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Article 

Employment of Fracture Mechanics Criteria for 
Accurate Assessment of the Full Set of Elastic 
Constants of Orthorhombic/Tetragonal  
Mono-Crystalline YBCO 

Reaz A. Chaudhuri 

Department of Materials Science and Engineering, 122 S. Central Campus, Dr., Room 304, University of Utah, 
Salt Lake City, Utah 84112-0560; Retired Faculty; Tel: (801) 550-0661; Email: r.chaudhuri@utah.edu 

Abstract: The effect of elastic constants, cij, on the nature (easy or difficult) of a cleavage system in YBa2Cu3O7−δ 
is investigated, by employing a novel three-dimensional eigenfunction expansion technique, based in part on 
separation of the thickness-variable and partly a modified Frobenius type series expansion technique in conjunction 
with the Eshelby-Stroh formalism. Out of the available three complete sets of elastic constants, the first constitutes an 
estimate, while the second assumes tetragonal symmetry. This leaves only the experimental measurements by resonant 
ultrasound spectroscopy, despite reported values of c12 and to a lesser extent, c66, being excessively high. The present 
investigation considers six through-thickness crack systems weakening orthorhombic YBCO mon-crystalline 
plates. More important, the present approach predicts whether a crack would propagate in its original plane/direction or 
deflect to a different one. This fracture mechanics criterion is then employed for accurate determination of the 
full set of elastic constants of mono-crystalline YBCO. Finally, generally unavailable results, pertaining to the 
through-thickness variations of stress intensity factors and energy release rates for a crack corresponding to 
symmetric and skew-symmetric hyperbolic cosine loads that also satisfy the boundary conditions on the 
bounding surfaces of an orthorhombic monocrystalline plate bridge a longstanding gap in the field. 

Keywords: three-dimensional stress singularity; fracture mechanics criterion; sufficient condition for fracture; 
easy cleavage system; orthorhombic single crystal; elastic constants of mono-crystalline YBCO 

 

1. Introduction 

Elastic constants of engineering materials are crucial for understanding the deformation and 
failure behaviors of structural components from both macroscopic and microscopic points of view. 
From microscopic perspective, their importance arises from their intimate relationship to such solid 
state phenomena as specific heat, Debye temperature and Grunelsen parameter [1].  

Discovery of superconductivity in La-Ba-Cu-O system in the1980’s by Bednorz and Muller [2] 
has spurred an enormous amount of activities in search for high (i.e., above the boiling point of liquid 

nitrogen) Tc superconductors (HTS) such as mono-crystalline YBCO (yttrium barium copper oxide), 
which is also called 1-2-3 superconductor (because of the presence of one yttrium, two barium and 
three copper atoms in its unit cell). Modern applications include Josephson junctions, which can act 
as a switch for magnetic fields, or alternatively, perform the function of a magnetic detector, called 
the superconducting quantum interference device (SQUID) [3]. Debye temperature, ΘD, of a 
superconductor can be determined from the knowledge of the elastic constants, cij, in a manner 
described by Eqs. (2) and (3) of Lei et al. [1], which, in combination with the electron-phonon coupling 
parameter, λ∗, can be used to compute the superconducting transition temperature, Tc [4, 5].   

Practical applications of such mono-crystalline superconductors are, however, limited (at 
cryogenic temperature) by their poor fracture toughness [6-14].  Asymptotic behavior of two-
dimensional stress fields at the tips of cracks and wedges, has been studied extensively in the 
literature [15-20]; see Nejati et al [21] for an extensive literature survey. Significant progress in research 
on a two-dimensional cracked anisotropic solid notwithstanding, the corresponding progress in its 
three-dimensional counterpart appears to, till recently [22], be marked by its complete absence. More 
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important, the above studies employ the Lekhnitskii [15] and Stroh [16] type formulations, which are 
all based on complex variables-based methodology. Since the three-dimensional space is too small to 
accommodate the next higher dimensional analog of complex variables (for which at least a four-
dimensional space will be required; e.g., quaternion [23]), these complex variables-based analyses are 
not by themselves adequate for analysis of three-dimensional cracked anisotropic solids.  

The mathematical difficulties posed by the three-dimensional crack/anticrack type problems are 
substantially greater than their two-dimensional counterparts (to start with, the governing PDE's are 
much more complicated). In the absence of the knowledge of the strength of singularity, in regions 
where the elastic stresses become unbounded, the majority of weighted residual type methods, e.g., 
the finite elements, finite difference and boundary elements, which  are generally employed to solve 
fracture mechanics problems, encounter overwhelming numerical difficulties, such as lack of 
convergence, and oscillation resulting in poor accuracy [24]. There are several classes of problems 
pertaining to the issue of three-dimensional stress singularity [25-49]: (i) through crack/anticrack as 
well as their bi- and tri-material interface counterparts, (ii) bi-material free edge, (iii) tri-material 
junction, (iv) penny shaped crack/anticrack and their bi-material counterparts, (iv) bi-material hole 
(and inclusion), (v) matrix cracking and fiber breaks in composites among others. Only the penny 
shaped crack/anticrack [50] (and their bi-material counterparts [51]) and the bimaterial hole [52, 53] 
and inclusion problems [54] had earlier been adequately addressed in the literature. Earlier attempts 
to solve the three-dimensional through crack problem resulted in controversies that lasted for about 
a quarter century [25, 55]. A unified three-dimensional eigenfunction approach has recently been 
developed by Chaudhuri and co-workers [25-49, 55] to address the three-dimensional stress 
singularity problems covering all the aspects mentioned above. 

The above separation of variables approach has recently been extended to the case of 
cracked/anticracked transversely isotropic (smeared-out composite) [56] as well as 
cubic/orthorhombic/diamond cubic mono-crystalline plates under mode I/II far-field loadings [22, 57, 
58] and cubic/orthorhombic/monoclinic/diamond cubic mono/tri-crystalline plates subjected to mode 
III loading [22, 58-61] by making use of the separation of the thickness variable technique in 
combination with an affine transformation, that is similar (but not identical) in spirit to that due to 
Eshelby et al. [62] and Stroh [16]. This eigenfunction expansion approach has also recently employed to 
obtain three-dimensional asymptotic stress fields in the vicinity of the front of the kinked carbon fiber-matrix 
junction [63] (see also Ref. [64] for its 2D counterpart with isotropic glass fibers). 

The above-mentioned importance notwithstanding, relatively fewer attempts at experimental 
determination of elastic constants of monocrystalline YBCO have been reported in the solid state 
physics literature [1, 65-73]; these are summarized in Table 1 of Lei et al. [1]. Golding et al. [66] and 
Saint-Paul and co-workers [70, 71] have reported experimental results on c11 and c33, and c33, c44, c66 
and c12, respectively, by employing the ultrasound technique, while Baumgart et al. [68, 69] and 
Zouboulis et al. [72] have resorted to Brillouin spectroscopy/scattering to determine c11, c33 and c44, 
and c44, c55 and c66, respectively. Only three investigations [1, 67, 73] report complete sets of elastic 
constants, accessible to the present author. Worse still, those reported by Ledbetter and Lei [73] are 
just estimates (marked ** in Table 1(a)), while their experimental counterparts due to Reichard et al. 
[67] are based on the assumption of tetragonal symmetry; see Table 1(b). This only leaves the 
experimental measurements (by resonant ultrasound spectroscopy, described in detail by Migliori et 

al. [74, 75]) due to Lei et al. [1], marked * in Table 1. However, their c12  value appears to be 
excessively high. This is because, according to these authors themselves, "no wave speed in the crystal 

depends only upon c12 , it is no way to estimate it directly."  It also has been known for some times 

that while c12  and 66c can be measured independently by static tests [76], these constants are 

always coupled in vibrations-based measurements [77, 78]. 
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Table 1. (a) Elastic stiffness constants of orthorhombic YBCO single crystals. 

Material 

(Technique) 
1. c11  
2. (GPa) 

3. c1
4. (G

Pa) 

5. c1
6. (G

Pa) 

7. c 2
8. (G

Pa) 

9. c 2
10. (G

Pa) 

11. c 3
12. (G

Pa) 

13. c 4
14. (G

Pa) 

15. c 5
16. (G

Pa) 

17. 6c
18. (G

Pa) 

YBCO* [1] 

(Resonant 

Ultrasound) 

19. 231.0 
20. 13

2.0 
21. 71.

0 
22. 268

.0 
23. 95.

0 
24. 186

.0 
25. 49.

0 
26. 37.

0 
27. 95.

0 

YBCO** [73] 

(Estimate) 
28. 223.0 

29. 37.
0 

30. 89.
0 

31. 244
.0 

32. 93.
0 

33. 138
.0 

34. 61.
0 

35. 47.
0 

36. 97.
0 

YBCO*** 

(Inference) 
37. 231.0 

38. 66.
0 

39. 71.
0 

40. 268
.0 

41. 95.
0 

42. 186
.0 

43. 49.
0 

44. 37.
0 

45. 82.
0 

All values measured by resonant ultrasound spectroscopy (except c12 ) by Lei et al. [1]; ** Estimated by 

Ledbetter and Lei [73]; ***Same as *, except c12 and 66c measured by ultrasound by Saint-Paul and Henry 

[71]. 

Table 1. (b). Elastic stiffness constants of tetragonal YBCO single crystals. 

Material 
(Technique) 

46. c1
47. (G

Pa) 

48. c1
49. (G

Pa) 

50. c1
51. (G

Pa) 

52. c 22
53. (GPa

) 

54. c 2
55. (G

Pa) 

56. c 33
57. (GPa

) 

58. c 4
59. (G

Pa) 

60. c 55
61. (GP

a) 

62. 66c
63. (GP

a) 
YBCOT [67] 
(Neutron 
Scattering) 

64. 23
0.0 

65. 10
0.0 

66. 10
0.0 

67. 230.
0 

68. 10
0.0 

69. 150.
0 

70. 50.
0 

71. 50.
0 

72. 85.
0 

 
 
The above literature review reveals an absence of reliable and accurate experimentally measured 

complete sets of nine elastic constants needed for characterization of the deformation/fracture as well 
as other solid state (e.g., Debye temperature, Tc, etc.) behaviors of superconducting (orthorhombic) 
YBCO single crystals. This calls for a reliable criterion for assessment of the measured data that would 
allow us to come up with a reasonably accurate complete set of nine elastic constants, which is the 
primary objective of the present investigation. It is proposed here that one way to address this 
important issue is to analytically examine the effect of elastic constants on crack deflection in 
monocrystalline YBCO (YBa2Cu3O7−δ) and compare with the experimental results for easy cleavage planes, 
reported by Cook et al. [6], Raynes [9], and  Granozio and di Uccio [14] among others. In what follows, 
the above-mentioned modified eigenfunction expansion technique, based in part on separation of the thickness-
variable and partly on the Eshelby-Stroh type affine transformation, is developed to derive three-dimensional 
asymptotic stress field in the vicinity of the front of a semi-infinite through-thickness crack weakening an 
infinite orthorhombic mono-crystalline plate, of finite thickness and subjected to far-field mode I/II loadings. 
Crack-face boundary conditions and those that are prescribed on the top and bottom (free or fixed) surfaces of 
the plate are exactly satisfied. The present investigation considers six through-crack systems ― (010)[001] 

with the [100] length direction,  (0 1 0)[100] with the [001] length direction, ( 1 00)[001] with the [010] 
length direction, (100)[010] with the [001] length direction, (001)[0 1 0] with the [100] length direction, 
(001)[100] with the [010] length direction ― weakening orthorhombic mono-crystalline plates. Explicit 
expressions for the singular stresses in the vicinity of the front of a through-thickness crack weakening an 
orthorhombic mono-crystalline plate, subjected to far-field mode I/II loadings, are presented. In addition, 
through-thickness distribution of the stress intensity factors and energy release rates are also 
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presented. Next, the important issue of easy or difficult cleavage plane and the related question of 
crack deflection criterion is discussed. The latter is based on the relative fracture energy (or the energy 
release rate) available for possible “fracture paths” [18]. This said, it is noteworthy that any fracture 
criterion derived from equilibrium theories such as the Griffith criterion can only be regarded as a 
necessary condition but not as sufficient [79]. This calls for establishment of a sufficient condition for 
determination of easy or difficult cleavage plane, and the associated question of the crack deflection 
criterion, which is the second objective of the present study. 

