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Ordinary computing machines prohibit self-reference because it leads to logical inconsistencies and undecidabil-
ity. In contrast, the human mind can understand self-referential statements without necessitating physically im-
possible brain states. Why can the brain make sense of self-reference? Here, we address this question by defining
the Strange Loop Model, which features causal feedback between two brain modules, and circumvents the para-
doxes of self-reference and negation by unfolding the inconsistency in time. We also argue that the metastable
dynamics of the brain inhibit and terminate unhalting inferences. Finally, we show that the representation of
logical inconsistencies in the Strange Loop Model leads to causal incongruence between brain subsystems in

Integrated Information Theory.
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l. INTRODUCTION

Are brains like computers? Can technological metaphors
provide satisfactory explanations for the complexity of human
brains (and brains in general)? Before electronic computers
became a reality, some versions of the previous questions had
always been there. In the seventeenth century, the develop-
ment of mechanical clocks and later on mechanical automata
led to questions with far-reaching philosophical implications,
such as the possibility of creating a mechanical human and an
artificial mind (by René Descartes and others (Wood, 2002)).
Later, brains and machines were compared to electric bat-
teries (since it became clear that electricity was involved in
brain processes), and early works by visionaries such as Al-
fred Smee represented brains and the activity of thinking in
terms of networks of connected batteries (Smee, 1850). Other
network-level metaphors of the brain such as telegraphs and
telephone webs replaced the old ones, until the metaphor of
the computer prevailed in the 1950s (Cobb, 2020).

The computer was apparently the right metaphor: It could
store large amounts of data, manipulate them and perform
complex input-output tasks that involved information process-
ing. Additionally, the new wave of computing machines pro-
vided an appropriate technological context to simulate logical
elements similar to those present in nervous systems. The-
oretical developments within mathematical biology by (Mc-
Culloch and Pitts, 1943) revealed one first major result: The
units of cognition—neurons—could be described with a for-
mal framework. Formal neurons were described in terms
of threshold units, largely inspired by the state-of-the-art
knowledge of real neurons (Rashevsky, 1960). Over the
last decades, major quantitative advances have been obtained
by combining neuron-inspired models with multilayer archi-
tecture (LeCun et al., 2015) and physics of neuromoprphic
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computing (Indiveri and Liu, 2015; Markovi et al., 2020).
These developments are largely grounded in early theories
(Fukushima, 1988; Rumelhart et al., 1986) with novel hard-
ware improvements and a massive use of training data.

Despite the obvious success of computing and information
technology, we are still far from the dream of building or sim-
ulating a truly intelligent system. To begin with, computers
and their abstract representation in terms of Turing machines
are highly modular, programmable and sequential (Arbib,
2012) (see Figure 1). Instead, neural systems are the result
of evolutionary tinkering and selection that favoured exploit-
ing redundancy and parallelism (Allman, 1999; Martinez and
Sprecher, 2020). That does not prohibit the existence of inter-
esting links that help make sense of brain in terms of Turing
machines: Many functional responses of brains are essentially
sequential in nature, despite the highly parallel integration that
feeds serial (and slow) cognitive task production (Zylberberg
et al., 2011). Yet, the most remarkable departure of brains
from computers is probably the presence of re-entrant circuits,
i.e. the recursive exchange of signals across multiple, parallel
and reciprocal connections (Edelman, 1992). Indeed, some
authors have posited that closed feedback loops are crucial for
conscious experience (Hofstadter, 1979; Oizumi et al., 2014).
Are closed feedback loops the key for a formal differentiation
between brains and computers? Closed feedback loops can
allow for self-reference (Grim, 1993), and the human brain
is capable of self-referential inference. So this begs the ques-
tion: Why can the brain make sense of self-reference, whereas
a computer can’t?

We address this question by considering paradoxes of self-
reference and negation (Prokopenko et al., 2019). Studies in
logic, linguistics, and general philosophy for many centuries
have illustrated that when statements negatively refer to their
own features, contradictions follow in short order. This is
made clear from sentences such as:

The sentence presently being uttered is false. (1)

Taking this sentence at its word—supposing it to be true—we
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FIG. 1 Computer versus brain architecture. A topological analysis of (a) computer chips and (b) brains (visual cortex organization) reveals
fundamental dissimilarities. These include the strict modular organization of the former contrasted with the highly parallel, integrated archi-
tecture of the latter. The circuits responsible for higher-order cognitive brain tasks display re-entrant feedback loops that are absent on the
in-silico counterparts (compare with Figure 2). Image adapted from (Jonas and Kording, 2017).

find out it is false. However, taking it to be false, we are forced
to conclude that it is true. When we assign truth values to
sentences, we classically assume that truth and falsity are mu-
tually exclusive and exhaustive, yet self-referential sentences
appear to have over-determined truth values (Priest, 2006, pp.
14-15): We are obliged to evaluate them simultaneously as
true and false, a contradiction. This may compel the logi-
cian to use formal languages that block such self-referential
constructions to preserve their consistency at the cost of limit-
ing their expressiveness. Such a pursuit of consistency is per-
haps well-motivated in purely formal settings such as math-
ematics, but self-reference is readily available within natural
language, and human minds are capable of formulating and
thinking about self-referential paradoxes and becoming aware
of their inconsistency.

