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Abstract: This article develops duality principles, a related convex dual formulation and primal
dual formulations suitable for the local and global optimization of non-convex primal formulations
for a large class of models in physics and engineering. The results are based on standard tools of
functional analysis, calculus of variations and duality theory. In particular, we develop applications to
a Ginzburg-Landau type equation. Other applications include primal dual variational formulations
for a Burger’s type equation and a Navier-Stokes system. We emphasize the novelty here is that the
first dual variational formulation developed is convex for a primal formulation which is originally
non-convex. Finally, we also highlight the primal dual variational formulations presented have a
large region of convexity around any of their critical points.
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1. Introduction

In the first part of this article, we establish a duality principle and a related convex dual
formulation suitable for the local optimization of a primal formulation for a large class of models in
non-convex optimization. We highlight the first dual variational formulation presented is convex and
such a feature may be very useful for a large class of similar models, in particularly for large systems
in a three or higher dimensional context.

For such large systems the convexity obtained is relevant for an easier numerical computation,
since in such a case of strict convexity, the standard Newton, Newton-type and other similar methods
are always convergent.

We also emphasize the main duality principle is applied to the Ginzburg-Landau system in
superconductivity in the absence of a magnetic field.

Other applications include primal dual formulations for a Burger’s type equation and a
Navier-Stokes system.

For the duality principles, the results are based on the works of J.J. Telega and W.R. Bielski [1-4]
and on a D.C. optimization approach developed in Toland [5].

About the other references, details on the Sobolev spaces involved are found in [6]. Related and
more recent results on convex analysis and duality theory are addressed in [7-11]. In particular, the
results in the present work are extensions and improvements of those results found in the recent
book [12] and recent article [13], which by the way, are also based on the articles [1-4]. Similar models
on the superconductivity physics may be found in [14,15].

Finally, we also emphasize in the last section we develop a duality principle for the quasi-convex
relation of a general model in the vectorial calculus of variations.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Remark 1.1. It is worth highlighting, we may generically denote
/Q[(—’yV2 + KI) o*]o* dx

simply by
*\2
J
o —yV2+K
where 1; denotes a concerning identity operator. Here it is also worth clarifying in general we will denote
—yV?2 + Kl simply as —yV? + K.
Other similar notations may be used along this text as their indicated meaning are sufficiently clear.

Finally, V? denotes the Laplace operator and for real constants Ko > 0 and Ky > 0, the notation K > K;
means that Ky > 0 is much larger than K; > 0.

Now we present some basic definitions and statements.

Definition 1.2. Let V be a Banach space. We define the topological dual space of V, denoted by V', as the set of
all continuous and linear functionals defined on V.
We assume V' may be represented through another Banach space denoted by V* and a bilinear form

(-, Jv:VxV* =R
More specifically, for each f € V', we suppose there exists a unique u* € V* such that
f(u) = (u,u*)y, YueV.
Moreover, we define the norm of f, denoted by
£l

by
I fllv+ = sup{[{u,u")y : u € Vand [lully <1} = |[u*||v-.

For an open, bounded and connected set O C RN and Y = Y* = L?(Q) we recall that

/* _ * dr.
(u,u™) 2 /Quu x

More specifically, for each continuous and linear functional f : Y — R there exists a unique
u* € Y* = L2(Q) such that
Fu) = / wut dx, Yu € Y = LA(Q).
Q

Definition 1.3 (The first variation). Let V be a Banach space. Let F : V — R be a functional.
We define the first variation of F at u € V on the direction ¢ € V, denoted by 5F (u; ¢) as
SF(1t; @) = lim F(u+ep)— F(u),

e—0 &

if such a limit exists.
If there exists u* € V* such that

SF(u; ) = (@, u*)y, Vo €V
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we say that F is Gateaux differentiable at u. Moreover, in such a case, u* € V* is said to be the Giteaux
derivative of F at u.
We may also denote

oF (u)

u* = 6F(u) oru* = o

Definition 1.4 (The second variation). Let V be a Banach space. Let F : V. — R be a functional.
We define the second variation of F at u € V on the directions ¢ € V and ¢1 € V, denoted by
82F(u; ¢, ¢1), as
F(u; g, 1) = lim 2T E0159) Z 0P 9)

e—0 &

if such a limit exists.

Definition 1.5 (Polar functional). Let V be a Banach space and let F : V — R be a functional.
We define the polar functional of F, denoted by F* : V* — R, by

F*(u*) = sup{(u,u*)y — F(u)}, Vu* € V*.
ueV

Another important definition refers to the Legendre transform one and respective relevant
propriety, which are summarized in the next theorem.

