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Article

Entropy and Its Application to Number Theory

Seiji Fujino
RHC Institute, 3rd Iriya Zama City, Kanagawa 252-0028, Japan; xfujino001@gmail.com or
xfujino001@rhc-institute.com

Abstract: In this paper, we suggest an expansion of the Planck distribution function derived from
the Boltzmann principle. Thereby, we consider expanding Planck’s law with a new distribution
function, and discuss fine structure constant. Furthermore, using ideas applied to the expansion of the
Planck distribution function, we show that Von Koch’s inequality can be derived without using the
Riemann Hypothesis, that is, the Riemann Hypothesis is true, and that the abc conjecture is not true.
Furthermore, we define a generalization of Entropy and discuss that Entropy is relevant to dynamical
systems described by logistic function models, such as the growth of bacteria and populations.

Keywords: entropy; boltzmann’s principle; planck’s law; dynamical system; logistic function; fine
structure constant; von koch’s inequality; riemann hypothesis; abc conjecture

1. Introduction

In this paper, we will explain in the following order.

1.1.

First, we introduce the Boltzmann principle and the Planck distribution function to aid
understanding. we consider the number of states W that partition particles P into resonators N,
and define entropy S using W. Furthermore, the average energy U and a energy element of the
resonator ¢ are made to correspond to Entropy S. Thereby, the Planck distribution function and the
Planck’s law are derived from Entropy S.

1.2.

Second, we suggest that the expansion of the Planck distribution function which is one of main
content on this article. We consider Entropy S f(x) which is the Boltzmann principle divided by
function x/ f(x), where set the function f(x) to log(x) and x be a positive real variable. The function
x/log(x) is an approximation of the number of prime numbers 77(x). Furthermore, the function
R (x) is defined and verifies the relationship between S ,(x) and R (x). Thereby, we attempt that
the possibility of expanding the Planck distribution function and Planck’s law by using the function
R (x). Besides, the relationship between the constant a of R (x) and fine structure constant will be
considered.

1.3.

Third, we consider applying the constant « of the function R (x) to number theory. We show that
Von Koch'’s inequality is derived without using the Riemann hypothesis, that is, it proves the Riemann
Hypothesis is correct. Additionally, we show that the abc conjecture is not true.

1.4.

Finally, we will describe some considerations and issues for the future. We generalize Entropy
Sn; (x) to Entropy Sp(x), where D(x) is a function on x. Using Entropy Sp(x), we will discuss that
Entropy is related to dynamical systems described by logistic function models, such as bacterial and
population growth.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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2. The Boltzmann principle and the Planck distribution function.

2.1. Introduction for Entropy S and the Planck distribution function.

To make it easier the understanding, we would first let us introduce the Boltzmann principle and
the Planck distribution function as follows.

Definition 1. We define symbols using on this article as follows :

doi:10.20944/preprints202203.0371.v6

P : The number of particles,
N : The number of resonators,
U : Average energy per a resonator,
Uy : Total energy,
€: An element of energy, 2.1)
v : Frequency,
T : Temperature,
kg : The Boltzmann constant,
h : The Planck constant,
B : Inverse temperature.
Using the definitions above, the following equations are satisfied :
Uy = NU = Pe, thatis, % = %, (2.2)
[ 2.3)
kgT

where the inequality P > N is satisfied.

The number of states Wy p is defined as the number of particles P is partitioned by the number of
partitions N — 1 and Entropy S (the Boltzmann Principle) is defined as the logarithm of the number of
states W, where P and N can be regarded positive integer numbers as follows :

Definition 2. Let the number of particles P and the number of resonators N be positive integers. The number
of states and the Boltzmann Principle are defined as follows :

_ 1)1
Wy p = w, (the number of states, combination), (2.4)
Sn.p = kplogWyp, (Boltzmann Principle), 25)
S
S = ZI\\IfP, (the average of Sy p). (2.6)

Using Stirling’s formula, for sufficiently large natural numbers P and N, the following formulas
are satisfied :

(N+P—-1)! (N+P)NtP
WNp* =~ .

P IIN =D NNpP @7
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Using the Boltzmann principle above, for sufficiently large the number of particles P and
resonators N, we can obtain the following equations :

SN,p = kB log WN,p

= kg{(N + P)log(N + P) —log NN —log P"'} (2.8)
P P, PP
=kgN{(1+ N)log(l-l— N) - Nlogﬁ}.

Using the definition the equality(2.2) and (2.6) above, the equality(2.8) is satisfied as follows :

u u u u
S fkg{(l—ﬁ—?)log(l-{—z) — ?log;}.

(2.9)

Differentiate both sides of the equation(2.9) above with respect to average energy per resonator
U. Hence, the following equation is satisfied :

as kg u u

2 _ I8 =) —log = L. 2.10

au e {log(1+ € ) —log € } (210)

Furthermore, differentiate both sides of the equation(2.10) with respect to average energy per
resonator U, the following an equation is satisfied :

R
duz  U(e+U)’

(2.11)

The rate of change of entropy at energy U ,that is dS/dU, is equal to the reciprocal of temperature
T. Namely, the following equation is satisfied between Entropy S, average energy per resonator U and
temperature T :

a _ 1 (2.12)
au T
Thus, using the equation(2.11) and (2.12), the following relation is satisfied :
d (1 —kg
du(:r)‘ U(e+U)’ 213)

Integrating both sides of the equation(2.13) with respect to average energy per resonator U, the
following relation is satisfied :

€
U= —F—FF-—.
Here, put ¢ as follows :
e = hv. (2.15)
Therefore, the following equations are obtained :
hv hv
u= = . (Planck's law 21
exp(%) —1 exp(hvﬁ) -1 ( ) ( ' 6)
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The equation above(2.16) is determined the expression for the average energy of particles in a
single mode of frequency v in thermal equilibrium T, that is, named Planck’s law. Besides, we define
the distribution function 7i(v, ) as follows:

_ 1
~exp(hvp) — 1

This is expressed the mean particle occupation number in thermal equilibrium T . This is named

(v, B) (Planck distribution function) (2.17)

the Planck distribution function on this paper. Moreover, the equation(2.17) is transformed as follows :

_Av.p) = exp(—hvB). (Boltzmann factor) (2.18)

(v, B)+1
The function exp(—hvp) is named the Boltzmann factor. Besides, let Ng and N, be the mean
number of atoms in the ground state and in the excited state. The following equation is satisfied :

Ne
ﬁg = exp(—hvp). (2.19)

Note: In this paper, Planck’s radiation law refers to the following expression :

812 hv

tp = 3 exp(hvp) —1°

(Planck’'s Radiation law) (2.20)

where the constant c is the speed of light.
3. Expansion of the Planck distribution function.

We will continue the discussion with reference to ideas in subsection 2.1. We consider that the
number of particles P is replaced to the positive real variable x, and the number of resonator N is
replaced to the number of prime number 77(x). However the function 77(x) is not differentiable.
Therefore, we consider to partition x by the function x/ log(x), that is, divided a positive real variable
x by the logarithm log(x). This function x/ log(x) is an approximation of 77(x). Namely, the number

of resonator N is replaced to the number of prime number x/ log(x) Thus, we show that the function
R (x) and expansion of the Planck distribution function are derived as follows.