Computers are incapable of resolving a paradox such as
(1)—they get caught in endless loops—, whereas the brain can
‘reason’ about this paradox. Let us examine the latter state-
ment by bringing forward some basic facts about the work-
ings of the brain. In the ordinary course of experience, our
state of mind may possess many subtle and composite fea-
tures, but we only ever occupy one such mental state at a
time: There are no ‘superpositions’ of mental states. Further-
more, if we take mental states to be somehow derivative of

brain states (by whatever account of the emergence of con-
sciousness one prefers), the deterministic or unitary evolution
of physical systems given by our best physical theories sug-
gests that our brains only ever occupy a single physical state.!
Whatever the mechanism responsible for the emergence of
mental states from brain states is, surely the brain state that
grounds the awareness of some fact is different from the brain
state that grounds the awareness of its negation. Thus, occupy-
ing a mental state corresponding to awareness of a contradic-
tion would seem to be a physical impossibility par excellence
insofar as it would necessitate one’s brain to be in two dis-
tinct states at once. Yet, upon interpreting the sentence 1, the
reader comes to think about a self-referential statement and
understand its contradictory nature, and so the cognitive pro-
cessing of self-referential statements is clearly not a physical
impossibility (nor do they get stuck in an unhalting cycle of
thoughts one might expect of a machine tasked with deciding
the truth value of such a sentence). How is this possible?

! Since the brain is fundamentally a quantum system, this physical state
could be in a superposition, but as (Tegmark, 2000) has shown, even neu-
rons are sufficiently macroscopic systems that decoherence would likely
prevent quantum effects from being relevant.
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In this paper, we address this question by constructing a
high-level model of the brain, termed a Strange Loop Model
(II), from which we conclude that:

1. The brain makes sense of self-reference by spreading
out inconsistent truth values in time, thereby avoiding
physically impossible states (III.A).

2. The representation of logical inconsistencies in the
brain leads to causal incongruence between brain sub-
systems (III.C).

3. The metastable dynamics of the brain and its interac-
tions with external stimuli inhibit and terminate unhalt-
ing inferences (IIL.D).

Statement 1 says that the brain represents and processes
self-referential sentences by treating their truth values as dy-
namical quantities. It follows that the resulting contradictions
are unfolded in time, and thus do not require physically im-
possible brain states. Statement 2 describes how this “‘unfold-
ing’ works: Different parts of the brain yield disagreeing pre-
dictions about the brain’s future states, and this disagreement
is made apparent by analysing the causal feedback between
these parts. This disagreement is known in Integrated Infor-
mation Theory (IIT) as incongruence (Albantakis and Tononi,
2019). This causal feedback is not encountered in Turing ma-
chines because they are feed-forward systems. Statement 3
claims that the brain does not succumb to halting problems
when processing statements whose truth values are undecid-
able, because the metastable nature of brain dynamics pre-
cludes falling into lock-in states (Tognoli and Kelso, 2014).

This paper is structured as follows. We present the Strange
Loop Model (SLM) of the brain (II), and we use it to repre-
sent self-referential inferences in the brain (II). Finally we
conclude and discuss further directions (IV).

Il. THE STRANGE LOOP MODEL

Here we present a high-level model of the brain by describ-
ing it as a discrete dynamical system (II.A), partitioning it into
functionally distinct modules (II.B), and investigating their
causal structure (I.C). The name originates from (Hofstadter,
1979, 2007): Strange loops involve arise when, by moving
only upwards (or downwards) in a hierarchy, one encounters
oneself at the same place where one started.

A. Discrete dynamics of brain modules

Here we describe the brain as a discrete dynamical network
of connectomic units (Sporns et al., 2005). We consider that
n such units (indexed i = 1,...,n), evolving in discrete time
t € Z, and denote the state of unit i at time ¢ by xl’. € X;, where
¥, is a finite state space. The state of the ‘brain’ in the SLM at
time 7 is denoted

B'=(x],....x}) € X...xZ, = %

do0i:10.20944/preprints202111.0524.v1

The dynamics of such a system are given by a transition func-
tion 7 : ¥ — X so that B! = 7(B') and we denote ith
component of 7 (B") by T:B") = xﬁ”.

We consider a probability distribution p on X. For any z €
%;, the conditional probability (also denoted p) is defined as

1 ifz=7«B)
B =
PEB) {0 else .
We suppose that all units are conditionally independent at any
given time ¢ € Z, so they satisfy:

p(BHB) = | | pd*1B), @)
i=1

Additionally, we suppose that the future state of the brain de-
pends only on the immediately preceding state (Markovian-
ity), so thatif #; <, < --- < T, the joint probability distribu-
tion factors as

T-1
p(B",B,...,B") = p(B) [ | p(B™1B").  (3)

n=1

With this setup one may use the intervention calculus from
probabilistic causal modelling (e.g. as elaborated by (Pearl,
2009)) to understand how connectomic units causally influ-
ence each other. Following the exposition in (Krohn and Ost-
wald, 2017), given any two subsystems X, Y C B, one defines
the effect probability p., the joint cause-effect probability pe,
and the cause probability p. to be:

pe(Y'IX'™h) = p(¥'|IX"™) )

Pee(Y, X = g(X"Hp(Y'IX"h) )
1—1 t

pc(yt—l |Xl) = pCC(Y ’X ) (6)

Yyries Pee(Y71, X1)

where ¢(Y"~!) is the uniform distribution over the state space
of Y. The distribution p.(Y’|X"~!) indicates the extent to which
the current state of Y is an effect caused the previous state
of X. Likewise, p.(Y"~!|X") indicates the extent to which the
previous state of Y was a cause of the current state of X.

