ν = m× m matrices are shown in Figure 1. The left panel in Figure 1 is related to
the pure Sinc basis while the right panel represents results for the Sinc-Gaussian basis. It
is obvious that for the Sinc-Gaussian the limits are symmetric to λ = 1. In all cases the
relation between λ and the size ν of H follows a power law λ ∼ νγ. The value for γ for
the upper limit λM is estimate to be nearly ν = 1/2. For the lower limit λm the exponents
are different. In the Sinc-Gaussian case, we find ν ≈ 1/2 while the pure Sinc case shows
a much smaller value of ν ≈ 7/100. However, in both cases, the lower limit is a positive
decaying function that is always greater than zero. Only in the limit ν → ∞ the value
zero is reached. This in turn tells us based on Grenander and Szegö theory [42] that the
eigenvalues of Am are strictly positive for finite matrix sizes.
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2.3. Convolution Integrals

Indefinite convolution integrals can also be effectively collocated via Sinc methods
[37]. This section discusses the core procedure of this paper, for collocating the convolution
integrals and for obtaining explicit approximations of the functions p and q defined by

p(x) =
∫ x

a
f (x− t)g(t)dt with x ∈ (a, b), (68)

q(x) =
∫ b

x
f (t− x)g(t)dt with x ∈ (a, b). (69)

where x ∈ Γ. In presenting these convolution results, we shall assume that Γ = (a, b) ⊆ R,
unless otherwise indicated. Note also, that being able to collocate p and q enables us to
collocate definite convolutions like

∫ b
a f (x− t)g(t)dt.

Before we start to present the collocation of the equations (68) and (69) we mention
that there is a special approach to evaluate the convolution integrals by using a Laplace
transform. Lubich [38] introduced this way of calculation by the following idea

p(x) =
∫ x

0
f (x− t)g(t)dt =

1
2πi

∫
C

F+(s)
∫ x

0
estg(x− t)dtds (70)

for which the inner integral solves the initial value problem y′ = sy + g with g(0) = 0. We
assume that the Laplace transform

F+(s) =
∫

E
f (t)e−t/sdt (71)

with E any subset of R such that E ⊇ (0, b− a), exists for all s ∈ Ω+ = {s ∈ C|<(s) > 0}.
In the notation introduced above we get

p = F+
(

J+
)

g ≈ F+
(
J +

m
)

g (72)

and
q = F+

(
J−
)

g ≈ F+
(
J −m

)
g (73)

are accurate approximations, at least for g in a certain space [35]. The procedure to calculate
the convolution integrals is now as follows. The collocated integral J +

m = Vm(B).AmVm
and J −m = Vm(B).BmVm, upon diagonalization of Am and Bm in the form

Am = Xm.diag [sm,−M, . . . , sm,N ].X−1
m , (74)

Bm = Ym.diag [sm,−M, . . . , sm,N ].Y−1
m , (75)

with Σ = diag [s−M, . . . , sN ] as the eigenvalues arranged in a diagonal matrix for each of
the matrices Am and Bm. Then the Laplace transform (71), introduced by Stenger, delivers
the square matrices F+(Am) and F+(Bm) defined via the equations

F+(Am) = Xm.diag [F+(sm,−M), . . . , F+(sm,N)].X−1
m = XmF+(Σ).X−1

m , (76)

F+(Bm) = Ym.diag [F+(sm,−M), . . . , F+(sm,N)].Y−1
m = YmF+(Σ).Y−1

m . (77)

We can get the approximation of (72) and (73) by

F+
(
J +

)
g ≈ F+

(
J +

m
)

g = Vm(B).F+(Am).Vm(g)

= Vm(B).XmF+(Σ).X−1
m .Vm(g), (78)

F+
(
J −

)
g ≈ F+

(
J −m

)
g = Vm(B).F+(Bm).Vm(g)

= Vm(B).YmF+(Σ).Y−1
m .Vm(g). (79)
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These two formulas deliver a finite approximation of the convolution integrals p and
q. The convergence of the method is exponential as was proved in [37].