The present study, although to a smaller extent a review on earlier work on this topic, is largely 
based on original research on this subject. The topic, which covers mathematics (e.g., asymptotic, 
solution to 3D mixed boundary-value problem, and necessary and sufficient condition for fracture), 
solid state physics (e.g., superconductivity, single crystal cleavage) and engineering (e.g., 3D fracture 
mechanics), has, so far, remained largely unexplored in the literature.   

2. Formulation of the Problem 

The Cartesian coordinate system (x, y, z) is convenient to describe the deformation behavior in 
the vicinity of a semi-infinite through-thickness crack, weakening an infinite orthotropic plate of 
thickness, 2h (Figures 1 and 2). Here, the z-axis is placed along the straight crack front, while the 
coordinates x, y, are used to define the directions along the length of the crack and transverse to it, 
respectively, in the plane of the plate. u, v and w represent the components of the displacements in 
the x, y and z directions, respectively. 

 

Figure 1. Schematic of a through-thickness semi-infinite crack in an infinite orthorhombic mono-
crystalline plate. 
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Figure 2. Schematic of the top half of an orthorhombic mono-crystalline plate weakened by a (010) 
[001] through-thickness crack. 

The stress-strain relations for an orthorhombic single crystal are given as follows: 

 

σ x

σ y

σ z

τ yz

τ xz

τxy

 

 

 
 
 
 

 

 
 
 
 

 

 

 
 
 
 

 

 
 
 
 

=

c11 c12 c13 0 0 0
c12 c 22 c23 0 0 0
c13 c23 c 33 0 0 0
0 0 0 c 44 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66

 

 

 
 
 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
 
 
 

εx

εy

εz

γ yz

γ xz

γ xy

 

 

 
 
 
 

 

 
 
 
 

 

 

 
 
 
 

 

 
 
 
 

.   (1a) 

where cij, i, j = 1,...,6, denotes the elastic stiffness constants of an orthorhombic mono-crystalline plate. 

σx, σy, σz  represent the normal stresses, and τxy, τxz, τyz  denote the shear stresses, while εx, εy, εz  denote 
normal strains, and γxy, γxz,  γyz  represent the shear strains. For the special case of a tetragonal single crystal, 

11 22 ,c c=  13 23 ,c c= 44 55.c c=        (1b) 

The three equilibrium equations for a linear elastic solid, made of an orthotropic/ orthorhombic 
material, can be expressed in terms of the displacement components, u, v, 

and w, as follows: 

,0)()(
2

5513

2

66122

2
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2
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2

11 =++++++
zx

w
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z

u
c

y

u
c

x

u
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∂
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∂

∂

∂
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∂

∂

∂
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The boundary conditions include those at the plate faces and crack-side surfaces. The boundary 
conditions on the plate faces, z = +h, are given by [22, 25] 

 σ z = τ xz = τ yz = 0,  (3a) 

while those at the crack-side surfaces are more conveniently expressed in local cylindrical polar 
coordinates (Figure 1), which are given as follows: 

 πθττσ θθθ ±==== ,0zr  (3b) 
where σr, σθ, σz  represent the normal stresses, and  τrθ, τrz,  τθz  are the  shear stresses, 
while εr, εθ, εz  denote the normal strains, and γrθ, γrz,  γθz  are the  shear strains in the cylindrical polar 
coordinate system (r, θ, z). ur and uθ represent the components of the displacement in r and θ 
directions, respectively. 

3. Singular Stress Fields in the Vicinity of a Crack Front Weakening an 

Orthotropic/Orthorhombic Lamina/Single Crystal under General Loading 

The assumed displacement functions for the three-dimensional crack problem under 
consideration are selected on the basis of separation of z-variables. These are as given 

below [22, 56-58, 64]: 

u(x,y,z) =e
ikz

U (x,y),   v(x, y,z) =e
ikz

V(x, y),  ).,(),,( yxWezyxw ikz=  (4a, b, c) 

It may be noted that since the z-dependent term and its first partial derivative can either be 
bounded and integrable at most admitting ordinary discontinuities, or the first partial derivative at 
worst be square integrable (in the sense of Labesgue integration) in its interval z ∈ [-h, h], i.e., 
admitting singularities weaker than square root (i.e., z (-1/2+ε), ε > 0), it can be best represented by 
Fourier series [22, 25, 58]. The latter case is justified by Parseval's theorem [80], and its physical 
implication is that of satisfying the criterion of finiteness of local strain energy and path independence 
[81]. Substitution of Eqs. (4) into Eqs. (2) yields the following system of coupled partial differential 
equations (PDE's):  

,0)()(
1

5513
11

2

6612552
1

2

662
1

2

11 =++++++
x

W
cc

yx

V
ccUc

y

U
c

x

U
c

∂

∂

∂∂

∂

∂

∂

∂

∂
  (5a) 

,0)()(
1

4423442
1

2

222
1

2

66
11

2

6612 =++++++
y

W
ccVc

y

V
c

x

V
c

yx

U
cc

∂

∂

∂

∂

∂

∂

∂∂

∂
  (5b) 

,0)()( 332
1

2

442
1

2

55
1

4423
1

5513 =++++++ Wc
y

W
c

x

W
c

y

V
cc

x

U
cc

∂

∂

∂

∂

∂

∂

∂

∂
  (5c) 

where 

 x1 = ikx, y1 = iky.  (6a,b) 

The solution to the system of coupled partial differential equations (5) subjected to the most 
general loading, can now be sought in the form of the following modified Frobenius type series in 
terms of the variable x1+py1 as follows:  

U(x1,y1) = ′ a s+n

n= 0

∞

 (x1 + py1)
s+2n +1 + as+n

n= 0

∞

 (x1 + py1)
s+ 2n,  (7a) 
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V(x1,y1) = ′ b s+ n

n= 0

∞

 (x1 + py1)
s+2n +1 + bs+ n

n= 0

∞

 (x1 + py1)
s+2n ,  (7b) 

W (x1, y1) = ′ c s+n

n= 0

∞

 (x1 + py1)
s+2n + cs+ n

n= 0

∞

 (x1 + py1)
s+2n +1.  (7c) 

Out of the various combinations, such as (a', b', c'), (a, b, c), (a', b, c), (a, b', c), (a, b, c'), (a', b', c), 
(a', b, c'), and (a, b', c'), only the first two groupings can produce meaningful solutions, for the mode 
I/II and mode III loading cases, respectively. This step permits separation of the mode III from the 
modes I/II. The first grouping is described below, while the second one has already been employed 
for the antiplane shear case [59-61].  

4. Singular Stress Fields in the Vicinity of a (010)[001] Through-Crack Front Propagating under 

Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [100] Direction 

The solution to the system of coupled partial differential equations (5), subjected to the far-field 
mode I/II loading, can now be sought in the form of the following modified Frobenius type series in 
terms of the variable x1+py1 as follows [22, 53, 54, 60], although unlike in the case of isotropic 

materials [25-49, 55], the x1 and y1 variables are no longer separable:  

U(x1,y1) = as+n

n= 0

∞

 (x1 + py1)
s+2n,  V(x1,y1) = bs+ n

n= 0

∞

 (x1 + py1)
s+2n ,  

W (x1, y1) = cs+n

n= 0

∞

 (x1 + py1)
s+2n +1.                            (8a, b, c) 

Here, the combined variable x1+py1 represents an affine transformation in the same spirit as 

that by Eshelby et al. [62], Stroh [16] and Shih et al. [17], although these authors have employed 
completely different techniques. On substitution of Eqs. (8) into Eqs. (5), and equating the coefficients 

of (x1 + py1)
s+2n− 2

, the following set of recurrent relationships can be derived:  

s + 2n( ) s + 2n −1( ) c11 + c66p
2( ) as+ n + c55 as+n−1 +  

s + 2n( ) s + 2n −1( ) c12 + c66( )p bs+ n + s + 2n −1( ) c13 + c55( ) cs+n−1 = 0,  (9a) 

s + 2n( ) s + 2n −1( ) c12 + c66( )p as+ n + s + 2n( ) s + 2n −1( ) c22 + c66 p
2( ) bs+n  

+ c44 bs+ n−1 + s+ 2n −1( ) c23 + c44( ) cs+n−1 = 0,  (9b) 

which for n = 0, reduces to 

 
c11 + c66p2 c12 + c66( )p

c12 + c66( )p c22p2 + c66

 

 
 
 

 

 
 
 

as

bs

 
 
 

  

 
 
 

  =
0
0
 
 
 

  

 
 
 

  ,  for s ≠ 0, 1. (10) 

− A1 η + H 2( ) + A 2 ξ + H 1( ) = 0,  

The characteristic equation for the coupled partial differential equations (2) or (5) can now be 
written as follows: 
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 p
4 + 2χ p

2 +
c11

c22

= 0, (11) 

in which the normalized elastic parameter, χ , is given by 

( )
( )

( ) ,
21

1
2

2
133212

12

1

31136622

6612
2
122211









+−

−
=

−−
= ννν

νν
χ

G

E

cc

ccccc
 (12a) 

in which E1 is Young’s modulus in the x direction, G12 is the shear modulus in the x-y plane, while ν12 
is the major Poisson’s ratio in the x-y plane. ν13 and ν31 denote the major and minor Poisson’s ratios 
in the x-z plane, while ν32 represents the minor Poisson’s ratio in the y-z plane. χ  can also be 

expressed in terms of the inverse anisotropic ratio (in the 

x-y plane), λ , as follows: 

( ) ( ) .1
22

12

22

11

22

12122211

c

c

c

c

c

cccc −
+=

−+
=

λ
λ

λ
χ  (12b) 

where λ , is defined as 

 .
2 66

122211

c

ccc −
=λ  (13) 

Eq. (11) has either (a) four complex or (b) four imaginary roots, depending on whether : (a) λ < 1 

or equivalently,  
( )
( )

,
1
1

31132

32231

22

11

νν

νν
χ

−

−
=<

E

E

c

c
  (14a) 

or  

(b) λ > 1 or equivalently, 
( )
( )

.
1
1

31132

32231

22

11

νν

νν
χ

−

−
=>

E

E

c

c
           (14b) 

λ= 1 or χ = 1 represents the degenerate isotropic material case, for which the solution is available 
in Chaudhuri and Xie [25]. 

4.1. Case (a): Complex Roots 

 p1,2 = ξ ± iη, p3,4 = −ξ ± iη,  (15a, b) 

where 

 ξ =
1
2

c11

c22

 

 
  

 

 
  

1/ 2

− χ
 

 
 
 

 

 
 
 

1/ 2

,     η =
1
2

c11

c22

 

 
  

 

 
  

1/ 2

+ χ
 

 
 
 

 

 
 
 

1/ 2

,           (16a, b) 

valid for  χ < c11 c22 .    

The final results that satisfy the equilibrium equations (2) can be expressed in the following form: 
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u(x,y,z) = D 1isin kz( ) + D 2 cos kz( )( ) ik( )s
A 1 x + (ξ + iη)y( )s

+ A 2 x + (ξ − iη)y( )s[

  

+ A 3 x + (−ξ − iη)y( )s
+ A 4 x + (−ξ + iη)y( )s],  (17a) 

v(x, y,z) = D 1i sin kz( ) +D 2 cos kz( )( ) ik( )s
B 1 x + (ξ + iη)y( )s

+ B 2 x + (ξ − iη)y( )s[  

 + B 3 x + (−ξ − iη)y( )s
+ B 4 x + (−ξ + iη)y( )s],   (17b) 

w(x, y,z) = D 1 cos kz( )+D 2 isin kz( )( )ik( )s+1
C 1 x + (ξ + iη)y( )s+1

+ C 2 x + (ξ − iη)y( )s+1[  

 + C 3 x + (−ξ − iη)y( )s
+ C 4 x + (−ξ + iη)y( )s ],  (17c) 

wherein ξ and η are as given in Eqs. (16), and A k, B k , C k , k = 1,...,4, are undetermined 

coefficients. It may be noted that B k  can be expressed in terms of the corresponding A k , k = 1,...,4 
by using Eqs. (10) and (15).  