B. Brain process modules

The brain carries out a wide array of distinct, though inte-
grated processes. While it is difficult to list and classify all of
them, they may be roughly partitioned into three general in-
terconnected categories: (i) pre-conscious processes, (ii) con-
scious processes, and (iii) post-conscious processes.

Pre-conscious processes are those which occur indepen-
dent of conscious experience. The activity of the autonomic
nervous system is paradigmatic of this category. Though
extremely important for sustaining life, these functions are
somewhat irrelevant to our considerations and shall hence be
ignored in what follows.

Conscious processes are those which directly give rise to
conscious experience; that is, they govern the dynamics of the
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neural correlates of consciousness, and include those respon-
sible for perception, the categorical discrimination thereof,
awareness, and short-term memory recall, among other things.
They are not to be conflated with the first-person subjective
conscious experiences to which these correlates are thought to
somehow give rise. At the physiological level, all we are con-
cerned with are the neural correlates of conscious experience
and awareness; we are agnostic as to how the mental states are
determined by these correlates, and therefore do not commit
to any view about the origins of consciousness as such.

Post-conscious processes are those which are not the pri-
mary basis for conscious experience, but still depend on the
correlates of consciousness such as language processing and
inference-making. This class of brain functions is roughly
equivalent to cognitive processes.”

do0i:10.20944/preprints202111.0524.v1

Each of these classes of brain processes has a reasonably
well-defined collection of physiological regions in the brain
which carry them out. Hence it is possible for us to concep-
tually partition the brain into three physical ‘modules.” The
important feature of these modules is that they are deeply in-
terconnected. While it is hard to cleanly demarcate their phys-
iological boundaries, what is important for our purposes is not
how to carve up the brain into these modules, but the causal
relations between them.

In the SLM (cf. II.A), we shall denote the ‘consciousness’
module by Xcon € B and the individual connectomic units that
compose it by {x;}. Likewise, we shall denote the ‘cognition’
module by Ycos € B and the connectomic units that compose
it by {y;}. The region of the brain that is relevant for our pur-
poses is the joint system Xcon U Ycog.

A concrete realisation of the Strange Loop Model

To instantiate the SLM, suppose first that a mental state amounts to the awareness of some sentence in a formal language L.
Such sentences carry an internal time index 7: at physical time ¢, one may occupy a mental state of remembering some sentence
¢ at an earlier time (i.e. T < ), they may anticipate being aware of ¢ in the future (i.e. 7 > ¢), or they may be aware of ¢ as
a feature of the present experience (i.e. T = ). We suppose that every pair (¢, 7) is represented by a unit of Yco.. The mental
state determined by the state of Xc,, is simulated by the elements of Ycoe via an injective map S : Ty — {(¢,7)|¢p € L, 7 € Z}
where Xy is the state space of Xcon. That is, S takes the state of Xcon to the unit of Yo, that represents the corresponding
mental state. The state of each unit y = (¢, ) € Yo at time ¢ is given by y' = (a@'(y), s'(y)) € {0, 1} x {0, 1}, where a'(y) = 1 if
the thinking subject is consciously aware of y at time 7, and it is O otherwise, and s'(y) = 1 if the thinking subject assigns truth
to ¢ at time 7 (i.e. if they think ¢ was/is/will be true at time 7), and it is 0 otherwise. The state of Yc,g at time ¢ is determined
by:

(1,1 ify=SX.)

i i it
y=@®),sy)= _ .
©, s7'(y) ify# S (Xeon)-
That is, to be aware of (¢, ) at time ¢ is to think it to be true, and to think ¢ is false is to be aware of the truth of —¢. The state of
Ycog at time 7+ 1 is determined by the application of some inferential mechanism by Yco. If the thinking subject applies a rule
of inference of the form {0, ..., 0%} F ¥, a'(y) is updated so that one is only presently aware of ¢, namely a’”(t/t, t+1)=1,
and a'*!(¢, 7) = 0 for ¢ # ¥ and any 7. The transition rule for s is

k

ATV Il (G

i=1

and s'*'(¢, ) = s'(¢, 7) for all T when ¢ is independent of , and s"*'(¢,7) = s'(¢,7) for all T # ¢ + 1 and any £. Sentences
containing y have their truth values adjusted according with the change in the truth value of y, for example s"*! (-, 1 + 1) =
1— s, t+1)and s @ Ay, t+ 1) = s (p, t + 1) - sy, t + 1) and so on. We do not fully specify the transition rule for
Xcon, but we require that it be such that after such an inference, S (Xg)ln) =W,t+1).

The self-referential paradox arises when one may assert that (a'(¢, 1), s'(¢, 1)) = (a'(=¢, 1), s'(=¢, 1)) for t; # t,. But, as
shown in III. A, this scenario is not challenging to understand; these are two different nodes of Y’Cog, and there is no consistency
requirement preventing this as a value assignment. Even if one imposes consistency conditions at equal times, since these are
unequal-time units, such conditions need not prohibit this behaviour.

(

C. Causal feedback which take as their inputs the correlates of consciousness. For
instance, learning is a cognitive process that is informed by
sensory stimuli. Likewise, language processing is a cognitive
process that begins with a more abstract input of which the
cognizing subject is usually consciously aware. More gener-

ally, changing what a person perceives or is conscious of af-

We now argue that the brain modules Xcon and Yco; mutu-
ally exhibit causal feedback.

To see that Xcon causally influences Ycog, note that cog-
nitive tasks are like computational tasks (broadly construed)
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fects how they make sense of their perceptions and what sorts
of inferences they will draw.