2.4. Inverse Laplace Transform

The inversion formula for Laplace transform inversion was originally discovered by
Stenger in [35]. This exact formula presented here is only the third known exact formula
for inverting the Laplace transform, the other two being due to Post [24] and Bromwich
[21], although we believe that practical implementation of the Post formula has never been
achieved, while the evaluation of the vertical line formula of Bromwich is both far more
difficult and less accurate than our method, which follows.

Let the Laplace transform F+ be defined as in (71). If J+ denotes the indefinite integral
operator defined on (0, a) ⊆ (0, c) ⊆ (0, ∞) then the exact inversion formula is

f =
(

J+
)−1F+

(
J+
)
1, (80)

where 1 denotes the function that is identically 1 on (0, a). Hence with J +
m ≈ wAmV, with

Am = XSX−1, S = diag (s−M, . . . , sN), we can proceed as follows to compute the values
f j ≈ f

(
xj
)

of f :
Assume that matrix X and vector s = (s−M, . . . , sn)T have already been computed

from Am then compute the column vector v = (v−M, . . . , vN)
T = X−11, where 1 is a vector

of M + N + 1 ones;

Compute
g ≡ (F+(s−M)/s−M, . . . , F+(sN)/sN), (81)

z ≡ g ∗ v with ∗ a Hadamard product , (82)

f ≡ ( f−M, . . . , fN) = Xz. (83)

All operations of this evaluation take a trivial amount of time, except for the last
matrix-vector evaluation. However, the size of these matrices is nearly always much
smaller than the size of the DFT matrices for solving similar problems via FFT.

Then we have the approximation f
(
xj
)
≈ f j, which we can combine, if necessary, with

our interpolation formula (33) to get a continuous approximation of f on (0, a).

3. Numerical Examples

The following examples demonstrate the theoretical steps discussed above. We select
starting from the very simple Debye model, the one-parameter fractional relaxation equa-
tion, its extension to two-parameter fractional relaxation equation to the three-parameter
Prabhakar relaxation. Each of these models is related to an ML function with one, two, and
three parameters. We will not extend this to higher-order ML functions because this is a
straightforward process (see e.g. Kilbas et.al. [16]). As already introduced, we will use
for our computations the transfer function G(s) as the basis for our approach to gain the
time-dependent approximation or the representation of the ML function. Besides, we shall
extend the ML functions to variable order functions useful to solve fractional differential or
integral equations using variable orders.

3.1. Debye Model

To demonstrate the procedure let us examine the classical Debye relaxation equation
as initial value problem

dχ (t)
dt

= −τ−1χ(t), with χ(0) = χ0. (84)

The Laplace transform of the above equation delivers the algebraic equation

sLχ(t) = χ0 − τ−1Lχ(t). (85)
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FractionalApproximation_Thiele_Paper_004_gr2-eps-converted-to.pdf

Figure 2. Approximation of the transfer function G(s) for the Debye relaxation equation given by
(84). The left panel shows the exact transfer function G(s) with χ0 = 1 and τ = 1 in connection with
the approximation G̃(s) using Thiele’s algorithm (dashed line). The right panel shows the local error
between the exact transfer function and its approximation. The total number of points used in the
approximation is m = 2N + 1 = 35.

FractionalApproximation_Thiele_Paper_004_gr3-eps-converted-to.pdf

Figure 3. Solution of the Debye relaxation equation (84) generated by the inverse Laplace transform
of G̃(s). The left panel also includes the exact solution of the relaxation equation given by χ(t) =
χ0 exp(−(t/τ)) (dashed) and the approximation (solid line). The right panel shows the local error
of the exact solution and the approximation. The number of approximation points used in the
calculation was m = 2N + 1 = 35. The parameters to generate the plot are χ0 = 1 and τ = 1.