3.1. Entropy Sr, that partitioned by approximation of 7t(x).

First, we start with the definition of Entropy Sr, (x) on a positive real variable x.

Definition 3. Let x > 1 be a positive real variable, and f(x) be a positive real valued function on x.

m(x)=Y_1,

p<x (3.1)

p:przme
mp(x) = ﬁ , (3.2)
Qf(x) = nf’zx) - (3.3)

The function 7t(x) is expressed that the number of prime numbers less than or equal to x. By the definition above,
it is satisfied that Qf(x) = f(x).

doi:10.20944/preprints202203.0371.v6
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We define the number of states W fa Entropy Sx % under W, % is defined by the number of
states Wy x. Moreover, Entropy S (x) under 714 (x) is defined to devided by Entropy Sy x by 7¢(x)
as follows:

Definition 4. We define that the number of state W x, Entropy Sz, and Entropy Sr, (x). Let x > 1bea
positive real variable.

(7Tf( ) )nf(x)+x

Wi = (3.4)
T )
srrf,x = log Wﬂf,X/ (35)
Snf,x
Sy (x) = ek (3.6)

Note: Since the definition of Combination below formula(3.7) cannot define real values well,
therefore, we adopted the definition of formula(3.4) using Stirling’s approximation.

(rrr(x) +x—1)!
(rre(x) = )txt

(3.7)

In the following discussion, unless otherwise specified, let the function f(x) set to log(x). Namely,
the following is satisfied :

f(x) = log(x). (3.8)

Therefore, using definitions above and the prime number theorem (Refer to Narkiewicz[1]), the
following conditions are satisfied :

x x
Qf(x) = Qlog(x) = nlog(x) = log(x) ~ n(x)’ (3.9)
By the definition4, for x > 1, the following equations are satisfied :
Snpx = (7p(x) 4+ x) log(7s(x) +x) — Tff(X) IOg(ﬂf(x)) — xlog(x)
_ . X\ ool x ’ (3.10)
7Tf<x)(( + f(x)) Og( + ) ) g(nf(x)))
Srp(x) = (14 ——) log(1 > 1 .
A(x) =1+ nf(x)) og(1+ nf(x)) () Og( ( )) (3.11)
Using the function Qy(x) above, the function Sy, (x) is expressed as follows :
Srp(x) = (14 Qf(x))log(1 + Qf(x)) — Qf(x) log Qf (x). (3.12)
Differentiating Entropy Sr, (x), the following formulas are satisfied.
' X\ X ARY)
51y (9 = () 81+ ) + <nf(x)>
_ 1 x /)
(@) )+ ) 61
— (——)"(10g(1 — log(— )
o) (1081 ) 108 )
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Furthermore, differentiating S/, ; (x) as follows :
St (1) = () (logl1+ —25) ~ ogl ) )
f TTr(x (X Te(x
£(x) £(x) £(x) / (3.14)
X x x
+ log(1+ —lo > .
o) (1081 + =)~ ToB( )
Therefore, the equations above is expressed by using Q(x) as follows :
' () = Q) (Iog(1-+ Q) ~ og Q) (3.15)

1, (x) = Q) (x >(log<1+Qf X)) long

) (3.16)
)

¥ Q}(X)Q}(X)< IR

Repeating differential of the part of Q}’ (x) (log(1+ Qf(x)) —log Qf(x)) on (3.16), the following
conditions are satisfied :

() (tog(1-+ Q) ~ 10§ 5 () )

= Q}B) (x) <1Og(1 + Qf(x)) —log Qf(x)) (3.17)
(2) O (x -1
Q) )<Qf<x><1+Qf<x>>)'

(27 (1og(1 + Qs ()) ~ o Qf<x>))'

- QJ(‘HH)(’C) (log(l +Qy(x)) —log Qf(x)> (3.18)

(1) () Oy 1
+Q5 (¥)Q (x)f(Qf(x)(l +Qr(x)) )

Therefore, for all x > 1, the following conditions are satisfied :

Case(1), n > 1 is even number :

n —1)*(n)! R e B " (3.19)

o e = - I < g,

Case(2), n > 1is odd number :
_ 3.20)
1),y _ (D) (D)= (
Qi = < )~ ),
Furthermore, for all x > 1, the following are satisfied :

QM) > QP(), (3.21)
QY > QP (), (3.22)

where 7 is a positive integer.
Next, we define some functions k¢ (x), R}, (x) and R;, (x) as follows :

Definition 5. The definition of the function kg(x).

doi:10.20944/preprints202203.0371.v6
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Let x > 1 be a positive real variable, and f(x) be a real valued function. The function k¢(x) is defined such
that satisfies the following equation :

—Qr(x)(1+Qs(x))
ke(x) =S (x)( f e f ) (3.23)
f
Therefore, the following equation is satisfied :
—Qj(x)
" (x) =k ( f > (3.24)
=N g )
The function k(x) is named the Boltzmann k ¢-function.
Definition 6. The function R;};(x) and R;,(x) are defined as follows :
2o(—1)" i —1)!
Ry(x)=Y] ()x# (3.25)
n=1
Therefore, the following equations are satisfied :
m n—l 1)1 m
Z (” Dt (log(x)) ™. (3.26)
n=1 n=1
Same as discussion, the following inequality are satisfied :
B m 1 n—1 n 1)1
R, (x) =Y (=1) x,f ) (3.27)
n=1
Therefore, the following equations are satisfied :
n )" (n—1)!
Ru(r) = 2 EUT =D 9 f(tog(x)) ™). (3.28)
n=1 n=1

The function Rj(x) is named an m-th absolute lower approximation of k¢(x) or simply
R;;-function. Similarly, the function R;, (x) is named an m-th lower approximation of k¢(x) or simply
R;,-function. Using the defintion above, the following inequality is satisfied :

R;, (%) > Ryj,(x), (3.29)
where the function (log(x))(" represents the n-th differentiation of log(x).

Note: To be distinguish from the function (log(x))(, the n-th power log(x) is represented the
function (log(x))" and log" (x) .

Using the equation(3.24), for all x > 1, the following conditions are satisfied :

Q01+ Qs(0) _1
o T x

kp(x) = —S%f (x) (2 +log(x)). (3.30)
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where the function Q(x) is log(x) by the definition. Because, by the equation(3.16),

5%, (1) = @ () log(1+Qy () ~1og /()
(3.31)

! i _1
*Qmef(’“)(Qf(x)( +Qf<x>>)'

Therefore, for x > 1, the following are satisfied :
k(x)—ll l+; xlog(x)(1+1 (x))-i—1
fAY) =278 log(x) 8 8 x
log(x)
1 1 1

log()
) . ' 1 g (3.32)
; log(e) (1 + 10g(x)) +5 )}1_{20 <1 + log(X)) e

IN

= % (1 + log(x)> + %
:%@+mg@y

Furthermore, there exist a positive integer m > 1 such that the following conditions are satisfied:

v —Q;(x)
Sy (1) = Ky (x) (Qf<x><1 T Qf<x>>)

—Qj(x)
Qr(x)(1+ Qf(x))

> () + Q)+ +0 () (339

Q)
2 R (x) (Qf(X)(l T Qf<x>>)'

Using the same discussion above, there is a positive integer m > 1 such that the following
conditions are satisfied:

St () = ky () %) )

Q01+ Q)
’ " (m) _Q}(x)
> (171 + 10101+ + 10091 ) e 07 334)

) Qi)
Z R (%) <Qf<x><1 T Qf<x>>>‘

The first order differentiation of Entropy Sx,(x) is always positive values, that is S ’ (x) > 0.
Moreover, the second order differentiation of Entropy Snf(x) has always negative values, so that
i ’ (x) < 0. Therefore, Entropy Sr, (x) has no inflection points.