 B 1 = H1 + iH2( ) A 1, B 2 = H1 − iH2( ) A 2,          (18a, b) 

 B 3 = − H1 + iH2( ) A 3, B 4 = −H1 + iH2( ) A 4,        (18c, d) 

in which 

H1 = −
ξ c11 c22 + c66( )

c12 + c66( )
, H2 =

η c11 c22 − c66( )
c12 + c66( )

.      (19a, b) 

The corresponding stress field can easily be obtained from Eqs. (17). It is convenient to express 
the components of the displacement vector and stress tensor, in terms of the cylindrical polar 
coordinate system (r, θ, z). Expressing 

 ρ cos(ψ) = r cos(θ) + ξ sin(θ)( ), ρ sin(ψ) = r η sin(θ)( ),   (20a) 

 ′ ρ cos(ψ) = r cos(θ) − ξ sin(θ)( ), ′ ρ sin(ψ) = r −η sin(θ)( ),  (20b) 

in which 

 ρ = r cos(θ) + ξ sin(θ)( )2
+ η2 sin2(θ){ }

1/ 2
,  (21a) 

 ′ ρ = r cos(θ) −ξ sin(θ)( )2
+ η2 sin2 (θ){ }

1/ 2
,  (21b) 

and  
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 cos ψ(θ)( ) =
cos(θ) + ξ sin(θ)

cos(θ) + ξ sin(θ)( )
2

+ η2 sin 2(θ){ }
1/ 2 ,  (22a) 

 sin ψ(θ)( ) =
ηsin(θ)

cos(θ) + ξ sin(θ)( )
2

+ η2 sin2(θ){ }
1/ 2 ,  (22b) 

 cos ′ ψ (θ)( ) =
cos(θ) − ξ sin(θ)

cos(θ) − ξ sin(θ)( )
2

+ η2 sin 2(θ){ }
1/ 2 ,  (22c) 

 sin ′ ψ (θ)( ) =
−η sin(θ)

cos(θ) − ξ sin(θ)( )
2

+ η2 sin 2(θ){ }
1/ 2 ,  (22d) 

the general asymptotic form for the displacement and stress fields can be written as follows: 

u(r,θ,z) = r
s
Db z( ) ik( )s cos(θ) + ξ sin(θ)( )2

+ η2 sin2 (θ){ }
s/ 2 

  A1 cos sψ( )+ A2 sin sψ( ){ }

+ cos(θ) −ξ sin(θ)( )2
+ η2 sin2(θ){ }

s / 2
A3 cos s ′ ψ ( ) + A4 sin s ′ ψ ( ){ }]+ O r

s+2( ),   

           (23a) 

v(r,θ,z) = r
s
Db z( ) ik( )s cos(θ) + ξ sin(θ)( )2

+ η2 sin2(θ){ }
s/ 2

H1A1({
 
   

+H 2A2 )cos sψ( )+ H1A2 − H 2A1( )sin sψ( )}+ cos(θ) − ξ sin(θ)( )2{  

+η2 sin2 (θ)}
s/ 2

− H1A3 + H 2A4( )cos s ′ ψ ( ) − H1A4 − H2 A3( )sin s ′ ψ ( ){ } 

+O r
s+ 2( ),  (23b) 

w ( r ,θ , z ) = O r
s + 1( ),         (23c) 

and 

σx r,θ,z( )= r
s−1

Db z( ) ik( )s
s cos(θ) + ξ sin(θ)( )2

+ η2 sin2(θ){ }
(s−1)/ 2

A1([ c11{ +  

+ ξH1 −ηH 2( )c12}+ A2 ηH1 + ξH2( )c12{ })cos s −1( )ψ( )+ −( A1 ηH1 +ξH 2( )c12{ } 

+ A2 c11{ + ξH1 − η H 2( )c12 })sin s − 1( )ψ( )]+ cos( θ ) − ξ sin( θ)( )2{  

+η2 sin2 (θ)}
(s−1)/ 2

A3([ c11{ + ξH1 −ηH2( )c12}+ A4 ηH1 + ξH2( )c12{ })cos s −1( ) ′ ψ ( ) 
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+ −( A3 ηH1 +ξH 2( )c12{ } +A4 c11{ + ξH1 −ηH2( )c12})sin s−1( ) ′ ψ ( )]  

+ O r
s+1( ),  (24a) 

σ y r,θ , z( ) = r
s−1

Db z( ) ik( )s
s cos(θ ) + ξ sin(θ )( )2

+ η 2 sin 2(θ ){ }
( s−1 ) / 2

A1([ c12{  

+ ξH 1 − ηH 2( )c 22}+ A2 ηH1 + ξH 2( )c22{ })cos s −1( )ψ( )+ −( A1 ηH 1 + ξH 2( )c 22{ } 

+ A2 c12{ + ξH 1 − ηH 2( )c 22})sin s −1( )ψ( )]+ cos( θ ) − ξ sin(θ )( )2{  

+η2 sin2 (θ)}
(s−1)/ 2

A3([ c12{ + ξH1 −ηH 2( )c22}+ A4 ηH1 +ξH 2( )c22{ })cos s−1( ) ′ ψ ( ) 

+ −( A 3 η H 1 + ξ H 2( )c 22{ } + A 4 c 12{ + ξH 1 − η H 2( )c 22 })sin s − 1( ) ′ ψ ( )]
 

+ O r
s+1( ),  (24b) 

τ xy r,θ,z( ) = r
s−1

Db z( ) ik( )s
s c66 cos(θ) + ξ sin(θ)( )2

+ η 2 sin2 (θ){ }
(s−1) / 2

A1 ξ + H1( ){[  

+ A 2 η + H 2( )}cos s − 1( )ψ( ) + − A1 η + H 2( ) + A 2 ξ + H 1( ){ }sin s − 1( )ψ( )] 

+ cos(θ ) − ξ sin(θ )( )2{ + η 2 sin 2(θ )}
( s−1) / 2

− A3 ξ + H 1( )− A4 η + H 2( )}cos s −1( ) ′ ψ ( ){[  

+ A3 η + H2( )− A4 ξ + H1( ){ }sin s−1( ) ′ ψ ( )] + O r
s+1( ),  (24c) 

σz r,θ,z( ) = r
s−1

Db z( ) ik( )s
s cos(θ) +ξ sin(θ)( )2

+ η2 sin2 (θ){ }
(s−1)/ 2

A1([ c13{

+ ξH1 −ηH 2( )c23}+ A2 ηH1 + ξH2( )c23{ })cos s −1( )ψ( )+ −( A1 ηH1 +ξH 2( )c23{ }

+A2 c13{ + ξH1 −ηH 2( )c23})sin s −1( )ψ( )]+ cos(θ) −ξ sin(θ)( )2{  

+η2 sin2 (θ)}
(s−1)/ 2

A3([ c13{ + ξH1 −ηH 2( )c23}+ A4 ηH1 +ξH 2( )c23{ })cos s−1( ) ′ ψ ( )
 

+ −( A3 ηH1 +ξH 2( )c23{ } +A4 c13{ + ξH1 −ηH 2( )c23})sin s −1( ) ′ ψ ( )]  

+ O r
s+1( ),  (24d) 

τ xz r,θ , z( ) = O r
s( ), τ yz r ,θ , z( ) = O r

s( ) .  (24e, f) 

in which 

 A1 = A 1 + A 2, A2 = i A 1 − A 2( ),  (25a) 
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 A3 = A 3 + A 4, A4 = i A 3 − A 4( ),  (25b) 

and 

 Db z( ) = D1 sin kz( )+ D2 cos kz( ),  (26) 

with 

 D1 = iD 1 , D2 = D 2 .                    (27a, b) 

It may be noted that since s or Re s (when s is complex) is positive, all the higher order terms in 
Eqs. (24) vanish as r → 0. The components of displacement can now be expressed in the cylindrical 
polar coordinate system as follows: 

ur (r,θ,z) = r
s
Db z( ) ik( )s cos(θ) + ξ sin(θ)( )2

+ η2 sin2(θ){ }
s/ 2

A1 cos θ( )+{[

H1A1 + H 2A2( )sin(θ)}cos sψ( ) + A2 cos θ( )+ H1A2 − H 2A1( )sin(θ){ }sin sψ( )] 

+ cos(θ) −ξ sin(θ)( )2
+ η2 sin2(θ){ }

s / 2
A3 cos θ( )− H1A3 + H 2A4( )sin(θ){ }cos s ′ ψ ( )[  

+ A4 cos θ( )− H1A4 − H 2A3( )sin(θ){ }sin s ′ ψ ( )] + O r
s+2( ),  (28a) 

uθ (r,θ,z) = r
s
Db z( ) ik( )s cos(θ) + ξ sin(θ)( )2

+ η2 sin 2(θ){ }
s/ 2

−A1 sin θ( )+{[  

H1A1 + H 2A2( )cos(θ)}cos sψ( ) + −A2 sin θ( )+ H1A2 − H2 A1( )cos(θ){ }sin sψ( )] 

+ cos(θ) − ξ sin(θ)( )2
+ η2 sin 2(θ){ }

s / 2
−[ A3 sin θ( )+{ H1A3 +(  

H2 A4)cos(θ)}cos s ′ ψ ( ) − A4 sin θ( )+ H1A4 − H2 A3( )cos(θ){ }sin s ′ ψ ( )]  

+ O r
s + 2( ),  (28b) 

w(r,θ,z) = O r
s+1( ). (28c) 

Similarly, the components of the asymptotic stress field can be conveniently expressed by using 
standard second-rank tensor transformation rule: 

 

σ r

σθ

τrθ

 

 
 

 
 

 

 
 

 
 

=

cos2 θ sin2 θ sin2θ

sin2 θ cos2 θ −sin2θ

−
1
2

sin2θ
1
2

sin2θ cos2θ

 

 

 
 
 
 
 

 

 

 
 
 
 
 

σx

σy

τxy

 

 
  

 
 
 

 

 
  

 
 
 

,  (29a) 
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τrz

τθz

 
 
 

  

 
 
 

  
=

cosθ sinθ

−sinθ cosθ

 

 
 
 

 

 
 
 

τxz

τyz

 
 
 

  

 
 
 

  
.  (29b) 

The stress component, σz, is as given in Eq. (24d). 

Substitution of Eqs. (24), in conjunction with Eqs. (29), into the boundary conditions on the crack-
side surfaces given by Eq. (3b) yield four homogeneous equations, which reduce to  

either cos (s-1)π = 0, or sin (s-1)π = 0.       (30a, b) 
Equation (30a) contributes to the lowest nonvanishing eigenvalue, s = 1/2, in the range 0 < s < 1, 

as required by the criterion of locally finite energy. Equation (30b) yields s = 0, 1, which can take care 
of rigid body translation and rotation, respectively. Interestingly, s = 1 also accounts for the T-stress. 

In order to express the asymptotic stress field in terms of the stress intensity factors KI(z) and 

KII(z), it is convenient to obtain from Eq. (10) 

c12A i + c11piB i = −c66 A i + p iB i( ),   i = 1,...,4  (no sum on i) (31) 

in which p i  is the complex conjugate of pi  given by Eqs. (15) and (16), and B i  is given by Eqs. 