The solution of this equation in Laplace space follows by solving the above equation
for the Laplace representation of χ:

Lχ(t) =
χ0

s + τ−1 = G(s). (86)

Inverting this transfer function G(s) using inverse Laplace transforms the exact solu-
tion follows

χ(t) = χ0 exp(−(t/τ)) = χ0E1(−(t/τ)). (87)

The first approach to get the solution χ(t) is to use a Sinc approximation of the transfer
function G(s). We use here the representation of G(s) on R+; i.e. we use a conformal map ψ
generating the discrete Sinc points on (0, ∞). Note, we do not approximate the upper limit
by a finite number. The result is an approximation of the transfer function G(s) ≈ G̃(s) =
pµ(s)/qν(s) where pµ and qν are polynomials of order µ and ν satisfying µ ≤ ν which is a
prerequisite of Heaviside’s theorem. The discrete set of data (sk, G(sk))

N
k=−N is then used

in a continued fraction approximation of Thiele’s algorithm (for details see [2,31]). This
approximation allows us to convert the rational expression using fractional exponents to a
rational expression using integer exponents. The result of this approximation is shown in
Figure 2. The left panel shows the original irrational fractional transfer function G(s) and
its approximation using Thiele’s algorithm. It is obvious that between the original function
and its approximation there is no visible difference. However, the local error between the
exact and approximated function is shown in the right panel of Figure 2. First, we observe
in Figure 2 that the error is a small quantity and that for larger values of s the local error
decays more than 4 decades.

If the approximation of the transfer function is known as a symbolic rational expression
it becomes straightforward using Heaviside’s expansion theorem for inverse Laplace
transforms to find the symbolic solution for the fractional relaxation equation. Heaviside’s
theorem tells us that the fractional approximation can be represented in terms of exponential
functions. The application of the inverse Laplace transform to the approximation of the
transfer function G̃(s) delivers the graphs shown in Figure 3.

To demonstrate the application of the inverse Laplace transform based on indefinite
integrals to Debye’s model, we apply the computations to the equation (86) using the
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Figure 4. Solution of Debye’s relaxation equation (84) generated by the Sinc inverse Laplace transform
based on indefinite integrals. The top left panel includes the exact solution of the relaxation equation
given by χ(t) = χ0 exp(−(t/τ)) (dashed) and the approximation (solid line). The top right panel
shows the absolute local error of the difference between the exact solution and the approximation.
The number of approximation points used in the calculation was m = 2N + 1 = 769. The parameters
to generate the plot are χ0 = 1 and τ = 1. The bottom panels (left) show the error decay as a function

of Sinc points N, EN ∼
√

N exp
(
−k1N1/2

)
. Dots represents numerically determined L2 norms and

the solid line represents equation (57) with c = 0, where K1 and k1are adapted accordingly. The right
panel shows the structure of the transfer function G(s) on the complex plane C.

approach of Section 2.4. For this reason, we select a fixed set of parameters and vary the
number of Sinc points to generate different approximations of order 2N + 1. This allows us
to check the convergence of the algorithm stated in equation (57) with c = 0. The resulting
errors computed using an L2 norm estimation enables us to verify the error formula by
determining two parameters the amplitude K1 and the scaling parameter in the exponent
k1. The results of the inversion of G(s) is shown in Figure 4 in connection with the local
error and the decay of the error EN . In addition, we also depicted the transfer function
G(s) on the complex plane to identify the location of the pole.

3.2. One Parameter Fractional Relaxation Equation

The canonical fractionalization of Debye’s initial value problem delivers a simple
fractional relaxation equation

Dαχ(t) = −τ−αχ(t) +
χ0t−α

Γ(1− α)
(88)

where Dα represents the Riemann-Liouville operator and α the fractional order is limited to
0 < α ≤ 1 [11]. χ0 is the initial condition and τ the fractional relaxation time. The Laplace
transform of equation (88) delivers the algebraic equation

sαLχ(t) = χ0sα−1 − τ−αLχ(t). (89)
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Figure 5. Approximation of the transfer function G(s) for a fractional relaxation equation (88). The
left panel shows the exact transfer function G(s) with χ0 = 1, τ = 1, and α = 2/3 in connection with
the approximation G̃(s) using Thiele’s algorithm. The right panel shows the local error between the
exact function G(s) and its approximation. The total number of points used in the approximation is
m = 2N + 1 = 35.
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Figure 6. Solution of the fractional relaxation equation (88) generated by the inverse Laplace trans-
form of G̃(s). The left panel also includes the exact solution of the fractional relaxation equation
given by χ(t) = χ0Eα(−(t/τ)α) where Eα(t) is the Mittag-Leffler function. The right panel shows
the local error between the exact solution and the approximation. The number of approximation
points used in the calculation was m = 2N + 1 = 35. The parameters to generate the plot are χ0 = 1,
τ = 1, α = 2/3.

