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Abstract.

A simple undirected graph I" = (Vr, Er) admits an H-covering if every edge in Er
belongs to at least one subgraph of I" that isomorphic to a graph H. For any graph
I' admitting H-covering, a total Labelling 8 : Vr U Er — {1,2,...,p} is called an
H-irregular total p-labelling of I' if every two different subgraphs Hi and Hs of I'
isomorphic to H have distinct weights where the weight wg(K) of subgraph K of I is

defined as wy(K) := Z )+ Z f(e). The smallest number p for which a graph
veV ecEg
I" admits an H-irregular total p-labelling is called the total H-irregularity strength

of I' and is denoted by ths(I"). In this paper, we determine the total H-irregularity
strength of edge comb product of two graphs.
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1 Introduction

Each graph throughout this paper is simple, finite a nd u ndirected. Notation
I' = (Vp,Er) denotes a graph I' with vertex set and edge set Vi and Er,
respectively. A labelling means any mapping that maps a set of graphs elements
(vertices or edges, or both) to a set of numbers, called labels. If the domain of
the mapping is the set of vertices (or edges) then the labelling is called a vertex
labelling (or an edge labelling). If the domain is both vertices and edges then the
labelling is called a total labelling.

According to Chartrand et al. [1] for any positive integer p, an edge irregular
p-labelling of a graph I' = (Vp,Er) is a map 8 : Er — {1,2,...,p} such
that wg(x) # wg(y) for every two distinct vertices z,y € Vp where wg(z)

x;rﬂ (zy).In[2] Bacaet al. introduced a t otal edge

irregularity strength of graphs. For a graph I" they defined a labelling v : Vp U
Er — {1,2,...,p} to be an edge irregular total p-labelling of I' if for every
two different edges zy and 'y’ in Ep it follows that w, (zy) # wy(2'y’), where
wy(zy) = v(x) + v(zy) + f(y). The minimum p for which the graph I" has an
edge irregular total p-labelling is called the total edge irregularity strength of G,
denoted by tes(G).

A family of subgraphs Hy, Ho,...,H; of I' such that each of edge in Ep
belongs to at least one of the subgraph H;, i € {1,2,...,¢}, is called an edge-
covering of I' and I is said to admit an (Hy, Ho, ..., H;)-edge covering. If each
subgraph H; is isomorphic to a given graph H, then I' admits an H-covering.

In 2017, Ashraf F. et al. [3] developed the irregularity strength concept for
graph admitting H-covering. Let I' be a graph admitting H-covering and « be

is defined aswg () =
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a total p-labelling on I'. The weight of subgraph K of I' respect to «, denoted
by wts(K) is defined as

wta(K) = Y a@®)+ > ale).

veEVK ecFEk

Any weight of subgraph K that isomorphic to H is called H-weight. A total
p-labelling « is called an H-irregular total p-labelling of I" if each two distinct
subgraphs K; and K5 isomorphic to H have distinct weights, that is wt, (K7) #
wto (K2). The minimum positive integer p such that I" has an H-irregular total
p-labelling is called total H-irregularity strength of I and denoted by ths(I, H).
Furthermore, the authors of [3] also found the lower bound of ths(I', H) for any
graph I' admitting H-covering, as follows:

t—1
ths(I, H) > [1 I EH-‘
where ¢ is the number of subgraphs of I" that is isomorphic to H.

Ashraf F. et al. [3] found the total P,-irregularity strength of P, with
m,n both integer, 2 < m < n, the total C,,-irregularity strength of ladder
graph L, with n > 3 and m = 4 or m = 6, and the total Cs-irregularity
strength of fan graph F,. Ashraf F. et al. [4] determined the exact value of
total H-irregularity strengths of G-amalgamation of graphs. Agustin et al. [5]
found the total H-irregularity strength of shackle and vertex amalgamation of
G, namely ths(Shack(H,v,n)), ths(c(Shack(H,v,n))), ths(Amal(H,v,n)) and
ths(c(Amal(H,v,n))).

In this paper, we investigate the lower bound of the total H-irregularity
strength of edge comb product of two graphs and the exact values of the total
H-irregularity strength of edge comb product of two classes of graph, including
edge comb product of two cycles, edge comb product of path and any graph H,
and edge comb product of star and any graph H.

2 Main Results

Let I'" be two connected graphs. Let e be an edge of H. The edge comb product
between I' and H, denoted by I' > H, is graph obtained by taking one copy of
I' and |Er| copies of H and then identifying the i-th copy of H at the edge e to
the ¢-th edge of I'.

By the definition of edge comb product above, it is clear that the edge comb
product H &> H between H and its self admits an H-covering. The following
theorem provides a sharp lower bound for the total H-irregularity strength of
edge comb product of two connected graphs.

