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Employment of Fracture Mechanics Criteria for
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Constants of Orthorhombic/Tetragonal
Mono-Crystalline YBCO
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Salt Lake City, Utah 84112-0560; Retired Faculty; Tel: (801) 550-0661; Email: r.chaudhuri@utah.edu

Abstract: The effect of elastic constants, ci, on the nature (easy or difficult) of a cleavage system in YBa2CusO7-
is investigated, by employing a novel three-dimensional eigenfunction expansion technique, based in part on
separation of the thickness-variable and partly a modified Frobenius type series expansion technique in conjunction
with the Eshelby-Stroh formalism. Out of the available three complete sets of elastic constants, the first constitutes an
estimate, while the second assumes tetragonal symmetry. This leaves only the experimental measurements by resonant
ultrasound spectroscopy, despite reported values of c12 and to a lesser extent, css, being excessively high. The present
investigation considers six through-thickness crack systems weakening orthorhombic YBCO mon-crystalline
plates. More important, the present approach predicts whether a crack would propagate in its original plane/direction or
deflect to a different one. This fracture mechanics criterion is then employed for accurate determination of the
full set of elastic constants of mono-crystalline YBCO. Finally, generally unavailable results, pertaining to the
through-thickness variations of stress intensity factors and energy release rates for a crack corresponding to
symmetric and skew-symmetric hyperbolic cosine loads that also satisfy the boundary conditions on the
bounding surfaces of an orthorhombic monocrystalline plate bridge a longstanding gap in the field.

Keywords: three-dimensional stress singularity; fracture mechanics criterion; sufficient condition for fracture;
easy cleavage system; orthorhombic single crystal; elastic constants of mono-crystalline YBCO

1. Introduction

Elastic constants of engineering materials are crucial for understanding the deformation and
failure behaviors of structural components from both macroscopic and microscopic points of view.
From microscopic perspective, their importance arises from their intimate relationship to such solid
state phenomena as specific heat, Debye temperature and Grunelsen parameter [1].

Discovery of superconductivity in La-Ba-Cu-O system in the1980’s by Bednorz and Muller [2]
has spurred an enormous amount of activities in search for high (i.e., above the boiling point of liquid

nitrogen) Tc superconductors (HTS) such as mono-crystalline YBCO (yttrium barium copper oxide),
which is also called 1-2-3 superconductor (because of the presence of one yttrium, two barium and
three copper atoms in its unit cell). Modern applications include Josephson junctions, which can act
as a switch for magnetic fields, or alternatively, perform the function of a magnetic detector, called
the superconducting quantum interference device (SQUID) [3]. Debye temperature, ®p, of a
superconductor can be determined from the knowledge of the elastic constants, ci, in a manner
described by Egs. (2) and (3) of Lei et al. [1], which, in combination with the electron-phonon coupling
parameter, A*, can be used to compute the superconducting transition temperature, Te [4, 5].
Practical applications of such mono-crystalline superconductors are, however, limited (at
cryogenic temperature) by their poor fracture toughness [6-14]. Asymptotic behavior of two-
dimensional stress fields at the tips of cracks and wedges, has been studied extensively in the
literature [15-20]; see Nejati et al [21] for an extensive literature survey. Significant progress in research
on a two-dimensional cracked anisotropic solid notwithstanding, the corresponding progress in its
three-dimensional counterpart appears to, till recently [22], be marked by its complete absence. More
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important, the above studies employ the Lekhnitskii [15] and Stroh [16] type formulations, which are
all based on complex variables-based methodology. Since the three-dimensional space is too small to
accommodate the next higher dimensional analog of complex variables (for which at least a four-
dimensional space will be required; e.g., quaternion [23]), these complex variables-based analyses are
not by themselves adequate for analysis of three-dimensional cracked anisotropic solids.

The mathematical difficulties posed by the three-dimensional crack/anticrack type problems are
substantially greater than their two-dimensional counterparts (to start with, the governing PDE's are
much more complicated). In the absence of the knowledge of the strength of singularity, in regions
where the elastic stresses become unbounded, the majority of weighted residual type methods, e.g.,
the finite elements, finite difference and boundary elements, which are generally employed to solve
fracture mechanics problems, encounter overwhelming numerical difficulties, such as lack of
convergence, and oscillation resulting in poor accuracy [24]. There are several classes of problems
pertaining to the issue of three-dimensional stress singularity [25-49]: (i) through crack/anticrack as
well as their bi- and tri-material interface counterparts, (ii) bi-material free edge, (iii) tri-material
junction, (iv) penny shaped crack/anticrack and their bi-material counterparts, (iv) bi-material hole
(and inclusion), (v) matrix cracking and fiber breaks in composites among others. Only the penny
shaped crack/anticrack [50] (and their bi-material counterparts [51]) and the bimaterial hole [52, 53]
and inclusion problems [54] had earlier been adequately addressed in the literature. Earlier attempts
to solve the three-dimensional through crack problem resulted in controversies that lasted for about
a quarter century [25, 55]. A unified three-dimensional eigenfunction approach has recently been
developed by Chaudhuri and co-workers [25-49, 55] to address the three-dimensional stress
singularity problems covering all the aspects mentioned above.

The above separation of variables approach has recently been extended to the case of
cracked/anticracked transversely isotropic (smeared-out composite) [56] as well as
cubic/orthorhombic/diamond cubic mono-crystalline plates under mode I/1I far-field loadings [22, 57,
58] and cubic/orthorhombic/monoclinic/diamond cubic mono/tri-crystalline plates subjected to mode
III loading [22, 58-61] by making use of the separation of the thickness variable technique in
combination with an affine transformation, that is similar (but not identical) in spirit to that due to
Eshelby et al. [62] and Stroh [16]. This eigenfunction expansion approach has also recently employed to
obtain three-dimensional asymptotic stress fields in the vicinity of the front of the kinked carbon fiber-matrix
junction [63] (see also Ref. [64] for its 2D counterpart with isotropic glass fibers).

The above-mentioned importance notwithstanding, relatively fewer attempts at experimental
determination of elastic constants of monocrystalline YBCO have been reported in the solid state
physics literature [1, 65-73]; these are summarized in Table 1 of Lei et al. [1]. Golding et al. [66] and
Saint-Paul and co-workers [70, 71] have reported experimental results on ci1 and ¢33, and ¢33, cas, ces
and cinz, respectively, by employing the ultrasound technique, while Baumgart et al. [68, 69] and
Zouboulis et al. [72] have resorted to Brillouin spectroscopy/scattering to determine ci1, c33 and cus,
and cu, css and ces, respectively. Only three investigations [1, 67, 73] report complete sets of elastic
constants, accessible to the present author. Worse still, those reported by Ledbetter and Lei [73] are
just estimates (marked ** in Table 1(a)), while their experimental counterparts due to Reichard et al.
[67] are based on the assumption of tetragonal symmetry; see Table 1(b). This only leaves the
experimental measurements (by resonant ultrasound spectroscopy, described in detail by Migliori et

al. [74, 75]) due to Lei et al. [1], marked * in Table 1. However, their C;, value appears to be
excessively high. This is because, according to these authors themselves, "no wave speed in the crystal

depends only upon Ci,, itis no way to estimate it directly." It also has been known for some times

that while €}, and Cgg can be measured independently by static tests [76], these constants are

always coupled in vibrations-based measurements [77, 78].
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Table 1. (a) Elastic stiffness constants of orthorhombic YBCO single crystals.

Material 1 c,, % Cp. C7. Ch. Cyi1. C313. Cis. Cs17. C

(Technique) 2. Gpad  ©6 (G8 (G1. G122 Gl G16 G (G

Pa) Pa) Pa) Pa) Pa) Pa) Pa) Pa)
YBCO* [1]
20. 1321. 71.22. 26823. 95.24. 18625. 49.26. 37.27. 95.

(Resonant 19. 231.0 20 0 0 0 0 0 0 0
Ultrasound)
YBCO** [73] 29. 37.30. 89.31. 24432. 93.33. 13834. 61.35. 47.36. 97.

28. 223.0
(Estimate) 0 0 .0 0 0 0 0 0
YBCO*** 38. 66.39. 71.40. 26841. 95.42. 18643. 49.44. 37.45. 82.

37. 231.0
(Inference) 0 0 .0 0 .0 0 0 0

All values measured by resonant ultrasound spectroscopy (except C;, ) by Lei et al. [1]; ** Estimated by

Ledbetter and Lei [73]; **Same as *, except & 12and C66 measured by ultrasound by Saint-Paul and Henry
[71].

Table 1. (b). Elastic stiffness constants of tetragonal YBCO single crystals.

Material 46, €48, Cps0. Cys2. Cohpsa. Csg. Cayss. Cpo. Csep. Cg
(Technique) 47. (G49. (G5l (GS3. (GPas5. (G57. (GPas9. (G6l. (GPg3 (Gp

Pa) Pa) Pa) ) Pa) ) Pa) a) a)
YBCOT [67]
(Neutron 64. 2365 1066. 1067. 230.68. 1069. 150.70. 50.71. 50.72. 85.
) 0.0 0.0 0.0 0 0.0 0 0 0 0
Scattering)

The above literature review reveals an absence of reliable and accurate experimentally measured
complete sets of nine elastic constants needed for characterization of the deformation/fracture as well
as other solid state (e.g., Debye temperature, Te, etc.) behaviors of superconducting (orthorhombic)
YBCO single crystals. This calls for a reliable criterion for assessment of the measured data that would
allow us to come up with a reasonably accurate complete set of nine elastic constants, which is the
primary objective of the present investigation. It is proposed here that one way to address this
important issue is to analytically examine the effect of elastic constants on crack deflection in
monocrystalline YBCO (YBa,Cu307-5) and compare with the experimental results for easy cleavage planes,
reported by Cook et al. [6], Raynes [9], and Granozio and di Uccio [14] among others. In what follows,
the above-mentioned modified eigenfunction expansion technique, based in part on separation of the thickness-
variable and partly on the Eshelby-Stroh type affine transformation, is developed to derive three-dimensional
asymptotic stress field in the vicinity of the front of a semi-infinite through-thickness crack weakening an
infinite orthorhombic mono-crystalline plate, of finite thickness and subjected to far-field mode I/II loadings.
Crack-face boundary conditions and those that are prescribed on the top and bottom (free or fixed) surfaces of
the plate are exactly satisfied. The present investigation considers six through-crack systems — (010)[001]
with the [100] length direction, (0 1 0)[100] with the [001] length <iirection, (100)[001] with the [010]
length direction, (100)[010] with the [001] length direction, (001)[0 1 0] with the [100] length direction,
(001)[100] with the [010] length direction — weakening orthorhombic mono-crystalline plates. Explicit
expressions for the singular stresses in the vicinity of the front of a through-thickness crack weakening an
orthorhombic mono-crystalline plate, subjected to far-field mode I/Il loadings, are presented. In addition,
through-thickness distribution of the stress intensity factors and energy release rates are also
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presented. Next, the important issue of easy or difficult cleavage plane and the related question of
crack deflection criterion is discussed. The latter is based on the relative fracture energy (or the energy
release rate) available for possible “fracture paths” [18]. This said, it is noteworthy that any fracture
criterion derived from equilibrium theories such as the Griffith criterion can only be regarded as a
necessary condition but not as sufficient [79]. This calls for establishment of a sufficient condition for
determination of easy or difficult cleavage plane, and the associated question of the crack deflection
criterion, which is the second objective of the present study.

The present study, although to a smaller extent a review on earlier work on this topic, is largely
based on original research on this subject. The topic, which covers mathematics (e.g., asymptotic,
solution to 3D mixed boundary-value problem, and necessary and sufficient condition for fracture),
solid state physics (e.g., superconductivity, single crystal cleavage) and engineering (e.g., 3D fracture
mechanics), has, so far, remained largely unexplored in the literature.

2. Formulation of the Problem

The Cartesian coordinate system (X, y, z) is convenient to describe the deformation behavior in
the vicinity of a semi-infinite through-thickness crack, weakening an infinite orthotropic plate of
thickness, 2h (Figures 1 and 2). Here, the z-axis is placed along the straight crack front, while the
coordinates x, y, are used to define the directions along the length of the crack and transverse to it,
respectively, in the plane of the plate. u, v and w represent the components of the displacements in
the x, y and z directions, respectively.

- =

Figure 1. Schematic of a through-thickness semi-infinite crack in an infinite orthorhombic mono-
crystalline plate.


https://doi.org/10.20944/preprints202302.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2023 doi:10.20944/preprints202302.0377.v1

[100]

(010)
Middle Surface

Figure 2. Schematic of the top half of an orthorhombic mono-crystalline plate weakened by a (010)
[001] through-thickness crack.