The solution of this equation in Laplace space follows by solving the above equation
for the Laplace representation of χ:

Lχ(t) = χ0
sα−1

sα + τ−α
= G(s). (90)

Inverting this transfer function using inverse Laplace transforms and Mellin trans-
forms [11] will deliver the exact solution

χ(t) = χ0Eα(−(t/τ)α). (91)

To approximate equation (90) we again use the Sinc-Thiele approximation of the
fractional rational transfer function G(s) by using Thiele’s algorithm of continued fractions
allowing us to convert the fractional rational function G(s) to an integer exponent rational
G̃(s) shown in Figure 5. The Figure demonstrates that an efficient approximation within a
small error is possible and allows thus the application of Hamilton’s method.

The use of a partial fraction expansion and a direct inversion of the resulting fraction
representation again delivers a finite series of exponential functions representing the
solution of the fractional differential equation (88) (see Figure 6).

Applying the second method of Laplace inversion based on pure Sinc approximations
(c = 0) to the fractional transfer function delivers the inverse Laplace transforms for the
selected parameters. Some results are shown in Figure 7. The results in this Figure are the
approximation of the one-parameter ML function Eα(−(t/τ)α) for α = 3/4. Compared
with the results in Figure 6 we observe that for a sufficiently large number of Sinc points
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Figure 7. Solution of the fractional relaxation equation (90) generated by the inverse Laplace trans-
form of G(s). The left panel on top also includes the exact solution of the fractional relaxation
equation given by χ(t) = χ0Eα(−(t/τ)α) where Eα(t) is the one parameter Mittag-Leffler function.
The right panel on top shows the local error between the exact solution and the approximation. The
number of approximation points used in the calculation was m = 2N + 1 = 1025. The parameters
to generate the plot are χ0 = 1, τ = 1, α = 3/4. The bottom panels (left) show the error decay as

a function of Sinc points N, EN ∼
√

N exp
(
−k1N1/2

)
. Dots represent numerically determined L2

norms and the solid line represents equation (57) with c = 0, where K1 and k1are adapted accordingly.
The right panel shows the pole structure with a branch cut along the negative real axis of the transfer
function G(s) on the complex plane C.

we can reach a relatively small absolute error in our approximation (see the top right panel
in Figure 7). To compute this absolute local error, we used the implemented ML function in
Mathematica as reference knowing that this representation is also based on approximations.
In addition, it is also clear that we have exponential convergence of the method following
the estimates of equation (57) shown as a two-parameter least-square fit to the computed
L2 norm EN (bottom left panel in Figure 7). The bottom right panel shows the location
of the pole of the transfer function G(s) in the complex plane. The colors on the surface
represent the argument varying from −π to π. The branch cut of the transfer function is
on the negative real axis.

In Figure 8 we depict a collection of ML functions Eα(−(t/τ)α) for varying values of
α. The graph includes the approximation using an inverse Laplace transform based on
pure Sinc approximations (solid line) and the Mathematica representation (dashed line). It
is apparent that the Sinc approximation and the Mathematica implementation of the ML
function agree on a larger scale. The character of the one parameter ML function Eα does
not change dramatically only the decay to zero is a characteristic included in this graph.

3.3. Two Parameter Fractional Relaxation Equation

The approximation of the two-parameter ML function is demonstrated by a two-
parameter relaxation model. We use for this model the SG approximation of the inverse
Laplace transform. The reason for using SG instead of Sinc is that the eigenvalues of the SG
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Figure 8. A variety of solutions of (88) for different values of α. From top to bottom on the right
end of the graph the α values vary between 0.05 and 1 in steps of 0.01. The solid line represents the
Sinc inverse Laplace result while the dashed line is the Mathematica implementation of Eα(−(t/τ)α).
Parameters are χ0 = 1, τ = 1, and N = 256.

approximation are clustered closer to zero in the complex plane while the Sinc distribution
of eigenvalues is slightly moved away from zero. This is controlled by the value c = 1/150
which is in all SG computations the same.