3.2. Derivation of the functions R

Next, the function R} (x) and R, (x) are derived as follows :
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Definition 7. R} (x), Ry (x) and R} (x)
Let the constant a > 0 be a positive real number. For all positive real variable x > 1, the function R} (x) and
Ry (x) are defined as follows :

27T

RE(x) = T (3.35)
Therefore, the following conditions are satisfied :
2mtax
xRE(x) = 1 (3.36)
1 e 1
= 1£—). 3.37
XRi(x)  2nw ( ex) &3

This function R; (x) is a lower approximation of k £(x) This function RF(x) is named R} lower
approximation by k¢(x) and & or simply R -function. The relations of functions R (x) are satisfied as
follows : The relation R;(x) > R (x).

Let the constant & > 0 be a positive real number. There exist an integer m > 1 such that for sufficiently
large real variable x > 1, the following inequality is satisfied :

27T
+ S Rt _

Ryu(x) 2 Ry (x) = ~— (3.38)

where a positive real number « are satisfied as follows :

+
x> —, 3.39
T V2 —e ( )

that is, satisfied as follows:

e 1

o (1 a) >« (3.40)

Using same as discussion, the following conditions are satisfied : The relation R,,(x) > R, (x).
Let the constant & > 0 be a positive real number. There exist an integer m > 1 such that for all
sufficiently large x > 1, the following inequality is satisfied :

Ry (x) > Ry (x) = Y2 (3.41)
where a positive real number « is satisfied as follows :
x > é, (3.42)
e—/2ma
that is, satisfied as follows:
\/62? (1- %) > a. (3.43)

Proof. The proof of Lemma 3.2 are described the following the subsection 6.1. O
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Consequently, for all real variable x > 1, a real valued function f(x) and a positive integer m > 1,
the following inequalities are satisfied :

—Qs(¥) —Qj(x)
" + f + f
S7e (x) 2 Ry (x) Q00+ 0;) > Ri(x) EEE Ok (3.44)
Namely, the following inequality is satisfied :
—Qj(x)
" + f
) = KW w0ty 049

The second order differentiation of Entropy S’ ¢ (x) is suppressed from the bottom side by
formula(3.45). Besides, the function R (x) is suppressed from the upper side by formula as follows:
The upper upper approximation of R (x)

For sufficiently large real variable x > 1 and a positive integer m > 1, the following inequalities are
satisfied :

27w
ex+1

1 e
AT 2 Rl 2 R =

(3.46)

Proof. The proof of Lemma 3.2 are described the following the subsection 6.2. [

Note: The function R,= and the constant « are derived by dividing the entropy space x by the
approximation x/ log(x) of 7t(x) and by applying Starling’s formula to the series obtained by the n-th
differentiation of Q ¢ (x). These are reasons that is defined as the set of irrational numbers V2, e, and 1.

On the next subsection, we discuss the meaning of inequalities in inequality(3.45).

3.3. The expanded Planck distribution function n* (x, ).

*(x, ) by using R (x).

Integrating the inequality(3.44) by a variable x, the following formulas are satisfied :

Next, we examine to define the expanded Planck distribution functions n

—Q(x)
" + f
/S,Tf(x)dx > /Ra (x)Qf(x)(HQf(x))dx. (3.47)
Beside, the following are satisfied :
St (x) = / sy (x)dx + C, (3.48)
Qf(x) > Ry (). (3.49)

Therefore, the following formulas are satisfied :

%, (x) = Q}(x) (log(1 + Qf(x)) ~ log Qs (x)) + C

> RE(x)(log(1 + Qf(x)) —log Qf(x)) +C (3.50)
s 1
=Ry (x)1 g(1+ Qf(x)) +C.

where the constant C is a positive real number.
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Here, for all sufficiently large Q¢ (x) > 0, the following equation is satisfied :
log(1+ L) =0. (3.51)
Qr(x)
Hence, the first order differentiation S/, : (x) is satisfied as follows :
S, (x) = Q) (x) log (1 + %) 0. (352)
(%)
Thus, the constant C is satisfied as follows :
C=0. (3.53)
Therefore, the inequality(3.50) is satisfied as follows :
Sy () 2 R (x)log(1+ Qfl(x)). (3.54)
For positive real variable x > 1, the function S, ’ (x) are satisfied as follows :
% > S;Tf (x) = %log(l + logl(x))' (3.55)
According to inequalities(3.54) and (3.55), the following is satisfied:
L >log(1+ ——). (3.56)
xRy (x) Qf(x)
Therefore, by (3.56) the following inequality is derived :
Q) > . (357)
exp(m) -1
Focusing on the equality part of the inequality (3.57), we define new distribution function n* (x, )

as follows:

Definition 8. The expanded Planck distribution function n* (x, a).
The expanded distribution functions n* (x, &) of the Planck distribution function fi(v, B) are defined as follows:

n*(x,a) = + (3.58)
exp(fxm (x)) -1

where & > 0.
This distribute function n*(
definition above (3.58) is transformed as follows :

x,«) is named the expanded Planck distribution function. The

nt(x,a) -1
n(x,a) +1 EXP(M)/ (a >0). (3.59)

Thus, this function 77 (

expanded Planck distribution functions n

x, &) can be regarded as one of the distribution functions. Therefore, the
*(x, ) are regards as the approximate density of x/7(x)

doi:10.20944/preprints202203.0371.v6
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until the number x. Furthermore, this function n* (x, a) is seems to be expanded the Planck distribution

function 7i(v, B). According to imitate the Boltzmann factor, the following function

-1

exp (m) (3.60)

is named the expanded Boltzmann factor or Ry -factors. We will consider the further relationship in
the next subsection.
3.4. Correspondence the Planck distribution function i(v, B) and the expanded Planck distribution function

nt(x,a).

We examine to correspond the Planck distribution function 7i(v, §) and the expanded Planck

distribution function n (x, &) as follows :

(v, B) ! — (Planck distribution function) (3.61)

= exp(p)

where h: the Planck constant , v: Frequency, B: Inverse temperature.
Here, we consider to correspond the internal parameter of the Boltzmann factor exp(—hvp)

o (3.62)

and the internal function of R} -factor exp(—=—)

*RE (%)

1 e 1
e <_ 2m(uzgx)). (3.63)

Namely, we suppose the correspondence as follows:

e 1
1+ —
\/me( ex

Furthermore, we can consider by separating the correspondence between and the variable parts
and the constant parts as follows :

hvp = ). (3.64)

1
vp=(1+ a), (variable parts) (3.65)
e
h = . (constant parts 3.66
Tora parts) (3.66)
The relationship diagram between Sy p and Sy, x is shown below :
Wnp = %, Sn,p = kplog Wy p,
It
exp(—hvp) RN —hvp
a=—= =%
N:=ms(x) V2rh N:=7s(x) V2
e | T =iy b2 L T =it (367)
nf(x)+x
_ () +x)

Wr[f,x = )”f(x)xx ’ Snf,x = 10g an,xr

e (x
-1 log -1

P (7 () — RE (%)
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Corresponding the above, the expanded Planck distribution function 7% (x, ) becomes to expand
the Planck distribution functioni (v, ). Namely, the following conditions are satisfied : The expansion
of the Planck distribution 7i(v, B).