The stress-strain relations for an orthorhombic single crystal are given as follows:

O, ¢y Gy ¢; 0 0 0)e&

o, Cy €p G 0 0 0}¢

O.| |65 €3 ¢35 0 0 0)&l]

.l 10 0 0 ¢, O 0| (la)
T. 0 0 0 0 c¢x O]|7

Txy L 0 0 0 0 0 Cge \%cyz

where cij, 1,j=1,...,6, denotes the elastic stiffness constants of an orthorhombic mono-crystalline plate.

Oy, Oy, 0, represent the normal stresses, and Tyy, Txz, Ty, denote the shear stresses, while &, €y, €, denote
normal strains, and Yy, Yxz» Vy- represent the shear strains. For the special case of a tetragonal single crystal,

€1 =Cy»s €3 =Cy3, Cyy = Cs;s. (1b)

The three equilibrium equations for a linear elastic solid, made of an orthotropic/ orthorhombic
material, can be expressed in terms of the displacement components, u, v,

and w, as follows:

2’u A’ Ju A% A*w
¢ P TCos EE TCss ?"‘(‘712 + C66)0—k—@}+(013 +Css )ﬁ =0, (2a)
A*u % v v 2w
€1y +¢46) b +Ce6 o’ TCp—71Cy PE +(Cy3 +C44)m =0, (2b)
d° d? d? d? d?
(i3 +055)0_}C—52 +(cys +c44)5y;z +Cys 0_3;24}+c44 @}—:V+c33 &—;‘}: 0, (2¢)
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The boundary conditions include those at the plate faces and crack-side surfaces. The boundary
conditions on the plate faces, z = +h, are given by [22, 25]

0.=7.=17,=0, (3a)

while those at the crack-side surfaces are more conveniently expressed in local cylindrical polar
coordinates (Figure 1), which are given as follows:

0,=7,,=7,=0, 6O=1%rx (3b)

where o©r, Go, 62 represent the normal stresses, and T, Trz, Toz are the shear stresses,
while €, €¢, €2 denote the normal strains, and Y, Yz, Yo are the shear strains in the cylindrical polar
coordinate system (r, 6, z). ur and ue represent the components of the displacement in r and 6
directions, respectively.

3. Singular Stress Fields in the Vicinity of a Crack Front Weakening an
Orthotropic/Orthorhombic Lamina/Single Crystal under General Loading

The assumed displacement functions for the three-dimensional crack problem under
consideration are selected on the basis of separation of z-variables. These are as given

below [22, 56-58, 64]:

ikz

ux,y,2) = Ux,y), v(x02) =€ V(x5y), wxy,z) =

It may be noted that since the z-dependent term and its first partial derivative can either be
bounded and integrable at most admitting ordinary discontinuities, or the first partial derivative at

W(x,y). (4a,b,c)

worst be square integrable (in the sense of Labesgue integration) in its interval z € [-h, h], i.e,
admitting singularities weaker than square root (i.e., z /%), £ >0), it can be best represented by
Fourier series [22, 25, 58]. The latter case is justified by Parseval's theorem [80], and its physical
implication is that of satisfying the criterion of finiteness of local strain energy and path independence
[81]. Substitution of Egs. (4) into Egs. (2) yields the following system of coupled partial differential
equations (PDE's):
U U 2’V W
) 5 +Cs 05 UH(e), + ) ———H(c); +¢55)—— =0, (5a)
ok, W R ok,

(¢, +c )OﬁU +c 072V¢c aZVL" V+c,,+c )%=0
127 Cos) N 66 &Clz 2 @}12 44 23 T Cyy & ) (5b)

JdU
(€3 FCs5)——H(Cpy +Cpy )+ Css

where
x, = ikx, v, = iky. (6a,b)

The solution to the system of coupled partial differential equations (5) subjected to the most
general loading, can now be sought in the form of the following modified Frobenius type series in
terms of the variable x1+py1 as follows:

U(‘xl’yl) = Za;+n (xl +py1)s+2n+l + Z s+n (‘xl +py1)v+2n (73.)
n=0

n=0

doi:10.20944/preprints202302.0377.v1
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Vix,y) = stlm (x1+pyl)s+2n+1 + st+n (x1+py1)s+2na (7b)
n=0 n=0
W(‘xlﬁyl) = ZC;+}1 (‘xl +pyl)s+2n + ch+n (xl + pyl)s-‘—zn +1' (7C)
n=0 n=0

Out of the various combinations, such as (a', b, ¢'), (a, b, ¢), (@', b, ¢), (a, b, ¢), (a, b, '), (a', b', ¢),
(@, b, '), and (a, b', '), only the first two groupings can produce meaningful solutions, for the mode
I/Il and mode III loading cases, respectively. This step permits separation of the mode III from the
modes I/II. The first grouping is described below, while the second one has already been employed
for the antiplane shear case [59-61].

4. Singular Stress Fields in the Vicinity of a (010)[001] Through-Crack Front Propagating under
Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [100] Direction

The solution to the system of coupled partial differential equations (5), subjected to the far-field
mode I/II loading, can now be sought in the form of the following modified Frobenius type series in
terms of the variable x]+py1 as follows [22, 53, 54, 60], although unlike in the case of isotropic

materials [25-49, 55], the x1 and y1 variables are no longer separable:

U(xl ’yl) = zam (xl +py1)s+2na V(xl 9y1) = st+n (xl +py1)s+2",
n=0 =0

W(xl’yl) = ch+n (xl +pyl)s+2n +1- (83, b, C)
n=0

Here, the combined variable x]+py1 represents an affine transformation in the same spirit as

that by Eshelby et al. [62], Stroh [16] and Shih et al. [17], although these authors have employed
completely different techniques. On substitution of Egs. (8) into Egs. (5), and equating the coefficients

s+2n-2
of (Xl + pyl) , the following set of recurrent relationships can be derived:

(s+2n)(s+2n —1) (c11 +c66p2) a, + Ccya +

s+n—1

(s+2n)(s+2n _1) (Clz +Cé6)p b, + (S+2n _1) (Cl3 +Css) Cona = 0, (92)

(s +2n )(s +2n —1) (c12 + c66)p a., + (s +2n )(S +2n— 1) (022 + c66p2) b,

+ ¢, b

s+n—1

+ (S+2n_1) (Cz3 +C44) Comna = 0, (9b)

which for n =0, reduces to
2
i tegp”  (Cnteg)pla, _ )0 (10)
2 - > fors#0, 1.
(012+C66)p CpP ™+ Ce |\ D, 0
_A1(77+H2) + A2(§+H1) =0,

The characteristic equation for the coupled partial differential equations (2) or (5) can now be
written as follows:
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C
pi+2yp+ L =0, (11)
Cx»
in which the normalized elastic parameter, %, is given by
2
(c C,, —Ci, —2C,,C ) 1 E
_ G116 : 12 12766 ) _ 1 |:2G1 —(V12+V32V13)j|, (12a)
C2Cs6 ( _V13V31) 12

in which E1is Young’s modulus in the x direction, G2 is the shear modulus in the x-y plane, while v12
is the major Poisson’s ratio in the x-y plane. vis and vsi denote the major and minor Poisson’s ratios
in the x-z plane, while vz represents the minor Poisson’s ratio in the y-z plane. ) can also be

expressed in terms of the inverse anisotropic ratio (in the

x-y plane), A , as follows:

/1(\1611022 +012)_012 ST 1+ 012(/1_1)

7= _ : (12b)
Cy Cyp Cyp
where /1 , is defined as
1= VCiiCxn ~Cpp
o ' (13)
2c

Eq. (11) has either (a) four complex or (b) four imaginary roots, depending on whether : (a) A <1

Cho_ E, (1 - V23V32)
b

) E, (1_V13V31)

or equivalently, X < (14a)

or

Cno_ El(l_V23V32).
€y EZ(I_VBVSI)

A=1or y =1 represents the degenerate isotropic material case, for which the solution is available
in Chaudhuri and Xie [25].

(b) A> 1 or equivalently, £ = (14b)

4.1. Case (a): Complex Roots
Pp = fiiﬂ, Pis = —fiiﬂ, (15a, b)
where

1/2 /2 2 /2

e n=—7||="| +x
& \e, ; , (16a, b)

2\ ¢y,
valid for & <VC11/022.

The final results that satisfy the equilibrium equations (2) can be expressed in the following form:
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ux.y,2) = (Disin(kz) + Dycos (k2)) (i) [4, v+ (E+imy) + 4, (x+E-imy)

+ Ay (x+(£=imy) + A, (x+(=E+in)y) ] (17a)

v(x,y.2) = (Disin(kz)+D,cos(kz) ) (k) [B, (x+(E+imy) + B, (x+(E=imy)

+ B, (x+(=£-in)y) + B, (x+(=E+in)y) | (17b)
w(x,y.2) = (D;cos(k)+D, isin(k2) Yik)™ [C, e + €+ imy) ™ + C, (e + (£~ imy) ™
+ C, (x+(E-in)y) + C, (x+(E+in)y) ] (17¢)

wherein & and mare as given in Egs. (16), and Ak, Bk, Ck , k =1,..,4, are undetermined

coefficients. It may be noted that Ek can be expressed in terms of the corresponding A o k=1..4

by using Egs. (10) and (15).

B = (H, + iH,) 4, B, = (H, - iHl,) 4, (18a, b)
B, = —(H, + iH,) 4, B, = (-H, + ifl,) 4, (18c, d)
in which
b e ) )

(012 + 066) , (clz + C66) . (192.5)

The corresponding stress field can easily be obtained from Egs. (17). It is convenient to express
the components of the displacement vector and stress tensor, in terms of the cylindrical polar

coordinate system (r, 6, z). Expressing

p cos(y) = r(cos(O+Esin(@)), p sin(y) = r (gsin(d)),  (20a)

p'cos(y) = r(cos(6)—-&sin(8)),  p'sin(y) = r(=nsin(6)), (20b)

in which
p = r{cos(®)+ &sin@)’ + 7'sin’(O)} . 21a)
p = r{eos(@)~&sin(@)) + 775’ @)} 2ib)

and
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cos((8)) = cos(6) + &sin(H) (229)
fcos(@)+ &Esin(@))’ + 7sin*()}

sin(y(6)) = . nsinz( J ., (22b)
{(cos(éb+§sm(t9)) + 77°sin (49)}

cos(W/(8) = cos(6) — Esin(H) / 220
fcos()-Esin(9)” + 77'sin*()}

sin(y/(6)) = —1sin(®) (224)

{(Cos(é’)—fsin(é’))2 + psin’ (0)}/2,

the general asymptotic form for the displacement and stress fields can be written as follows:

u(r,0,2)=r'D, (z)(ik)SL{(cos(ﬁ) + Esin(@) + 7sin*(0) ¥ {4, cos(sy)+ 4, sin(s y)}

+ {(005(6’)—4"sin(6?))2 + 17 sinz(é?)}/z{A3 cos(sy/) + A, sin(s W’)}]+ o)

(23a)
v(r,6,2)=r'D, () (ik)SHi(cos(H) + Esin(@)) + 1 sin’(6) }/2{(1{1/11

+H, 4, )eos(sw)+ (H, 4, — H,A Jsin(sp) b {(cos(8) - Esin(6))’

wsin @)} {HHA, + HoA)eos(sy) —(HA, — Hy4, pin(sy))]
+0(r'™?), (23b)
w(r,0,z) = 0(r"""), (23¢)

and
c.(r,6,2)=r"'D,() (k)'s <{(cos(9) +Esin@) + 7sin’@) F [(Ade,+

+(§H1 - ﬂHz)clz}"' 4, {(771_11 + &M, )012 })COS((S _I)W)"' (_Al{(nH1 + gHz)Clz}
+A2{011 +(4:H1 -nH, )012 })Sin ((S - 1)'//)]"' {(COS( 0) — & sin( 9))2
[(A3 {011+(§H1 - 77H2)012 }+ 4, {(771_11 +¢H, )Clz })OS((S _1)W,)

s-1)/2

17 sin’(6) }
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A, + 8 e} +4, e, +EH, — i, e, Psin((s— D))

+ 0("), (24a)
o,(r.60.2)=r"'D, (z) (ik)'s <{(cos( o)+ Esin(O) + nsin*@) Y [(4 e,

+(EH, = nH ey Y+ A(nH, + $H, )y, Peos (s =1)yp) + (—A{(nH, + EH )ery |

+ A, ey, +(EH, = nH )ey, Psin((s —Dw) |+ {(cos( 6) - Esin(6))’

w7 sin' O} (e +EH, — e Y+ A0, + EH e} pos(s= 1)

s A H 4 EH ey} +4, {e,+(EH, —nH ey Psin (- D))
+0(™), (24b)
7,(r.02)=r"'D, (:)k)'s c66<{(cos<e) +Esin(O) +7 i@} [AE+ )
+4,(n + H,)}eos ((s =Dy)+ {=4,(n+ H,)+ 4,( + H, ) }sin((s— Dy)]

H(cos(0) - Esin(0)* + n'sin*(O)} [ A+ H)— 4,7+ H ) Jeos (s~ D)
H4,(n+ H,)-4,(E+H)sin((s— Dy)] + o("™) (240)