(18). This will finally yield, with the help of Eqs. (17), (18) and (1), σy r,θ,z( ) as follows: 

σy r,θ,z( )= −r
s−1

Db z( ) ik( )s
s c66 cos(θ) + ξ sin(θ)( )2

+ η2 sin2(θ){ }
(s−1)/ 2

A1([ 1{  

ξH1 +ηH2}− A2 ηH1 −ξH2{ })cos s−1( )ψ( )− A1 ηH1 −ξH2{ }+ A2 1+ ξH1{(  

+ηH2})sin s−1( )ψ( )]+ cos(θ) −ξ sin(θ)( )2
+η2 sin2(θ)}

(s−1)/ 2{ A3 1+{([ ξH1  

+η H 2} − A4 η H1 − ξH 2{ })cos s −1( ) ′ ψ ( )− A3 ηH1 − ξH 2{ }+ A4 1 + ξH1{(  

+ηH2})sin s−1( ) ′ ψ ( )] + O r
s+1( ). (32) 

σx r,θ,z( ) can be similarly obtained from the other relation in Eq. (10). 

4.1.1. Symmetric (Mode I) Loading (Extension/Bending) 

This relationship among the four unknown coefficients (eigenvectors) under mode I can also be 
obtained by using the following boundary conditions that correspond to the far-field symmetric 
loading:  

 θ = 0: 0,r zθ θτ τ= =  (33a) 

 θ = π: 0.r zθ θ θσ τ τ= = =  (33b) 
When s = 1/2, substitution, of Eqs. (29) or equivalently (24) into Eqs. (33), yields the following: 

A1 = A3,    A2 = A4, (34) 

 
A2

A1

= −
η

ξ

c11c22 + c12( )
c11c22 − c12( )

. (35) 

Finally, on substitution of Eqs. (34) and (35) into the expressions for displacements and stresses, 
and by defining the mode I stress intensity factor, KI(z), as  
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 ( )1/2
11 22 12 1( ) 2 ( ) ( ) ,I bK z D z ik c c c Aπ= +  (36) 

the components of inplane displacements and stresses, in the vicinity of a semi-infinite crack front, 
under symmetric far-field loading, can be expressed as follows: 

( )
( ){ } ( ){ ( )

1/42 2
11 22 122

11 22 12

( )( , , ) cos sin sin cos / 2
2

IK z r
u r z c c c

c c c
θ θ ξ θ η θ ψ

π
= + + −−

( ) ( ) ( ){ } ( ){ ( )2/cossinsincos2/sin 122211
4/122

122211 ψθηθξθψ
ξ

η
′−+−+





+− cccccc  

( ) ( ) ,2/sin122211 








′++ ψ
ξ

η
ccc  (37a) 

( )
( ){ } ( )

( )
21/42 11 22 122

2
6611 22 12

( )( , , ) cos sin sin cos / 2
2 2

I
c c cK z r

v r z
cc c c

θ θ ξ θ η θ ψ
π ξ

 −= + + −− 
 

( )} ( ){ } ( ) ( )2/cos
2

sinsincos2/sin2
66

2
1222114/122

2211 ψ
ξ

θηθξθψη ′


 −

+−++
c

ccc
cc  

( )}],2/sin2 2211 ψη ′+ cc  (37b) 

( ){ } ( ) ( )
1/42 2( )( , , ) cos sin sin cos / 2 sin / 2

2 2
I

x

K z
r z

r

η
σ θ θ ξ θ η θ ψ ψ

ξπ

 = + + −   

+ cosθ −ξ sinθ( )2
+ ηsin2 θ{ }

1/ 4
cos ′ ψ /2( )+

η

ξ
sin ′ ψ /2( )

 
 
 

  

 
 
 

  

 

 
 
 
,  (38a) 

( ){ } ( ) ( )
1/42 2( )( , , ) cos sin sin cos / 2 sin / 2

2 2
I

y

K z
r z

r

η
σ θ θ ξ θ η θ ψ ψ

ξπ

 = + + +   

+ cosθ −ξ sinθ( )2
+ ηsin2 θ{ }

1/ 4
cos ′ ψ /2( )−

η

ξ
sin ′ ψ /2( )

 
 
 

  

 
 
 

  

 

 
 
 
,  (38b) 

 ( ){ } ( )
1/42 2( )( , , ) cos sin sin cos / 2

2 2
I

xy

K z
r z

r
τ θ θ ξ θ η θ ψ

π ξ
= − + +  

− cosθ −ξ sinθ( )2
+η sin2 θ{ }

1/ 4
cos ′ ψ /2( )]. (38c) 

4.1.2. Skew-symmetric (Mode II) Loading (Sliding Shear/Twisting) 

This relationship among the four unknown coefficients (eigenvectors) under mode II can also be 
obtained by using the following boundary conditions that correspond to the far- 

field antisymmetric loading:  
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 θ = 0: 0,zθ θσ τ= =  (39a) 

 θ = π: σθ = τ rθ =τ θz = 0. (39b) 

When s = 1/2, substitution of Eqs. (29) or equivalently (24) into Eqs. (39) yields the following: 

 A1 = -A3,   A2 = -A4. (40) 

 
A2

A1

=
4 c11c22c66 ξη

c11c22 − c12
2( )

.  (41) 

Finally, on substitution of Eqs. (40) and (41) into the expressions for displacements and stresses, 
and by defining  the mode II stress intensity factor, KII(z), as  

 1/2
66 1( ) 2 2 ( ) ( ) ,II bK z D z ik c Aπ ξ=  (42) 

the components of inplane displacements and stresses, in the vicinity of a semi-infinite crack front, 
under skew-symmetric far-field loading, can be expressed as follows: 

( )
( ){ } ( )

( )
21/42 11 22 122

2
6611 22 12

( )( , , ) cos sin sin cos / 2
2 2

II
c c cK z r

u r z
cc c c

θ θ ξ θ η θ ψ
π ξ

 −= + + − 

( )} ( ){ } ( ) ( )2/cos
2

sinsincos2/sin2
66

2
1222114/122

2211 ψ
ξ

θηθξθψη ′


 −
−+−++

c

ccc
cc  

( )}],2/sin2 2211 ψη ′+ cc  (43a) 

( )
( ){ } ( ){ ( )

1/42 2
11 22 122

11 22 12

( )( , , ) cos sin sin cos / 2
2

IIK z r
v r z c c c

c c c
θ θ ξ θ η θ ψ

π
= − + + −−

( ) ( ) ( ){ } ( ){ ( )2/cossinsincos2/sin 122211
4/122

122211 ψθηθξθψ
ξ

η
′−+−+





++ cccccc

( ) ( ) ,2/sin122211 








′+− ψ
ξ

η
ccc  (43b) 

( ){ } ( )
( ) ( )

2 21/42 2( )( , , ) cos sin sin cos / 2 2 sin / 2
2 2

II
x

K z
r z

r

η ξ
σ θ θ ξ θ η θ ψ η ψ

ξπ

 − = + + −    

− cosθ −ξ sinθ( )2
+η sin2 θ{ }

1/ 4 η2 −ξ 2( )
ξ

cos ′ ψ /2( )+ 2η sin ′ ψ /2( )
 
 
 

  

 
 
 

  

 

 
 
 ,  (44a) 

( ){ } ( )
1/42 2( )( , , ) cos sin sin cos / 2

2 2
II

y

K z
r z

r
σ θ θ ξ θ η θ ψ

π ξ
= + +  
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+ cosθ −ξ sinθ( )2
+ ηsin2 θ{ }

1/ 4
cos ′ ψ /2( )],  (44b) 

( ){ } ( ) ( )
1/42 2( )( , , ) cos sin sin cos / 2 sin / 2

2 2
II

xy

K z
r z

r

η
τ θ θ ξ θ η θ ψ ψ

ξπ

 = − + + +   

+ cosθ −ξ sinθ( )2
+ ηsin2 θ{ }

1/ 4
cos ′ ψ /2( )−

η

ξ
sin ′ ψ /2( )

 
 
 

  

 
 
 

  

 

 
 
 
.  (44c) 

It may be noted that in the expressions for displacements and stresses, given by Eqs. (37) and 
(38), respectively, under mode I loading, there is a coupling between cos(ψ/2) and sin(ψ/2) (and 
similar coupling between cos(ψ'/2) and sin(ψ'/2))  terms, except for τxy, given by Eq. (38c). Similarly, 

in the expressions for displacements and stresses, given by Eqs. (43) and (44), respectively, under 
mode II loading, there is a coupling between cos(ψ/2) and sin(ψ/2) (and similar coupling between 
cos(ψ'/2) and sin(ψ'/2)) terms, except for σy, given by Eq. (44b). It may be remarked that for 

χ < c11 c22 , the through-thickness crack considered here will more likely deviate from its 

plane (010), i.e., x-z plane and its initial propagation direction, i.e., x-direction, because of this 
coupling, which arises from the complex roots. It can then be inferred that the (010) is not the easy 
cleavage plane and [100] is not the easy propagation direction, for orthotropic/orthorhombic 

laminas/single crystals with χ < c11 c22 .  

It may, however, be remarked that the Griffith-Irwin approach cannot by itself be considered a 
sufficient condition for determination of a cleavage system being easy or difficult for crack 
propagation in single crystals, and an additional conceptual-cum-analytical tool must be developed. 
This is because Griffith’s criterion is “not really a fracture criterion but only a necessary condition for 
fracture” [79]. As has been suggested by Sedov [82], similarity analysis is an effective tool to solve 
complex problems in mechanics. This can be employed to come up with a sorely needed sufficient 
condition for the problem at hand and is elaborated in Sec. 7.2 below. 

4.2. Case (b): Imaginary Roots 

The four imaginary roots of Eq. (11) are given by 

 p1,2 = ±i ′ ξ + ′ η ( ), p3,4 = ±i ′ ξ − ′ η ( ),  (45) 

where 

 ′ ξ =
1
2

c 11

c 22

 

 
  

 

 
  

1 / 2

+ χ
 

 
 
 

 

 
 
 

1 / 2

, ′ η =
1
2

−
c11

c22

 

 
  

 

 
  

1/ 2

+ χ
 

 
 
 

 

 
 
 

1/ 2

,  (46a,b) 

valid for  

 χ > c11 c22 , (47) 

which corresponds to a candidate plane of minimum surface energy. 
The final results that satisfy the equilibrium equations (2) can be expressed in the following form: 

u(x,y,z) = D 1isin kz( ) + D 2 cos kz( )( ) ik( )s
A 1 x + i( ′ ξ + ′ η )y( )s

+ A 2 x − i( ′ ξ + ′ η )y( )s[   

  + A 3 x + i( ′ ξ − ′ η ) y( )s
+ A 4 x − i( ′ ξ − ′ η ) y( )s], (48a) 
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v(x, y,z) = D 1i sin kz( ) + D 2 cos kz( )( ) ik( )s
B 1 x + i( ′ ξ + ′ η )y( )s

+ B 2 x − i( ′ ξ + ′ η )y( )s[  

  + B 3 x + i( ′ ξ − ′ η )y( )s
+ B 4 x − i( ′ ξ − ′ η )y( )s],  (48b) 

w(x, y,z) = D 1 cos kz( )+ D 2 isin kz( )( )ik( )s+1
C 1 x + i( ′ ξ + ′ η )y( )s+1

+ C 2 x − i( ′ ξ + ′ η )y( )s+1[  

  + C 3 x + i( ′ ξ − ′ η ) y( )s
+ C 4 x − i ( ′ ξ − ′ η ) y( )s ], (48c) 

wherein ξ' and η' are as given in Eqs. (46), and A k , B k , C k , k = 1,...,4, are undetermined 

coefficients. It may be noted that B k  can be expressed in terms of the corresponding A k , k = 1,...,4, 
by using Eq. (10) and Eqs. (45).  