Theorem 1.6 (Legendre transform theorem). Let V be a Banach space and let F : V. — R be a twice
continuously Fréchet differentiable functional.
Let u* € V*. Assume there exists a unique i € V such that

Suppose also
9?F(u)
det {auz} # 0,
in a neighborhood of 1.
Under such hypotheses, defining the Legendre tranform of F at u* by F} (u*) where

Fj(u*) = (d,u*)y — F()
we have that

oF; (u*)

MA =
ou*

Remark 1.7. Concerning such a last definition, observe that if F is convex on V, then the extremal condition

corresponds to globally maximize

on 'V, so that, in such a case,
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Summarizing, if F is convex, under the hypotheses of the last theorem, the polar functional F* (u*) coincides
with the Legendre transform of F on V* already denoted by Fy, that is,

F*(u*) = F/(u*), Yu* € V*.
2. The primal variational formulation and the dual functional definitions

At this point we start to describe the primal and dual variational formulations.

Let QO C R3 be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where

J(u) = %/QVqudx
+5 [ 2= B dx = (e )

Herey >0, > 0,8 > 0and f € L?(Q) N L®(Q).
Moreover, V = Wg’z(Q) and we denote Y = Y* = L?(Q).
Define the functionals F; : V x Y = R, 5 : V — Rby

F(u,v5) = —%/QVu-Vu dx — (u?,04) 2
+%/Q(—7V2u+208u—f)2 dx—i—%/ﬂuz dx
Hu f)pe o [ 05) dn
+5/Qv3 dx, )

and
F(u) = % Qu2 dx.

At this point we assume a finite dimensional version for this concerning model. For example,
we may define a new domain for the primal functional considering the projection of V on the
space spanned by the first N (in general N=10, is enough) eigen-vectors of the Laplace operator,
corresponding to the first N eigen-values. On this new not relabeled finite dimensional space V, since

v} corresponds to a diagonal matrix, there exists ¢g > 0 such that
(V2 +205) > coly,

Vo; € B*, where
B* ={vj € Y" : ||2v5]lec < K/2},

for an appropriate real constant K > 0.
We definealso J; : V x Y — R by

Ji(u,v5) = Fu(u,v5) — Fa(u),
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and Ff : Y* xB* = R, F; : Y* = Rby
Fy (03,vp)
= sup{(n,03);2 — Fi(,v9)}
ueV
1 (v + f + Ki(—=7V* +205)f)*
 2Ja Ky 4+ V2 =205 + Ky (—y V2 + 2052
1 *\2 _ * _ & 2
o () dx [%/Qvo dx - = /Qf dx 3)
and,
Fy(v3) = sup{(u,v3)12 — Fa(u)}
ueVv
= o L@ @
T 2K Ja? ’
respectively.

Furthermore, we define
D*={v; € Y" : [|v3|l <5Kp/4}
and J{ : D* x B* — R, by
Ji (v2,05) = —F (v3,05) + F5 (03)-
Assuming 0 < & < 1 (through a re-scaling, if necessary) and
Ka > Ky > K> max{| fllco, &, B, 7,1}
by directly computing 6%]; (v3,v};) we may easily obtain that for such specified real constants, J; in
convex in (v3,v) on D* x B*.
3. The main duality principle and a concerning convex dual formulation
Considering the statements and definitions presented in the previous section, we may prove the
following theorem.
Theorem 3.1. Let (93,0)) € D* x B* be such that
8]1(03,%) = 0
and ug € V be such that
vy ()
Jv;

Under such hypotheses, we have
6] (uo) =0,

and

—J(uo) = Ji(uo,p)
- s

_ . * * *
= st (02 %0)

= Ji(93,9). Q)
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Proof. Observe that §]; (93,95) = 0 so that, since J; is convex in (v3,v;) on D* x B*, we obtain
“(05,08) = inf “(v5,08).
J1 (02, 05) L - Ji (02, 0p)
Now we will show that
6] (ug) = 0.
From
97 (95,95) _
ovs o
and
oF; (03) B
vy 0
we have N
,0
OG0
Jv;
and
@; — K2u0 =0.
Observe now that denoting
H(v;, v, u) = (u,v3)12 — Fi (u,v5),
there exists 1 € V such that
oH (03,05, 1)
i ety §
ou
and
F(03,99) = H(03, 9, 1),
so that
oF; (93, 0}) _ 0H (03,95, 1)
Jv; Jv;
oH(03,0;,1) oi
Ju Jv;
= 1. (6)
Summarizing, we have got
oF[(0%,05) .
upg = 1172770/ a 2* 0 = Uu.
L)

Also, denoting
A(ug, ZA)S) = —’szuo + ZZAJSMO —f,

from
OH (0", 95, up)
et —,
ou
we have
—(YV2ug — 20%ug + f + Ky (—yV? 4 20%) A(ug, 93) — 05 + Kaug) = 0,
so that