6.(r62)=r"'D,(z) (ik)ss<{(cos(6)+§sin(60)2 + st @F (e

+(&H, = 1H )5, 1+ A, {(H, + EH, )eyy Peos((s —Dw)+ (—A{(nH, +EH, )y }
Ay e +(EH, —nH, ey, Dsin( - D) |+ {eos(6)—Esin(@))

sy sin’ @)} (A e+ &, = nH e 1+ A, +EH e os(s= 1)
A, + EH e} +4, e, HEH, — 1oy, Dsin((s ~1Dy))

+ O(™) (24d)
t.(r6,z)= 0o(r') 1,.(r.0z)= 0("). (24e, D)
in which

A = A+ A, 4, =i(4 - 4,) (252)
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A4, = _3 + _4, A4, = i(Z3 — 24) (25b)
and
D,(z) = D, sin(kz)+ D, cos(kz), (26)
with
D=iD, , D,=D,. (27a,b)

It may be noted that since s or Re s (when s is complex) is positive, all the higher order terms in
Egs. (24) vanish as r — 0. The components of displacement can now be expressed in the cylindrical
polar coordinate system as follows:

u(r,0,z) = D, (z) (ik) <{(cos(9)+ Esin(6)) + 772s1112(<s>)}S/2 [{4, cos(6)+

(H A, + H,A,)sin(6) }cos(s ) + {4, cos(8)+ (H,4,— H,A,)sin(6) }sin(s l//)]
H(cos(®) - Esin(0) + 7' sin*(O) b [{4, cos(6)—(H,4, + H, 4, )sin(6) Joos(s ¥/)

+ {4, cos(8)-(H,A, — H,A, )sin(6) }sin(s 1//)]> + O(r”Z) (28a)
u,(r,0,z) = ¥D,(2) (ik)’ <{(cos(9) + &sin(@)) + 17°sin’(6) }:/2 [{-4, sin(6)+
(H, A4, + H,A4,)cos(0) }eos(sw) + {-A4,sin(0)+ (H,A, — H, A )cos() }sin(s W)]

+ Jeos()- £sin(0)” + 7sin*(B) )[4, sin(6)+(#, 4, +
H, A,)cos(6) feos(s ) — {4, sin(0)+ (H,A, — H,A;)cos(6)}sin(s l//)]>
+ 0(r) (28b)

w(r,60,z) = O(FSH) (28¢)

Similarly, the components of the asymptotic stress field can be conveniently expressed by using
standard second-rank tensor transformation rule:

o cos’ 0 sin’@  sin26 || o,

o, (=| sin’@ cos’d —sin20 o, (, (29a)
T,) |——sin260 —sin26 cos20 |7,
2 2 !


https://doi.org/10.20944/preprints202302.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2023 doi:10.20944/preprints202302.0377.v1

13
T. cos@ sinf |7,
= : 29b
7, —sind cos@ | 7, (290)

The stress component, 6y, is as given in Eq. (24d).

Substitution of Egs. (24), in conjunction with Egs. (29), into the boundary conditions on the crack-

side surfaces given by Eq. (3b) yield four homogeneous equations, which reduce to
either cos (s-1)n =0, or sin (s-1)n = 0. (30a, b)

Equation (30a) contributes to the lowest nonvanishing eigenvalue, s = 1/2, in the range 0 <s <1,
as required by the criterion of locally finite energy. Equation (30b) yields s =0, 1, which can take care
of rigid body translation and rotation, respectively. Interestingly, s = 1 also accounts for the T-stress.

In order to express the asymptotic stress field in terms of the stress intensity factors K[(z) and

K11(2), it is convenient to obtain from Eq. (10)

¢od;, + ¢y pB;, = —c(4, + PB), i=1,..4 (nosumoni) 31)
in which P, is the complex conjugate of p, given by Egs. (15) and (16), and El. is given by Egs.
(18). This will finally yield, with the help of Egs. (17), (18) and (1), O-y (7’ 5 0, z ) as follows:

6,(r.6.2)=—r"'D, (2) (ik)'s 066<{(cos(¢9) +&in@) + psinf(@F (4
&, +nH, }— A {nH, - &H, Peos((s— Dy)— (A {nH, — SH, } + A, {1+ ¢,
+nH, Psin((s- )]+ {eos@)Esin(@)) +77sin’(@F " [(4,{1+¢H,
+1H,} = A {nH, - $H, Peos ((s —1)y")— (4 {nH, - $H, }+ 4, {1+ ¢H,

+nH, Hsin((s— D))+ 0() (32)
(o (7‘, 0,z ) can be similarly obtained from the other relation in Eq. (10).

4.1.1. Symmetric (Mode I) Loading (Extension/Bending)

This relationship among the four unknown coefficients (eigenvectors) under mode I can also be
obtained by using the following boundary conditions that correspond to the far-field symmetric
loading:

0=0: T9=T. =0, (33a)
0=m: Op=T,y=7,. =0. (33b)
When s = 1/2, substitution, of Egs. (29) or equivalently (24) into Egs. (33), yields the following:
A1 =As, Ay =Aqg, (34)

A, __n (\1011022 +Clz)
4, ¢ (\[ Cii€ _C12). -

Finally, on substitution of Egs. (34) and (35) into the expressions for displacements and stresses,
and by defining the mode I stress intensity factor, K|(z), as
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K,(2) =\/E D,(z) (ik)l/z (\/611622 +612) 4, (36)

the components of inplane displacements and stresses, in the vicinity of a semi-infinite crack front,
under symmetric far-field loading, can be expressed as follows:

u(r,0,z) = _KG@ \/Z [{(cos@+§sin¢9)2+nsin2 0}”4{(,/011022 —clz)cos(l///2)

2
(Cnczz _012) 2z

—(,/c”c22 +clz)gsin(l///2)} + {(cosé’—fsiné’)2 +7sin’ 9}1/4{(M—clz)cos(l///2)
+ (\/cnczz T Cp )%sin ('//’/2)}}9 (37a)

v(r,0,z) = L)) \/; [{(cos9+g"sin6')2+77sin2 6}1/4{_@%5(,/,/2)

2
(cnczz G 2¢46

a2
+2 cnczz?]sin(w/Z)} + {(cos@—fsinﬁ)z+7ysin20}1/4{(c“;22—;12)<308(‘//’/2)
Ce6

+2fe ennsin(y’12)] (37b)

o.(r,0,z) = % [{(cost9+§sint9)2+77sin2 9}1/4{cos(w/Z)—gsin(w/z)}

+ {(cos 6— Esind)’ + nsin’ 19}/4{005(1///2)+L§7 sin(l///2)H (38a)
_ K,(2) . 7

o,(r,0,z) = onr [{(cos@+§sm0 +77sin’ 9 {cos w/2)+ s1n(l///2)}

+ {(cosé? £siné)’ + 7sin 0} {cos(l// /2)——sm(1// /2)} (38b)

7,(r,0,z) = —% [{(cosﬁ+§sm¢9) +77sin 6?} cos(y//2)

_ {(cos 60— EsinB) + psin’® 0}/4 cos(¥//2)]. (38¢)

4.1.2. Skew-symmetric (Mode II) Loading (Sliding Shear/Twisting)

This relationship among the four unknown coefficients (eigenvectors) under mode II can also be
obtained by using the following boundary conditions that correspond to the far-

field antisymmetric loading:
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0=0: Oy =71, = 09 (39a)
When s = 1/2, substitution of Eqgs. (29) or equivalently (24) into Eqgs. (39) yields the following:
Aq =-A3, Ap =-Ay. (40)
4, 4 §C1(CyrCe ST
o 2 ) (41)
4 (Cl €20~ clz)

Finally, on substitution of Egs. (40) and (41) into the expressions for displacements and stresses,
and by defining the mode II stress intensity factor, Kj(z), as

K,(z)= 2\/E D,(z) (ik)l/z 50661419 (42)

the components of inplane displacements and stresses, in the vicinity of a semi-infinite crack front,
under skew-symmetric far-field loading, can be expressed as follows:

K, (2) r l: .2 PN L (Cllczz _0122)
,0,z) = — 1 ‘/— cos@+<&sinf) +nsin” @y s ————~cos(w/2
162 (Cl € —Chy ) r {( : ) 7 } 2c46 (l// )

2
+2 cllczznsin(l///Z)} + {(cosé?—fsiné?)2 +7sin’ 0}1/4{—(6“%_;12%05(1//2)
Ce6

+2./c, cpnsin(y’/ 2)}1 (43a)

w(r,0,z) = —LZ)) \/% [{(cosé’+§sin6’)2+77sin2 9}1/4{(«/%022 —clz)cos(l///2)

2
(011022 2

+ (1 [c,,Cyy FCypy )gsin(l/// 2)} + {(cos 0 —Esin@)’ +1sin’ 0}1/4 {(1/011022 —Cpy )cos(y/'/ 2)
- (\/ C1Cyy T €y )g Sin(l// / 2)}:|> (43b)

o.(r,0,z2) =% [{(cos@+§sin 6)’ +7sin’ 0}1/4 {@COS(V//Z)—zﬂ sin (y / 2)}

- {cos 6—Esin ) + sin’ 9}/4 {Lj)cos(z///Z) +27 sin(l///2)H (44a)

1/4

K, (2) |:{(COSH+§Sin9)2+775in29} COS(l///2)

227 &

o,(r,0,z) =


https://doi.org/10.20944/preprints202302.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2023 doi:10.20944/preprints202302.0377.v1

16

+ {(cos 60— Esind)’ + 7sin’ 9}/4 cos(¥//2)] (44b)

7,(r,0,z) = —% [{(cosé’+§sin9)2 +7sin’ 9}1/4 {Cos(w/2)+gsin(l///2)}

+ {(cos 60— Esind)’ + isin’ 0}/4 cos(l///Z)—gsin(l//Z) . (44c)

It may be noted that in the expressions for displacements and stresses, given by Egs. (37) and
(38), respectively, under mode I loading, there is a coupling between cos(y/2) and sin(y/2) (and
similar coupling between cos(y'/2) and sin(y'/2)) terms, except for Txy, given by Eq. (38¢). Similarly,

in the expressions for displacements and stresses, given by Eqs. (43) and (44), respectively, under
mode II loading, there is a coupling between cos(y/2) and sin(y/2) (and similar coupling between
cos(y'/2) and sin(y'/2)) terms, except for Oy, given by Eq. (44b). It may be remarked that for

A < -J CH/ C,, , the through-thickness crack considered here will more likely deviate from its

plane (010), i.e.,, x-z plane and its initial propagation direction, i.e., x-direction, because of this
coupling, which arises from the complex roots. It can then be inferred that the (010) is not the easy
cleavage plane and [100] is not the easy propagation direction, for orthotropic/orthorhombic

laminas/single crystals with ' <4/ C; 1/ Co .

It may, however, be remarked that the Griffith-Irwin approach cannot by itself be considered a
sufficient condition for determination of a cleavage system being easy or difficult for crack
propagation in single crystals, and an additional conceptual-cum-analytical tool must be developed.
This is because Griffith’s criterion is “not really a fracture criterion but only a necessary condition for
fracture” [79]. As has been suggested by Sedov [82], similarity analysis is an effective tool to solve
complex problems in mechanics. This can be employed to come up with a sorely needed sufficient
condition for the problem at hand and is elaborated in Sec. 7.2 below.

4.2. Case (b): Imaginary Roots

The four imaginary roots of Eq. (11) are given by
N N ’
P, = il(é: + 7737 Dsq = H (5 —n ), (45)

where

1/2
1 L T . 1/2
§'=—= {c—J v2| T L) A 0 G

valid for

4 >'\1611/sz ; (47)

which corresponds to a candidate plane of minimum surface energy.
The final results that satisfy the equilibrium equations (2) can be expressed in the following form:

u(x,y,z) = (Blisin(kz)+acos(kz)) (ik) F] (x+i&+1)y) + 4, (x—i( &+ 1))

+ 4, (x+ i -my) + A, =i E-n)y)'] (48a)
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v(x,,z) = ﬁi sin (kz) +§2 cos(kz)) (73} [El (x+i(&+1)y) + B, x—i& +1)y)
+ B, (x+i(&-1)y) + B, k=i &-7)y)'] (48b)
w(x, y,z) = @1 cos (kz)+32 isin (kz)lik)s+1 [a (x+i(E+1)y)" + C(x—i& +n)y)™"

+ C (x+iE-my)+ C, (x=i(&-7)y) | (48¢)

wherein &' and 7' are as given in Egs. (46), and A > B P C ¢ » kK =1,.4, are undetermined

coefficients. It may be noted that B ) canbe expressed in terms of the corresponding A ko k=14,
by using Eq. (10) and Egs. (45).