What does the causal relation from Xco, t0 Yoo look like?
It is known that a single neuron may participate in bringing
about many sorts of perceptions and experiences, and many
different neuronal states may correspond to one and the same
perceptual experience (as there is great degeneracy). Hence,
one cannot easily reduce a correlate of consciousness to an
arrangement of neurons. That is, the correlates of conscious-
ness are not identical to the state of Xco,—they are only de-
termined by Xcon. More specifically, the intrinsic network of
causal influences within X¢,, determines these neural corre-
lates (see (Edelman, 2005; Park and Friston, 2013; Tononi
and Edelman, 1998) for discussion).> In order for cognition
to take the correlates of consciousness as inputs, the system
Ycog must be connected to system Xco, in such a way that the
internal causal structure of X, is ‘read off” of its state and
encoded directly into the states of the neurons of ¥Ycog, which
must encode features of the probability distributions pe, pce,
and p. of the subsystem Xco,. Since we shall establish that
there are causal relations in both directions, to prevent cir-
cularity, we suppose that Yco represents the intrinsic causal
structure of Xc,, as it appears when marginalized to Xcon (i-€.
ignoring correlations with Yco.). Determining exactly how
this translation could be carried out would require a full ac-
count of the emergence of conscious experience from the rel-
evant causal information which we do not have. However, one
may view the units of Ycoe as ‘simulating’ the intrinsic causal
structure of Xc,p, and then carrying out an effective comput-
ing procedure on this simulation—this simulation could be
modelled with ideas from hierarchical predictive processing
which adopts a similar organizational structuring of the brain
(cf. (Clark, 2013; Friston, 2005; Friston and Kiebel, 2009)).
In summary, the causal relation Xcon — Yco is highly non-
trivial.

What does the causal relation from Yc,g t0 Xcon look like?
On its own, the system Xco, gives rise to the moment-by-
moment passive perceptions present in the thinking subject’s
conscious experience. However, the content of conscious
experience—at least for humans—is not merely a passive
stream of perception; there is further underlying semantic con-
tent within these perceptions of which we come to be aware by
carrying out cognitive tasks. While our perceptual apparatus
may be capable of carrying out discrimination tasks to cate-
gorize our perceptions (e.g. such that we may become aware
of the presence of ‘pain’ or ‘blue’ and so on within a given
experience), we also come to be consciously aware of much
richer structural and abstract features as well. Deprived of
all sensory input, the mathematician may still prove complex
theorems structured by a sophisticated underlying mathemati-
cal grammar and logic, but only if they are consciously aware

3 While the dynamical evolution of the brain may be reduced to a description
of its individual neurons, and while its intrinsic causal structure is grounded
in the interactions of these neurons, the intrinsic causal structure is not ro-
bust against small changes to the network architecture. It is in this way that
neural correlates of consciousness are not ‘reducible’ to individual neurons.
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cog
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FIG. 2 The causal relations Xcon, — Ycog Needed to simulate percep-
tions for inference-making, and Yo, — Xcon manifest in the aware-
ness of the outcome of cognitive processing.

that they are doing so. To the extent that the thinking subject
may be conscious of the outcomes of their cognition—which
they certainly are in many cases—we see that there must ex-
ist some non-trivial causal relation between Yco, and Xco, in
which the former causally influences the latter.

More specifically, acts of cognition may change the con-
tent of conscious experience such that we may acquire un-
derstanding of our perceptions, for instance by giving them
grammatical structure (over and above merely discriminating
qualia), or by carrying out introspection or higher inference-
making. It is through this process that one may go from a state
of mind of the form ‘it is the case that ¢’ to the state of mind
‘I know that it is the case that ¢.” Likewise, it is through this
process that one may go from the state of mind that ‘it is the
case that ¢ and ¢ — ¥’ to the state of mind ‘it is the case that
Y’ (via inference by modus ponens). In short, the outcomes
of cognitive processes are re-integrated back into the corre-
lates of consciousness. This causal feedback via simulation
and re-integration between modules in illustrated in Figure 2.

We have established that cognition causally influences the
content of conscious experience, and vice versa. This is not
to say, however, that cognition is itself ‘perceived.’” In every-
day life, the content of our experience forms the basis of some
cognitive inference we may make and we become aware of the
outcome of this inference, but we never perceive the inference
itself. Indeed, even when one is proving mathematical theo-
rems, at most one is aware of what cognitive rules they are
applying when carrying out a deduction: they do not, how-
ever, experience the application of these rules as such. This
illustrates that, while we argue that cognition causally influ-
ences the course of conscious experience in a very strong way,
it is not itself directly responsible for conscious experience;
the neuronal basis for cognition is not itself populated with
correlates of consciousness, it merely interacts with these cor-
relates in a reentrant manner. In this sense, we may faithfully
view the cognitive module Y., as implementing feed-forward
computing procedures, e.g. through a neural network that is
reintegrated with Xco, (such that inference making in its en-
tirety is not merely a computing procedure).
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Formally, since both Xco, and Ycog causally influence one
another in a highly non-trivial manner, we expect that

PXCIYiog) # PXConlXCon) @)
PG Vo) # PG XEon)- (8)

Thus, the simulation of Xco, encoded in Yco, Will generally
not be a faithful predictor of the future behaviour of Xcon,
since it ignores its own causal influence on this behaviour.
This is the reason we suppose that Yc,g simulates the causal
structure of X¢o, as marginalized to Xco,. In Box 1 we provide
a concrete realisation of the SLM presented above model, as

do0i:10.20944/preprints202111.0524.v1

well as its application to self-reference.

lll. SELF-REFERENCE IN THE STRANGE LOOP MODEL

Here we use the SLM to investigate how to make sense of
self-reference by unfolding the inconsistency in time (I[T.A)
and provide some clarifying remarks (IIL.B). Then we show
how logical inconsistency is transformed to incongruence
(II1.C), and argue that the brain does not get caught in end-
less loops (IIL.D).