— A(ug, 03) + Ky (—y V2 +205) A(uo, 05) = 0. %)
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From such results, we may infer that
Alug, 05) = —yV2ug 4205 — f =0, in Q.
Moreover, from
9J1 (93, %)
wy
we have .
0
K1 A(ug, 05)2uq + ;0 —ui+p=0,
so that
o5 = a(uf — p)
From such last results we get
—yV2uy +20(u3 — B)ug — f =0,
and thus
6] (up) = 0.
Furthermore, also from such last results and the Legendre transform properties, we have
Fi(03,99) = (uo,03)12 — Fa(u0, ),
Fy (93) = (uo,03) 12 — Fa(uo),
so that
Ji (92, 8;)
= —F(6,%)+F (%)
Fy(uo,09) — F2(uo)
J1(uo,0p)
= —J(uo). ®)
Finally, observe that from a concerning convexity,
—J(uo) = J1(uo, %) = inf J1(u, 0p).
uev
Joining the pieces, we have got
—J(uo) = Ji(uo,0p)
— i f , 5k
inf {J1(u,99)}
= inf (03,04
(v5,05)€D* x B* h ( 2 O)
= Ji(92,%)- ©)

The proof is complete.
O
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4. A primal dual formulation for a local optimization of the primal one

In this section we develop a primal dual formulation corresponding to a non-convex primal
formulation.

We start by describing the primal formulation.

Let QO C R3 be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q.

For the primal formulation, consider a functional | : V' — R where

J(u) = %/QVM-Vudx
+5 0= B dx = {u, . (10)
Herey > 0,& > 0,8 > 0and f € L>(Q) N L®(Q).

Moreover, V = W&’z(Q) and we denote Y = Y* = L2(Q).
Define the functional J; : V x [Y*]?> — R, by

Ji(u,v3,v5) = %/QVu-Vudx+<u2,vé>Lz
& . 2 ¥ 2 & * 2 2
+5 /Q( YVou+2v5u — f)° dx + 3 0(03 a(u”—B))" dx
1 *
)iz = 5 [ (@) ax
- S dx. 11
B [ o dx @)

We define also
B* ={vy € Y" : ||2v5]le < K/2},

for an appropriate real constant K > 0.
Furthermore, we define
D' = {v3 € Y" ¢ 03] < Ko}

AT={ueV :uf>0 ae inQ},
Vo= {ueV : [ullo < Ks)

for an appropriate real constant K3 > 0 and

Vi= A+ﬂV2.

2

Now observe that denoting ¢ = v} — a(u* — ), we have

aZ * , */ *
J1 (guZ3 %) = K (—yV?+20%)? + 4Ky 02u?
—2Kqa@y — yV? 420 (12)
and
OJ; (u, 03, v5) 2
—= K1 4+ 4Kqu”. 13
3(03)? 1+ 4Kqu (13)

Denoting ¢ = —yV?u + 2vju — f we have also that

O*J3 (u, 93, ;)

Sudo’ = Ki(—29V?u+2viu) + 2Ky ¢ — 2K au. (14)
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In such a case, we obtain
2
o[BI vy 0p) i (w g5 (P (w05, p)
ouov} 0(v3)? u? oviou
= Ki(—yV?+ 205 + dau?)?
(= V? +205) O(Ky)
—4K2¢? — 4K3¢ [(—’yvzu + 2v5u) — szu}
—2K3a @1 (1 + 4u?). (15)
Observe that at a critical point
¢=0
and
P1 = 0.

From such results we may infer that
82 u,v * *
oudv ;

With such results in mind, at this point and on assuming a related not relabeled finite dimensional
model version, in a finite differences or finite elements context, we may prove the following theorem.

around any critical point.

Theorem 4.1. Let (ug, 03,03) € V4 x D* x B* be such that
617 (10, 93, 5) = 0.
Under such hypotheses, we have
6] (ug) = —yV?ug + 20(uj — B)ug — f =0

and there exists v > 0 such that

J(ug) = sup{ inf ]f(u,vg,vg)}
vgEB* (u,03)€By (uo,03)

= Ji(uo, 3,p)- (16)
Proof. The proof that
6](ug) =0
and
J(uo) = Ji (10, 93, %)
may be done similarly as in the previous sections.
Observe that, as previously obtained, there exists > 0 such that

det ¥ (u,v3,9) >0, ¥(u,v3) € By (u,03)
Qudvs

and 5
0°J1 (uo, 03, 05)

< 0,V € B*.
I
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Since for a sufficiently large K; > 0 we have

0*J3 (1,03, 8;)

S0 > 0, in By(ug, 53),

from these last results and the standard Saddle point theorem, we have
J(uo) = Ji (uo, 3,95) = sup { , nf H‘(u,vé,vé)}.
v €B* (u,03)€By (uo,03)

The proof is complete. [

5. One more primal dual formulation and related convex (in fact concave) dual formulation

In this section we develop one more primal dual formulation for the model in question.

The novelty here is that a critical point of such a primal dual formulation corresponds to a global
optimal point for the concerning original primal one.

Let Q C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary.