B = —iHl’ Zl, §2 = iHl’ Zz, (49a,b)
B, = —iH} 4,, B, = iH} A,, (49¢,d)
in which
, {\]011022 ~ Ces (§,+77,)2} , {\/cuczz — Ces (5,_77,)2}
Hi = - H, = . (50a,b)

(co + i) (&+7) C (cn + co) (&'-177)

The corresponding stress field can easily be obtained from Egs. (48). It is convenient to express
the components of the displacement vector and stress tensor, in terms of the cylindrical polar
coordinate system (r, 6, z). Expressing

p, cos(y,(0)) = rcos(@), p sin(y() = r(&+1)sin(h),  (Sla)

P cos(y((6) = rcos(8), p sin(y[(6) = r (& ~n)sin(6), (51b)

in which
p = rcos’ @)+ (&+ 1) sin*(9)) (522)
pl = r{eos’ @)+ (&-1)sin* @)} (52b)
and
cos(6)
(0) = 172 » a
cos(¥(6)) {0052(9) N (§'+77')Zsin2(0)} (53a)
: (&' +1')sin(6)
1 9 = 1/2»
sin(i () {cos’ (@) + (&' +n)’sin’*(6)} (53b)
cos(¥{(8)) = cos(©) (530)

feos’(0) + (& -1y si*@))
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(&' —1)sin(6)
. 1/2
{cosz(é?) + (& —1)sin’ (6?)}
the general asymptotic form for the displacement and stress fields can be written as follows:

u(r,0,z)=r'D, (z)(ik)chos2 O)+ (&+ 1)’ sinz(é’)}/z{AI cos(s y; )+ 4,sin(sy; )}

sin(y(0)) = (53d)

+ cos’(8)+ (& - 7) sinz(e)}/z{A3 cos(sy)) + A;sin(sy)) |+ O(*),  (54a)

v(r,6,2) =r'D, (z)(z'k)sﬁosz(e) +(& +7') sin*(6) }/2{—H1'A2 cos(sy; )+ H/A, sin(s )}

+ 08’ (O)+ (& -1) sinz(e)}/z{—H ‘A, cos(sy)) + H’ A, sin(s ¥ )}]+ o) (54b)
w(r,6,z) = O(rm) (54c)
and

6.(1,6,2)= "D, () (ik)'s <{cos2 O+ E+n)sin@F e, +

H{(& +n e HA, cos ((s = )y, )+ Ay sin ((s = Dy, )} + feos *(8) +
(& =) sin® (@) 7" e+ Hi (& = 1)er Kty cos((s = 1yy)+ 4, sin((s — 1))} )

+ O(™) (55a)
6,(n0.2)=1"D, () (k)'s <{cos2 @+ E+n)sin’ (O} {ep+

Hl/(é, + 77/)622 }{Al COS((S - 1)W1 )+ Az Sin((s - 1) 1)}+ {0052 (0) +

(& =n') sin® (@) J*"" e+ HIE ~1)er, KA, cos((s = 1y!)+ 4, sin((s - 1y?)} )
+ O(I"SH), (55b)
(s—1)/2

7, (r0.2) =D, ()ik) s c66>{cos2(t9) +(&+7) sin?(6)]

—(&"+ )} {=4, cos ((s =Dy )+ 4;sin ((s = Dy,)} + {eos *(8) +

{H]

(& —n'Vsin2 (@) " i, = (& =n")} - 4, cos (s = Dy, W Aysin((s = Dy, )} )

+ O(rs+1 ), (55¢)

/2

0.02)=r"D,:) @)'s (fos' 0+ €+ Y st @} e+
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H{(§,+ 77’)023 }{Al cos ((S - 1)51/1 )+ 4, sin ((S - 1)51/1 )}+ {COS 2(9) +
(& =n") sin?(@) J*" e, + HI(E = 1")es Ky cos (s = Dy )+ 4y sin (s =y} )
+ O(™) (55d)

7. (r,0,z)= O(rs) 7,.(r,60,z)= O(rs). (55¢, 1)

in which Ay, k =1, ..., 4, is defined as before in Egs. (23), while Db (Z ) is same as given earlier in
Egs. (24) and (25).

It may be noted that since s or Re s (when s is complex) is positive, all the higher order terms in
Egs. (55) vanish as r — 0. The components of displacement can now be expressed in the cylindrical
polar coordinate system as follows:

u (r,6,2)= r'D, ()(ik )‘“<{cos2<0) F(E+7) sin’(O) }[{4,cos(8) — Hd,sin(6) yeos (s y7)
+{4,008(6) + H{ A, 5in(6) Jsin(s y;)] + Jcos”(8) + (&' = ) sin* ()} [{4; cos(6)
A, sin( 6)Yeos (s y{)+ {4, cos( 0) + H A sin( 6)}sin (sy])])

+ 0(r’*?), (56a)
u,(r,0,2)=r'D, (z)(ik)*'<{cos2(e) F(E+)sin*(@)F A sin(0)+ H{A, cos(8) Jeos(s ;)
H—A, sin(6) + H{A,cos(O)}sin(sy )]+ o5’ 0+ (&~ ) sin’@) } [4, sin(0)

+H 4, cos( 0)}cos (syy)+ {~ A4, sin( )+ H;Acos( ) }sin (sy))])

+ 0(r'?) (56b)

w(r,0z) = O(r"") (56¢)

Similarly, the components of the asymptotic stress field can be conveniently expressed by using
standard transformation rule, given earlier in Egs. (27). The stress component, 6y, is as given in Eq.

(55d).
Substitution of Egs. (55) in conjunction with Egs. (27) into the boundary conditions on the crack-
side surfaces given by Eq. (3b) yield four homogeneous equations, which reduce to

either cos (s-1)t =0, or sin (s-1)t = 0. (57a, b)

Equation (57a) contributes to the lowest nonvanishing eigenvalue, s = 1/2, in the range 0 <s <1,
as required by the criterion of locally finite energy. Equation (57b) yields s =0, 1, which can take care
of rigid body translation and rotation, respectively. Again, s =1 also accounts for the T-stress.

4.2.1. Symmetric (Mode I) Loading (Extension/Bending)
Fors=1/2,

Ary=A4=0; (58)
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and
é:_{\/cuczz (f'—ﬂ')+cu(§'+77')}' 5o
4, {\/ C11C2 (§/+77/)+012 (5'—77')} )

Finally, on substitution of Egs. (58) and (59) into the expressions for displacements and stresses,
and by defining the mode I stress intensity factor, K[(z), as

K,(z)=~27 D,(2) (k)" %{ fevcn (&'=1)+cn (E+7)} 4, (60)

the components of inplane displacements and stresses, in the vicinity of a semi-infinite crack front,
under symmetric far-field loading, can be expressed as follows:

u(r,0,z) = K, &) I \/% [{cos2 6+ (& +n') sin’ 9}1/4 {@(f’“ﬂ

2
(cllczz O

+c,(E=n")fcos(y, /2)- {cos2 0+ (& —n’) sin’ 9}1/4 {1/0“022 (& -n)

+e, (7 +n") feos (w)/2)] (61a)

v(r.0.2) = — K1) F: \/Z [{cos29+(§'+77')2 sin’ 9}1/4{012

2
(011022 O

T 4/Cl1iCx (5,_77,)2 }Sin(W1 /2)_ {CO52 6+ (5’_ 77’)2 sin” 9}1/4{012
t\Jenen € +n') Jsin () /2)] (61b)

_ K](Z) 2 ’ N2 .2 e ’ ’
o.(r,0,z) = m [{cos O+ (&' +n') sin 49} (& +1")cos(y, /2)

—Jéos2 0+ (& —17) sin® 6?}/4 (&'=1")cos(y// Z)J (62a)

1/4

0,(r,0,z) = _W(j)ﬂ' [{cos2 0+ (é:'+77')2 sin’ 9} (&'—n")cos(y,/2)
—{;os2 0+ (& - 77’)2 sin” 9}/4 (& +1)cos( /Z)J, (62b)

_ K,(z2) 2 T R LA

7,(r,0,z) = m [{cos 0+(&"+7') sin 49} sin(y, /2)
/

—{:082 0+ (& —17) sin’ 6?} ‘ sin(y/ /2) (62¢)

4.2.2. Skew-symmetric (Mode II) Loading (Sliding Shear/Twisting)
Fors=1/2,
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A1=A3=0; (63)
and

éz_(éf’—ﬂ,) {\/011022 (5,_77,)"'012(5""77’)}. 64

4, (§,+77,) {\/011022 (5"’77,)"’012 (5’_77,)} ©

Finally, on substitution of Egs. (63) and (64) into the expressions for displacements and stresses,
and by defining the mode II stress intensity factor, Kyj(z), as

K, (2)= 2z D, (z) (ik)"? B +CC66)7€§,+77,) {\/ e (&'=1") e, (§,+77,)} 4,,

(65)

the components of in-plane displacements and stresses, in the vicinity of a semi-infinite crack front,

{\/ ¢\ (&' + 77,)2
+cp, psin(y, /2)- {COSZ 0+ (5,_77,)2 sin” 0}1/4{\/ €€ (5,_77’)2 i }Sin(l/fl,/z)l (66a)
v(r,0,z) = K, (2) )77, \/% [{cos2 6+(& +n') sin® 6?}1/4 {@(5‘77’)

2
(Cuczz —Cn

under skew-symmetric far-field loading, can be expressed as follows:

u(r,0,z) = — Ky () )77, \/; [{cos2 6’+(f’+77')2 sin’ 6’}1

2
(Cnczz —C

/4

+ o (& +1)}oos(y, 12)— foos” -+ (& =) sin> ) {ercn (€ +77)
+c, (& = 1) }eos(y/ /12)] (66b)

o (r,0,z) = —M‘:{COSZ 0+(&+1') sin’ 9}”4 (& +17) sin (1 2)
o 2\N2xr :

—{:os2 o+ (f’ - 77,)2 sin’ (9}/4 (f’— 77’)2 sin(w{/2)} (67a)

K (Z) 2 74 7 2 - 2 1/4 .
0,(r,0,2) = —=— [{cos 0+ (&' +n') sin 9} sin(y, /2)
2\2xr n

~foos? 0+ (&~ ) sin” 0} sin(y/] /2)J (67b)

7,(r,0,2) = EN K,zl—lﬂ(j)n, [{cos2 0+(§"+77')2 sin’ 0}1/4 (&+n")cos(y,/2)

o0+ (€ 1) sin’ 6 (- m)eos(r2)| (670
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It may be noted that in the expressions for displacements and stresses, given by Eqgs. (61) and
(62), respectively, under mode I loading, there is no coupling between cos(y/2) and sin(y/2) (and
similar absence of coupling between cos(y'/2) and sin(y'/2)) terms. The same is true in the expressions
for displacements and stresses, given by (66) and (67), respectively, under mode II loading. It may be

remarked that for J >4C 11/ C,, , the through-thickness crack considered here will more likely
propagate in its plane (010), i.e., x-z plane, and in the x-direction, because of this absence of coupling,
which arises due to the imaginary roots. Sec. 7.2 below presents a comparison of the solution
involving imaginary roots with its isotropic counterpart and concludes that the expressions for p and
y are similar to their isotropic counterparts. This is especially true for y at x = 0. The significance of
this, albeit being qualitatively and indirectly inferred, is that for 4 > v c 11/ Cy (or A>1), the

through (010)[001] crack considered here is, like its isotropic counterpart, more likely to propagate in
its original plane (010) and direction [100], because of this absence of coupling, which arises due to
the imaginary roots. It can then be inferred that the (010) or x-z plane is the easy cleavage plane and
x-direction is the easy propagation direction in orthorhombic single crystals with J > v Cyy / Cy

. As has been remarked earlier, determination of a cleavage system being easy or difficult for crack
propagation cannot definitively be guaranteed by the Griffith-Irwin based approach, which can serve
only as a necessary condition. A similarity-based approach is needed to introduce a sufficient
condition (see Sec. 7.2 below).

Finally, it may be noted that the above expressions for displacements, given by Egs. (37), (43),
(54), (66) and stresses, given by (38), (44), (55), (67), reduce to their two-dimensional counterparts (see,
e.g., Sih et al. [17]).

5. Plate Surface Boundary Conditions and Through-Thickness Distribution of Singular Stress
Fields
5.1. Satisfaction of traction-free boundary conditions

The stress field in the vicinity of the front of a semi-infinite crack under inplane extension can be
recovered if in Egs. (36), (60) or (42), (65)

D,(z)= D,,(z) =D, cos(kz). (68)

By using the boundary condition on the free plate surface, the general form of Dpg(z) can be
obtained as

D=3 D, cof L | )

n=0 2h

Hence, K1 = K|g and Kj1 = Kjjs would represent symmetric stress intensity factors; see Sec. 8 and
Figure 5(a). If the odd functions are selected from Dp(z), it can yield the out-of-plane bending case
given by

D,(z)=D,,(z)= D,sin(kz). (70)

Dpa(z) that satisfies the stress-free condition on the plate surface is given by

D, (z)=Y D, sin(%zj, (71)

n=l1
provided the loading function vanishes at z* = 0, thus eliminating the possibility of discontinuity of
the function at z* =0. In the presence of discontinuity of the function atz*=0, D, (Z) can be written

as follows:

doi:10.20944/preprints202302.0377.v1
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—7mz*|. (72)

As a consequence, Ky = Ky, and Kjj = Ky would represent anti-symmetric stress intensity
factors; ; see Sec. 8 and Figure 5b). If the boundary conditions on the free plate surfaces are satisfied,
all the displacements and singular stresses vanish on the plate surfaces in the vicinity of the crack
front.