To demonstrate the SG method let us consider a simple fractional relaxation equation
which may be used to define the two-parameter Mittag-Leffler function as a solution. The
equation represents a two-parameter fractional relaxation process given by

Dαχ(t) = −τ−αχ(t) +
χ0tβ−α−1

Γ(β− α)
(92)

where α and β are positive numbers which we restrict to 0 < α, β ≤ 1, and χ0 is the initial
condition. The Laplace transform of the above equation delivers the algebraic equation

sαLχ(t) = χ0sα−β − τ−αLχ(t). (93)

The solution of this equation in Laplace space follows by solving equation (93) for the
Laplace representation of χ:

Lχ(t) =
χ0sα−β

sα + τ−α
= G(s). (94)

Note that for α < β the transfer function changes its character in the complex plane.
From a pole-dominated characteristic, it changes to a singularity-dominated function if
α < β. This change causes some problems in the approximation which become obvious if
β < 1. The assumption in the fractional model that β < 1 is not restrictive in mathematical
terms and can be relaxed to values β > 1. However, from a physical point of view as a
relaxation model β should be less than 1. In the following, we will consider both cases. The
important point here is that for α < β the structure of the ML function in Laplace space
will change.

Inverting analytically the two-parameter transfer function using the inverse Laplace
transforms and Mellin transforms [11] will deliver the exact solution which can be repre-
sented by a two-parameter Mittag-Leffler function

χ(t) = χ0tβ−1Eα,β(−(t/τ)α). (95)

To demonstrate the approximation of the solution let us first apply the Sinc-Thiele
approach. To approximate equation (94), we use a Sinc approximation of the fractional
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Figure 9. Approximation of the transfer function G(s) for a fractional relaxation equation given
by (94). The left panel shows the exact transfer function G(s) with χ0 = 1, τ = 1, α = 1/2, and
β = 1/3 in connection with the approximation using Thiele’s algorithm. The right panel shows the
local error between the exact function and its approximation. The total number of points used in the
approximation is m = 2N + 1 = 35.
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Figure 10. Solution of the fractional relaxation equation (92) generated by the inverse Laplace
transform of G̃(s). The left panel also includes the exact solution of the fractional relaxation equation
given by χ(t) = χ0tβ−1Eα,β(−(t/τ)α) where Eα,β(z) is the two parameter Mittag-Leffler function.
The right panel shows the local error between the exact solution and the approximation. The number
of approximation points used in the calculation was m = 2N + 1 = 35. The parameters to generate
the plot are χ0 = 1, τ = 1, α = 1/2, and β = 1/3.

rational transfer function G(s) by Thiele’s algorithm of continued fractions allowing us to
convert the fractional rational function G(s) to an integer exponent rational G̃(s) shown in
Figure 9. The Figure demonstrates that an effective approximation within a small error is
possible and allows thus the application of Hamilton’s method.

The use of a partial fraction expansion and a direct inversion of the resulting fraction
representation again delivers a finite series of exponential functions representing the
solution of the fractional differential equation (92) as shown in Figure 10.

It is obvious from the results shown in Figure 10 that an approximation of the solution
of a fractional initial value problem is a direct method and delivers an accurate result with
a minimal amount of computation steps. The steps needed are reduced to the collocation of
the transfer function which is approximated by Thiele’s algorithm as a continued fraction.
This continued fraction is converted to a rational expression which is used in a Laplace
inversion to get the solution. Such kind of inversion is always possible if the conditions for
Heaviside’s expansion theorem are satisfied. Thus any rational fraction of polynomials can
be represented by a finite sum of exponentials if the inverse Laplace transform is applied
to this rational fraction in Laplace space.