 B 1 = −i ′ H 1 A 1, B 2 = i ′ H 1 A 2,  (49a,b) 

 ,, 424323 AHiBAHiB ′=′−=  (49c,d) 

in which 

( ){ }
( ) ( )

( ){ }
( ) ( )

2 2
11 22 66 11 22 66

1 2
12 66 12 66

, .
c c c c c c

H H
c c c c

ξ η ξ η

ξ η ξ η

′ ′ ′ ′− + − −
′ ′= − =

′ ′ ′ ′+ + + −
 (50a,b) 

The corresponding stress field can easily be obtained from Eqs. (48). It is convenient to express 
the components of the displacement vector and stress tensor, in terms of the cylindrical polar 
coordinate system (r, θ, z). Expressing 

 ρ1 cos(ψ1(θ)) = r cos(θ), ρ1 sin(ψ1(θ)) = r ( ′ ξ + ′ η )sin(θ),   (51a) 

 ),sin()())(sin(),cos())(cos( 1111 θηξθψρθθψρ ′−′=′′=′′ rr  (51b) 

in which 

 ρ1 = r cos2 (θ) + ( ′ ξ + ′ η )2 sin2 (θ){ }
1/ 2

,  (52a) 

 ′ ρ 1 = r cos2 (θ) + ( ′ ξ − ′ η ) 2 sin 2(θ){ }
1/ 2

,  (52b) 

and  

 cos ψ1(θ)( ) =
cos(θ)

cos 2(θ) + ( ′ ξ + ′ η )2 sin 2(θ){ }
1/ 2 ,  (53a) 

 sin ψ1(θ)( ) =
( ′ ξ + ′ η )sin(θ)

cos2(θ) + ( ′ ξ + ′ η ) 2 sin 2(θ){ }
1/ 2 ,  (53b) 

 cos ′ ψ 1(θ)( ) =
cos(θ)

cos 2(θ) + ( ′ ξ − ′ η )2 sin2 (θ){ }
1/ 2 ,  (53c) 
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 sin ′ ψ 1(θ)( ) =
( ′ ξ − ′ η )sin(θ)

cos2(θ) + ( ′ ξ − ′ η )2 sin2 (θ){ }
1/ 2 ,  (53d) 

the general asymptotic form for the displacement and stress fields can be written as follows: 

u(r,θ,z) = r
s
Db z( ) ik( )s cos2 (θ) + ′ ξ + ′ η ( )2 sin2(θ){ }

s / 2 
  A1 cos sψ1( )+ A2 sin sψ1( ){ } 

+ cos2(θ) + ′ ξ − ′ η ( )2 sin2(θ){ }
s / 2

A3 cos s ′ ψ 1( ) + A4 sin s ′ ψ 1( ){ }]+ O r
s+2( ),   (54a)  

v(r,θ,z) = r
s
Db z( ) ik( )s cos2(θ) + ′ ξ + ′ η ( )2 sin2 (θ){ }

s/ 2 
  − ′ H 1A2 cos sψ1( )+ ′ H 1A1 sin sψ1( ){ } 

+ cos2(θ) + ′ ξ − ′ η ( )2 sin2(θ){ }
s / 2

− ′ H 2A4 cos s ′ ψ 1( ) + ′ H 2A3 sin s ′ ψ 1( ){ }]+ O r
s+2( ), (54b) 

w(r,θ,z) = O r
s+1( ),  (54c) 

and 

σx r,θ,z( )= r
s−1

Db z( ) ik( )s
s cos2 (θ) + ′ ξ + ′ η ( )2 sin 2(θ){ }

(s−1)/ 2
c11 +{  

( ) } ( )( ) ( )( ){ } { ++−+−′+′′ )(cos1sin1cos 2
1211121 θψψηξ sAsAcH  

( ) } { ( ) } ( )( ) ( )( ){ }141312211
2/)1(22 1sin1cos)(sin ψψηξθηξ ′−+′−′−′′+′−′ −

sAsAcHc
s  

+ O r
s+1( ),  (55a) 

σy r,θ,z( )= r
s−1

Db z( ) ik( )s
s cos2 (θ) + ′ ξ + ′ η ( )2 sin2(θ){ }

(s−1)/ 2
c12 +{  

( ) } ( )( ) ( )( ){ } { ++−+−′+′′ )(cos1sin1cos 2
1211221 θψψηξ sAsAcH  

( ) } { ( ) } ( )( ) ( )( ){ }141322212
2/)1(22 1sin1cos)(sin ψψηξθηξ ′−+′−′−′′+′−′ −

sAsAcHc
s  

+ O r
s+1( ),  (55b) 

( ) ( )( ) ( ){ } { 1
2/)1(222

66
1 )(sin)(cos,, HcsikzDrzr

ss

b

s

xy
′′+′+=

−− θηξθθτ  

− ′ ξ + ′ η ( )} − A 2 cos (s − 1)ψ 1( ) + A1 sin (s − 1)ψ 1( ){ } + cos 2 (θ ) +{  

( ) } { ( )} ( ) ( ){ }13142
2/)1(22 )1(sin)1(cos)(sin ψψηξθηξ −+−−′−′−′′−′

−
sAsAH

s

 

+ O r
s+1( ),  (55c) 

σz r,θ,z( ) = r
s−1

Db z( ) ik( )s
s cos2(θ) + ′ ξ + ′ η ( )2 sin2 (θ){ }

(s−1)/ 2
c13 +{  
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( ) } ( )( ) ( )( ){ } { ++−+−′+′′ )(cos1sin1cos 2
1211231 θψψηξ sAsAcH  

( ) } { ( ) } ( )( ) ( )( ){ }141323213
2/)1(22 1sin1cos)(sin ψψηξθηξ ′−+′−′−′′+′−′ −

sAsAcHc
s

+ O r
s+1( ),  (55d)  

τ xz r,θ , z( ) = O r
s( ), τ yz r ,θ , z( ) = O r

s( ). (55e, f) 

in which Ak, k =1, ..., 4, is defined as before in Eqs. (23), while Db z( ) is same as given earlier in 

Eqs. (24) and (25). 
It may be noted that since s or Re s (when s is complex) is positive, all the higher order terms in 

Eqs. (55) vanish as r → 0. The components of displacement can now be expressed in the cylindrical 
polar coordinate system as follows: 

ur (r,θ ,z) = r
s
Db z( ) ik( )s cos2(θ) + ′ ξ + ′ η ( )2 sin 2(θ){ }

s/ 2
A1 cos(θ) − ′ H 1A2 sin(θ){ }[ cos sψ1( )

+ A2 cos(θ) + ′ H 1A1 sin(θ){ }sin sψ1( )]+ cos2(θ) + ′ ξ − ′ η ( )2 sin2 (θ){ }
s / 2

A3 cos(θ){[  

− ′ H 2 A 4 sin( θ )}cos s ′ ψ 1( ) + A 4 cos( θ ) + ′ H 2 A 3 sin( θ ){ }sin s ′ ψ 1( )]  

+ O r
s + 2( ),  (56a) 

uθ (r,θ,z) = r
s
Db z( ) ik( )s cos2(θ) + ′ ξ + ′ η ( )2 sin2(θ){ }

s/ 2
− A1 sin(θ) + ′ H 1A2 cos(θ){ }[ cos sψ1( ) 

+ −A2 sin(θ) + ′ H 1A1 cos(θ){ }sin sψ1( )]+ cos2 (θ) + ′ ξ − ′ η ( )2 sin2(θ){ }
s/ 2

− A3 sin(θ){[  

+ ′ H 2 A 4 cos( θ )} cos s ′ ψ 1( ) + − A 4 sin( θ ) + ′ H 2 A 3 cos( θ ){ }sin s ′ ψ 1( )]  

+ O r
s + 2( ),  (56b) 

w(r,θ,z) = O r
s+1( ). (56c) 

Similarly, the components of the asymptotic stress field can be conveniently expressed by using 
standard transformation rule, given earlier in Eqs. (27). The stress component, σz, is as given in Eq. 

(55d). 
Substitution of Eqs. (55) in conjunction with Eqs. (27) into the boundary conditions on the crack-

side surfaces given by Eq. (3b) yield four homogeneous equations, which reduce to 

either cos (s-1)π = 0, or sin (s-1)π = 0.          (57a, b) 

Equation (57a) contributes to the lowest nonvanishing eigenvalue, s = 1/2, in the range 0 < s < 1, 
as required by the criterion of locally finite energy. Equation (57b) yields s = 0, 1, which can take care 
of rigid body translation and rotation, respectively. Again, s = 1 also accounts for the T-stress. 

4.2.1. Symmetric (Mode I) Loading (Extension/Bending) 

For s = 1/2,  

 A2 = A4 = 0;  (58) 
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and 

 
( ) ( ){ }
( ) ( ){ }.

122211

122211

1

3

ηξηξ

ηξηξ

′−′+′+′

′+′+′−′
−=

ccc

ccc

A

A
 (59) 

Finally, on substitution of Eqs. (58) and (59) into the expressions for displacements and stresses, 
and by defining  the mode I stress intensity factor, KI(z), as  

( )
( ) ( ){ }1/2 66

11 22 12 1
12 66

( ) 2 ( ) ( ) ,I b

c
K z D z ik c c c A

c c

η
π ξ η ξ η

′
′ ′ ′ ′= − + +

+
 (60) 

the components of inplane displacements and stresses, in the vicinity of a semi-infinite crack front, 
under symmetric far-field loading, can be expressed as follows: 

( )
( ){ } ( ){

1/422 2
11 222

11 22 12

( )( , , ) cos sin
2

IK z r
u r z c c

c c c
θ θ ξ η θ ξ η

πη
 ′ ′ ′ ′= + + +′−

( )} ( ) ( ){ } ( ){ ηξθηξθψηξ ′−′′−′+−′−′+ 2211
4/1222

112 sincos2/cos ccc  

+ c 12 ′ ξ + ′ η ( )}cos ′ ψ 1 / 2( )],  (61a) 

( )
( ){ } {

1/422 2
122

11 22 12

( )( , , ) cos sin
2

IK z r
v r z c

c c c
θ θ ξ η θ

πη
 ′ ′= + +′−

 

( ) } ( ) ( ){ } { 12
4/1222

1
2

2211 sincos2/sin ccc θηξθψηξ ′−′+−′−′+  

( ) } ( )],2/sin 1
2

2211 ψηξ ′′+′+ cc  (61b) 

( ){ } ( ) ( )
1/422 2

1
( )( , , ) cos sin cos / 2

2 2
I

x

K z
r z

r
σ θ θ ξ η θ ξ η ψ

π η
 ′ ′ ′ ′= + + +′

 

− cos2 θ + ′ ξ − ′ η ( )2 sin2 θ{ }
1/ 4

′ ξ − ′ η ( )cos ′ ψ 1 /2( )
 
  ,  (62a) 

( ){ } ( ) ( )
1/422 2

1
( )( , , ) cos sin cos / 2

2 2
I

y

K z
r z

r
σ θ θ ξ η θ ξ η ψ

π η
 ′ ′ ′ ′= − + + −′

 

− cos 2 θ + ′ ξ − ′ η ( )2 sin2 θ{ }
1/ 4

′ ξ + ′ η ( )cos ′ ψ 1 /2( )
 
  ,  (62b) 

( ){ } ( )
1/422 2

1
( )( , , ) cos sin sin / 2

2 2
I

xy

K z
r z

r
τ θ θ ξ η θ ψ

π η
 ′ ′= + +′

 

− cos 2 θ + ′ ξ − ′ η ( )2 sin2 θ{ }
1/ 4

sin ′ ψ 1 /2( ) (62c) 

4.2.2. Skew-symmetric (Mode II) Loading (Sliding Shear/Twisting)  

For s = 1/2,  
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 A1 = A3 = 0;  (63) 

and 

 
( )
( )

( ) ( ){ }
( ) ( ){ }.