"ﬂ o
T + 1T {1 .1 T 1T T 1

W

]

1 ——
L

(o 0 ("_U
5
N A S
(¢)
(a)
g
L T T T T T 17 .y
O [ i 1"'_’0-
A S N I

x[} o
(b)

Figure 5. (a) (010)[001] crack initially propagating in [100] direction turning into a ( 1 00)[001] crack
propagating in [010] direction, (b) ( 1 00)[001] crack initially propagating in [010] direction continuing

in its original track.

5.2. Hyperbolic Cosine Distributed Far-Field Loading

Hyperbolic cosine distributed far-field loading, which is proportional to cosh(z*), 1z*| <1, is
applied. The applied symmetric loading function and the corresponding "stress intensity factors"
(valid for 1z*| <1) are proportional to

D, (z*) — cosh(z") = exp(z’)+exp(—z") .

> (73)
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The corresponding Fourier series can be derived as follows:

D, (=)= mf;) e +1e(2—12)’”} (m %)chos((@] ﬁz*j. (74)
{1+(m+2j T }

The applied antisymmetric loading function (valid for Iz*| < 1) and the corresponding "stress

intensity factors” (valid for [z*| <1) are proportional to
* 1 * *
D,, (z ) = ‘cosh(—z)‘ = E‘exp(z )+exp(—z )‘. (75)

Since D,, (Z*) has a discontinuity at z* = 0, the corresponding Fourier series can be obtained

as given below:

D, ()= i{e-l(—nm +e(—1)m}(m%)mosﬁwjm*]_ 76)

2
m= 2
’ {1+(m+1j 752}
2

6. Stress Intensity Factors and Energy Release Rates for a Through-Thickness Center-Crack
(Modes I and II)

6.1. Through-Thickness Distribution of Stress Intensity Factors (Modes I and 1I)

The stress intensity factors, K,(z) and K, (z), cannot be determined unless the far- field

loading and a characteristic length (e.g., crack geometry) are specified. Sih et al. [17] have shown the
applicability of the complex variable approach in conjunction with the eigenfunction expansion
approach in the derivation of the two-dimensional stress intensity factors for anisotropic plates. The
stress intensity factor for an infinite orthorhombic/tetragonal monocrystalline plate with a central
crack of length, 2a, and subjected to far-field mode I/II loading is available for the two-dimensional
case [17], and can easily be extended to the present three-dimensional case as follows:

K,(Z*)+$=2\/ﬁ(pl;—p3)ﬁm -8 6 (C)D(Z), a7
3 3 =6

where

L=atxtpy. {=a. ()= " {2p30m+2'°" ]*Cléi, (78)

4(p1_p3) ;1'*'\/;12_;02

with C| being a constant. In cylindrical polar coordinates, Eq. (17) can be expressed as follows:

KI(Z*)+I<II<Z)=\/Ea2(O';+TW Jr

Jum (19)
Ps Ps =0 (a+r)2—a2{a+r+ (a-i—r)z—a2

D, (z*)
}

which finally gives

K, (z*)z O';’\/E D, (z*), K, (z*)z T;;\/% D, (z*). (80a,b)
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for both complex and imaginary roots. Egs. (20a,b) reduce to their two-dimensional counterparts [53],

by taking D, (Z *) =1.It may further be noted that the normalization factor, K, (Z ) / Ki’2 p, I=L1I,
isequalto D, (Z *) for a given far-field loading.

6.2. Through-Thickness Distribution of Energy Release Rates (Modes I and II)

The through-thickness distributions of the energy release rates due far field loadings, O'; and 7 ;;

, for a center-crack of length 2a, weakening an infinite plate of finite thickness, 2h, can be derived by
introducing the thickness-wise partial crack closure method as follows:

Aa
G, (z* ) =Lim AHO@L[ o,(x,0, z*)v(Aa - X, 7T, Z*)dde* } , (81)

which, on substitution of 0,(x,0,z )=0 y‘g:() and V(Aa—x,7,z )= | g, - Obtained from Egs.

(38b) and (37Db), respectively, for complex roots, and Egs. (62b) and (61b), respectively, for imaginary

roots, yields
Aa
_NTuTm \16“0222771(1 (Aa, z ) K, (0, z*) I ,Aa — xdx, for complex roots
X

1 (cuczz —Cp )

Aa—0 ( Ag [
(Aa) Lzzch’K,(Aa,z Oz J' an dx, for imaginary roots

(Cllczz —Cn )
VE1Can o0

2 L2
(c“c22 _6122)77(0} ) Ea(Db (z )) , for complex roots

VGl 5,( o \2

> (o} ) ﬂa(Db (z*))z , for imaginary roots
(Cuczz ~Cn )

y
<ﬁ( il S 2o

CiiCyp — clz

G,(z*)szm

_ KI2 CiiCxp 2
= \/E(Cllczz _0122) \/(Cu /¢y) +Z[Db (Z*)] : (82)

Similarly,

* . 1 e * * *
G, (z")=Lim M%@{ ! 7, (x,0,2)u(Aa—x, 7,z )dxdz" |, (83)

which, on substitution of 7, (x,0,2°) = Toloes and u(Aa—x,m,z )= u|9=”, obtained from Egs.

(44c) and (43a), respectively, for complex roots, and Egs. (67c) and (66a), respectively, for imaginary
roots, yields the following;:
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#ZUKH (AG,Z ,, 0 z J‘JAa dx, for complex roots

1 (Cnczz_clz )
mAa%O (Aa) A
sz’l(n (AG,Z*) 1, ,/ a- dx for imaginary roots
(cnczz_clz )

mn(rﬁ; ) 7a(D, (")) . for complex roots

(c”c: : e ) 5/(1'; )2 ﬁa(D;, (z*))2 , for imaginary roots

L e eA o ]

_ K,'c, l(c. /¢ o 84
\/E(C“sz—clzz) ( 11/ 22)+Z|:Db( ):I ‘ ( )

Egs. (82, 84) reduce to their two-dimensional (plane strain) counterparts [53], by taking D, (Z *)

2
= 1. It may further be noted that the normalization factor is equal to (Db (Z *)) for a given far-field

loading.
For the special case of a tetragonal single crystal, the above energy release rates reduce to

Gz(z*)=m 1+Z|:Db(z*)]2’ GH(Z*)=\/%M[DI,(Z*)T. (85a,b)

7. Necessary and Sufficient Conditions for Easy or Difficult Cleavage Planes

7.1. Crack Deflection Criterion, based on the relative fracture energy

The important issue of a cleavage plane being deemed easy or difficult can be related to a crack
deflection criterion, which is based on the relative fracture energy (or the energy release rate)
available for possible “fracture paths” [17]. The deflection or kinking of a crack from the cleavage
system 1 to the cleavage system 2 is favored if

%Efk%rz): % >%1 (86)

in which Giand I';, i = 1, 2, are energy release rate and surface energy, respectively, of the it cleavage
system. Atomistic scale modeling of cracks, however, requires consideration of both the long-range
elastic interactions and the short-range chemical reactions. The Griffith theory does not take the latter
into account [22]. Secondly and more importantly, fracture criteria derived from equilibrium
theories such as the Griffith thermodynamics-based) criterion can only be regarded as necessary
conditions but not as sufficient [79, 83]. The effect of short-range chemical reactions can obviously be
encapsulated by atomic scale simulations, such as the investigation of low-speed propagation
instabilities in silicon using quantum-mechanical hybrid, multi-scale modelling due to Kermode et
al. [84], which, however, entails extensive computational and other resources. Alternatively, and
more importantly, such short-range interactions can also be captured by the elastic properties-based
parameters (with a few exceptions), such as the inverse anisotropic ratio, A, or equivalently, the
normalized elastic parameter, ). This is because the elastic properties are controlled by various
aspects of the underlying structural chemistry of single crystals, such as the Bravais lattice type,
bonding (covalent, ionic, and metallic), bonding (including hybridized) orbitals, electro-negativity of
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constituent atoms in a compound, polarity, etc. [22]. General theory behind these characteristics
pertaining to structural chemistry of crystals are available in well-known treatises (see e.g., [85-87]).
More specifically, the elastic properties of superconducting YBaCusOr-s are strongly influenced by
oxygen non-stoichiometry (as well as various structural defects). It is known to crystallize in a defect
perovskite structure consisting of layers. When d=1, the O(1) sites in the Cu(1) layer are vacant and

the structure is tetragonal. For § < 0.65, Cu-O chains along the b-axis of the crystal are formedi.

Elongation of the b-axis changes the structure from tetragonal (insulator) to orthorhombic
(superconductor), with lattice parameters of a = 3.82 A, b=389 A, and ¢ = 11.68 A. Optimum
superconducting properties occur when 6 ~ 0.07 and all of the O(1) sites are occupied with few

vacanciesi. The coordination geometry of metal centers in YBCO, such as cubic {YOs}, {BaO1o}, square

planar {CuQOs} and square pyramidal {CuOs} as well as structural features such as puckered Cu plane
and Cu ribbons were first reported by Williams et al. [88]. Furthermore, Ledbetter [89] and Lin et al.
[90] measured the elastic constants of polycrystalline YBCO using ultrasonic methods and found that
while the “elastic moduli corresponding mainly to shear modes increase monotonically with oxygen
concentration”, their counterparts due to “dilation modes increase up to the values of 6.7 of the oxygen index,
after which they begin to decrease”; see also Lubenets et al. [91].

7.2. Comparison of Solutions Involving Complex and Imaginary Roots with Their Isotropic Counterpart

As has been mentioned earlier in Sec. 4.1, similarity analysis is an effective tool to solve complex
problems in fracture mechanics of single crystals [22, 82]. In what follows, similarity or dissimilarity
of the present asymptotic solutions involving complex and imaginary roots with their isotropic
counterparts, which can lead to a sufficient condition for determination of a cleavage system being
easy or difficult for crack

:I:Wikipedia, 2010. http://en.wikipedia.org/wiki/Yttrium_barium_copper_oxide propagation, is

presented.

7.2.1. Isotropic Materials:

The inplane displacements for an isotropic material can be rewritten in the form (for n = 0) [25,

55]:
Ux,y,z)= (ik)s a, (Z)pseip"’, V(x,y,z)= (ik)s b, (Z) ,Oseipw, (87a,b)
in which
p = i(Si' 1), (88)
p=Nx’+y, (89)
and

-1 'X
x) (90)

Therefore, for an isotropic material when x =0, ¥ =m/2 for all positive values of y.

¥ = tan

7.2.2. Solution Involving Complex Roots:

Going back to (8a,b) and (15), the inplane displacements can be rewritten in the form (for n = 0):

U(x,y,2)=(ik) a,(z)(x+ py)° = (ik) a,(z) p*e™, (91a)

doi:10.20944/preprints202302.0377.v1
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Vix,y,z)= (ik)s b, (z)(x+ py) = (ik)s b, (z)psem’/, (91b)

inwhich 0 and ¥ can be rewritten as follows:

p=\/(xicfy)2+ 'y’ (92)

1 im,
xtEy | (93)

Therefore, for an orthorhombic (tetragonal and cubic being special cases) crystal with complex

¥ = tan

roots when x =0,

-1 i?]
+£ (94)

for all positive values of y, which differs from its isotropic counterpart.

¥ = tan

7.2.3. Solution Involving Imaginary Roots

Going back to (8a,b) and (45), the inplane displacements can be rewritten in the form (for n = 0):

U(x,y,2)=(ik) a,(z)(x+ py)’ =(ik) a,(z) p'e", (95a)

V(x,y,2)=(ik) b,(z)(x+ py)’ =(ik) b, (z) p’e™, (95b)

in which ,0 and ¥ can be rewritten as follows:

-1 ( ’
_ 2 ’ N2 2 = tan —_—
p—\/x +H(x&xn) y, VY ( .
Therefore, for an orthorhombic (tetragonal and cubic being special cases) crystal with imaginary
roots when x =0, ¥ =n/2 for all positive values of y, which is in accord with its isotropic counterpart.