J

Diagonalization, self-reference and paradoxes

While self-reference and its paradoxical consequences arise in a wide range of settings, the construction of the self-referential
statement leading towards contradiction typically has a standard form, termed the Inclosure Schema; cf. (Priest, 2002, Chapter
9.4)). At a higher level of abstraction, this may be viewed as an instance of Lawvere’s Theorem (Lawvere, 2006; Roberts,
2021; Yanofsky, 2003).

In plain language, the relevant actresses of the Inclosure Schema are the following. A predicate is a property that elements
of a set may possess, and we identify the predicate with its extension, i.e. with the set of elements that instantiate it. For
example, the predicate ‘odd’ of the set of natural numbers is the set {1,3,5,7,9,...}. If a set x has property P, we write P(x),
meaning that P(x) is true, i.e. x is in the extension of P. We will consider the collection of all sets V, and a function A : V — V.

More formally, let ¢ and y denote two predicates that may apply to arbitrary sets (where ‘set’ is meant in the sense of
natural language, which is more expressive than formal set theory at the cost of being inconsistent), and let A be a function on
sets. Then self-reference occurs when:

1. E, = ple(y)} is a set, and Y(E,)
2. If x € E, such that /(x), then A(x) ¢ x and A(x) € E,

Statement 1 says that the extension of the predicate ¢ is a set and is called E,, and that E, has property . Statement 2 defines
the features of A, namely A takes sets with property ¥ whose elements all have property ¢ to sets whose elements have property
o but are not contained in the original set. The contradiction associated with self-reference appears when one applies condition
2 to the maximal subset, namely, E, itself, from which it follows that A(E,) € E, and A(E,) € E,; a contradiction.

Let us see this argument in action by considering Russell’s paradox. In naive set theory, the extension of any predicate is a
set. Russell’s paradox is as follows: suppose X is the set of all sets that do not contain themselves. Then if X € X, by definition
it follows that X ¢ X. However, if X ¢ X, then since X is the set of all sets that do not contain themselves, we find X € X;
a contradiction. On the Inclosure Schema this paradox may be recast as follows. First,  is the predicate ‘is a set,” ¢ is the
predicate ‘does not contain itself’, and define A(x) = {y € x|y ¢ y}, i.e. as the set of all sets in x that do not contain themselves.
Since i is a predicate in naive set theory, 1 is true and asserts that £, exists and is the notorious ‘set of all sets that do not
contain themselves.” Then if x is a set, clearly A(x) € E,. Likewise, if A(x) € A(x), then by definition of A, A(x) ¢ A(x) and so
we must conclude A(x) ¢ x. Thus 2 is also satisfied. But then setting x = E,, this implies simultaneously that A(E,) € E, and
A(E,) ¢ E,; a contradiction. This contradiction historically called for the reformulation set theory and was one of the many
factors leading to modern-day ZF axiomatic set theory. All other famous self-reference paradoxes may be articulated using
this Inclosure Schema.

A. Unfolding self-reference in time ically well-formed strings of symbols such that each string
is either an instance of an assumed axiom or premise, or is

the result of the application of a permitted rule of inference

We now analyze how the intrinsic thought process of an
agent carrying out a self-referential deduction as given by the
Inclosure Schema (Box 2) would appear in the dynamical be-
haviour of the joint system Xcon U Ycog. In formal logic, a
deduction in a given formal system is a sequence of grammat-

to previous lines in the sequence. If one views a deduction
as a dynamical time-dependent thought process in which each
line in the deduction corresponds to some fact about which
the thinking subject is aware, the sequential ordering of the
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lines of the deduction may be interpreted as the time order-
ing of a series of mental states (and thus, a constraint of the
compatible dynamics of the underlying brain states).

Given some statement ¢, to say that an agent is aware of ¢
at time ¢ is to say that the physical state of X¢,  grounds the
mental state of being aware of ¢. One can actively perceive ¢
by occupying such a mental state, or one can remember having
perceived ¢ at a previous time. Thus, there is an internal time
index 7 < t that tracks the time at which ¢ was perceived that
may differ from the time index of the state of Xco,. If we
denote that class of all brain states that give rise to this mental
state by [¢], and index the time at which ¢ is thought to be
(or have been) perceived by [¢7], we thus have X’COn € [¢'] if
the thinking subject is actively thinking about ¢, and X, = €
[¢7] for T < ¢ if they are recalling having thought about ¢

J

Xtcon c [¢S(t)] N Xtc-;ln c [¢T(l+1)] N ngn c [¢T([+2)] ...

where 7 : Z — Z satisfies 7(f) < t. While the individual lines
of a deduction correspond to mental states (and thus restricted
classes of brain states), the axioms and rules of inference from
which subsequent lines are produced do not reflect processes
of which one is consciously aware during such a thought pro-
cess. Rather, they reflect the cognitive rules that the thinking
agent’s brain may apply to the content of their experience in
order to bring about their subsequent mental states. In this
way, the axioms and rules of inference that enable one to for-
malize a given deduction correspond in the underlying thought
process to processes implementations of cognitive processes
via Yo (see Box 1) for a concrete realisation thereof).