Let the constant @ > 0 be a positive real number. For all real variable x > 1 the following equation is

satisfied :
(v, B) = ni(x,a), (3.68)
where
+1 1
X = ﬁ, that iS, 1/’3: (1:|:7),
e(vB ex (3.69)
P that is, h = ——.
V2mrh' ’ V2w

Namely, the distribution function n* (x, «) can be regarded as representing an expansion of the Planck
distribution function 7 (v, ).

For sufficiently large x > 1, the correspondence of equation(3.65) is satisfied as follows:
~lim (14 ) =1 (3.70)
Moreover, according to the method to divide each S and Sy, (x), we remember that the following
corresponds :

1. The number of particles P is replaced to the positive real variable x.

2. The number of resonators N is replaced to the approximate of 77(x), that is, —=

log(x) "
We remember that the following conditions are satisfied :
u P
TN (3.71)
x 1 x
Qf(x) = T x T T 1 (N n(x))' (3.72)

log(x) log(x)

Namely, we suppose the correspondence as follows :

U+—x+—1,
X 1 (3.73)

£ log(x) log(x)

Thereby, we define the following function U, corresponding to Planck’s law U.

Definition 9. The function Uifa as the expansion of Planck’s law U.
Let the constant « > 0 be a positive real number. For sufficiently large real variable x > 1, the real valued
function U, is defined as follows :

1 1

U;tuc =n* X, & -
, ( )log(x) log(x)(exp(m%) -1

(3.74)

Using suggestion 3.4 and definition 9, the following suggestion is obtained: The expansion of
Planck’s law U.
Leth > 0,v > 0and B > 0 be real numbers. Each values /i, v and 8 means the Planck constant,
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frequency and inverse temperature.
There exists a real variable x > 1 and a constant « > 0 such that the following equality is satisfied :

u=u;, (3.75)
where the following conditions are satisfied :
1 1 e
hv = , V= ’ h= ’
log(x) hlog(x) V27w (3.76)
1
B = hlog(x)(1+ a).

Proof. The above proposal is satisfied by setting as follows. For any v > 0,

1

1
X = exp(m) exp(m) >1, (3.77)

where the Planck constant 16.626 x 10’34m2kg /s. O

Namely, the real valued function UZ, can be regarded as representing the expansion of Planck’s
law U. The function UF, is named the expanded Planck’s law.

As a result of suggestion 3.4 above, energy hv is put 1/ log(x). Namely, Planck’s law U is seems
to has an spectrum such that an reciprocal of logarithm. It is possible that the discrete values of an
element of energy are related to the distribution of prime numbers. The relationship diagram between
Planck’s law U and the expanded Planck’s law U™ (x, «) is shown below :

Sn,p = kplog Wy p, u= "M

LS

exp( )1’

Boltzmann Principle EAY Planck’s law
N:i=mp(x) ‘X::ﬁ N:=mp(x) a::ﬁ
P:=x i T X::e(jﬁgl—l) Py l T hv::log% (3.78)
ST[f,x = logwr[f,x, Ui(x,tx) = 1 1

Snyx-Entropy

~ log(x) W'
i

theexpanded Planck’s law

3.5. fine structure constants.

The above section, the expanded Planck distribution 7% (x, ) and the Planck distribution i (v, B)
was related by a constant a. In this section, we discuss that the constant &« = ¢/ V27th is thought like
the fine structure constant.

Let a constant « set as follows :

« = ﬁ (3.79)

For all sufficiently large x > 1, the following inequalities are satisfied :

e

\/271(2 +1log(x)) > a, (3.80)
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that is, take x > 1 as follows:
1
x > exp(ﬁ -2)>1 (3.81)
According to the Prime numbers theorem, the following relation is satisfied :
x x
~ ~ . 3.82
(%) log(x) log(x)+2 (3:82)
Thus, the constant « is satisfied such that
e x
>wa, (a>0). 3.83
Vimat = @20 08

Hence, the positive real number & can be regard as fine structure constant by v/2, 77, ¢ and 7t(x).
Furthermore, the following inequality is satisfied : The relation between the Planck constant i and
7t(x).

There exists a positive real number & > 0 such that for sufficiently large x > 1, the following formulas
are satisfied :
e 1 7t(x)

h= > TR~ (3.84)

Namely, for sufficiently large x > 1, the Planck constant / is bigger than the ratio of a positive real

number x and 7(x).
Therefore, it is considered that the constant a is related between the Planck distribution function

_ - 1
(v, p) = oxp(p) 1’ (3.85)
and the expanded Planck distribution function
4 1
n(x,e) = —————. (3.86)
exp(foa (x)) -1
Specially, suppose the constant h, and &), are decided by «, ¢ and 7 as follows :
By = —4—, (3.87)
27
e
Ky = —F—. 3.88
= o (3.88)
Therefore, by suggestion 3.4, Modern physics may be a special case that satisfy the following
conditions :
Ny == — (3.89)
" V2rh' '
he=h= %" (3.90)
27

In other words, the following suggestion is stated : Let the constant @ > 0 be a positive real
number. The constant /1, can be selected as follows :

he = (3.91)
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where the following inequality is satisfied :
e X
>a, (a>0). 3.92
Vw2 @20 452
Namely, if the condition is satisfied as follows :
p= ¢ (3.93)

then the constant i, becomes the Planck constant h.

Note:
Let me mention here for your attention as follows: The fine structure constant is a physical constant «
and is originally expressed as following(3.94) using the Planck constant. In this paper, we describe it
as original the fine structure constant ap to distinguish it from the constant «. Besides, describe it as
the elementary charge e, to distinguish it from Napier’s number e. original the fine structure constant
ap is follows:

2 2

e HoeyC

P P
= = ,. 3.94
"7 Dhege 2h (394

where

h : the Planck constant,
€o : the electric constant,
Mo : the magnetic constant, (3.95)
ep : the elementary charge,

c: the speed of light.