Consider the functional ] : V — R defined by

J(u) = %/QVu-Vudx
g 02 =B = (e a7)

where V = WS’Z(Q),f € L*(Q),7>0,a >0and g > 0.
Denoting Y = Y* = L?(Q), define also J; : V x [Y*]3 — R by

Ji(u,z*,v5,07) = 1 &dx—k(u,v}‘)p
1 2 Jao —yV2+K;

1
—7/ K1u2 dx + <uzrvS>L2 - <u’f>L2

/Ku dx — (u,z* Lz-i—

2
2 9
2/ -V +I<1)(1< W2+K1> ax

—— vo ,B/ v dx. (18)
Observe that 5 ( )
0“J1(u, z*, 05, 0]
52 = K —Kj +2vp,
82]1(1/[,2*, 06/ UT) o l + _’sz +K1
a(z*)2 K K2 !
and
82]1(1/!,2*,‘06,01() -1

oudz*
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Hence,
P (u,2*, 08, 07) Ph (w25, 05,07) @R,z 000\
sl o) = THO BTN L) (Pt i)
_ K(=7V? +205) — Ky (=7V? — 205) — K} — 7V?(20p)
_ v

The best possible K; is obtained through the optimal equation

0H(v§,Kq) “o
oK1 !
that is,
—2K; — (—yV? = 208) =0
so that we set
K — % 2+ 205

Replacing such a K; into (19), we obtain

\ K(=7V? +205) + 1 (—=7V? +205)?
det{éﬁz*](u,z*,vo,vi‘)} = 0 K24 0

= H(o)). (20)

Setting now K = 5(—V?), define
C* = AT N AN B

where
Al ={vy€Y* : K—K;+2y; >0},
A5 ={vy € Y" : Hy(vy) > 0},

and
B* ={vp € Y" : ||205]|e < K2}

for some appropriate K; > 0.
Now redefining [; as

J1(u,z%,v5,07) = 1 &dx—i—(u,vi‘)p
2Ja —9Vi4+K

1
_7/ Kyui? dx+(u2,z73>Lz—<u,f> .
/Ku dx — (u,z* Lz+
2 0 ?

—— UO ﬁ/ vg dx. (21)

for some small parameter 0 < ¢ < 1, we may prove the following theorem.
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Theorem 5.1. Let (ug,z,05,07) € V X Y* x C* X Y* be such that
01 (up, z,75,07) = 0.
Under such hypotheses, 6] (uy) = 0 and
= inf
J(uo) inf J(u)
= sup { inf ]1(u,z*,v§,vi‘)}
(v5,0%)€C* x Y* (u,z*)eVxY*
= Ji(uo, 29,95, 07). (22)

Proof. The proof that 6] (ug) = 0and J(ug) = J1(uo, z§, 3, 97) may be done similarly as in the previous
sections and will not be repeated.
Also, from the hypotheses, 6] (1o, 2, 93, 97) = 0 and 9§ € C*, so that we may infer that

J1(uo,z5,05,07) = inf  Ji(u,z",9,07)
(u,z*)€eVXY*
and
J1(uo,25,05,97) = sup  Ji(uo, 25,05, 01)-
(v§v7)€CrxY*
Thus, from a standard Saddle Point Theorem, we have
J1(uo, 25,09, 07) = sup { inf ]1(“0,ZS,US,UT)} .
(o0t )eCxys (12" )EVxY*
Finally, observe that
J(uo) = Ji(uo,zp,9,07)
< Ji(u, Ku,dy,97)
< sup J1(u, Ku, v, 07)

(v5,07)EY* XY™

J(u), Vu e V. (23)

Summarizing, we have got
J(uo) = J1(uo, 25,95, 07) = inf J(u).
uev
Joining the pieces, we may infer that

](uo) = inf ](u)

ueV

= sup { inf ]1(u,z*,v§,vi‘)}
(v, )eCHx v+ L(wz")EV XY

- ]1 (uo, ZS/ ﬁSI ’0,\)1k (24)
The proof is complete. [

6. A numerical example

In order to illustrate the applicability of such results we have developed the following numerical
example.
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For 3 =[0,1],y =0.1,a = = 1 and f = 1 on Q) we have solved the Ginzburg-Landau type
equation
—yVu+a(w?—B)2u—f=0,inQ

with u = 0, on 9Q).
To obtain such numerical results, refereing to those previous ones of section 3, we have used the
following primal dual functional ], (u, vj, v5 ) where

Ja(u,v5,03) = Fi(u,v5) = (u,03)12 + By (03),

where
* _ _1 X 2 %
Fi(u,vg) = 5 QVu Vu dx — (u,v5) 12
Ki [/ . o2 £ 2 &/ 2
+5 /Q( YVu+205u — f)° dx + 2 ot dx
1 «
P+ 5 [ (06) ax
o dx, 25
+ [ v dx 25)
and,
F(v3) = sup{(n,03);2 — Fa(u)}
ueV
_ 1 *\2
- /Q (03)? dx. (26)

Observe that a critical point of ], corresponds to a critical of the dual functional Jj. From the
convexity of J{, such a critical point corresponds a to a global optimal one for J;.