Theorem 2.1 Let I' and H be two connected graphs. Then
(i) x| 1
ths(I & HH) > [1+ o]

( ) Vil + |Enl

if I' does not admit H-covering.
(i)
t+|Er| — 1}
V| + |Enl
if I' admits H-covering given by t subgraphs that are isomorphic to H.

ths(I'> H,H) > [1 n
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Proof.
(i.) Let I" be a graph that does not admit H-covering. It is obvious that I > H
admits H-covering given by |Er| subgraphs isomorphic to H. Assume that « is
an H-irregular total p-labelling of I' > H with ths(I' > H, H) = p.

The minimum possible weights for all subgraphs of I' > H that are isomor-
On the other hand, the maximum possible weight for any subgraph of I' > H
isomorphic to H is at most p(|Vg| + |Fx|). Hence

p(|[Vu| + |Ex|) > |Vu| + |Eu| + |Er| -1
V|4 |Ex| +|Er| -1
D= )

|Vi| + |Ex|

Since ths(I" > H, H) should be an integer and we need a sharpest lower bound,
it implies

|Er|—1 W

(ii.) Let I" be a graph that admits an H-covering given by ¢ subgraphs isomorphic
to H. We have that I' > H is H-covering given by at least ¢ + |Er| subgraphs
isomorphic to H. Similar to above, we get

t-|-|EF|—1‘|

ths(I' > H, H) > [1 + e B

O

By considering I' & H, from Theorem 2.1 (ii) we obtain Corollary 2.2 below.
Corollary 2.2 Let H be a connected graph. Then
ths(H™> H,H) > 2.

The following theorem shows the sharpness of bound in Theorem 2.1. We
provide Theorem 2.3 for the existence of edge comb product of graphs whose
H-irregularity strength satisfies the lower bound in Theorem 2.1.

Theorem 2.3 Let m,n > 3 be positive integers. Then:

[1+m2—;1—‘ form >2n+1,

2 for others m.

ths(Cy & C, Cr) = {

Proof. Let C,, and C,, be two cycles of m and n vertices, respectively. We de-
fine the vertex set and edge set of C,,, > C), as follows.

Vense, =f{vi:1<i<m}U{u;j:1<i<m,1<j<n-2}
and

ECmECn = {'Ui'Ui-i-l 01 S 1 S m — 1} U {1]11}m} U {vium 01 S ) S m}U

{'Ui+1ul”n72 1< i< m-— 1} U {U1um,n,2} U {ui’jui’jﬂ :


https://doi.org/10.20944/preprints202208.0274.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 August 2022 d0i:10.20944/preprints202208.0274.v1

1<i<m,1<j<n-3}

For m # n, we have C,,, > C,, admits C,,-covering given by m subgraphs of
Cy, &> C,, isomorphic to C,,. By applying Theorem 2.1 (i), we get

m—1
> > .
ths(Crpy > Cr, Cr) > [1+ = ] (1)
Furthermore, if m # n and m < 2n + 1, we obtain
ths(C = Cp, Cp) > 2. (2)

For m = n, we have C,, > C,, admits C,-covering given by n + 1 subgraphs
of C,, > C}, isomorphic to C,,. According to Corrolary 2.2, we have

ths(Cp & Ch, Cp) > 2. (3)

Therefore the Equation (1) is the lower bound of the H-irregularity strength
of Cp, > C) for m > 2n + 1, meanwhile Equation (2) and (3) give the lower
bound of the H-irregularity strength of C,, > C,, for m < 2n + 1.

Let p= |1+ mQ—;l . In order to show the converse of inequality, we define a
Cp-irregular total p-labelling o : V(Cy, > Cp,) U E(Cy, > Cy,) — {1,2,...,p} as
follows

1 fori=1,2
|| +2 fors<i<m-p+1
a(v)) =qp fori =m —p+2and m # 2 (mod 2n)
p—1 fori =m —p+2 and m =2 (mod 2n)
m—1-+2 form—p+3<i<m
1 fori=1,2,3
{;;flJ—i—l ford <i<m—p+1and
J>i— k] @n—1)— (n—3)
oluig) =91 ., .
{2n_1J+2 ford <i<m—p+1and
j<i—lgp)@n—1)—(n-3)
m—1i+1 form—p+1<i<m
1 fori=1
5|42 for2<i<m-p+1
a(viviy1) = ¢ p—1 for i =m —p+ 2 and m # 2 (mod 2n)
P for i =m —p+ 2 and m =2 (mod 2n)

m—1+1 form—-p+3<i<m-1

1 forl<i<n+lori=m
a(viu; 1) = {_QS?_JEQ)J +2 forn+2<i<m-p+1
i+ 1 form—p+2<i<m-1
L;ﬂ‘flJ—i—l for1<i<m-p+1
m—i+1 form—-—p+2<i<m-1

~

m —

a(Vip1Uin—2)

(VU p—2) =1
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1 for1<i<n+2
{%J+l forn+3<i<m-—p+1and
)2 j>i— |5 Een—1) - (n+2)
i) = 3 | s s .
{WJ"‘Q forn+3<i<m-p+1and
ji— 50 —1)— (n+2)
m—i+1 form—p+1<i<m.

u7,2 U7,1

Fig. 1. A Cy-irregular total 3-labelling of Ci2 > Cy4

It is readily seen that all labels of vertices and edges of C,, &> C;, under «
labelling above are at most p. Let C!, be a subgraph of C,,, > C,, isomorphic to
Cp with Vi = {vi,i11 (mod m) f U{uij 1 <j <n—2}forany 1 <i <m. For
case m = n, there is an addition subgraph isomorphic to C,,, namely C; with
Vor ={vi:1<i<mj.