Therefore, the relation original the fine structure constant ap and the constant « is satisfied as

follows :
“ i 72 3.96
% " Vad e T\ 22%Hec (396)

The suggestion 3.5 is seems obvious. However, on the following section, we show that some

examples such that the constant a # \/26?h as follows :

1 2
. S (3.97)

=—, a=—, a=-—, :
V27 V27 V21 V2rlog(£4%)

4. Application the function R to Number Theory.

4.1. Examples using the function R} for deriving Von Koch's inequality.

We derive Von Koch'’s inequality using the above the constant « and the function R (x). (Refer to
Fujino[24] for the proof)

Note : In this paper, we consider an element of energy ¢ and an arbitrary real number € separately.
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Inequalities for evaluating the number of prime numbers (1).
Let « > 0 be a positive real number (constant). There exist a positive real number C > 1 such that for
all sufficiently large real variable x > 2(& R), the following conditions are satisfied :

V21w

1 2
— Nl < 2 )z 2m 4 .
|7(x) = Li(x)| < C( 43 ) exp ( 27m)x (log(x)) exp(log(x) ), (4.1)
where the positive real number & > 0 are satisfied as follows
1< ! exp ( ) 4.2)
V2ma 27
1 e
—<a<C , 4.3
2 V2w #3)
e 1 e 1
ex = lim ex <ex 1+—1). 44
p( 27TIX) x1_>oo p(x +(x)>— p( 27_[0(< €x>> ( )

Proof. See [24] for the proof. O

Inequalities for evaluating the number of prime numbers (2).
There exist a positive real number C > 1 such that for all e > 0(€ R) and for all sufficiently large
x > 2(€ R), the following conditions is satisfied:

1 1 1

1 3
—1li < 1 4 . .
|7(x) = li(x)] < C(48)4 exp (e)x(log(x)) exp(log(x)) (45)
Proof. Using Theorem 4.1, put a positive real number & > 0 as follows:
1
KN = ——. 4.6
T (4.6)

Therefore, the inequality(4.5) is satisfied.
O

The result of Corollary 4.1 is similar to the following result:(Refer to Narkiewicz[1])

(3C > 0)|m(x) —li(x)| < O(xexp(—Cy/log(x))). 4.7)

Comparing inequalities(4.5) and (4.7), the following condition is satisfied :

1 .3 1
O(x(log(x)) exp(log(x))) < O(xexp(—Cy/log(x))). (4.8)

Namely, the asymptotic formula of (4.5) gives better than that of (4.7).

Therefore, let « = 2/+/27, (hy = €/2). the theorem 4.1 is satisfied as follows :

Inequalities for evaluating the number of prime numbers (3).
There exist a positive real number C > 1 such that for all € > 0(€ R) and for all sufficiently large
x > 2(€ R), the following condition is satisfied:

1
log(x

1
log(x

7(x) ~1i(x)] < Clg) b exp () ) exp(io): (49)


https://doi.org/10.20944/preprints202203.0371.v6

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 December 2023 doi:10.20944/preprints202203.0371.v6

18 of 32
Proof. Using Theorem(4.1), the following conditions is satisfied:
1 e
1< ex . 4.10
- V2ma p(\/ZmX) (.10
Put a positive real number « > 0 as follows:
2 1
H=—(>—=). 4.11
=2 ) (4.11)
Hence, the following inequalities is satisfied :
1 e
1< ex
T V27« Pl me)
_\/271 2 exp(\/zirii) (“_\/%) (4.12)
v Var

1 e
=5 exp (5) (=1.946424 - - -).
Thus, the positive real number & > 0 is satisfied conditions of (4.10) and (4.11). Therefore, there exist a

positive real number C > 1 such that for all sufficiently large x > 2 the following condition is satisfied :

7(x) — i(x)] < C(i)% exp () (logl(x))i exp(logl(x)). 413)
O
Von Koch’'s inequality.
(3C > 1)(Ve > 0)(Vx >> 2) |7r(x) — li(x)| < Cx? log(x), (4.14)
where C, € and x are real numbers. Namely,
|7r(x) — 1i(x)| < O(x7 log(x)). (4.15)

Proof. Fix e > 0. For all sufficient large x > 2, the following conditions are satisfied :

1 i 1 .
(bg(x)> eXp(log<x)) < log(x) < x€. (4.16)

Therefore, there exist a positive real number C > 0 such that for all sufficiently large x > 2, the
following inequalities are satisfied :

) (4.17)

O

As well known, Corollary 4.1 is equivalent to the Riemann Hypothesis. (Refer to Narkiewicz[1])
Therefore, the Riemann Hypothesis is true.
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Furthermore, let & = ¢/v/27, (hy = 1). The following inequality is satisfied : The reduction of
the upper limit of the inequality that evaluate the number of prime number.

(3C > 1)(Ve > 0)(Vx >> 2) |7(x) — li(x)| < Cx log(x), (4.18)
where C, € and x are real numbers (€ R). Namely,

|72(x) —1i(x)| < O(x* log(x)). (4.19)

Proof. Using theorem 4.1, put a positive real number a« > 0(€ R) as follows:

n = > . 4.20
\/271(_ \/271) ( )
Thus, the following conditions are satisfied :
1 e
1< ex
V27« Pl 27m)
= ! exp ( ¢ ) (a= ¢ ) (4.21)
\/271\/;7 \/271\/;7 V2r
1
= cep(l) (=1)
Therefore the following condition is satisfied :
|72(x) —li(x)]|
< Clgp) e (D (1) exp(o ) (422)
— 48 log(x) log(x) :

< Cxt log(x).
O

We have a question that the upper limit of the real number d that satisfies the formula |7r(x) —
li(x)| < O(x'/91og(x)) is Napier’s constant e correct or not. Namely, the following problem can be
considered. The upper limit of the inequality that evaluate the number of prime number.

e=sup{d > 1| (3C >1)(Ve > 0)(Vx >>2) |m(x) —li(x)] < Cxi log(x)}, (4.23)
where C, € and x are real numbers (€ R). Namely,

e =sup{d > 1| |7(x) —li(x)] < O(x7 log(x))}. (4.24)

We expect problem 4.1 to be correct. In future, we attempt to solve this problem.
4.2. Example using the function Ry for the abc conjecture.
We derive the negation of the weak abc conjecture and the strong abc conjecture using the

constant « and the function R, (x). Namely, using the constant a and the function R, (x), the following
theorems are satisfied : (Refer to Fujino[25] for the proof)
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Let & > 0 be a positive real number. For all real number € > 0 and the constant K. > 1, there exists
countable infinite triples (a, b, ¢) of coprime positive integers with a + b = ¢ such that the following
inequality is satisfied :

e )71

Kerad(abc) < P am (4.25)
where & > 0 is satisfied as follows:
e 1 e 1
exp (———) = lim exp(———) > ex 1-— 4.26
p(\/2mx) x—00 p(XRE(x)) N p( 27'[&( ex>) (£.26)
Set the constant « as follows:
P (4.27)
\/anog(%)
Therefore, the following is satisfied :
€+2
hy =1 . 4.2

o og( e+ 1) (4.28)

Therefore, the negation of the weak abc conjecture is satisfied as follows : The negation of the
weak abc conjecture.
For all real number € > 0 and the constant K. > 1, there exists countable infinite triples (a, b, c) of
coprime positive integers with a + b = c such that the following inequality is satisfied :

Rerad(abe)'™€ < c. (4.29)

Namely, There exist a counter-example in the weak abc conjecture. Therefore, the weak abc conjecture
is not true.