Applying the third method of Laplace inversion based on SG approximations to the
fractional transfer function delivers the inverse Laplace transform for the selected parame-
ters. Some results are shown in Figure 11. The results in Figure 11 are the approximation of
the two-parameter ML function tβ−1Eα,β(−(t/τ)α) for α = 2/3 and β = 3/4. Compared
with the error in Figure 10 we observe that for a sufficiently large number of Sinc points we
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can reach a relatively small absolute error in our approximation (see the top right panel in
Figure 11). To compute this absolute local error, we used the implemented ML function in
Mathematica as reference. Besides, it is also clear that we have exponential convergence of
the method following the estimates of equation (57) shown as a two-parameter least-square
fit to the computed L2 norm EN (bottom left panel in Figure 11). The bottom right panel
shows the location of the pole of the transfer function G(s) in the complex plane. The
colors on the surface represent the argument varying from −π to π. The branch cut of the
transfer function is on the negative real axis.

To demonstrate the variety of the ML function by changing the first parameter α and
keeping the second fixed at β = 11/9, we graph in Figure 12 a family of curves. The
variation from an increasing function to a decreasing and oscillating function shows the
different behaviors of Eα,β.

Figure 13 demonstrates that the SG inverse Laplace transform still works under fairly
regular conditions if β is not far below α. This is the case where the transfer function G(s)
is dominated by a singularity at zero. The accuracy of the approximation is still valid with
an L2 error of approximately 10−3.

3.4. Three Parameter Fractional Relaxation Equation: Prabhakar Function

A special type of ML function is the Prabhakar function. It was introduced by T.R.
Prabhakar in 1971 in connection with weakly singular Volterra integral equations [19]. A
subset of these functions is currently used in literature to describe anomalous dielectric
relaxation [46,47]. These Havriliak−Negami models are also used to describe the dielectric
and viscous properties of polymeric material [48]. However, Prabhakar’s generalization
of ML functions to three parameters is not the only ML function using three parameters,
for a general discussion see [16]. Due to the application to polymeric material and the
connection to fractional calculus, we shall restrict our discussions to Prabhakar’s transfer
function

χ̂(s) = χ0
sγα−β

(sα + τ−α)γ = G(s). (96)

The first approach to approximate Prabhakar’s function using (96) is our Sinc-Thiele
approximation using a finite number of Sinc points to approximate the transfer function
G(s). The result is shown in Figure 14.

The result is an approximation of the transfer function G(s) ≈ G̃(s) = pµ(s)/qν(s)
where pµ and qν are polynomials of order µ and ν satisfying µ ≤ ν which is a prerequisite
of Heaviside’s theorem. The approximated fraction G̃(s) and the original expression
for the transfer function G(s) is shown in Figure 14. The left panel shows the original
irrational fractional transfer function G(s) and its approximation using Thiele’s algorithm.
It is obvious that between the original function and its approximation there is no visible
difference. However, the local error between the exact and approximated function is shown
in the right panel of Figure 14.

If the approximation of the transfer function is known as a symbolic rational expression
it becomes straightforward using Heaviside’s expansion theorem for inverse Laplace
transforms to find the symbolic solution for the fractional relaxation equation (see Figure
15). We also included the two-parameter ML function (dashed line) in this Figure to
demonstrate the deviations of Prabhakar’s function from the two-parameter ML function
shown in the right panel.

Applying the third method of Laplace inversion based on SG approximations to the
fractional transfer function of Prabhakar’s function delivers the inverse Laplace transform
for the selected parameters. Some results are shown in Figure 16. Figure 16 shows the
approximation of the three-parameter ML function tβ−1Eγ

α,β(−(t/τ)α) for α = 7/10. The
three panels on the left demonstrate the changes of the Prabhakar function if β and γ
are varied. The right graphs are representing the relative local error. As a reference we
computed the truncated series (3) with 126 terms which is called χ(t) in the graphs. It is
apparent that for all three-parameter choices we achieved a relatively small local error. It is
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Figure 11. Approximation of the fractional relaxation equation (92) generated by the SG inverse
Laplace transform of G(s). The left panel on top includes the exact solution of the fractional relaxation
equation given by χ(t) = χ0tβ−1Eα,β(−(t/τ)q) where Eα,β(t) is the Mittag-Leffler function. The
right panel on top shows the local error between the exact solution and the approximation. The
number of approximation points used in the calculation was m = 2N + 1 = 2049. The parameters
to generate the plot are χ0 = 1, τ = 1, α = 2/3, and β = 3/4. The bottom panels (left) show the