For the weight of subgraphs C,/L and C! i=1,2,...,n, we get the following

- b
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'UGVC;L EEEC/
and
wta(Ci) = Y a)+ > ale)
UEVC% eEEC;'L
2n fori=1
=<{q— {2’;1_724(271 -1+ [;;:J‘Qn for2<i<m-p
(m—i+1)2n+1 form—p+1<i<m.

Under the labelling o above, it is easily to check that wt,(CL) # wt,(CP)
for any 1 < i,k <m, i # k. Thus, ths(C,, > C,) < [1—!— ”;—;1] Form < 2n+1,
we get ths(Cp, > C,) < 2. This completes the proof. O

In the next theorem, we determine the exact value of the total H-irregularity
strenth of path graph and an arbitrary 2-connected graph H.

Theorem 2.4 Let P, be a path graph of order m > 2 and H be any 2-connected

graph. Then
-2
ths(ngH,H):H[ m ]

Vil + |Enl

Proof. As H is 2-connected graph, we have P,, > H admits H-covering and it
contains exactly m —1 subgraphs of P,, > H isomorphic to H. Let us denote the
vertex set and edge set of subgraph Py, of P, > H by Vp = {v; : 1 <i < n}
and Ep, = {v;vi41 : 1 < i < m — 1}. Let us also denote the elements (both
vertices and edges) of the graph P,, > H from the i-th copy of H that are not
vertices of the P, by the symbol af, forany 1 <i<m —1land1<j <s-—2,
where s = |Vg| + |Egl.

We define an H-irregular total labelling 5 in the following way:

1 fori=1,2
Blus) = L%J +2 for3<i<m

LI +1 fori=1 (mod s)ori=2 (mod s) or i =3 (mod s),
1<i<m—-land1<j53<s5—-2

+2 fori#1 (mod s) ori# 2 (mod s) or i Z3 (mod s),
1<i<m-—land1<j<i-—|[=%]s-3

+1 fori#1 (mod s) ori# 2 (mod s) or ¢ #3 (mod s),
1<i<m-landi—|[=2]s—2<j<s—2

If m—1=1 (mod s), then the maximal used label is

—

—

2
2

|5
Blal) = =
|5

+ 1.

[(m—l)—lJJrl:(m—l)—1+17m—2
s
If m —1=2 (mod s), then the maximal used label is

252 - (552 - 252
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Fig. 2. A Ky-irregular total 2-Labelling of Ps > K4

If m —1=3 (mod s), then the maximal used label is

{m_3J+2=Qm_3J+1)+1= [m_ﬂﬂ.

S S S

Ifm—1%#1 (mod s) orm—1%#2 (mod s) or m —1=3 (mod s), then the
maximal used label is

{MJ+2=(W—2J+1)+1:[m_ﬂntl.

S S S

Thus B is ([252] 4 1)-labelling,
Let H; be subgraph of P, > H that isomorphic to H, i = 1,2,...,m — 1,
with element set as follows Vi, U Ep, = {v;,viz1} U {al : 1 < j < s— 2}. For

the weight of subgraphs H;, 1 = 1,2,...m — 1, we obtain
wtg(H;) = |Vu| + |Eg| — 1 +1.

Hence, under the labelling 3, all H-weights form a consecutive sequence
(|VH| + |EH|, |VH| + |EH| +1,..., |VH| + |EH| +m — 2) It implies that all H-
weights are distinct.

By applying Theorem 2.1 (i), we have ths(P,, > H,H) > 1+ [#_I%HI—‘ as
the lower bound. It proves that the irregular total labelling 8 has the required

properties. a

As an example of Theorem 2.4, we give Figure 2 with H is the complete
graph Kjy.

Theorem 2.5 Let S, be a star graph of order m + 1 and let H be 2-connected
graph. Then

ths(smgH):H[ m—1 ]

V| + |En| —1

Proof. The edge comb product of star graph S, and any connected graph H
is equivalent to the vertex-amalgamation Amal(H, K1, m). Thus,

m-l | (seel)

ths(S,, > H) =1
$(Sm & H) = 1+ | e ey

_ —1
—1+ [7|VH|T|EH|—J- O
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Fig. 3. A Cs-irregular total 5-Labelling of Sis > C3
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