Furthermore, let e = 1 and K¢ = 1. The negation of the strong abc conjecture is satisfied as follows
: The negation of the strong abc conjecture.
There exists countable infinite triples (a, b, ¢) of coprime positive integers with a + b = ¢ such that the
following inequality is satisfied :

rad(abc)? < c. (4.30)

Namely, the strong abc conjecture is not true.
The function Ry (x) was used the above discussions of Von Koch’s inequality and the abc
conjecture. As mentioned above, Entropy and Number theory are thought to be closely related.

4.3. Conclusion and Application to Number Theory.

The above discussion, we attempted to apply the Boltzmann principle and the Planck distribution
function to prime number theory. We considered dividing natural number x by an approximation of
7t(x), that is, x /1og(x). Thereby, we obtained that the function R} (x). Furthermore, using the function
R (x), we derived and define new distribution function n* (x, a).

As mentioned above,modern physics is considered to be the special condition that the real number
« be satisfied as follows :

6= " thatis, hy = h, (4.31)

\27th
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Furthermore, using the expanded Planck distribution function Rf, we evaluated Von Koch'’s
inequality that equivalent to the Riemann Hypothesis and the abc conjecture. Namely, we considered
the system different from modern physics such that Von Koch'’s inequality is satisfied as follows :

2
\/27'['

and, the abc conjecture is satisfied as follows :

§ = that is, f, = g (4.32)

2
x = ————— thatis, hy = 10g(€+

) . 433
\/2nlog(%) €+1) (4.33)

We believe that there exist closely relationship between entropy and number theory. It may be
possible there exists the system that satisfies new constant /, or non-constant k(x), which is different
from the constants of modern physics such as Planck’s constant and Boltzmann's constant.

5. Generalization of entropy and application to dynamical systems.

In this section, we focus on the generalization of entropy and the second order derivative of
entropy. In addition, we will consider that entropy is related to dynamical systems described by
logistic function models, such as bacterial and population growth.

5.1. About S;Tf(x) and S%f (x).

We consider the generalization of S/, ’ (x) and S/, ’ (x) (Refer to Nicolis, Prigogine[18], [19]). Let
x > 1be a real variable. These functions Sy, (x), S ; (x) and S7 ’ (x) above are regarded as follows:

S (x) : Entropy partitioned by 7¢(x),
S;Tf(x) : Entropy velocity Sy, (x), (Entropy generation) (5.1)

S%f(x) : Entropy acceleration S, (x).

where f,Qr and 71y are satisfied as follows:

= log(x), (5.2)

The first order derivative of function Sy (x), that is, Sh : (x) and the second order derivative of
function S, (x), that is, s ’ (x) can be describe as follows :

! ! 1
St (1) = Q) tog 1+ Qf(x)),

S —0)(x)
Sy (x) = Ky (x) (Qf@c)(l m Qf<x>>>'

(5.3)

where the function kf(x) is regarded as a function decided by the function 77¢(x) and Q(x) (Refer
to definition (3.16) and (3.23)). The function Q(x) can be regarded as the position divided a real
variable x by Qf(x). The first order derivative of Q(x), that is, Q}(x) is the slope of Q(x) or the
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change Q} (x) of the position f(x). Entropy velocity can be regraded as Entropy generation (Refer to
Nicolis, Prigogine[18], [19]). We attempt to consider the generalization of Entropy below subsection.

5.2. Generalization of Entropy acceleration S7(x).

We generalize the equation above (3.47) as follows. Let x > 1 be real variable and ¢ > 0 be a
constant. The function D(x) be a positive real valued function such that D(x) < x. The function D(x)
can be thought of as a division of x. Therefore, the above Sp(x), Sp,(x) and S})(x) are regarded and
defined as follows:

So(x) = (1+ QD(X)) log (1 + QD(X)) _ Qp(x) log QD(X), (5.4)
¢ ¢ ¢ ¢
'y Q%) < ¢ )
Sp(x) = 7 log( 1+ o)’ (5.5)
" _ _Q,D(x)
5b00) = k000 eyt 5 0o ) 66
where the relation between the functions D(x) and Qp(x) are satisfied as follows:
_ b
D(x) = SHER (.7)

The function kp(x) can be regard as a function decided by x, § and D(x). The function Qp(x)
can be regard as a position divided a real value {x by Qp(x). The first order derivative of Qp(x), that
is, Q5 (x) can be regard as the change of the position by x and ¢. Each functions above are real valued
functions.

5.3. Relationship between S} (x) and S%f (x).

Regarding as the correspondence between the generalized quation(5.6) of S (x) and the
equation(3.47) of S!. ’ (x), we can put it as follows:

h(x) = S (x) (< 0),
Qp(x) == Qf(x),
Qp (x) = Q}(x). 53)
kp(x) := RE(x),
¢:=1.
Therefore, we can obtain the following equation :
—Qj(x)
" dyx = RT f d .
S =R G ™ o

This equation(5.9), that is, (3.47), can be regarded as an example of applying Qy to the
equation(5.6). In the subsections below, we examine some examples can be regarded as the
accelerations of Sp(x), thatis, (5.6).

5.4. Logistic function of bacterial, population growth and generalize entropy.
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We examine the relationship between generalized the function S7,(x) of equation(5.6) and the
logistic function, such as the model of bacterial and population growth. (Refer to R. May[20], N.

Bacaér[21], M, Yamaguchi[22])

Let r and K be positive real constants. For positive real number ¢ > 0, let N(t) be a positive real

valued function. We put as follows:

Sh(x) = —r
QD('X) = 7%/
d
Qb = -2,
kp(x) :=1,
x:=1,
6 = ]-/

where parameters 7, K, t and the function N(x) mean as follows :

r: the growth rate,

N(t) : bacterial or population growth
K': carrying capacity,
t: time or step.

Hence, the equation(5.6) becomes the equation of the dynamical system as follows:

—(%) AN
/_rdt>/_N<t>(1_N<t)) ar
K K

Transforming the formula above as follows :

K
/rdt > /WdN(t).

Therefore, the following equation is obtained :

NG _ N

(K= N(t))
dt ’

K
By the way, the solution of logistic equation(5.14) above are satisfied as follows:

_ K
 1+exp(—(rt+0C))’

N(t)

where C is a constant.

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

The equation(5.14) above is the logistic function of dynamics. In other words, the equation(5.14)

derived from the equation(5.6) can be regarded as an application of the dynamical system. Namely,,

we can consider the following possibilities :
For x > 1, a constant { > 0 and a function D(x), the equation(5.6), that is,

" _ x _Qb(x)
5b00) =400 (g e 0o )
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is regarded as a generalized expression of the equation(5.14), that is,

NG
= rN(t)

(K= N(t))
T

where the function D(x) needs to be chosen appropriately such as above example.
Therefore, entropy and dynamical systems are considered to be closely related.