We have obtained results through finite differences combined with a MAT-LAB optimization tool.
For an extensive approach on finite differences schemes, please see reference [16].

For the corresponding solution u, please see Figure 1.

1.2 T T T T T T T T T

0.8 1

0.6 4

0 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

Figure 1. Solution u((x) for the primal formulation.
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7. A primal dual variational formulation for a Burger’s type equation

In this section we develop a primal dual variational formulation for a Burger’s type equation.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q)

Consider the Burger’s type equation in u € V given by

77V2u +uuy +uuy, — f=0,inQ,
where v > 0, f € L>(Q) and

V={ucW2Q) : u=uyonoQ}.

At this point we define the functional | : V x Y x Y — R where

J(u,05,03) = 5/Q(—ny2LH—ZJzux—l-vg,uy—f)2 dx—l—i/ﬂ(vz—u)z dx+§/()(v3—u)2 dx.

Here Y = Y* = L?(Q). Let
@, 92,93 € C(Q).
Observe that

62, T ((u,v3,95), 9, ) = /Q(*’YVZGDJFU;%JFU;(Py)z dx+/0(€0)2 dx+/0(€0)2 dx,

2 ) (0,93,93), 02.02) = [ w2 g} dx+ [ ghax

. oy ((10,03,05),95,95) = [ 1 gFdx+ [ ghx,

and denoting W = —yV?u + v}uy + vjuy, — f, we have

85 (0,3,05),9,00) = [ Wos g

+ /O(—'yvz(p + 205y + v§¢y)ux @2 dx — /Q @2 ¢ dx. (27)

O e (1, 03,93), @, 91) = /QW%%dx

+ /Q(—’yvz(p + 205 ¢ + V39y ) Uy @3 dx — /Q @3 @ dx. (28)

2, 03] (0,93,93), 02,03) = [ waityg2 gs .
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Therefore
1 2 * % 1 2 k% 1 2 * %
E‘Suu]((u/ 03,03),9,¢) + 551;5 vz]((u,vz,vg), $2, 92) + 5%; U;]((”/ 03,03), 93, 93)
00 1 (1,03,05), @, 92) + 85 o T (1,03, 03), @, 93) + 855 1] (1,05, 03), 92, 3)
1 * *
= 3 /Q(—’yvzgo—l—vz(px + o3¢y +ux 2+ uy (/33)2 dx
1 2 1 2
+§/Q(€02 ?) dx+§/ﬂ(fps ¢)" dx
+/Q W (¢x 92 + @y @3) dx. (29)

Observe that at a critical point we have W = —yV2u+ vsuy + 03Uy — f =0, in Q.

From this and (44) we may infer that §2] is positive definite in a neighborhood of any critical point
of J.

Thus, we may also conclude that the functional | has a large region of convexity around any of its
critical points.

7.1. A numerical example concerning a Burger’s type equation

In this subsection we present numerical results related to a solution of the one-dimensional
Burger’s equation
—Yuxy +uuy =0, in [0,1] C R,

with the boundary conditions
u(0) =1and u(1) = 0.

For a first example we set v = 0.5 and for the second one we set v = 0.05

To obtain the numerical results, we have used an adaptation with small changes of the primal
dual variational formulation presented in the previous section.

For the solution u((x) for the case in which 7 = 0.5, please see Figure 2.

For the case in which ¢ = 0.05, please see Figure 3.

1 T T T T T T T T T

0.9 1

0.8 1

0.7 i

0.6 1

05 1

0.4 .

0.3 1

0.2r i

01 .

0 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

Figure 2. Solution u((x) for a Burger’s type equation with v = 0.5.
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09 1

0.8 4

0.7 J

0.6 [ 1

051 4

04r .

03[ 1

02r J

0.1

O 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

Figure 3. Solution ug(x) for a Burger’s type equation with ¢ = 0.05.

Here we present the software in MAT-LAB through which we have obtained such numerical
results.

We highlight to have searched for a critical point of the primal dual formulation previously
presented with some small changes and adaptations. Indeed, we have developed a procedure similar
to the matrix version of the generalized method of lines.