122211

122211

2

4

ηξηξ

ηξηξ

ηξ

ηξ

′−′+′+′

′+′+′−′

′+′

′−′
−=

ccc

ccc

A

A
 (64) 

Finally, on substitution of Eqs. (63) and (64) into the expressions for displacements and stresses, 
and by defining the mode II stress intensity factor, KII(z), as  

( )( )
( ) ( ){ }1/2 66

11 22 12 2
12 66

( ) 2 ( ) ( ) ,II b

c
K z D z ik c c c A

c c

η
π ξ η ξ η

ξ η

′
′ ′ ′ ′= − + +

′ ′+ +
 

   (65) 

the components of in-plane displacements and stresses, in the vicinity of a semi-infinite crack front, 
under skew-symmetric far-field loading, can be expressed as follows: 

( )
( ){ } ( ){

1/42 22 2
11 222

11 22 12

( )( , , ) cos sin
2

IIK z r
u r z c c

c c c
θ θ ξ η θ ξ η

πη
 ′ ′ ′ ′= − + + +′−

} ( ) ( ){ } ( ){ } ( )],2/sinsincos2/sin 112
2

2211
4/1222

112 ψηξθηξθψ ′+′−′′−′+−+ cccc     (66a) 

( )
( ){ } ( ){

1/422 2
11 222

11 22 12

( )( , , ) cos sin
2

IIK z r
v r z c c

c c c
θ θ ξ η θ ξ η

πη
 ′ ′ ′ ′= + + −′−

 

( )} ( ) ( ){ } ( ){{ ηξθηξθψηξ ′+′′−′+−′+′+ 2211
4/1222

112 sincos2/cos ccc  

+c12 ′ ξ − ′ η ( )}cos ′ ψ 1 /2( )],  (66b) 

( ){ } ( )
1/422 2 2

1
( )( , , ) cos sin ( ) sin / 2

2 2
II

x

K z
r z

r
σ θ θ ξ η θ ξ η ψ

π η

 ′ ′ ′ ′= − + + +′ 
 

− cos2 θ + ′ ξ − ′ η ( )2 sin2 θ{ }
1/ 4

′ ξ − ′ η ( )2 sin ′ ψ 1 /2( )
 
  ,  (67a) 

( ){ } ( )
1/422 2

1
( )( , , ) cos sin sin / 2

2 2
II

y

K z
r z

r
σ θ θ ξ η θ ψ

π η
 ′ ′= + +′

 

− cos2 θ + ′ ξ − ′ η ( )2 sin2 θ{ }
1/ 4

sin ′ ψ 1 /2( )
 
  ,  (67b) 

( ){ } ( ) ( )
1/422 2

1
( )( , , ) cos sin cos / 2

2 2
II

xy

K z
r z

r
τ θ θ ξ η θ ξ η ψ

π η
 ′ ′ ′ ′= + + +′

 

− cos2 θ + ′ ξ − ′ η ( )2 sin2 θ{ }
1/ 4

′ ξ − ′ η ( )cos ′ ψ 1 /2( )
 
  . (67c) 
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It may be noted that in the expressions for displacements and stresses, given by Eqs. (61) and 
(62), respectively, under mode I loading, there is no coupling between cos(ψ/2) and sin(ψ/2) (and 
similar absence of coupling between cos(ψ'/2) and sin(ψ'/2)) terms. The same is true in the expressions 
for displacements and stresses, given by (66) and (67), respectively, under mode II loading. It may be 

remarked that for χ > c11 c22 , the through-thickness crack considered here will more likely 

propagate in its plane (010), i.e., x-z plane, and in the x-direction, because of this absence of coupling, 
which arises due to the imaginary roots. Sec. 7.2 below presents a comparison of the solution 
involving imaginary roots with its isotropic counterpart and concludes that the expressions for ρ and 
ψ are similar to their isotropic counterparts. This is especially true for ψ at x = 0. The significance of 

this, albeit being qualitatively and indirectly inferred, is that for χ > c11 c22  (or λ >1), the 

through (010)[001] crack considered here is, like its isotropic counterpart, more likely to propagate in 
its original plane (010) and direction [100], because of this absence of coupling, which arises due to 
the imaginary roots. It can then be inferred that the (010) or x-z plane is the easy cleavage plane and 

x-direction is the easy propagation direction in orthorhombic single crystals with χ > c11 c22
. As has been remarked earlier, determination of a cleavage system being easy or difficult for crack 
propagation cannot definitively be guaranteed by the Griffith-Irwin based approach, which can serve 
only as a necessary condition. A similarity-based approach is needed to introduce a sufficient 
condition (see Sec. 7.2 below).  

Finally, it may be noted that the above expressions for displacements, given by Eqs. (37), (43), 
(54), (66) and stresses, given by (38), (44), (55), (67), reduce to their two-dimensional counterparts (see, 
e.g., Sih et al. [17]). 

5. Plate Surface Boundary Conditions and Through-Thickness Distribution of Singular Stress 

Fields 

5.1. Satisfaction of traction-free boundary conditions 

The stress field in the vicinity of the front of a semi-infinite crack under inplane extension can be 
recovered if in Eqs. (36), (60) or (42), (65) 

 Db z( )= Dbs z( ) = D2 cos kz( ). (68) 

By using the boundary condition on the free plate surface, the general form of Dbs(z) can be 
obtained as 

          Dbs z( )=
n= 0

∞

 D2n cos 2n +1( )
2h

πz
 

 
  

 

 
  .  (69)    

Hence, KI = KIs and KII = KIIs would represent symmetric stress intensity factors; see Sec. 8 and 
Figure 5(a). If the odd functions are selected from Db(z), it can yield the out-of-plane bending case 
given by 

 Db z( )= Dba z( )= D1 sin kz( ).  (70) 

Dba(z) that  satisfies the stress-free condition on the plate surface is given by 

 ( ) 1
1

sin ,ba n

n

n
D z D z

h

π∞

=

 
=  

 
  (71)  

provided the loading function vanishes at z* = 0, thus eliminating the possibility of discontinuity of 

the function at z* = 0. In the presence of discontinuity of the function at z* = 0, ( )baD z  can be written 

as follows: 
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( )
( )

2
0

2 1
* cos * .

2ba n

n

n
D z D zπ

±∞

=

 +
=  

 
  (72) 

As a consequence,  KI = KIa and KII = KIIa would represent anti-symmetric stress intensity 
factors; ; see Sec. 8 and Figure 5b). If the boundary conditions on the free plate surfaces are satisfied, 
all the displacements and singular stresses vanish on the plate surfaces in the vicinity of the crack 
front.  

 

Figure 5. (a) (010)[001] crack initially propagating in [100] direction turning into a ( 00)[001] crack 

propagating in [010] direction, (b) ( 00)[001] crack initially propagating in [010] direction continuing 
in its original track. 

5.2. Hyperbolic Cosine Distributed Far-Field Loading 

Hyperbolic cosine distributed far-field loading, which is proportional to cosh(z*), |z*| < 1, is 
applied. The applied symmetric loading function and the corresponding "stress intensity factors" 
(valid for |z*| ≤ 1) are proportional to 

( )
* *

* * exp( ) exp( )cosh( ) .
2bs

z z
D z z

+ −
= =  (73) 

1
1
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The corresponding Fourier series can be derived as follows: 

( )
( ) ( ){ }1

* *
2

0 2

1 1 1 2 1cos .
2 211

2

m m

bs

m

e e m
D z m z

m

π π

π

−
∞

=

− + −  +   
= +            

+ +  
   

   (74) 

The applied antisymmetric loading function (valid for |z*| < 1) and the corresponding "stress 
intensity factors" (valid for |z*| ≤ 1) are proportional to 

( )* * *1cosh( ) exp( ) exp( ) .
2baD z z z z= − = + −  (75) 

Since ( )*
baD z  has a discontinuity at z* = 0, the corresponding Fourier series can be obtained 

as given below: 

( )
( ) ( ){ }1

* *
2

0 2

1 1 1 2 1cos .
2 211

2

m m

bs

m

e e m
D z m z

m

π π

π

−
∞

=

− + −  +   
= +            

+ +  
   

  (76) 

6. Stress Intensity Factors and Energy Release Rates for a Through-Thickness Center-Crack 

(Modes I and II) 

6.1. Through-Thickness Distribution of Stress Intensity Factors (Modes I and II)    

The stress intensity factors, ( )IK z  and ( )IIK z , cannot be determined unless the far- field 

loading and a characteristic length (e.g., crack geometry) are specified. Sih et al. [17] have shown the 
applicability of the complex variable approach in conjunction with the eigenfunction expansion 
approach in the derivation of the two-dimensional stress intensity factors for anisotropic plates. The 
stress intensity factor for an infinite orthorhombic/tetragonal monocrystalline plate with a central 
crack of length, 2a, and subjected to far-field mode I/II loading is available for the two-dimensional 
case [17], and can easily be extended to the present three-dimensional case as follows: 

 ( )
( ) ( )

( ) ( )
0

*
1 3* 1/2 *

1 0 1 1
3 3

2 2 ( ) ,II

I b

K z p p
K z Lim D z

p p ζ ζ

π ζ ζ φ ζ
→

−
′+ = −   (77) 

where 

1 1 ,a x p yζ = + +   0 ,aζ =   ( )
( )

2
3

1 1 1 12 2
1 3 1 1 0

2 ,
4

pa
C

p p

σ τ
φ ζ ζ

ζ ζ ζ

∞ ∞ + = +
−  + − 

  (78)  

with 1C  being a constant. In cylindrical polar coordinates, Eq. (17) can be expressed as follows: 

( )
( )

( ) ( ){ }
( )

*
* 2 *

2 22 203 3

2 ,II xy

I y b
r

K z r
K z a Lim D z

p p a r a a r a r a

τ
π σ

∞

∞

→

 
+ = +  

  + − + + + −

 (79) 

which finally gives 

( ) ( )* * ,I y bK z a D zσ π∞=  ( ) ( )* * .II xy bK z a D zτ π∞=     (80a,b) 
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for both complex and imaginary roots. Eqs. (20a,b) reduce to their two-dimensional counterparts [53], 

by taking ( )* 1bD z = . It may further be noted that the normalization factor, ( ) ,2/i i DK z K , I = I, II, 

is equal to ( )*bD z  for a given far-field loading.  

6.2. Through-Thickness Distribution of Energy Release Rates (Modes I and II) 

The through-thickness distributions of the energy release rates due far field loadings, yσ ∞  and xyτ ∞

, for a center-crack of length 2a, weakening an infinite plate of finite thickness, 2h, can be derived by 
introducing the thickness-wise partial crack closure method as follows: 

( )
( )

* * * *

0
0

1 ( ,0, ) ( , , ) ,
a

I y
a

G z Lim x z v a x z dxdz
a

σ π
Δ

Δ →

 
= Δ − 

Δ  
    (81) 

which, on substitution of  *
0

( ,0, )y yx z
θ

σ σ
=

= and *( , , )v a x z
θ π

π
=

Δ − = , obtained from Eqs. 

(38b) and (37b), respectively, for complex roots, and Eqs. (62b) and (61b), respectively, for imaginary 
roots, yields 

( )
( )

( )
( ) ( )

( )
( ) ( )

11 22 * *
2

011 22 12*

0
11 22 * *

2
011 22 12

, 0, ,
1

, 0, ,

a

I I

I
aa

I I

c c a x
K a z K z dx for complex roots

xc c c
G z Lim

a c c a x
K a z K z dx for imaginary roots

xc c c

η

ξ

Δ

ΔΔ →

 Δ −
Δ

−
= 

Δ Δ −
′ Δ −





 

( )
( ) ( )( )

( )
( ) ( )( )

2211 22 *
2

11 22 12

2211 22 *
2

11 22 12

,

,

y b

y b

c c
a D z for complex roots

c c c

c c
a D z for imaginary roots

c c c

η σ π

ξ σ π

∞

∞




−
= 
 ′ −

 

( )
( )

( ) ( )
2

211 22
11 222

11 22 12

/ *
2

y

b

a c c
c c D z

c c c

σ π
χ

∞

 = +  −
    

( )
( ) ( )

2
211 22

11 222
11 22 12

/ * .
2

I

b

K c c
c c D z

c c c
χ  = +  −

    (82) 

Similarly, 

( )
( )

* * * *

0
0

1 ( ,0, ) ( , , ) ,
a

II xy
a

G z Lim x z u a x z dxdz
a

τ π
Δ

Δ →

 
= Δ − 

Δ  
    (83) 

which, on substitution of  *
0

( ,0, )xy xyx z
θ

τ τ
=

= and *( , , )u a x z u
θ π

π
=

Δ − = , obtained from Eqs. 