5.5. Complex Dynamic Systems.

We introduce the relationship between the logistic function(5.14) above and complex dynamic
systems as follows.
(Refer to R.M May[20], N.Bacaér [21] and M.Yamaguchi[22])

Definition 10. Let the constant a be a real number that satisfies 0 < a < 4 and x,, be real numbers between
[0,1] where n > 0 is positive integers. (x, € [0,1],n > 0) The discrete dynamical system is defined as follows :

X1 = axy (1 —xp). (5.16)

As is known, the equation(5.14) can be expressed like the equation(5.16) as follows. Namely, the
equation(5.14) is rewrite as a difference equation as follows:

N(t+At) = N(t)) (K—N(t))
Al = rN(t)T. (5.17)
Put as follows:
N, = N(nAt). (5.18)
Using (5.18), the equation5.17 is expressed in the difference equation of N, as follows:
At
Nyt1 = ((1 +rAt) — rKNn)Nn. (5.19)
Therefore, the following is satisfied :
rAt rAt rAt
K( g ran i1 = (1748 (1 TRA +rAt)N"> R(1+ra) (5:20)
Furthermore, we consider the following corresponds :
rAt
Xy 1= ———=Np,
TR +rAn " (5.21)
a:= (1+rAt).

Using correspondence of the equation(5.21), we can transform the equation(5.20) to the following
equation :

X1 = axy(1—xp). (5.22)

This equation(5.22) above is same as the equation(5.16) in the definition 10. According to the
results of Li, Yorke and R.M.May et al. (Refer to [20], [23]), depending on how the number 0 < a < 4 is
taken, a complicated orbit, that is, chaos appear. The discussion so far can be summarized as follows :

1. Logistic function(5.14) is derived from Entropy acceleration S} (x) of (5.6),
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2. Complex dynamic systems (5.22) is derived from Logistic function(5.14),
3. Chaos is derived from Complex dynamic systems (5.22).

Logistic function and Complex dynamic systems are special cases of Entropy acceleration.
Complex dynamic systems produces periodic order depending on how its conditions are taken.
On the other hand, Complex dynamic systems create chaos depending on how their conditions are set.
In other words, Entropy not only increases, but also has the potential to create chaos and order.

5.6. Conclusion.

Entropy was related to statistical quantum mechanics by Boltzmann and Planck. By partitioning
the average energy of a resonator by its energy component (or partitioning the number of particles
by the number of resonators), the Planck distribution and Planck’s law are derived and these are
expressed the actual physical phenomenon that describes the spectrum of black-body radiation.

We defined Entropy Sr;(x) by partitioning the Boltzmann principle by an approximate of
m(x) (that is, x/log(x)). Thereby, we discussed that the expanded Planck distribution function,
the expanded Planck’ law and fine structure constants. Although no examples of physical phenomena
expressing the extended Planck distribution and the extended Planck’s law have been found, is it
possible that there exists a constant that satisfies a constant other than Planck’s constant?

In addition, we applied to number theory by using the constant a and the function Ry (x). Namely,

by using the constant « = 2/+v/27, R -factor exp(R%(x)), we derive Van Koch’s inequality that is
€+2 )

equivalent to the Riemann hypothesis. In addition, by using the constant « = ¢/ \/ﬁlog(m
Ry -factor and exp( #(x)), it could be applied to be derived the negation of the abc conjecture.

These examples of number theory are not actual physical phenomena, but the constants « and
R -factor that satisfy extended Planck distribution and extended Planck’s law exists in number theory
created by the human mind.

If Number theory created by the human mind allow as a part of physical phenomena, then it may
be considered to express a physical phenomenon that is “a kind of radiations that comes out from
inside humans” . In any case, We hope to discover examples of physical phenomena related to each
fine structure constant.

Furthermore, Entropy was related with complex systems by Prigogine and Nicolis, et al. We
attempted the generalization of Entropy Sp(x), and discussed that Entropy acceleration S (x) (the
second order differentiation of Entropy Sp(x)) can be related to dynamical systems described by
logistic function models such as bacterial and population growth.

We are sure there are other potentially useful applications. Therefore, we hope that it is worth
continuing to explore these researches, and that this paper will serve as a bridge to further research
and that Entropy will be further studied and many things will develop in the future.

Increasing Entropy (the second law) does not mean becoming disordered. On the contrary, the
second law has the potential to cause movement and order in phenomena. (Refer to Fujino[26])

The following figure shows the relationship between several fields and entropy.

(Complex fluid mechanics [26])

T.
Statistical mechanics <— Entropy — Number theory
(Thermodynamics)
1
Logistic function
1
Complex dynamic systems
1

Chaos
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6. The proof of Lemma3.2 and Lemma3.2

6.1. The proof of Lemma3.2

Proof. First, we show the proof of R;,(x).
Let n > 1 a positive integer. For all sufficiently large positive real variable x > 0, the following
conditions are satisfied :

(=)' (n—1)!

1(Qr(x) ™| = |

x" ) (6.1)
(Stirling’s formula : n! > v2me "n"*2)

_ (Var(n—1)m D)
- ( e(n—1) yn )
— Varn—1 L (),

e(n—l)xn

N

Therefore, dividing the end of the formula(6.1), that is (*2), by the number n”_(%), for sufficiently
large x > 1, the following condition are satisfied :
Case 1) x > n:Because x > x — (1), therefore

— n—1 n—(l) 1
(x2) 2 var( n ) e(n=1) yn
Xy 1
> V2 ( " ) g (x >n)
— x—1,x 1
1 x—1, .ox—=1, _
(x>x—(§)and( " ) th_{?o( . )= el
1
-1
>\ 27me D) g
Case2) n > «x:
n—1 n,(l) 1
(x2) 2 v2r(——=)"""2 =g
> Vam(t L
n 7 eli=lxn 6.3)
(n>n—(3) and (") > Tim (L) =)
1
1
> \/2me Ry

Therefore, using Case 1) and Case 2) above, for all sufficiently large x > 0, the following inequality
is satisfied :

Qe = Vame S (6.4)

)x"'
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Therefore, the following conditions are satisfied :

N

- . (n)
Ru(r) = Jim 3| (0,(x) "
N ( 1)n 1
> lim v2me ! 2
N—oo =1 e
N ( 1 n—1
> lim v2me™! Z
T N—ooo =1 e
Put the function A(x) as follows:
% ( 1 n—1
n=1 e
Expand the series A(x) above as follows:
1 1 1 (—1)N-1
AX) = gataptast T |
1 1 1 1 (—1)N-1
aA(x) = A2 23 B NN+

Subtract (6.8) from (6.7). Hence, the following conditions are satisfied :

1 (1 (—DNTIN 1
<1‘ ex)A(x> —A%ﬂ“m(x - eNxN+1> a3

Therefore, it is satisfied as follows :

limA(x):i( 1 >: ¢

N-oo 1_$ ex —1

Therefore, for integer m > 1, the function R;, is approximated as follows:

R, (x) > V2me™! I\}lirlo A(x) = o 2_7r1'
Here, the following conditions are satisfied :
_ 1 27T _
Rm(X) > ; > ex —1 —R‘x (X)

Put & > 0 such that as follows :

T V2ma—e
Consequently, the following conditions are satisfied :

R, (x) > V2me la lim A(x) = 2 R (x),
N—roo0 ex—1

that is L(1 - l) > a.