Here the software in a finite difference context, where A stands for 7:

1. clear all
m8=100;
d=1/mS§;
K=5.0;
A=0.5;
for i=1:m8
uo(i,1)=1.0;
ul(i,1)=1.0;
v3(i,1)=K*uo(i,1);
end;
k2=1;
b14=1.0;
while (b14 > 1075) and (k2 < 100)
k2=k2+1;
k1=1;
b12=1.0;
while (b12 > 1075) and (k1 < 100)
kl1=k1+1;

i=1;
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m12=A*2+uo(i,1)*d+K*d?;

m50(1)=A/m12;
z(i)=1/m12*(A+v3(i,1)*d>+uo(i,1)*d);

for i=2:m8-1
m12=A*2-A*m50(i-1)+uo(i,1)*d-uo(i,1)*m50(i-1)*d+K*d?;
mb50(i)=A/m12;
z(1)=1/m12*(v3(i,1)*d*+A*z(i-1)+uo(i,1)*z(i-1)*d);
end;

u(m8,1)=0.0;

for i=1:m8-1
u(m8-i,1)=m50(m8-i)*u(m8-i+1,1)+z(m8-i);
end;

b12=max(abs(u-uo));

uo=u;

end;

bl4=max(abs(u-ul));

ul=uy;

for i=1:m8-1

v3(i,1)=K*u(i,1);

end;

uo(50,1)

end;

for i=1:m8

x(i)=i*d;

end;

plot(x,u)

R

8. A primal dual variational formulation for a Navier-Stokes system

In this section we develop a primal dual variational formulation for the time independent
incompressible Navier-Stokes system.

Consider Q C R? an open, bounded and connected set with a regular (Lipschitzian) internal
boundary denoted I'y, and a regular external one denoted by I';. For a two-dimensional motion of
a fluid on ), we denote by u : (3 — R the velocity field in the direction x of the Cartesian system
(x,y), by v : O — R, the velocity field in the direction y and by p : Q — R, the pressure one.
Moreover, p denotes the fluid density, y is the viscosity coefficient and g denotes the gravity field.
Under such notation and statements, the time-independent incompressible Navier-Stokes system of
partial differential equations stands for,

yvzu—puux—pvuy—px+pgx:0, in (),
UV —puovy—povo,—p,+pg =0 inQ, (30)

uy +vy =0, in ),
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u=uv=20, on T,
(31)
U=1Uw, V=0, p=po, only

About the references, we emphasize that related existence, numerical and theoretical results for similar
systems may be found in [17-20] and [21], respectively. In particular [21] addresses extensively both
theoretical and numerical methods and an interesting interplay between them.

Finally, it is worth mentioning these two first paragraphs of this article have been published as a
preprint, reference [22], more specifically, reference:

F.S. Botelho, Approximate Numerical Procedures for the Navier-Stokes System Through the
Generalized Method of Lines. Preprints.org 2023, 2023020422.

https:/ /doi.org/10.20944 / preprints202302.0422.v3.

Defining now P = p/p and v = u/p, consider again the Navier-Stokes system in the following
format

vV2u — udyu — vdyu — 9P+ gy =0, inQ),
vV20 — ud,v — vdyv —dyP +g¢, =0, inQ, (32)

dxu +9yv =0, in Q),

u=v=020, on Iy,
(33)
U=1Uw, v=0, P=Ps, only

As previously mentioned, at first we look for solutions (u,v, P) € W'?(Q;R3) in a distributional
sense.
At this point we define the functional | : V x Y x Y — R where

V={(u,v,P) e W(4R?) : u=v=0, onTp, 4 = theo,v =0,P = Py, on T}
and
J(u,v,P,v5,03) = %/Q(—vvzu + O3y + O3uy + Py — gx)? dx
+% /Q(—vvzv + 030y + V50 + Py — gy)? dx
+%/Q(v;—u)2dx+%/n(v§—v)2dx
—i—%/ﬂ(ux—l—vy)z dx. (34)

Here Y = Y* = L?(Q). Let
P, 92, 93, 91, 95 € C(Q).

We define also
u=(u,0,P,0503),

1
Ji(u,v,P,v3,03) = 5 /Q(—vvzu + v5uy + 31y + Py — g,()2 dx,
1

Jo(u,v,P,v3,03) = 3 /Q(—VVZU + 050y + V305 + Py — gy)2 dx,
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and

Js(u,v,P,v3,03) = / 5 —u)? dx+ = / —v)2dx+ = /ux—H)y) dx,

so that
J(u,v,P,v5,v3) = Ji(u,v,P,v3,v3) + o (u,v,P,v5,v3) + J3(u,v, P,v3,03).

Observe that

81 ((1,0,P,03,95),9,9) = [ (~v 779+ v30x +vigy)? dx,
2 * ok _ 2 2
8 o3 h(0,0,P,03,03), 92, 02) = [ 12 g} dx,
2, 031 (0,0,P,3,03), 03, 03) = | uF g3 dx,

8 o)1 ((1,0,P,03,93), 91, 94) = [ (ga)} dx,

and denoting W = —yV2u + UyUyx + U3ly + Py — gx, we have

0501 ((u,0,P,03,05),9,01) = /quvx @2 dx

+ /Q(—vvzrp +205x + U3y Uy @2 dx dx. (35)

851 (0,0,P,03,95) 0, 01) = [ Wy g3 dx

+ [ (~vT2p+2050: + 030,y g1 (36)
& pJ1((u,0,P,03,03), ¢, 91) = /Q(—VVZ(P T 039x +039y) (@4)x dx
05 v J1((u,0, P, 03, 03), 2, 93) = /Q Uxly @ @3 dx.
‘512;; pJ1((u,0,P,v3,03), 92, @3) = /qu(Pz (@a)x dx

5%; pJ (1,0, P,03,03), 3, 94) = /Q”y(l’a (@4)x dx.