(96)

8. Numerical Results and Discussion

Tables 1(a) and 1(b) display the elastic stiffness constants of orthorhombic (superconductor) and
tetragonal (insulator) YBCO single crystals. If otherwise not specified, the elastic stiffness constants
are measured at the room temperature (Approx. 300°K). Table 2 shows ,/c,, /¢,, , the normalized
elastic parameter, %, nature of the four roots of characteristic equation (complex or imaginary), and
the character of the cleavage plane (easy or not) for a (010)[001] through-thickness crack with [100]
being initial propagation direction, while Table 3 exhibits their counterparts for a (0 1 0)[100]
through-thickness crack with [001] being the initial propagation direction. Tables 4-7 present similar

results for (T 00)[001]x[010], (100)[010]x[001], (001)[100]x[010] and (001)[0 1 0]x[100] through-
thickness crack systems.

Table 2. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or
difficult) of a (010)[001]x[100] through-thickness cleavage system.
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(010)[001]x[100]

: b Cleavage Systemf:

Material Z Roots ceavage Sy -
i c Easy or Difficult
22

YBCO* 0.6148 0.9284 0.3811 | Complex Difficult
YBCO** 1.0117 0.9560 0.9689 | Imaginary Easy
YBCO*** 1.1147 0.9284 1.0632 | Imaginary Easy
YBCOT 0.7647 1.0 0.6624 | Complex Difficult

TCleavage system for a (010)[001] through-thickness crack, with [100] being its initial length direction

Table 3. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or

difficult) of the (0 1 0)[100]x[001] through-thickness cleavage system.

X - Z’ (010)[100]x[001]
. 11 Teaw ctam:
Material p Roots Cleavage _Sy stem:
C5, Easy or Difficult
YBCO* 1.3088 0.8331 1.1999 | Imaginary Easy
YBCO** 0.7418 0.7520 0.4595 | Complex Difficult
YBCO*** 1.3088 0.8331 1.1999 | Imaginary Easy
YBCO? 0.8574 0.8076 0.6305 | Complex Difficult

Table 4. Normalized elastic parameter, roots of characteristic equation, and nature (easy or difficult)

of the ( 1 00)[001]x[010] through-thickness cleavage system.

(100) [001]x[010
Material /'er " Roots Cleavage Sys‘rem:
Z Easy or Difficult
YBCO* 0.6148 0.4421 | Complex Difficult
YBCO** 1.0117 1.0460 1.0602 | Imaginary Easy
YBCO*** 1.1147 1.0771 1.2335 | Imaginary Easy
YBCO? 0.7647 1.0 0.7642 | Complex Difficult

Table 5. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or

difficult) of the (100)[010]x[001] through-thickness cleavage system.

29
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(100)[010]x[001]
Material Z Z Roots Ei?a;?gglfsfislﬁtu .
YBCO* 1.8417 0.8973 1.9113 | Imaginary Easy
YBCO** 0.9194? 0.7867 0.6911 | Complex Difficult
YBCO*** 1.8417 0.8973 1.9113 | Imaginary Easy
YBCOT 0.8574 0.8076 0.6304 | Complex Difficult

Table 6. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or
difficult) of the (001)[100]x[010] through-thickness cleavage system.

~ ~ (001)[100]x[010]
Material ﬁ Z Roots Cleavage System:
Easy or Difficult
YBCO* 1.3088 1.2004 1.7288 | Imaginary Easy
YBCO** 0.7418 1.3297 0.8124 | Complex Difficult
YBCO*** 1.3088 1.2004 1.7288 | Imaginary Easy
YBCOT 0.8574 1.2383 0.9667 | Complex Difficult

Table 7. Normalized elastic parameter, roots of characteristic equation, the nature (easy or difficult)

of the (001)[0 1 0]x[100] through-thickness cleavage system.

B (001)[0 1 0]x[100]
Material i 11 X Roots Cleavage System:
¢ Easy or Difficult
22
YBCO* 1.8417 1.1144 2.3737 | Imaginary Easy
YBCO** 091947 1.2712 1.1168 | Complex Difficult
YBCO*** 1.8417 1.1144 2.3737 | Imaginary Easy
YBCO? 0.8574 1.2383 0.9667 | Complex Difficult

Next, the effect of elastic constants, cij (especially, ci2 and to a lesser extent, ces), on the nature
(i.e., easy or difficult) of a cleavage system in YBCO (YBa2Cu3Or-) is discussed. Only three complete
sets of elastic constants are available in the literature accessible to the present author, out of which
those due to Ledbetter and Lei [73] are just estimates (marked ** in Table 1(a)), while their
experimental counterparts due to Reichard et al. [67] are based on the assumption of tetragonal
symmetry; see Table 1(b). This only leaves the experimental measurements (by resonant ultrasound
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spectroscopy) due to Lei et al. [1], marked * in Table 1(a). However, their C;, value appears to be
excessively high. This is because, according to these authors themselves, "no wave speed in the crystal

depends only on C,,, itis no way to estimate it directly." It also is well-known that while C;, and
Cg can be measured independently by static tests [76], these constants are always coupled in

vibrations-based measurements [77, 78]. Therefore, in Table 1 of the present investigation, both C;,

and Cg44 , measured by ultrasound by Saint-Paul and Henry [71], have been utilized (marked ***) in

replacement of their counterparts due to Lei et al. [1] in order to assess the fracture characteristics of
YBCO, and compare them with experiments by Cook et al. [6] ], Raynes et al. [9] and Goyal et al. [10]
among others.

Table 2 shows that the normalized elastic parameter, %, for YBCO* (measurements reported by

Lei et al. [1]) is smaller than 4/c,, /c,, , giving rise to complex roots (of the characteristic equation)
for a (010)[001]x[100] through-crack, weakening a YBCO monocrystalline plate. Same is true for a (

1 00)[001]x[010] crack shown in Table 4. These results predict that (010) and (TOO) are difficult
cleavage planes, which are in contradiction with the experimental observations by Cook et al. [6],
Raynes et al. [9] and Goyal et al. [10] among others. The reason behind this anomaly lies in the

excessive values of Cy, (and Cgg to alesser extent) used in the computation of A and . Since the

rest of the crack systems are predicted to constitute easy cleavage planes/directions (see Tables 3, 5-
7), the remaining elastic constants measured by Lei et al. [1] are considered to be reasonably accurate.

Tables 3, 5-7 further show that for YBCO** the cleavage systems, (0TO)[100]><[001], (001)[100]x[010],

(100)[010]%[001] and  (001)[ 0 1 0]x[100], are predicted to be difficult, thus somewhat invalidating
the values of the corresponding elastic constants estimated by Ledbetter and Lei [73]. Furthermore,
Tables 3-7 show that for (tetragonal) YBCOT, all the six cleavage systems investigated here are found
to be difficult, thus completely invalidating the values of the corresponding experimentally
determined elastic constants reported by Reichard et al. [67]. As can be seen from Tables 2-7, only for
YBCO***, all the cleavage systems are predicted to be easy, which is in agreement with the
experimentally observed fracture characteristics of YBCO due to Cook et al. [6], Raynes et al. [9] and
Goyal et al. [10] among others; see also Granozio and di Uccio [14] for a summary of the available
experimental results. They [14] have also presented approximate theoretical results of fully oxidized
YBCO'’s (6 = 0, 1), and concluded that the three lowest surface energies follow the inequality:
v (001) <y (100) < (010). Furthermore, based on experimental results from transmission electron
microscopy [92], X-ray photo-emission microscopy [93], low-energy ion scattering spectroscopy [94],
and surface polarity [95] analyses performed on fully oxidized YBCO crystals, these authors [14] have
shown that the low energy cut is between the Ba=O and Cu=0 planes.

Efficacy of the indentation test has extensively been studied in the brittle fracture literature [96-
98]. Lawn [96] and Anstis et al. [97] have presented the following relationship between fracture
toughness and size of a radial crack produced by a Vickers-type sharp indenter:

K, =y.Pc,’?, where y, =§5 (E/H )1/2 , finally giving rise to the following:

K, =§0(E/H)" Pe;*?, (97)

in which P, c,, E and H represent the indentation load, equilibrium half-crack length, Young’s
modulus, and hardness (of an isotropic material), respectively, and §§ denotes a material-

independent constant for the Vickers-produced radial crack. Raynes et al. [9] following the lead of
Anstis et al. [97] have determined the fracture toughness of mono-crystalline YBa2CusOr-, taking into
account of its anisotropy. Table 8 presents the critical stress intensity factor or fracture toughness (Kc)
and the critical energy release rate or fracture energy (Gc) of the six easy cleavage systems of
monocrystalline superconducting YBCO. It is worthwhile to note here that there is some

doi:10.20944/preprints202302.0377.v1
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misconception about computation of fracture energy, G, from the corresponding measured value of
K. of an anisotropic (e.g., orthorhombic) single crystal in the literature; see e.g., Granozio and di Uccio

[14]. The factor \/ (« /(C11 / sz) +y ) /2 (see Eqn. (82) above) is not accounted for in these authors’

computations. The energy release rate in an anisotropic (e.g., orthorhombic) single crystal not only
varies from one cleavage plane to another, but also varies according to propagation direction.

Table 8. Fracture Toughness (Kc) and Fracture Energy (Gc) of the Six Easy Cleavage Systems of

Monocrystalline YBCO.

Cleavage | (010)[001] (DTO)[]OO] (TOU)[OO]] (100)[010] | (0O1)[100] (091)[

System x[100] «[001] <[010] x[001] x[010] 010]
x[100]

Fracture

Toughness,

K. [9] 0.59=0.09 | 0.59+£0.09 | 0.47£0.12 | 0.47£0.12 | 0.32+£0.07 | 0.32+£0.07

(MPa~/m )

Fracture

Energy, G. | 1.50177 1.91945 1.02649 1.43075 0.73912 0.71163

(J/m?)

Figures 5(a, b) show that a (010)[001] crack initially propagating in [100] direction would turn
into a (T 00)[001] crack propagating in [010] direction (also in [0 1 0] direction because of symmetry),
while a (T 00)[001] crack initially propagating in [010] direction would continue in its original track.
This is because, Gc of a (010)[001]x[100] cleavage system, 1.50177 J/m? is higher than its ( 1

00)[001]x[010] counterpart, 1.02649 J/m?2. In a similar vein, as shown in Figures 6(a, b), a (0 1 0)[100]
crack initially propagating in [001] direction would turn into a (001)[100] crack propagating in [010]
direction (also in [0 1 0] direction because of symmetry), while a (001)[100] crack initially propagating
in [010] direction would continue uninterrupted in its original track. This is because, Gc of a (0 1

0)[100]x[001] cleavage system, 1.91945 J/m?, is about 2.6 times its (001)[100]x[010] counterpart, 0.73912
J/m2. Likewise, as shown in Figures 7(a, b), a (100)[010] crack initially propagating in [001] direction

would turn into a (001) [ 0 1 0] crack propagating in [100] direction (also in [ 1 00] direction because

of symmetry), while a (001)[ 0l 0] crack initially propagating in [100] direction would continue
unhindered in its original track. This is because, Gc of a (100)[010]x[001] cleavage system, 1.02649

J/m2, is more than 1.4 times its (001)[ OT 0]x[100] counterpart, 0.71163 J/m2. Finally, in mono-

crystalline superconducting YBCO under triaxial-tension far-field loading, a (0 1 0)[100] crack
initially propagating in [001] direction would eventually turn into a c-plane cleavage fracture, as
shown in Figure 8.

Figures 9(a, b)
K'(z)=K(z)/K

Plane Strain ’

the

through the thickness of an orthorhombic mono-crystalline plate,

show wvariation of normalized stress intensity factors,

weakened by a through-thickness crack. Variation of the normalized stress intensity factor, K " (Z ) ,

through the thickness of the same plate, weakened by any of the six through-cracks investigated here
is identical. Figure 9(a) shows the through-thickness variation of K (Z ) =K (Z) /K

Plane Strain fora

far-field symmetrically distributed hyperbolic cosine load for mode I (stretching) or mode II (inplane


https://doi.org/10.20944/preprints202302.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2023 doi:10.20944/preprints202302.0377.v1

33

shear), while its skew-symmetric counterpart K (Z) =K, (Z) /K

Plane sirain 0T Mode I (bending) or
mode II (twisting) is displayed in Figure 8(b). Of special significance is the discontinuity in the stress
intensity factor at z* = 0 in the skew-symmetric loading case, shown in Figure 9(b). Figure 10 shows
the corresponding variation of energy release rate, G*, through the top half of the plate thickness.
For through-thickness symmetric far-field loading, the crack is expected to grow through thickness
in a stable manner till the stress intensity factor or the energy release rate reaches its critical value at
the mid-thickness. With further increase of the magnitude of the far-field loading, unstable crack
growth is expected to progressively spread throughout the plate thickness. For skew-symmetric
loading, as reported on earlier occasions [55], the bottom half will experience crack closure. Such
types of results describing the three-dimensional distribution of stress intensity factors and energy
release rates are generally unavailable in the fracture mechanics literature.

o
1§ G T T 1T 1] _ 4
i ot B
===
-
T T VT T T ]
vi G
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zff
T T i f';uT i A |
U'_—| -.-f—"_-- - 1'_0'
T T M T T T T <Y
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(b)

Figure 6. (a) (0 1 0)[100] crack initially propagating in [001] direction turning into (001)[100] crack
propagating in [010] direction, (b) (001)[100] crack initially propagating in [010] direction continuing
uninterrupted in its original track.
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Figure 7. (a) (100)[010] crack initially propagating in [001] direction turning into a (001)[ 0 1 0] crack
propagating in [100] direction, (b) (001)[010] crack initially propagating in [100] direction continuing
unhindered in its original track.