error decay as a function of Sinc points N, EN ∼
√

N exp
(
−k1N1/2

)
. Dots represents numerically

determined L2 norms and the solid line represents equation (57) with c = 1/150, where K1 and k1are
adapted accordingly. The right panel shows the pole structure with a branch cut along the negative
real axis of the transfer function G(s) on the complex plane C.
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Figure 12. A variety of solutions of (94) for different values of α. From top to bottom on the right
end of the graph the α values vary between 0.1 and 1.5 in steps of 0.1 with β = 11/9. The solid
line represents the SG inverse Laplace result while the overlaid dashed line is the Mathematica
implementation of tβ−1Eα,β(−(t/τ)α). Parameters are χ0 = 1, τ = 1, and N = 96.

Figure 13. An example where the condition α < β is violated. Parameters are χ0 = 1, τ = 1, α = 1/2,
and β = 7/20. The pole of the transfer function is replaced by a singularity at zero (right panel).
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Figure 14. Approximation of the transfer function G(s) for a three parameter fractional relaxation
equation represented by (96). The left panel shows the exact transfer function G(s) with χ0 = 1, τ = 1,
α = 1/2, β = 2/3, and γ = 9/10 in connection with the approximation using Thiele’s algorithm. The
right panel shows the local error between the exact function and its approximation. The total number
of point used in the approximation is m = 2N + 1 = 35.
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Figure 15. Solution of the fractional relaxation equation (96) generated by the inverse Laplace
transform of G̃(s). The left panel also includes the two parameter ML function tβ−1Eα.β(−(t/τ)α) as
a reference. The right panel shows the local error between the reference and the approximation. The
number of approximation points used in the calculation was m = 2n + 1 = 35. The parameters to
generate the plot are χ0 = 1, τ = 1, α = 1/2, β = 2/3, and γ = 9/10.

FractionalApproximation_Thiele_Paper_004_gr16-eps-converted-to.pdf

Figure 16. Three different parameter selections for Prabhakar’s function χ(t) = χ0tβ−1Eγ
α,β(−(t/τ)q).

The left panels include the SG approximation (solid line) and the series representation truncated by
126 terms. The right panels show the relative absolute local errors using the series approximation as
reference. The number of approximation points used in the calculation was N = 128. The parameter
sets used from top to bottom are {χ0 = 1, τ = 1, α = 7/10, β = 3/10, γ = 22/10}, {χ0 = 1, τ = 1,
α = 7/10, β = 3/10, γ = 12/10}, { χ0 = 1, τ = 1, α = 7/10, β = 9/10, and γ = 8/10}.

also remarkable that a relatively small change in the parameter values results in completely
different function behavior (see Figure 16).

In Figure 17 we collect a variety of solutions for the HN model where β = αγ. We
compare the series representation of Prabhakar’s function by the SG inverse Laplace
solution for different parameters γ. Note the range of the graphs is restricted to a few
decades due to the inaccurate numerical results of the series approximation for large
arguments. The SG inverse Laplace transform is, however capable to cover much more
decades than are shown in Figure 17.

Figure 18 demonstrates that the SG inverse Laplace transforms still works under
general choices of parameters. The graphs are related to a model where β = 2αγ with fixed
α and varying γ. The right panel demonstrates that the SG inverse Laplace transform can
cover three decades and more by using a relatively small number of Sinc points.

FractionalApproximation_Thiele_Paper_004_gr17-eps-converted-to.pdf

Figure 17. A variety of solutions of the HN model with β = αγ for different values of γ. From top to
bottom on the right end of the graph the γ values varied and α kept fixed. The solid line represents
the SG inverse Laplace result while the dashed line is the series implementation of tβ−1Eγ

α,β(−(t/τ)α)

using 126 terms. The SG inverse Laplace results are not limited to the shown scale. The limitation
results here by using the series representation. Parameters are χ0 = 1, τ = 1, α = 1/2, and γ is taken
from [3/5,2] in steps of 1/10. The number of Sinc points is N = 128.
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FractionalApproximation_Thiele_Paper_004_gr18-eps-converted-to.pdf