Therefore, defining

{61 (u, )}

1 * * * *
= 75514]1((”/0/1)102/03)/ @, (P) + 25121 v} ]1((1/!,0,1),02,‘03), @2, §02)

+2512) o3 J1((1,0,P,03,03), 93, 93) + 55123 ph((#,0,P,03,03), ¢s, ¢4)

+0 J1 (1,0, P, v3,03), 9, 92) + 8 2 1 (1,0, P, 05,93), 9, 3)

+6% pJ1((1,0,P,03,03), 9, @a) + 85 o J1 (1,03, 03), 92, 3)

+035 p1((u,0,P,03,05), 92, 9a) + 85 pJ1 (1,0, P,v3,93), 3, 94), (37)
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we have
{1(u, @)} = /Q(_VVZ(P +03¢x + 3@y + @2ux + + P31y + (pa)x)? dx
+ /Q W(p29x + @39y) dx. (38)

Similarly, we may obtain

3 T2((14,0,P,03,3), 95, 95) = | (~vV2gs5 + 03 (gs)x + 03 (p3)y)? dx,
&2, o3 2(1,0,2,03,93), 92, 92) = [ 02 g x,
62 i Ja((u,0,P,03,93), 3, ¢3) :/ 02 @3 dx
US 1;3 r Yy, 02,93 ) 7 a Y 3 7

6% pJ2((1,0,P,v3,03), pa, ps) = /Q(fp4)§ dx,

and denoting W; = —yV2u + Uy0x + 030y + Py — gy, we have

83 a((0,0,P,03,9),9.01) = [ Wilps)s g2 dx

+ [ (<v 905 +203(gs)s + 03 (95))0x g2 . (39)

B2 ((0,0,P,03,93), 9, 01) = [ Walps)y g d

+ [ (v 205+ 203 (s)x + 03 (g5) )0y gs dx. (40)
&5 pl2((u,0,P,v3,03), 9, pa) = /Q(—Nz% +03(@5)x +03(95)y) (pa)y dx.
53;; osJ2((,0, P, 03,03), 2, 93) = /vavy(pz @3 dx.
‘555 pl2((w,0,P,v5,03), 2, 93) = /vagoz (@a)y dx.

0% pla(,0,P,v3,93), 93, 03) = [ 0y (pa)y d.

Therefore, defining

{8%)2(u,9)}

1 1
= 551%1]]2((“/ U, p’ U;, U;), (P5/ ¢5) + 55"(%; UEIZ((I’[/ 0, P/ ’U;/ U;)/ ¢2/ 402)

4302 2,0, P,03,08), @3, 93) + 503 (1,0, P, 03, 05), o, )

+03 5 2 (1,0, P,03,03), 95, 92) + 6, 1 Ja (11,0, P, 03, 03), 95, 93)

+65 pJ2 (1,0, P,03,03), 95, 94) + 85, o2 J2((1,03,93), 92, ¢3)

4% (1,0, 3,03), 92, 94) + 5% pla (1,0, P,25,08), 9, ), )
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we have
{?h(u @)} = /Q(—Nz% + 05 (p5)x + 05 (p5)y + @202 + @30y + (94)y) dx

+ [ Wila(93)s + 9a(93),) dx. 2)

Moreover, we may have

62, J5((u,v, P,v3,03), / @ dx+/ @2 dx,
S50 J3((u,0, P, 03,03), / @2 dx+/ (95)3 dx,
2, 03 )a((1,0,P,03,03), 02,02) = | g} x,

2, 03 )a((1,0,P,3,03), 03, 03) = | g3 dx,

35 o3 Ja((1,0, P, v3,0%), ¢, 1) / 9 92 dx,
550313((”/U’P105103) @, ¢1) / @5 @3 dx,

3 oJa((4,0,P,3,05),9,95) = [ gx (p3)y d
Therefore, defining
{8%)3(u, 9)}
1 . 1
= *%k((w v, P,v3,03), ¢, 9) + 555013((% v, P,03,93), 95, 9s5)

+ 527* U ]3((1'{’0’1)’0;’0;)’ ¢2/ (PZ) z) y ]1((“/011)/-‘);/0;)1 (PB/ (P3)
2 2

+5uy;]3((ul 0, Pr U;, U;), ®, (PZ) + 55 03]3((1’!/ o, P/ U;, v;)r @5, ?3)
+03 oJ3((u,0,P,03,0%), 9, ¢5), (43)

we have

{0%]3(u, @)} = /Q(fpz — @)% dx + /Q(fps —@5)t dx + /Q((Px + (9s5)y)* dox.