Figure 8. (0 1 0)[100] crack initially propagating in [001] direction turning into a c-plane cleavage
fracture.
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Figure 9. Variation of (mode I or II) stress intensity factor through thickness due to far-field cosine
hyperbolic load: (a) symmetric, (b) skew-symmetric.
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Figure 10. Variation of (mode I, II) energy release rate through thickness due to far-field cosine

hyperbolic load.
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9. Summary and Conclusions

A modified eigenfunction expansion technique, based partly on separation of the z-variable and
in part, on the Eshelby [60]-Stroh [15] type affine transformation, is employed to derive three-
dimensional asymptotic displacement and stress fields in the vicinity of the front of a semi-infinite
through-thickness crack weakening an infinite orthorhombic single crystal plate. Crack-face
boundary conditions and those that are prescribed on the top and bottom (free) surfaces of the
orthorhombic plate are exactly satisfied. Explicit expressions for the singular stresses in the vicinity
of the front of the through-thickness crack, subjected to far-field inplane mode I and II loadings, are
presented.

The present investigation considers six through-crack systems — (010)[001] with the [100] length
direction, (OTO)[lOO] with the [001] length dire_ction, (100)[001] with the [010] length direction,
(100)[010] with the [001] length direction, (001)[0 10] with the [100] length direction, (001)[100] with
the [010] length direction — weakening orthorhombic YBCO single crystal plates. More important, the
present approach predicts whether a crack would propagate in its original plane/direction or deflect to a different
one. The present study is unique in the sense that such a fracture mechanics criterion is employed for
accurate determination of the full set of elastic constants of mono-crystalline YBCO.

The following interesting conclusions can be drawn the present investigation:

i Atomistic scale modeling of cracks requires consideration of both the long-range elastic
interactions and the short-range chemical reactions. The Griffith thermodynamic-based theory
does not take the latter into account, and hence must be regarded as a necessary condition but
not as sufficient.

ii. The effect of short-range chemical reactions can be adequately captured by the elastic properties-
based parameters, such as the inverse anisotropic ratio, , or equivalently, the normalized elastic
parameter, . This is because the elastic properties are controlled by various aspects of the
underlying structural chemistry of single crystals, such as the Bravais lattice type, bonding
(covalent, ionic, and metallic), bonding (including hybridized) orbitals, electro-negativity of
constituent atoms in a compound, polarity, etc.

iii. More specifically, the elastic properties of superconducting YBa2CusO7- are strongly influenced
by oxygen non-stoichiometry (as well as various structural defects).
iv. (iv) Similarity or dissimilarity of the present asymptotic solutions involving complex ( <1 or

equivalently, ¥ <4/Cy4 / C,, ) and imaginary roots ( > 1 or equivalently, ¥ >/C|; / Cy )

with their isotropic ( = 1) counterparts can lead to a sufficient condition for determination of a
cleavage system being easy or difficult for crack propagation.

V. The normalized elastic parameter, , for YBCO* is smaller than ,/c,,/c,, , giving rise to
complex roots (of the characteristic equation) for a (010)[001]x[100] through- crack, weakening
a YBCO monocrystalline plate. Same is true for a ( 100)[001]x[010] crack. These results predict

that (010) and ( 1 00) are difficult cleavage planes, which are in contradiction with the
experimental observations.

vi. Only for YBCO***, all the cleavage systems are predicted to be easy, which is in agreement with
the experimentally observed fracture characteristics, thus ensuring that a reasonably accurate
complete set of nine experimentally determined elastic constants has been arrived at, by
employing the present theoretical approach.

vii. For tetragonal YBCOYT, all the six cleavage systems investigated here are found to be difficult,
thus completely invalidating the values of the corresponding experimentally determined elastic
constants reported by Reichard et al. [67].

viii. Finally, generally unavailable results, pertaining to the through-thickness variations of stress
intensity factors and energy release rates for a crack corresponding to symmetric and skew-
symmetric hyperbolic cosine loads that also satisfy the boundary conditions on the top and
bottom surfaces of an orthorhombic monocrystalline plate under investigation, bridge a
longstanding gap in the stress singularity/fracture mechanics literature.
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Appendix A. Singular Stress Fields in the Vicinity of a (0 10)[100] Through-Crack Front
Weakening an Orthorhombic Single Crystal under Mode I (Extension/Bending) and Mode II
(Sliding Shear/Twisting)

The cleavage plane considered is (0 1 0) (Figure 3). Here, the z”-axis is placed along the straight
crack front, [100], while the coordinates X [001], y' [OTO] are used to define the directions along
the length of the crack (propagation direction) and the direction transverse to it, respectively, in the

4
middle plane of the plate. u”, V' and W represent the components of the displacements in X,
¥ and Z’ directions, respectively. The stress-strain relations for an orthorhombic single crystal are

given by
o, ¢, ¢, ¢, 0 0 0]le
o, |, ¢ ¢ 0 0 0]€g
o ¢y s s 0 0 0 |lg
7, 0 0 0 ¢, 0 olfl7.[ (98)
7 0 0 0 0 c 0]l7.
7, L0 0 0 0 0 cull7

where Cy ,1,j=1, 2, 6, denote the elastic stiffness constants with respect to the rotated

coordinate system, x’, y’ (obtained by rotation of 90° about the z-axis):
’ _ ’ _ 4 _ ’ _ 4 _ ’ _
C1=6Cyp,  Cp =0y, C3=C5,  Cp=Cp,  C3=C6p, Gy =6,

’ ’ ’
Cys =Cs6>  Cs5 =Cs55  Cgq =Cyy- (99)

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be
expressed in terms of the displacement functions, u’, v/, and w, as follows:

2%’ 2u" , M’ v’
’
Cii—97 +C66 " "vss 2 '\Clz 66)

ok & ok 0}

LY (e, +cls )O.k—,;”z =0, (100a)

2’u" 82\/L , 82\/; , 23

(012+C66)0-,XO}} Cés EYZRA EYe " +H(cs + 44)@/0-,2 (100b)
*u’ , 2N, *w , *w , I*w
(ciy +055)ax072 (s +C44)@/,§Z+055 Pz TCy 3" TC33 02 =0, (100c)

The characteristic equations for the coupled partial differential equations (100) can be written as
follows:

pt o+ 27 PP+ L=, (101)

Cy»
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in which the normalized elastic parameter, X is given by

’ 7 _ ’2_2 7 7
;NG € T 4066 ) 1 [Ez

= = —(Vy +V5 V) | 102
20;2‘%6 (1_V23V32) 2G,, ( no 23)} (102

in which E: is y-direction Young’s modulus, Gi2 is the shear modulus in the x-y plane, while v21 is the
minor Poisson’s ratio in the x-y plane. va1 denotes the minor Poisson’s ratio in the x-z plane, while v2s
and vz represent the major and minor Poisson’s ratios, respectively, in the y-z plane. }’ can also be

— ’
expressed in terms of the inverse anisotropic ratio (in the x"[010]-y’[ 1 00] plane), ﬂ , as follows:

’ 4 /’ /’ 4 ,
, A (\/cuczz +C12)_Clz Cyy 0r Co3 (A1)
X = ; = A+ : (103)
€y €y Cy

/’
where /l , is defined as

1= \€20C33 —Cy3

2c,,

(104)

Eq. (101) has either (a) four complex or (b) four imaginary roots, depending on whether

/ / 1 V12V21)
:(a) yu <1, or equivantly, ¥ <. | 1 V13V31) (105a)

or

L(1=v,vy)
) A > 1, or equivantly, X~ >,/ t ,/ (1= Vivz) (105b)

ﬂ, =1or %’ =1 represents the degenerate isotropic material case, for which the solution is
available in Chaudhuri and Xie [25].

For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily
be seen that for orthotropic/orthorhombic laminas/single crystals with

’ ’ ’ —
X > \/Cll/sz = \/033 /C22 , the (01 0) plane is the easy cleavage plane, and [001] is the easy

4
propagation direction,. Conversely, A </C33 / Cy, yields complex roots, implying that

neither (OTO) is the easy cleavage plane nor is [001] the easy propagation direction, and the crack
will likely deviate from this plane and this direction under mode I/II loadings.

K|(")= ooNma D, ("), K; ()= o Nma D, (7). (106a,b)

GI,(Z,*)Z (\/5() TAN|C33Cyy \/ f 033 /sz +}( ):|2, (107)

C33Cy — Cz3

G, ()= fi(, T \/,/c33/c22 )+ 2[D,(Z%)] - (107b)

C33Cyp — Cz3
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Figure 3. Schematic of the top half of an orthorhombic mono-crystalline plate weakened by a (0 1 0)
[100] through-thickness crack.

Appendix B. Singular Stress Fields in the Vicinity of a (TOO)[OOI] Through-Crack Front
Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [010]
Direction

The cleavage plane considered is (TOO) (Figure 4). Here, the z-axis is placed along the straight
crack front, [001], while the coordinates x” [010], y" [TOO] are used to define the directions along
the length of the crack (propagation direction) and the direction transverse to it, respectively, in the
middle plane of the plate. u”, v and W’ represent the components of the displacements in x”,
y” and z directions, respectively. The stress-strain relations for an orthorhombic single crystal are

given by

n n
€1 G O3

§NQ§\<Q§>9
iY)
o
@)
S
@)
Sy
x O O O

Ve (108)

;O O O O O

7 0O 0 0 0 S y

=
IS
-
-
o
N
N
o
O uy ©O O O O

~

7)) L0 0 0 0 Cos || 7y

”
where Cij ,1,j=1, 2, 6, denote the elastic stiffness constants with respect to the rotated coordinate

system, x”, 37, z" (obtained by rotation of 90° about the -y-axis):
” L ” ” ” ”
Ci=Cns  Cp=C  CG3=Cp, Cp =06, 63 =63, G3 =G,

I4

n n
Cpy =Css5  Cs5 =Cyy5  Cgg = Cgp- (109)

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be
expressed in terms of the displacement functions, u', v" and W”, as follows:
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) 0‘)2ulf , 0721/1//i , 0—)21"”L( , , 0’)2 0-)2 ”
Cn X ™Co6 3" Css Y2 AP +066)&C X S+l +Css)0}c Y =0, (110a)
(c’. +c”)—52u” +cr &zvzc” 52‘}”#”” &ZV”+(C +c) ) I*w =0 (110b)

12 66 d{f”@/” 66 &/[2 22 %}”2 44 & 23 44 @} & >

” ” &zu” ” ” é)ZV” ” &ZW” ” é)ZW” ” 32w”

Cly+Co )= H(Chy + oy )= + Cos ——— ——+Cy, ——>=0, (110c)
( 13 55 d(f & 23 44 d} & 55 & 2 44 @} 2 33 & 2

(oo},

-

[001]

xrr, 7z
Middle Surface

(010)

Figure 4. Schematic of the top half of an orthorhombic mono-crystalline plate weakened by a ( 1 00)
[001] through-thickness crack.

The characteristic equations for the coupled partial differential equations (110) can be written as

P2+ L=, (111)

22

in which the normalized elastic parameter, ,’(”, is given by

” ”2 VBN 4 2
»_ €1y —Cly — 2012066) _ (022033 —Co3 _2023044)
= — =
2¢,,Ces 2C5C 44
| E, (112)

—(Vy, TV, V
(1 1/13V31) 2G,, ( 32 12 31)

in which Es is z-direction Young’s modulus, Gz is the shear modulus in the y-z plane, while vz
denotes the minor Poisson’s ratio in the y-z plane. vi2 is the major Poisson’s ratio in the x-y plane,
while vis and vai represent the major and minor Poisson’s ratios, respectively, in the x-z plane. }”

can also be expressed in terms of the inverse anisotropic ratio (in the X” [001]- y" [OTO] plane),

’
ﬁ , as follows:
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” ” _n ” ” 2
” A (\]cllczz +012)_012 Cyy yr € (A7=1) (011022_012_2012066)
o= _ =[Sz 74 = . (113)
2¢),c
5 Ch Ch 11C%66

where A7, is defined as

1= VC1Cn €

2¢c,

(114)

Eq. (111) has either (a) four complex or (b) four imaginary roots, depending on whether
” ” c’ C E, (1-v,v
(a) A”<1, or equivalently, "< ’% = /i = M, (115a)
Cn ‘n E (1-vuvy)

” . | c -V,
(b) A”>1, orequivalently, y”> [1L= |2 = 2—‘”1) (115b)
1_V23V32

or

%" =1 represents the degenerate isotropic material case, for which the solution is available in
Chaudhuri and Xie [25].