-1
x> —,
T\ 2na—e 21
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(6.5)

(6.6)

6.7)

6.8)

6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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For all sufficiently large x > 1, the following conditions are satisfied:
1 V2
~(2+log(x)) > kf(x) > Ry (x) = Y75, (6.16)
b ex—1
e e 1
——(2+1log(x)) > —(1— =) >a >0, 6.17
=@ +log() 2 21— ) > (617)
where a > 0 is a real number. (The end of the proof R;,(x) on Lemma 3.2)
By the same as methods, the following conditions are satisfied :
3 ()
Ri(x) > Jim " (Q(x))
=1 - (6.18)
> lim v2me !
Ngnoo e Z
Because, for all sufficiently large x > 0, the following inequality is satisfied :
if niseven : (Q (x))( >\2me L (7 )" (6.19)
. f e 71)x1’l .
s odd - ) Jame-1_ (Z1)"
if nisodd : (Qf(x))" < V2re prEIpe (6.20)
Therefore the condition(6.18) is satisfied. Put the function B(x) as follows:
N (_1)11—1
n=1
Expand the series B(x) above as follows:
1 1 1 (—1)N-1
Blx) = Sa- g Tas ot NN (6.22)
1 1 1 1 (—1)N-1
B = A2 20 T Aa T NN (6:23)
Add the equation(6.22) and (6.23). Hence, it is satisfied as follows:
1 . (1 (=N 1
—)B(x)=lm (=4 22— ) = -. 24
(1 + ex) (x) ngloo<x T NN x (624)
Therefore, it is satisfied as follows :
lim B(x)zl( ! 1): S (6.25)
N—oo x\1+ = ex+1
Here, the following conditions are satisfied :
1 V2na
+ 2 — Rt
R, (x) > 2 po—— R (x). (6.26)
Put & > 0 such that as follows :
>t (6.27)

2w —e
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Consequently, the following conditions are satisfied :
V2w
+ > -1 : — — Rt
R} (x) > v2rme le\%lir;o B(x) o1 Ry (x), (6.28)
x> thatis (14 L) >a (6.29)
~ Voma—e V2 ex” ~ '
For all sufficiently large x > 1, the following conditions are satisfied:
1 V27ma
- > > Ri(x) = —— :
L2 Hlog(x) 2 ke(x) 2 Ry () = “——, (630)
e e 1
——(2+1log(x)) > 1+—)>a>0, 6.31
a2 log()) > (14 ) (6:31)
where a > 0 is a real number. (The end of the proof R}, (x) on Lemma3.2) O
6.2. The proof of Lemma 3.2
Proof. First, we show the proof of R}, (x).
Letn > 1 and x > 0 is sufficiently large.
1) n—1)!
(@) ) = =Y
(n—1)!
e(n — 1)(”—1+%)g*("*1)
=< e
(Stirling’s formula: ee "t >t > v27re_”n"+%)
e(n _ 1)117(1/2)
- ( e(n=1) yn )
=e(n— 1)"’(1/2) 1
e(n=1)xn (6.32)
_, n—1\"(n—-1)"12
- X e("—l)
Y aN L (x> n)
- x e(nfl)(xfl)l/Z
x—1\" 1
<
< e( p ) (=1 (x — 1)1/2
1 x—1 1
< e : X _
= T (x — 1)1/ (lim (——)"=7)
< —1 .
e (x —1)1/2
Therefore, the following inequality are satisfied :
Q)™ < (639
f = el (x —1)1/2° ’

Furthermore, the inequality

Qs ()™ > 1(Qs(x)) ") (6.34)
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is satisfied. Besides, the following relation are satisfied :
if niseven:0< (Q (x))(”) <1 (6.35)
f = eln=1)(x — 1)1/2’
iFi . (n) —1
if nisodd: 0> (Qf(x))" > D 12 (6.36)
The discussion above, the following are satisfied :
RY(x) = lim ¥ ) < lim ¥ ! 6.37
w) = lim 3 (Qr(0) ™ < lim ) oy (637)
Put the function B, (x) as follows :
N (_1)11—1
By(x) = — 6.38
2( ) n;le(”*l)(x—l)l/z ( )
Hence, we can describe as follows :
1 1 (—1)N-1
B — — YN W S— 6.39
2(%) O(x— 112 el(x 1)1/ + eN-1(x _1)1/2 (6.39)
1 1 1 (—1)N-1
-B = - e 6.40
e 2(%) el(x —1)1/2  e2(x —1)1/2 * eN(x —1)1/2 (6.40)

Add the equivalent(6.39) and (6.40), the following equivalent are satisfied :

1 . 1 —1 N 1
(1 + e)Bz(x) = I\%Ego((x it eN((x _)1)1/2> - G (6.41)

Therefore, it is satisfied as follows :

lim By(x) = — Ly __1 ¢ 6.42
Nooo 2 _(x—1)1/2 1—|—% _(x—1)1/28+1. (6:42)

Therefore, the function R}};(x) is satisfied as follows :

1 e
R} (x) < lim B = 4
m (%) = N 2(x) (x—1)1/2e+1 (643)
where m > 1. For all sufficiently largex > 1, the following conditions are satisfied :
kp(x) < 22+ log(x)) < ——— (6.44)
A= 8 T (x—1)1V2e+1" ’
By the same method, R} is approximated as follows :
RE(r)<— 1 ¢ (6.45)
T (x—=1)V2e+1
where m > 1. For all sufficiently largex > 1, the following conditions are satisfied :
k (x)<1(2+lo (x))<¥L 6.46
N CEVIErES | (6.46)

(The end of the proof R;;(x) on Lemma 3.2)
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The proof of R,,(x) is similar. According to (6.33), the following are satisfied :
_ ¥ () ¥ 1
Run(x) = Jim [ (Qs ()] = lim ). oy —pyire (647)
Put the function A,(x) as follows :
N (_1)7171
Hence, we can describe as follows :
1 1 (—1)N-1
A = e |, 6.49
2(%) O(x —1)172 T l(x _1)1/2 Tt eN—T(x —1)1/2 (6.49)
1 1 1 (—1)N-1
ZAp(x) = SRS N S 2 . 6.50
e 2(%) el(x—1)1/2 Jrez(x—l)l/2 o eN(x—1)1/2 (6.50
Subtract from (6.50)the equivalent(6.49) , the following equivalent are satisfied :
1 . 1 (=N 1
1-=)A =1 — = . 6.51
( e) 2(%) Nlinoo<(x—1)1/2 eN(x—l)l/z) (x —1)1/2 (6:51)
Therefore, it is satisfied as follows :
1 1 1 e
lim A = = .
alm_ A2 (x) (x—1)1/2<1—1> (x—1)1/2e—1 (652)
e
Therefore, the function R;,(x) is satisfied as follows :
Ry (x) < lim Ap(x) = — ‘ 6.53
m(x)_ng})O 2(x)—me_71- (6.53)
where m > 1. For all sufficiently largex > 1, the following conditions are satisfied :
kp(x) < L@+ log(x) € - C (6.54)
=5 & T (x—1V2e—-1" '
By the same method, R;, is approximated as follows :
1 e
R, ——mr—F—. .
m(x)— (x—l)l/ze—l (655)
where m > 1. For all sufficiently largex > 1, the following conditions are satisfied :
kr(x) < 22+ log(x)) < — ¢ 6.56
A =% 8 T (x—1)12e-1 (6:56)

(The end of the proof R, (x) on Lemma 3.2) [
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