Finally, joining the pieces we may infer that

{PI(we)} = {hwe)}+{0°)a(w 9)} +{6]3(w,¢)}
- /Q(—vvzgo + 03 @x + 03¢y + Qouiy + Q3uy + (@4)x)? dx

+ /Q W(p29x + @39y) dx
+ [ (v +03(p3)s + 03 (gs)y + g20x + @avy + (ga)y)? dx
+ [ Wioa(gs)c + ga(gs)y) dx

+ [ (p2= @ dxt [ (=95l dr+ [ (px+ (g5)y)? dx. @4
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Observe that at a critical point we have
W = —vV2u + vuy + v3Uy + Py — gy =0, in Q)

and
W1 = —vV?0 + 030y + 030, + Py — gy =0, in Q.
From this and (44) we may infer that 62] is positive definite in a neighborhood of any critical point
of J.
Thus, we may also conclude that the functional | has a large region of convexity around any of its
critical points.

9. A duality principle for a related relaxed formulation concerning the vectorial approach in the
calculus of variations

In this section we develop a duality principle for a related vectorial model in the calculus of
variations.

Let 3 C R" be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 02 =T.

For 1 < p < 400, consider a functional | : V — R where

J(u) = G(Vu) + F(u) = (u, f) 12,
where

V= {uer’p(Q;RN) DU =1 onaﬂ}

and f € L2(Q;RN).
We assume G : Y — Rand F : V — R are Fréchet differentiable and F is also convex.
Also

G(Vu) = /Qg(Vu) dx,

where ¢ : RN*" — R it is supposed to be Fréchet differentiable. Here we have denoted Y =
LP(Q; RN>m),
We define also J; : V x Y7 — Rby

I, @) = G1(Vu+Vyp) + F(u) = (u, f)r2,

where
Y, = WhP(Q x O;RN)
and 1
Gi(Vu+ V) = 1o [ [ 2(Vu(x) + V() dx dy

Moreover, we define the relaxed functional J, : V — R by

Ja(u) = inf Ji(u, @),

PV

where
Vo={¢eY: : ¢(x,y) =0, onQ x9Q}.

Now observe that
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Ji(,¢) = Gi(Vu+Vy)+ F(u) — (u, f)2
- _|(1)| /Q /Q v*(x,y) - (Vu+ Vyp(x,y)) dy dx + G (Vu + Vy¢)

+|10| /Q /Qv*(x,y) -(Vu+Vyp(x,y)) dy dx + F(u) — (u, )2

inf {—Klll/n/ﬂv*(x,y)-v(x,y) dydx—i—Gl(v)}

vEY)

AV

inf {7 ) (Tt V) dy et B ) = G )

(0,9)€V
= —Gi(v)—F (dlvx <|Q|/Qv (x,y) dy) +f>
1 *
+W 20 </Q’U (xry) dy) X nug dl—', (45)

V(u,¢p) € Vx Vy,v* € A*, where
A*={v* eY; : div,o*(x,y) =0, inQ}.

Here we have denoted

Gf(v*):sup{fm/Q/Qv*(x,y)~v(x,y) dydx—Gl(v)},

veY)
where Y, = LP(Q x O; RN*"), Y5 = L1(Q x (; RN*"), and where

14_1:1
P4

Furthermore,

F* (divx (|(1)| /Ov*(x,y) dy) —i—f) - |10| o (/0 v*(x,y) dy) ® nug dT

1 *
= (v,(;g};xvo{—w/()/ov (x,y) - (Vu+Vyp(x,y)) dy dx — F(u) + <u/f>L2}r (46)

Therefore, denoting J5 : Y5 — R by

Ji(0*) = =G (v*) — F* <d1vx (/Qv (x,y) dy) +f> + 0] o (/Qv (x,y) dy) ® nug dr,
we have got
inf Jo(u) > sup J5(v%).
%

v*EA*

Finally, we highlight such a dual functional J; is convex (in fact concave).

10. Conclusion

In this article we have developed convex dual and primal dual variational formulations suitable
for the local optimization of non-convex primal formulations.

It is worth highlighting, the results may be applied to a large class of models in physics and
engineering.
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We also emphasize the first duality principles here presented are applied to a Ginzburg-Landau
type equation. In particular, we highlight the primal dual formulation presented in section 5 which is
suitable for the global optimization of a originally non-convex primal formulation.

Among the results, we have included primal dual variational formulations for a Burger’s type
equation and for a time independent incompressible Navier-Stokes system. Concerning the Burger’s
equation model, we have presented numerical examples and a related software in MAT-LAB.

Finally, in the last section, we have developed a new duality principle suitable for the relaxed
quasi-convex primal formulation for a general model in a vectorial calculus of variations context.

In a future research, we intend to extend such results for some models of plates and shells and
other models in the elasticity theory.

Data Availability Statement: Details on the software for numerical results available upon request. e-mail:
fabio.botelho@ufsc.br.

Conflicts of Interest: The author declares no conflict of interest concerning this article.
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