For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily
be seen that for orthotropic/orthorhombic laminas/single crystals with

” ” ”
x> \/ h / Gy = \/ Cy / €y , the (100) plane is the easy cleavage plane (and y [010] -direction is

4
the easy propagation direction). Conversely, £ <1/Cy, / Cyy yields complex roots, implying that

neither (100) is the easy cleavage plane nor is [010] the easy propagation direction, and the crack
will likely deviate from this plane and this direction under mode I/II loadings.

K”(Z”*)Z O';'}\/% D, (Z”*), K, (Z”*)Z T;‘iy,m D, (Z”*). (116a,b)

1

o (o3) may ,
G;<z”>=<é<) N Terar =[]

C1Cyn — Cl2

, Tor) 7 ,
GI'; (Z” ): \/(E(y ac,, \/ / sz/cll X |:D * } (117b)

€€y — Clz

For the special case of a tetragonal single crystal, the above energy release rates reduce to

. 3 ﬁacll ”

Gil=")= x/_x(yc -c,’) 1+1”[Db(z”*)]2- (118b)
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Appendix C. Singular Stress Fields in the Vicinity of a (100)[010] Through-Crack Front
Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [001]
Direction

The cleavage plane considered is (100). Here, the Z -axis is placed along the straight crack front,
[010], while the coordinates x [001], } [100] are used to define the directions along the length of the
crack (propagation direction) and the direction transverse to it, respectively, in the middle plane of
the plate. %, Vv and W represent the components of the displacements in X [001], ) [100] and Z
[010] directions, respectively. The stress-strain relations for an orthorhombic single crystal are given

by
_x Ell Elz 513 0 0 0 _x
_y 512 522 523 0 0 0 zy
Jo.| [&y &5 & 0 0 0]E]|
7. [0 0 0 ¢, 0 0%/ (119
T. 0 0 0 0 c5 0|7
7,) LO 0 0 0 0 c 7,

where ¢ Y i,j=1, 2, 6, denote the elastic stiffness constants with respect to the transformed coordinate
system, X [001], ¥ [100]and Z [010]

Ci1 =Cs3,  Cp=C3, C3=Cyh5  Cp =Cy,  Cp3=Cpp,  C33 =Chy,

Cyy =Cqpp  Cs5 =Cyy5  Cgg =Css (120)

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be
expressed in terms of the displacement functions, %, v and W, as follows:

i >’ ATl A Fw
C33? T Css /3 &)7 7T Cu 7 5’ +(cy3 +055)0-’)?3)7+(623 +teu) 0> EYEY =0, (121a)
>’u ’v vy ’v Fw
(¢13 +055)a;0~j-} t+Css x5 +cy Oy- 7 TCes 5’ +(012+c66)@a2 =0, (121b)
ATl ’v Iw »Iw I w
(e tcy)—= RcE +(C1y + C6) 0}-0—12-"'044 e *+ Ce6 @2 tCy, 5 =0, (121¢)

The characteristic equations for the coupled partial differential equations (121) can be written as
follows:

— C
pl+2xp+ =2 =0, (122)

Chy
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in which the normalized elastic parameter, X is given by
2
- (011033 —Ci3 2013c55) _ 1 E,
2y C55 (1=, vy)L2G,

in which Es is z-direction Young’s modulus, G is the shear modulus in the x-z plane, while vi2 and
v21 denote the major and minor Poisson’s ratios, respectively in the x-y plane. vis is the major Poisson’s
ratio in the x-z plane, while v2s represents the major and minor Poisson’s ratio in the y-z plane. ¥

(V13 TV Vlz) (123)

can also be expressed in terms of the inverse anisotropic ratio (in the x [001]- [100] plane), ﬂu , as

follows:
_ ARG, + 512)_ C Cy=  Ci3 (7“_ 1)
= — = A+ : (124)
) Ci Cn
where 2« , is defined as
= NCCn —Cp 1G53 —C
= = (125)

2¢ 2cs
Eq. (122) has either (a) four complex or (b) four imaginary roots, depending on whether

- Cy3 _ E3(1_1/12V21)

(a) A< 1, or equivalently, 4 < - 5 (126a)
G, El(l_ V23V32)
or
- — Cy3 E, (1_V12V21)
(b) A> 1, or equivalently, X > - E( > (126b)
o ( —Vy 32)

%" =1 represents the degenerate isotropic material case, for which the solution is available in
Chaudhuri and Xie [25].
For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily

be seen that for orthotropic/orthorhombic laminas/single crystals with 7[ > v c 33/ €1 , the (010)

plane is the easy cleavage plane (and z [001] direction is the easy propagation direction). Conversely,

7{ < v Cs3 / €| yields complex roots, implying that neither (010) is the easy cleavage plane nor is

[001] the easy propagation direction, and the crack will likely deviate from this plane and this
direction under mode I/II loadings.

K (z7)= o-\ra D,(z7), IZH(E*)z Tgm Db(E*). (127a,b)
_ . o7 maye,c ,—
GI (Z )=(\/_2y()cuc33 :333\/ 33/011 +Z|:D :I (1280

_ ")z
G, (E ) \/E((C);l gl \/\[ C33 /C11 +Z[D :I (128b)

C33— Cl3
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Appendix D. Singular Stress Fields in the Vicinity of a (001)[100] Through-Crack Front
Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [010]
Direction

The cleavage plane considered is (001). Here, the Z -axis is placed along the straight crack front,
[100], while the coordinates X [010], )N/ [001] are used to define the directions along the length of the

crack (propagation direction) and the direction transverse to it, respectively, in the middle plane of
the plate. #, V and W represent the components of the displacements in ¥ [010], ) [001] and

Z [100] directions, respectively. The stress-strain relations for an orthorhombic single crystal are

given by
N Cyy Cp3 €, O 0 0 || €&,
) C,y C33 €5 O 0 0 £,
i ¢, ¢35 ¢; O 0 0 || €
< b= U
Tyz O 0 O CSS O O j/yz (129)
%sz 0 0 0 0 ¢, O 77xz
\fxy i 0 0 0 0 0 Cay | 77xy

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be
expressed in terms of the displacement functions, #, V and W, as follows:

i u. 0% 0%
Cx X2 TCy P ™Ce6 5’ '\023+C44)&}—@,+(012+C66)ﬁ:09 (130a)
2% 2%V AV AV AW
(¢ +C44)%+C44 K2 C33 0—;)72 TCss E’ +(e3 655 )0}“—0}”:0’ (130b)
2~ 2~ 2~ 2~ 2~
(c,, +c¢ )é)—u+(c +c )&—v+c J Wie J Wi J w=0, 130c
12 C6) = = 13 7 Css FE 6 g2 1SS P’ n (130c)

The characteristic equations for the coupled partial differential equations (130) can be written as

follows:
4 2 ~ 2 022 _ 0
p tixyp + — =10, (131)
C33
in which the normalized elastic parameter, }, is given by
2
= (C22033 —Cp T 26'23044) _ 1 E,
= 2 - (1_ ) G _(V32+V12V13) > (132)
C33Cyy Vi3Vs 23

in which Es is y-direction Young’'s modulus, Gz is the shear modulus in the y-z plane, while v12 is the
major Poisson’s ratio in the x-y plane. va2 denotes the minor Poisson’s ratio in the y-z plane, while vis
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and va1 represent the major and minor Poisson’s ratios, respectively, in the x-z plane. } can also be

~

expressed in terms of the inverse anisotropic ratio (in the X [010]- y [001] plane), /1 , as follows:

Z(\/ C22C33 +023)_023 _ (S, (Z —1).

X= (133)
C33 Cs3 C33
where
7= VG —Cxp
- ¢ . (134)
44

Eq. (131) has either (a) four complex or (b) four imaginary roots, depending on whether

= Cyn _ Ez(l_vnvsl)

(a) A<1 orequivalently, X < - > (135a)
C33 E, (1 _V12V21)
or
> > |S2 _ Ez(l_Vlsvsl)
(b) A>1 or equivalently, X - E (1 ) > (135b)
C33 — ViV

7 =1 represents the degenerate isotropic material case, for which the solution is available in

Chaudhuri and Xie [25].
For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily

be seen that for orthotropic/orthorhombic laminas/single crystals with ,? > 7\/Cx / Cs3 , the
(001) plane is the easy cleavage plane (and [010] -direction is the easy propagation direction).

Conversely, }? <4/Cy / C33  yields complex roots, implying that neither (001) is the easy

cleavage plane nor is [010] the easy propagation direction, and the crack will likely deviate from this
plane and this direction under mode I/II loadings.

K, ()= o5ma D,(2), K, (£")= t5Jra D,(2). (136a,b)

C~;1 (2*) (\7%() A \/\/ 22/633 +}([D :| (137a)

CpC33 — 023
- (lx’ wac
G,(3)=—22 > 1/ (e /es)+7[ D, ( (137b)
11( ) \/5(022033 Cu n /) Z[

Appendix E. Singular Stress Fields in the Vicinity of a (001)[010] Through-Crack Front
Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [100]
Direction

_ The cleavage plane considered is (001). Here, the Z-axis is placed along the straight crack front,
[0 10], while the coordinates ¥ [100], ¥[001] are used to define the directions along the length of
the crack (propagation direction) and the direction transverse to it, respectively, in the middle plane
of the plate. #, ¥ and W represent the components of the displacements in X [100], }#[001] and
20 TO] directions, respectively. The stress-strain relations for an orthorhombic single crystal are
given by


https://doi.org/10.20944/preprints202302.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2023 doi:10.20944/preprints202302.0377.v1

46

C3 C3 Cy O

NQD EQD HQD

Cp, €y Cp O
. 0O 0 0 ¢
Z 0 0 0 0 cg
| ? 0 0 0 0 0 c 7]

Xy J

oS O O O

N

0
0
0
0 (138)
0

Hﬂo ‘;sb
SN0 IR0 MO MO LD

z

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be
expressed in terms of the displacement functions, #, v and W, as follows:

7l I Fi A I
Cny + CSSW-'_C% g +(¢5 +¢55) W%?"'(Clz + 066)&?0? 0, (139a)
(c,;+c ‘0721?+c 072‘?+c 072‘?+c s +(c,,+c )ﬂ—o 139b
13 55)&)05? 55 P 33 0—5}2 “ 92 23 44 NE - ( )
&2 A IW i A
(612+066)&2£+(023+C44)%?0'B+066 R T CuT 7 +czzg =0, (139¢)
The characteristic equations for the coupled partial differential equations (139) can be written as
follows:
P 2Rpe =0, (140)

Cs3

in which the normalized elastic parameter, 2, is given by

5 — (011033 —chy = 2C13C55) _ 1 L,
2¢55¢4; (1 —VaV3, ) 2G,

in which Es is y-direction Young’s modulus, Gis is the shear modulus in the x-z plane, while v21 is the
minor Poisson’s ratio in the x-y plane. va1 denotes the minor Poisson’s ratio in the x-z plane, while v2s

_(V31 +V21V23) > (141)

and va represent the major and minor Poisson’s ratios, respectively, in the y-z plane. } can also be

A

expressed in terms of the inverse anisotropic ratio (in the X [100]- #[001] plane), ﬂ, , as follows:

j'(\/011033 +Cl3)_cl3 _ Cll/i_l_ 013(2_1).

7= =

(142)
C33 C33 C33
where 2 , is defined as
- \VC1€33 — 63
= : (143):

2¢s,
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Eq. (140) has either (a) four complex or (b) four imaginary roots, depending on whether
A S L TR El(l_V23V32)
(a) A<1or equivalently, X - E (1 )’ (144a)
C33 sU=VRVy
or
5 S L TR E, (1_V23V32)
(b) A>1or equivalently, X - E (1 ) (144b)
C33 sU VRV
2 =1 represents the degenerate isotropic material case, for which the solution is available in
Chaudhuri and Xie [25].

For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily

be seen that for orthotropic/orthorhombic laminas/single crystals with ,? > V Cy / Cs5 , the (001)
plane is the easy cleavage plane (and [100] -direction is the easy propagation direction). Conversely,

,? <N / C33 vyields complex roots, implying that neither (001) is the easy cleavage plane nor is

[100] the easy propagation direction, and the crack will likely deviate from this plane and this
direction under mode I/II loadings.

K,(£')= o;Jra D,(£"), K, (2")= t5<ma D,(£). (145a,b)
A [ ax ( ;O) AN €11C55 2
= 1/ /
G <Z) \/5(011033 Cl3 \/ “n C33 +Z ):l ’ (1462)

G, (2')= \/E((y e \/\/ (cn/es)+2[ D, (2 ] (146b)

C1C33 — cl3
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