To illustrate this, let us consider a simple example. Sup-
pose one sees a green apple before them. This perception,
and the discrimination of various features of this perception
are grounded in neural correlates that reside physiologically
in the brain module X, at the present time ¢. Suppose, sub-
sequently (say, at time ¢ + 1), that one remembers from their
past experiences that essentially all green apples have a sour
taste. (Of course, the inductive formation of such a gener-
alized belief from past memories is non-trivial, but it never-
theless happens.) This association, then, of sour flavour with
green apples in general is something about which the thinking
subject becomes consciously aware, and hence forms part of
their conscious experience. Therefore, it is likewise encoded
in the neural correlates of consciousness present in Xco, at
time 7 + 1. From these two perceptions, the thinking subject
may apply modus ponens to conclude that the apple they saw
at time ¢ would likely have had a sour taste were they to eat it.
The general rule of modus ponens, however, is not something
of which one has direct perception when it is being imple-
mented; making such inferences is a higher cognitive process.
The implementation of modus ponens, therefore, is a process
carried out by the brain module Yco.. Importantly, once this
inference has been carried out, the subject becomes aware of

previously.

If ¢ and ¢ are two formulas that are not logically equiva-
lent to one another, one might suppose that [¢"] N [y"] = 0.
This very general claim may be objected to in principle by
noting, for instance, that if ¢ and ¢ are sufficiently complex,
the thinking subject may not always be immediately aware
of their logical (in)equivalence.* Nevertheless, it should be
agreeable that there are no brain states that are simultaneously
neural correlates of the awareness of ¢ and also neural corre-
lates of the awareness of —¢. This weaker hypothesis is all
we shall require. Then, if the thinking agent carries out a de-
ductive inference whose sequential lines are denoted {¢,}, this
corresponds to their brain undergoing a dynamical evolution
of the form:

> — Xgn e (g7 9)

(

its outcome. Namely, at a subsequent time (say, ¢ + 2), they
become consciously aware that, had they eaten the apple, it
would likely have tasted sour. This is the general manner in
which deduction may be realized as thought processes imple-
mented within our brain model.

We now apply this perspective to the linguistic processing
of self-referential statements via the Inclosure Schema (see
Box 2). The idea is to distinguish between the abstract logi-
cal results and the thought processes obtained when a think-
ing subject confronts an instance of self-reference and thinks
about it over a finite period of time. Logically speaking, the
contradiction arising from a diagonalization argument is ab-
solute; we do not contest this. However, when we infer this
contradiction—i.e. when the dynamical behaviour of a sub-
ject’s brain implements the thought process that yields this
contradiction—using diagonalization, we do so in two tem-
porally separate parts; first, we prove that A(x) ¢ x and con-
clude that A(E,) ¢ E,. Then, at a later time, we conclude
that A(E,) € E,. The contradiction arises when we remem-
ber at a third time that we had proven both of these two facts
separately.

Let us look at Tarski’s paradox to see this play out con-
cretely, following the exposition by (Priest, 2002). To begin,
let T be a ‘truth’ predicate on sentences, i.e. for any sentence
x, T(x) is true if and only if x is true (this is called Tarski’s
T-schema). Let ¢ denote definability such that (X) is true
for any set of sentences X just in case there exists a sentence
x which defines X as a set (of sentences). If X is any defin-
able set of sentences, let A(X) = a@ where @ = (@ ¢ X) (here
(-) is used to denote the proper name of a sentence). That is,
A(X) is the sentence @ which expresses that @ is not an ele-
ment of the set of sentences X. Clearly, « is self-referential.
If an agent thinks about the T-schema, their thought process
might look like the following. First, one supposes that the to-
tality of all true sentences exists and is definable, that is, that
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Tr := {x | T(x)} is a set that may be defined by some sentence.
If X is definable (whence ¥(X) is true) and if X C Tr, we have
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in the temporal framework described:

=4 |AX)eX > AX) ¢ X
t=5|AX) ¢X > AX) ¢ X

t=7|(AX) € X)V (AKX) & X)
t=8|AX) ¢ X

t=9 |A(Tr) ¢ Tr

t = 10| A(Tr) € Tr

t = 11{(A(Tr) € Tr) A (A(Tr) ¢ Tr)

Time |Inference Rule

=0 AX)eX—>(a¢X)eX Definition of A
t=1a¢X)eX—->{(a¢X)eTr Comprehension in ZF
t=2aé¢X)eTr->a¢X T-Schema
t=3la¢X->AX)¢X Definition of A

t=06 |(AX) € X) V(AX) ¢ X) = A(X) ¢ X |Propositional logic

Modus ponens (three times)
Tautology

Excluded middle

Modus ponenson ¢t =6 and t = 7
Substitution of X = Trtot = 8
Substitution of X = Trto ¢ =1
Propositional logic

Let us now look at the brain states that could in principle
produce the mental states associated with each line of this de-
duction. We may rewrite the above inference as follows:

Xeon € [(AX) € X — (a ¢ X) € X)]
X € g X) e X — (a g X) € Tr)']
Xt €a g X) e Tr— a ¢ X)*]

X2, €l@¢ X = AX) ¢ X)*]

Xon € [(AX) € X = AX) ¢ X)*]

XZon € [(AX) & X = AX) ¢ X)']

Xon € [(AX) € X) V (AX) & X) = AX) ¢ X)°]
Xlon € [((AX) € X) V (AX) ¢ X))']
Xon € [(AX) 2 X)°]