(44c) and (43a), respectively, for complex roots, and Eqs. (67c) and (66a), respectively, for imaginary 
roots, yields the following: 
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/ * .
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c c c
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     (84) 

Eqs. (82, 84) reduce to their two-dimensional (plane strain) counterparts [53], by taking ( )*bD z  

= 1. It may further be noted that the normalization factor is equal to ( )( )
2

*bD z  for a given far-field 

loading. 
For the special case of a tetragonal single crystal, the above energy release rates reduce to 

( )
( )

( )
( )

2
211*

2 2
11 12

1 * ,
2

y

I b

ac
G z D z

c c

σ π
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∞

 = +  −
 ( )

( )
( )
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2 2

11 12

1 * .
2
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II b

ac
G z D z

c c

τ π
χ

∞

 = +  −

  (85a,b) 

7. Necessary and Sufficient Conditions for Easy or Difficult Cleavage Planes 

7.1. Crack Deflection Criterion, based on the relative fracture energy  

The important issue of a cleavage plane being deemed easy or difficult can be related to a crack 
deflection criterion, which is based on the relative fracture energy (or the energy release rate) 
available for possible “fracture paths” [17]. The deflection or kinking of a crack from the cleavage 
system 1 to the cleavage system 2 is favored if  

 
( ) ( )

1 2

1 2
12 2

G G< < 
Γ Γ

   2 2

1 1

G
G

Γ>
Γ

 (86) 

in which Gi and Γi, i = 1, 2, are energy release rate and surface energy, respectively, of the ith cleavage 
system. Atomistic scale modeling of cracks, however, requires consideration of both the long-range 
elastic interactions and the short-range chemical reactions. The Griffith theory does not take the latter 
into account [22].  Secondly and more importantly, fracture criteria derived from equilibrium 
theories such as the Griffith thermodynamics-based) criterion can only be regarded as necessary 
conditions but not as sufficient [79, 83]. The effect of short-range chemical reactions can obviously be 
encapsulated by atomic scale simulations, such as the investigation of low-speed propagation 
instabilities in silicon using quantum-mechanical hybrid, multi-scale modelling due to Kermode et 
al. [84], which, however, entails extensive computational and other resources. Alternatively, and 
more importantly, such short-range interactions can also be captured by the elastic properties-based 
parameters (with a few exceptions), such as the inverse anisotropic ratio, λ, or equivalently, the 
normalized elastic parameter, χ. This is because the elastic properties are controlled by various 
aspects of the underlying structural chemistry of single crystals, such as the Bravais lattice type, 
bonding (covalent, ionic, and metallic), bonding (including hybridized) orbitals, electro-negativity of 
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constituent atoms in a compound, polarity, etc. [22]. General theory behind these characteristics 
pertaining to structural chemistry of crystals are available in well-known treatises (see e.g., [85-87]). 
More specifically, the elastic properties of superconducting YBa2Cu3O7-δ are strongly influenced by 
oxygen non-stoichiometry (as well as various structural defects). It is known to crystallize in a defect 
perovskite structure consisting of layers. When δ = 1, the O(1) sites in the Cu(1) layer are vacant and 

the structure is tetragonal. For δ < 0.65, Cu-O chains along the b-axis of the crystal are formed‡. 

Elongation of the b-axis changes the structure from tetragonal (insulator) to orthorhombic 
(superconductor), with lattice parameters of a = 3.82 Å, b = 3.89 Å, and c = 11.68 Å. Optimum 
superconducting properties occur when δ ~ 0.07 and all of the O(1) sites are occupied with few 

vacancies‡. The coordination geometry of metal centers in YBCO, such as cubic {YO8}, {BaO10}, square 

planar {CuO4} and square pyramidal {CuO5} as well as structural features such as puckered Cu plane 
and Cu ribbons were first reported by Williams et al. [88]. Furthermore, Ledbetter [89] and Lin et al. 
[90] measured the elastic constants of polycrystalline YBCO using ultrasonic methods and found that 
while the “elastic moduli corresponding mainly to shear modes increase monotonically with oxygen 
concentration”, their counterparts due to “dilation modes increase up to the values of 6.7 of the oxygen index, 
after which they begin to decrease”; see also Lubenets et al. [91]. 

7.2. Comparison of Solutions Involving Complex and Imaginary Roots with Their Isotropic Counterpart  

As has been mentioned earlier in Sec. 4.1, similarity analysis is an effective tool to solve complex 
problems in fracture mechanics of single crystals [22, 82]. In what follows, similarity or dissimilarity 
of the present asymptotic solutions involving complex and imaginary roots with their isotropic 
counterparts, which can lead to a sufficient condition for determination of a cleavage system being 
easy or difficult for crack  

------------------------------------------------------------------------------------------------------------ 
‡Wikipedia, 2010. http://en.wikipedia.org/wiki/Yttrium_barium_copper_oxide propagation, is 

presented.  

7.2.1. Isotropic Materials:   

The inplane displacements for an isotropic material can be rewritten in the form (for n = 0) [25, 
55]: 

( ) ( )( , , ) ,s s ip

sU x y z ik a z e ψρ=  ( ) ( )( , , ) ,s s ip

sV x y z ik b z e ψρ=  (87a,b) 
in which 

 p = ± s ± 1( ),  (88) 

 ρ = x
2 + y

2 ,  (89) 
and 

 ψ = tan
−1 y

x

 

 
  
 

 
  .  (90) 

Therefore, for an isotropic material when x = 0, ψ = π/2 for all positive values of y.  

7.2.2. Solution Involving Complex Roots: 

Going back to (8a,b) and (15), the inplane displacements can be rewritten in the form (for n = 0): 

 ( ) ( ) ( ) ( )( , , ) ( ) ,s ss s is

s sU x y z ik a z x py ik a z e ψρ= + =  (91a)  
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 ( ) ( ) ( ) ( )( , , ) ( ) ,s ss s is

s sV x y z ik b z x py ik b z e ψρ= + =  (91b) 
in which ρ  and ψ  can be rewritten as follows: 

 ρ = x ± ξy( )2
+ η 2

y
2 ,  (92) 

 
ψ = tan

−1 ±ηy

x±ξy

 

 

 
 

 

 

 
 .  (93) 

Therefore, for an orthorhombic (tetragonal and cubic being special cases) crystal with complex 
roots when x = 0,  

 










±

±
=

−

ξ

η
ψ

1
tan

  (94) 

for all positive values of y, which differs from its isotropic counterpart. 

7.2.3. Solution Involving Imaginary Roots 

Going back to (8a,b) and (45), the inplane displacements can be rewritten in the form (for n = 0): 

 ( ) ( ) ( ) ( )( , , ) ( ) ,s ss s is

s sU x y z ik a z x py ik a z e ψρ= + =  (95a) 

 ( ) ( ) ( ) ( )( , , ) ( ) ,s ss s is

s sV x y z ik b z x py ik b z e ψρ= + =  (95b) 

in which ρ  and ψ  can be rewritten as follows: 

 ( )
22 2 ,x yρ ξ η′ ′= + ± ±  

( )1
tan .

y

x

ξ η
ψ

−  ′ ′± ±
=  

   (96) 

Therefore, for an orthorhombic (tetragonal and cubic being special cases) crystal with imaginary 
roots when x = 0, ψ = π/2 for all positive values of y, which is in accord with its isotropic counterpart.  

8. Numerical Results and Discussion 

Tables 1(a) and 1(b) display the elastic stiffness constants of orthorhombic (superconductor) and 
tetragonal (insulator) YBCO single crystals. If otherwise not specified, the elastic stiffness constants 

are measured at the room temperature (Approx. 300o K). Table 2 shows 2211 / cc , the normalized 

elastic parameter, χ, nature of the four roots of characteristic equation (complex or imaginary), and 
the character of the cleavage plane (easy or not) for a (010)[001] through-thickness crack with [100] 

being initial propagation direction, while Table 3 exhibits their counterparts for a (0 0)[100] 
through-thickness crack with [001] being the initial propagation direction. Tables 4–7 present similar 

results for ( 00)[001]×[010], (100)[010]×[001], (001)[100]×[010] and (001)[0 0]×[100] through-
thickness crack systems. 

Table 2. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or 
difficult) of a (010)[001]×[100] through-thickness cleavage system. 

1

1 1 
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†Cleavage system for a (010)[001] through-thickness crack, with [100] being its initial length direction 

Table 3. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or 

difficult) of the (0 0)[100]×[001] through-thickness cleavage system. 

 

 

Table 4. Normalized elastic parameter, roots of characteristic equation, and nature (easy or difficult) 

of the ( 00)[001]×[010] through-thickness cleavage system. 

 

Table 5. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or 
difficult) of the (100)[010]×[001] through-thickness cleavage system. 

1

1
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Table 6. Normalized elastic parameter, roots of characteristic equation, and the nature (easy or 
difficult) of the (001)[100]×[010] through-thickness cleavage system. 

 

Table 7. Normalized elastic parameter, roots of characteristic equation, the nature (easy or difficult) 

of the (001)[0 0]×[100] through-thickness cleavage system. 

 
Next, the effect of elastic constants, cij (especially, c12 and to a lesser extent, c66), on the nature 

(i.e., easy or difficult) of a cleavage system in YBCO (YBa2Cu3O7−δ) is discussed. Only three complete 
sets of elastic constants are available in the literature accessible to the present author, out of which 
those due to Ledbetter and Lei [73] are just estimates (marked ** in Table 1(a)), while their 
experimental counterparts due to Reichard et al. [67] are based on the assumption of tetragonal 
symmetry; see Table 1(b). This only leaves the experimental measurements (by resonant ultrasound 

1
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spectroscopy) due to Lei et al. [1], marked * in Table 1(a). However, their c12  value appears to be 
excessively high. This is because, according to these authors themselves, "no wave speed in the crystal 

depends only on c12 , it is no way to estimate it directly."  It also is well-known that while c12  and 

66c can be measured independently by static tests [76], these constants are always coupled in 

vibrations-based measurements [77, 78]. Therefore, in Table 1 of the present investigation, both c12  

and 66c , measured by ultrasound by Saint-Paul and Henry [71], have been utilized (marked ***) in 

replacement of their counterparts due to Lei et al. [1] in order to assess the fracture characteristics of 
YBCO, and compare them with experiments by Cook et al. [6] ], Raynes et al. [9] and Goyal et al. [10] 
among others.  

Table 2 shows that the normalized elastic parameter, χ, for YBCO* (measurements reported by 

Lei et al. [1]) is smaller than 2211 / cc , giving rise to complex roots (of the characteristic equation) 

for a (010)[001]×[100]  through-crack, weakening a YBCO monocrystalline plate. Same is true for a (

1 00)[001]×[010] crack shown in Table 4. These results predict that (010) and ( 1 00) are difficult 
cleavage planes, which are in contradiction with the experimental observations by Cook et al. [6], 
Raynes et al. [9] and Goyal et al. [10] among others. The reason behind this anomaly lies in the 

excessive values of  c12  (and 66c to a lesser extent) used in the computation of λ and χ. Since the 

rest of the crack systems are predicted to constitute easy cleavage planes/directions (see Tables 3, 5-
7), the remaining elastic constants measured by Lei et al. [1] are considered to be reasonably accurate. 