Figure 18. A variety of solutions with β = 2αγ for different values of γ. The solid line represents the
SG inverse Laplace result while the dashed lines are the series approximation of tβ−1Eγ

α,β(−(t/τ)α)

using 126 terms. The limitation on the left panel for the range results from using the series repre-
sentation and the bad convergence for large arguments. The right panel shows the same SG inverse
Laplace transform on a wider range. Parameters are χ0 = 1, τ = 1, α = 4/5, and γ is taken from
[2/5,2] in steps of 1/10. The number of Sinc points is N = 128.

FractionalApproximation_Thiele_Paper_004_gr19-eps-converted-to.pdf

Figure 19. Variable order fractional relaxation with α(t) = 1− tke−t and k = 0, 1, 2, 3. The number of
Sinc points is N = 128.

3.5. Scarpi’s Variable-Order Fractional Calculus

The SG inverse Laplace transform even works for variable-order calculus. We follow
Scarpi’s approach for a relaxation problem [49]. In a recent paper Garrappa et.al. [45]
discussed a variable order fractional calculus in connection with fractional relaxation
equations. Scarpi’s fractional initial value problem is stated as follows

Dα(t)χ(t) = −τχ(t), and χ(0) = χ0. (97)

The transfer function of this problem is given after a Laplace transform and some
algebraic manipulations as

G(s) =
ssα̂(s)−1χ0

ssα̂(s) + τ
, (98)

where α̂(s) is the Laplace transform of α(t). For details of the theoretical back ground
see [45]. Figure 19 shows the solution χ(t) for different models of α(t) = 1− tke−t with
k = 0, 1, 2, 3. The case with k = 0 reproduces one example in [45] while the other cases are
solutions satisfying the conditions given in [45].

Following the ideas of Scarpi, Wiman and Prabhakar, we are also able to generalize
the variable order transfer function to the cases of two and three variable exponents in the
transfer function G(s). For the Wiman extension, we can write

G(s) =
ssα̂(s)−sβ̂(s)χ0

ssα̂(s) + τ
, (99)

and for the Prabhakar extension we get

G(s) =
ss2α̂(s)γ̂(s)−sβ̂(s)χ0(

ssα̂(s) + τ
)sγ̂(s)

. (100)

Both transfer functions can be used in the SG inverse Laplace transform to generate
the solutions for given functions α(t), β(t), and γ(t) (see Figure 20).

We note that these generalizations of the transfer functions are related to a fractional
differential or integral equations using variable exponents α, β and γ.
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FractionalApproximation_Thiele_Paper_004_gr20-eps-converted-to.pdf

Figure 20. Extensions of Scarpi’s fractional equation. Left panel α(t) = 1
/

cosh(t)2 and β(t) =

cosh(t) with N = 128. Right panel the same functions for α(t) and β(t) as in the left panel but
γ(t) = sin(t) and N = 256.

4. Conclusions

The paper discusses exact versions of the inverse Laplace transform in connection with
Mittag-Leffler functions involving three parameters. The Sinc-Gaussian inverse Laplace
transform is an exact inversion of the Laplace transform and uses Sinc-Gaussian basis
functions for approximation. It turns out that the eigenvalues of the matrix Am are the
essential properties of the approximation which all satisfy <(λk) > 0. However, the SG
basis shows some advantages over the pure Sinc version because the SG eigenvalues
are moved in the direction of the origin in such a way that stability and convergence
compared with the pure Sinc representation is improved. This property allows us to use
relatively small matrices to represent the inverse Laplace transform on R+. Moreover,
the method is free of any Bromwich contour and converges exponentially. In addition,
the Sinc or SG inverse Laplace transform needs a minimal amount of coding and thus
is very useful in practical applications. It turned out that the method can be effectively
used to represent Mittag-Leffler functions of one, two, and three parameters. Even for
variable-order fractional differential or integral equations the SG inverse Laplace method
is a powerful tool.

The three methods presented can be used either as a reference in computing or as a
straightforward computing tool in systems design and fractional calculus to gain effective
numerical approximations.
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