Xeo € [(A(TY) ¢ Tr)’]

X! e [(A(Tr) € T)']

Con
XL e [((A(Tr) € Tr)’ A (A(Tr) ¢ Tr)'O)'

Con
To prove a contradiction in time in a manner that could re-
quire a physically impossible brain state, one would need to
show that X, € [¢'] and X, € [~¢] for a single 7. This
does not happen. In this way, if we want to model deductive
inferences as processes carried out by a physical systems such
as the brain which evolves in time, we see that the contra-
dictions appear not directly, but spread out in time and then
recalled, and so they may be implemented by a machine such
as the brain that operates in time (3). In particular, we do not
encounter the fractal picture given in (Grim et al., 1993).
Moreover, because it is possible to have X € [¢'] and

XL, € [=¢"] at different times  # ¢, we see that the brain has
on this model sufficient expressive power to treat truth values
as dynamically changing quantities. This may be contrasted

with Turing machines tasked with deciding truth values; the

FIG. 3 Unfolding self-reference in time can be imagined as unfold-
ing a circle many-times packed into a corkscrew, where the time di-
mension corresponds to the long dimension of the corkscrew. Equiv-
alently, it can be imagined as the evolution of circularly polarised
light.

state of such a machine may evolve in time, but the truth value
it aims to decide is static.

B. Clarifying remarks

Let us make a few remarks on the conclusions reached so
far. We are not denying the logical contradiction that appears
in this above deduction. Indeed, what we have done here
amounts to a temporal version of what (Priest, 2002) calls pa-
rameterisation; it is a standard approach to avoid paradoxes,
and in general, any contradiction that is avoided by parame-
terisation will reappear at a higher level again when one an-
alyzes the parameterised formalism. However, this is irrele-
vant to our aims: what we have shown is that an inference-
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making device that has a register that expresses its state of de-
duction in time (while some auxiliary system carries out fur-
ther inference-making tasks leading to eventual update of the
register) can effectively model contradictory scenarios with-
out existing in a contradictory state itself. That is, there is
never an instant where such a system need occupy two differ-
ent physical states simultaneously.

Extending this to our model of the brain, the ‘inference’
column label could be replaced with ‘the thought of which the
conscious agent is aware’ at each given time, while the ‘rule’
column label could just as well be interpreted as ‘the cogni-
tive process being carried out in the intermediate time win-
dow.” In this way, we have a rough picture for how the brain
could physically model the contradictions that arise from self-
reference paradoxes (noting that the above proof for the con-
tradiction in Tarski’s paradox is of the generic diagonalization

J
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form) without itself being in any strange superposition of dis-
agreeing physical configurations.

What makes this temporal parameterization technique use-
ful is that while in a purely logical setting, the relation be-
tween subsequent lines in a deduction is strictly a logical one
(with no temporality and so forth), when represented on a
physical system, is no longer an abstractly logic relation, but
is instead a causal relation indicating an interaction between
these two brain modules we have discussed. In particular, it
is a causal relation which requires an intermediate physical
process to commence and terminate. Hence, there is an inter-
mittent time, and so the contradiction may be “stretched out”
in time in the appropriate sense. (This is analogous to the
Kantian view of time as a means for the thinking subject to
experience contradictory perceptions without an actual con-
tradiction obtaining (Kant, 1998, A32/B48).)

Integrated Information Theory (IIT; see (Oizumi et al., 2014; Tononi et al., 2016; Tononi and Koch, 2015)) is a framework
that seeks to provide a constructive account of the origins of conscious experience by describing it as an emergent feature of
causally integrated dynamical systems such as the brain. IIT begins by articulating those features of conscious experience that
one might take to be constitutive, and then identifies features of the causal structure of a dynamical system that qualitatively
realize these features (in a manner that can be made quantifiably precise via informational measures). A model of the IIT
formalism is a dynamical system X as the SLM together with all of the probabilities of the form p(x?rl |X"). From the causal
probabilities defined in (5), the IIT formalism defines measures to quantify the extent to which a subsystem S C X cannot
be causally reduced, e.g. to a pair of subsystems G and H with S = G U H and the extent to which every such S is causally
integrated.

A state of a subsystem at some time is irreducible if and only if the probabilities that characterize its intrinsic causal
structure cannot be exactly recovered by partitioning it into subsystems. Irreducibility is quantified using an informational
measure; those subsystems of X that realize the maximum of this measure for the system X are called maximally irreducible.
There are generally many different maximally irreducible subsystems.

According to IIT, only those subsystems that are maximally irreducible at a given moment contribute to consciousness at
that moment, forming the instantaneous correlates of consciousness. The manner in which a maximally irreducible subsystem
contributes to consciousness is dictated by its causal probabilities which populate points in a supposed space of qualia. The
conscious experience realized by a physical substrate (a human brain or otherwise) is a byproduct of that substrate’s maximally
irreducible intrinsic causal structure.

Here we do not assess the plausibility of IIT as a theory of consciousness; rather, we note that our SLM can be recast within
the IIT formalism straightforwardly.

C. Transforming logical inconsistency to incongruence

We now apply the IIT formalism (see Box 3) to the SLM,
and show how the logical inconsistency of self-referential
paradoxes is transformed to incongruence.

First observe that since the correlates of consciousness were
taken to reside in Xc,p, it is reasonable to suppose that for any
subsystem of the brain Z C B, if Z is maximally irreducible
while in some state Z, it must be the case that Z N Xcon # 0.
In most cases, Z will simply be a subsystem of X¢,,. However
from (7), there will be some irreducible subsystems that over-
lap with Ycog as well. In particular, Xco, U Yeog is expected to
be maximally irreducible.

Incongruence in IIT is defined as follows. For any system

S, given a pair of subsystems G,H C S, G and H are in-
congruent if they make differing predictions about the past or
future behaviour of some particular node z € S (see (Haun and
Tononi, 2019) and (Albantakis and Tononi, 2019, p. 5)). This
occurs, for instance, if p(z'*'|G") # p(z"*'|H'). When self-
referential inferences are made, if we suppose ¢ is thought
about at time 7, —¢ is thought about at 7 + 1, and ¢’ A ~¢*! is
thought about at time 7 + 2, then it is because of the cognitive
processes in Yco, implemented at time ¢ and ¢ + 1 that this is
the case. In particular, if we presently think some sentence is
true, we expect that it will be true still at the next instant, so
that

PXEL € [~ | Xy, € [9'], Yeog) (10)
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is large, while
P(Xeoh € [2¢™'1 | Xb, € [¢']) (11)

is small. However, Yc,, implements a rule of inference in
this transition, which causes X! € [=¢™*'] to occur. During
self-referential inferences, not only do two different subsys-
tems disagree about the probabilities assigned to a particular
node’s future state (cf. (7)); rather, they assign essentially op-
posite probabilities to the future behaviour of the subsystem
spanned by all maximally irreducible subsystems. Hence, in-
congruence arises in a strong way.

Put differently, causal incongruence in IIT offers a precise
sense in which the parts of a system fail to describe the whole
of the system, namely, taken separately, the parts may disagree
with one another about the descriptions they provide. In the
SLM framework, this is exploited as a feature: it is this dis-
agreement that enables the brain to represent contradictions in
the requisite manner needed to make sense of self-referential
statements.

D. Avoiding unhalting cycles

We now argue that the cyclic behaviour of the SLM, as de-
scribed in III.A, does not persist indefinitely (as it would for
an unhalting Turing machine). When the thinking subject gets
caught in a cognitive cycle of the same form, if their atten-
tion is drawn away from the cyclic inference at hand, the cy-
cle will end. This is so because, as a thinking subject learns
by repeating a task many times, they devote less and less at-
tention and focus towards the task being learned (Kandel
et al., 2013, Chapter 64). In the present context, this means
that if the thinking subject cycles through the thought process
associated with deriving disagreeing truth values for a self-
referential statement, they will not get caught in a loop, but
rather will pay less attention to the inference upon subsequent
iterations. Since the brain actively monitors a large class of
sensory stimuli and implements many cognitive processes in
parallel, as this attention diminishes, the thinking subject is in-
creasingly likely to refocus their attention elsewhere. In short,
if attention is a resource, the architecture of the brain is such
that the re-allocation of this resource inhibits the ensuing feed-
back and makes infinite inferential loops unstable.

This is analogous to binocular rivalry, where the subject’s
visual field is eventually changed, whence their visual sensa-
tions escape from flowing towards lock-in states (Clark, 2013;
Hohwy et al., 2008), and to visual paradoxes, like the Necker
cube (where two alternative possible attractors are present) or
the recognition of ambiguous images (Inoue and Nakamoto,
1994; Kelso, 1995). This metastable behaviour due to self-
reference can also be found in gene networks, where the
causal feedback associated with cross-regulatory interactions
can be spread in time or space leading to interesting phenom-
ena (Isalan, 2009).

do0i:10.20944/preprints202111.0524.v1

IV. CONCLUSIONS AND OUTLOOK

In this work, we have constructed a high-level discrete dy-
namical model of the brain, termed the Strange Loop Model
(SLM; II), in order to describe inference-making, which uses
causal feedback between conscious and cognitive processes.
We have used the SLM to model self-reference and shown
that logical inconsistencies unfold in time (III.A), and hence
the contradictions dissolve, as one never encounters incon-
sistent truth values simultaneously. Rather, one deduces at
different times that a sentence has different truth values and
then remembers having carried out both such deductions. This
flexibility enables the human brain to model self-reference in
a manner that is inaccessible to usual computing devices by
construction. We have also applied the SLM within the con-
text of IIT and shown that logical inconsistencies are trans-
formed into incongruences (III.C). Finally we have argued
that, because the brain is receptive to a wide range of different
stimuli, and because one devotes less attention to repetitive
cognitive tasks as time passes, these cyclic inferences are un-
stable are thus terminated (III.D).

The SLM illustrates the extent to which the human mind is
capable of understanding and making inferences. The interac-
tion between Xcon and Ycog via the described causal feedback
enables the human mind to be aware of the outcomes of cog-
nitive inferences, and likewise further cognize about such an
awareness. Put differently, the causal feedback here described
enables the thinking subject to be aware of their own cognitive
processes, and to then make inferences about their own cogni-
tion. This situation is reminiscent of universality encountered
in Turing machines, spin models and neural networks (De las
Cuevas, 2020).

Finally, we may compare the SLM with a Turing machine
or any other standard computing machine. Unlike an algo-
rithm running in a Turing machine, the processing carried out
by the SLM is not a deciding process, because it need not
reach a static truth value of a variable. Moreover, the only rel-
evant features of a Turing machine are its input—output func-
tionality (that is, the formal language it recognizes (Kozen,
1997)), whereas the intrinsic causal structure of the brain is
crucial. In this way, we conclude that the process carried out
by the brain and the computer is different.
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