Tables 3, 5-7 further show that for YBCO** the cleavage systems, (0 10)[100]×[001], (001)[100]×[010], 

(100)[010]×[001] and  (001)[ 0 0]×[100], are predicted to be difficult, thus somewhat invalidating 
the values of the corresponding elastic constants estimated by Ledbetter and Lei [73].  Furthermore, 
Tables 3-7 show that for (tetragonal) YBCOT, all the six cleavage systems investigated here are found 
to be difficult, thus completely invalidating the values of the corresponding experimentally 
determined elastic constants reported by Reichard et al. [67]. As can be seen from Tables 2-7, only for 
YBCO***, all the cleavage systems are predicted to be easy, which is in agreement with the 
experimentally observed fracture characteristics of YBCO due to Cook et al. [6], Raynes et al. [9] and 
Goyal et al. [10] among others; see also Granozio and di Uccio [14] for a summary of the available 
experimental results. They [14] have also presented approximate theoretical results of fully oxidized 
YBCO’s (δ = 0, 1), and concluded that the three lowest surface energies follow the inequality: 
γ (001) < γ (100) < γ (010). Furthermore, based on experimental results from transmission electron 
microscopy [92], X-ray photo-emission microscopy [93], low-energy ion scattering spectroscopy [94], 
and surface polarity [95] analyses performed on fully oxidized YBCO crystals, these authors [14] have 
shown that the low energy cut is between the Ba=O and Cu=O planes.  

Efficacy of the indentation test has extensively been studied in the brittle fracture literature [96-
98]. Lawn [96] and Anstis et al. [97] have presented the following relationship between fracture 
toughness and size of a radial crack produced by a Vickers-type sharp indenter: 

 3/2
0c rK Pcχ −= , where ( )

1/2§ /r

R

V E Hχ = , finally giving rise to the following: 

 ( )
1/2 3/2

0/ ,§Vc

RK E H Pc−=  (97) 

in which P, c0, E and H represent the indentation load, equilibrium half-crack length, Young’s 

modulus, and hardness (of an isotropic material), respectively, and §R

V  denotes a material-

independent constant for the Vickers-produced radial crack. Raynes et al. [9] following the lead of 
Anstis et al. [97] have determined the fracture toughness of mono-crystalline YBa2Cu3O7−δ, taking into 
account of its anisotropy. Table 8 presents the critical stress intensity factor or fracture toughness (Kc) 
and the critical energy release rate or fracture energy (Gc) of the six easy cleavage systems of 
monocrystalline superconducting YBCO. It is worthwhile to note here that there is some 

1
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misconception about computation of fracture energy, Gc, from the corresponding measured value of 
Kc of an anisotropic (e.g., orthorhombic) single crystal in the literature; see e.g., Granozio and di Uccio 

[14]. The factor ( )( )11 22/ / 2c c χ+  (see Eqn. (82) above) is not accounted for in these authors’ 

computations. The energy release rate in an anisotropic (e.g., orthorhombic) single crystal not only 
varies from one cleavage plane to another, but also varies according to propagation direction.  

Table 8. Fracture Toughness (Kc) and Fracture Energy (Gc) of the Six Easy Cleavage Systems of 
Monocrystalline YBCO. 

 

Figures 5(a, b) show that a (010)[001] crack initially propagating in [100] direction would turn 

into a ( 00)[001] crack propagating in [010] direction (also in [0 0] direction because of symmetry), 

while a ( 00)[001] crack initially propagating in [010] direction would continue in its original track. 

This is because, Gc of a (010)[001]×[100] cleavage system, 1.50177 J/m2, is higher than its (

00)[001]×[010] counterpart, 1.02649 J/m2. In a similar vein, as shown in Figures 6(a, b), a (0 0)[100] 
crack initially propagating in [001] direction would turn into a (001)[100] crack propagating in [010] 

direction (also in [0 0] direction because of symmetry), while a (001)[100] crack initially propagating 

in [010] direction would continue uninterrupted in its original track. This is because, Gc of a (0
0)[100]×[001] cleavage system, 1.91945 J/m2, is about 2.6 times its (001)[100]×[010] counterpart, 0.73912 
J/m2. Likewise, as shown in Figures 7(a, b), a (100)[010] crack initially propagating in [001] direction 

would turn into a (001) [ 0 0] crack propagating in [100] direction (also in [ 00] direction because 

of symmetry), while a (001)[ 0 0] crack initially propagating in [100] direction would continue 
unhindered in its original track. This is because, Gc of a (100)[010]×[001] cleavage system, 1.02649 

J/m2, is more than 1.4 times its (001)[ 0 0]×[100] counterpart, 0.71163 J/m2. Finally, in mono-

crystalline superconducting YBCO under triaxial-tension far-field loading, a (0 0)[100] crack 
initially propagating in [001] direction would eventually turn into a c-plane cleavage fracture, as 
shown in Figure 8. 

Figures 9(a, b) show variation of the normalized stress intensity factors, 

( ) ( )* / Plane StrainK z K z K= , through the thickness of an orthorhombic mono-crystalline plate, 

weakened by a through-thickness crack. Variation of the normalized stress intensity factor, ( )*K z , 

through the thickness of the same plate, weakened by any of the six through-cracks investigated here 

is identical. Figure 9(a) shows the through-thickness variation of ( ) ( )* /S S Plane StrainK z K z K= for a 

far-field symmetrically distributed hyperbolic cosine load for mode I (stretching) or mode II (inplane 

1 1
1

1
1

1
1

1 1
1

1
1
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shear), while its skew-symmetric counterpart ( ) ( )* /A A Plane StrainK z K z K= for mode I (bending) or 

mode II (twisting) is displayed in Figure 8(b). Of special significance is the discontinuity in the stress 
intensity factor at z* = 0 in the skew-symmetric loading case, shown in Figure 9(b). Figure 10 shows 
the corresponding variation of energy release rate, *G , through the top half of the plate thickness. 
For through-thickness symmetric far-field loading, the crack is expected to grow through thickness 
in a stable manner till the stress intensity factor or the energy release rate reaches its critical value at 
the mid-thickness. With further increase of the magnitude of the far-field loading, unstable crack 
growth is expected to progressively spread throughout the plate thickness. For skew-symmetric 
loading, as reported on earlier occasions [55], the bottom half will experience crack closure. Such 
types of results describing the three-dimensional distribution of stress intensity factors and energy 
release rates are generally unavailable in the fracture mechanics literature.  

 

Figure 6. (a) (0 0)[100] crack initially propagating in [001] direction turning into (001)[100] crack 
propagating in [010] direction, (b) (001)[100] crack initially propagating in [010] direction continuing 
uninterrupted in its original track. 

1
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Figure 7. (a) (100)[010] crack initially propagating in [001] direction turning into a (001)[ 0 0] crack 
propagating in [100] direction, (b) (001)[010] crack initially propagating in [100] direction continuing 
unhindered in its original track. 

 

Figure 8. (0 0)[100] crack initially propagating in [001] direction turning into a c-plane cleavage 
fracture. 

1

1
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Figure 9. Variation of (mode I or II) stress intensity factor through thickness due to far-field cosine 
hyperbolic load: (a) symmetric, (b) skew-symmetric. 

 

Figure 10. Variation of (mode I, II) energy release rate through thickness due to far-field cosine 
hyperbolic load. 
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9. Summary and Conclusions 

A modified eigenfunction expansion technique, based partly on separation of the z-variable and 
in part, on the Eshelby [60]-Stroh [15] type affine transformation, is employed to derive three-
dimensional asymptotic displacement and stress fields in the vicinity of the front of a semi-infinite 
through-thickness crack weakening an infinite orthorhombic single crystal plate. Crack-face 
boundary conditions and those that are prescribed on the top and bottom (free) surfaces of the 
orthorhombic plate are exactly satisfied. Explicit expressions for the singular stresses in the vicinity 
of the front of the through-thickness crack, subjected to far-field inplane mode I and II loadings, are 
presented.  

The present investigation considers six through-crack systems ― (010)[001] with the [100] length 

direction,  (0 1 0)[100] with the [001] length direction, ( 1 00)[001] with the [010] length direction, 
(100)[010] with the [001] length direction, (001)[0 1 0] with the [100] length direction, (001)[100] with 
the [010] length direction ― weakening orthorhombic YBCO single crystal plates. More important, the 
present approach predicts whether a crack would propagate in its original plane/direction or deflect to a different 
one. The present study is unique in the sense that such a fracture mechanics criterion is employed for 
accurate determination of the full set of elastic constants of mono-crystalline YBCO. 

The following interesting conclusions can be drawn the present investigation:  
i. Atomistic scale modeling of cracks requires consideration of both the long-range elastic 

interactions and the short-range chemical reactions. The Griffith thermodynamic-based theory 
does not take the latter into account, and hence must be regarded as a necessary condition but 
not as sufficient.  

ii. The effect of short-range chemical reactions can be adequately captured by the elastic properties-
based parameters, such as the inverse anisotropic ratio, , or equivalently, the normalized elastic 
parameter, . This is because the elastic properties are controlled by various aspects of the 
underlying structural chemistry of single crystals, such as the Bravais lattice type, bonding 
(covalent, ionic, and metallic), bonding (including hybridized) orbitals, electro-negativity of 
constituent atoms in a compound, polarity, etc.  

iii. More specifically, the elastic properties of superconducting YBa2Cu3O7- are strongly influenced 
by oxygen non-stoichiometry (as well as various structural defects). 

iv. (iv) Similarity or dissimilarity of the present asymptotic solutions involving complex ( < 1 or 

equivalently, χ < c11 c22 ) and imaginary roots ( > 1 or equivalently, 11 22c cχ > )    

with their isotropic ( = 1) counterparts can lead to a sufficient condition for determination of a 
cleavage system being easy or difficult for crack propagation.  

v. The normalized elastic parameter, , for YBCO* is smaller than 2211 / cc , giving rise to 

complex roots (of the characteristic equation) for a (010)[001]×[100]  through- crack, weakening 

a YBCO monocrystalline plate. Same is true for a ( 100)[001]×[010] crack. These results predict 

that (010) and ( 1 00) are difficult cleavage planes, which are in contradiction with the 
experimental observations.  

vi. Only for YBCO***, all the cleavage systems are predicted to be easy, which is in agreement with 
the experimentally observed fracture characteristics, thus ensuring that a reasonably accurate 
complete set of nine experimentally determined elastic constants has been arrived at, by 
employing the present theoretical approach. 

vii. For tetragonal YBCOT, all the six cleavage systems investigated here are found to be difficult, 
thus completely invalidating the values of the corresponding experimentally determined elastic 
constants reported by Reichard et al. [67]. 

viii. Finally, generally unavailable results, pertaining to the through-thickness variations of stress 
intensity factors and energy release rates for a crack corresponding to symmetric and skew-
symmetric hyperbolic cosine loads that also satisfy the boundary conditions on the top and 
bottom surfaces of an orthorhombic monocrystalline plate under investigation, bridge a 
longstanding gap in the stress singularity/fracture mechanics literature. 
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Appendix A. Singular Stress Fields in the Vicinity of a (0 1 0)[100] Through-Crack Front 

Weakening an Orthorhombic Single Crystal under Mode I (Extension/Bending) and Mode II 

(Sliding Shear/Twisting)  

The cleavage plane considered is (0 1 0) (Figure 3). Here, the z′ -axis is placed along the straight 

crack front, [100], while the coordinates x′  [001], y′  [0 1 0] are used to define the directions along 

the length of the crack (propagation direction) and the direction transverse to it, respectively, in the 

middle plane of the plate. u′ , v′  and w′  represent the components of the displacements in x′ , 
y′  and z′  directions, respectively. The stress-strain relations for an orthorhombic single crystal are 

given by 
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 (98) 

where ijc′ , i, j = 1, 2, 6, denote the elastic stiffness constants with respect to the rotated 

coordinate system,  ,  (obtained by rotation of 90o about the z-axis): 

11 33 12 23 13 13 22 22 23 12 33 11, , , , , ,c c c c c c c c c c c c′ ′ ′ ′ ′ ′= = = = = =  

44 66 55 55 66 44, , .c c c c c c′ ′ ′= = =  (99) 

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be 
expressed in terms of the displacement functions, , , and w, as follows: 
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The characteristic equations for the coupled partial differential equations (100) can be written as 
follows: 
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in which the normalized elastic parameter, ′ χ , is given by 

 ( )
( )

( )
2

11 22 12 12 66 2
21 31 23

22 66 23 32 12

2 1 ,
2 1 2

c c c c c E

c c G
χ ν ν ν

ν ν

′ ′ ′ ′ ′− −  
′ = = − + ′ ′ −  

 (102) 

in which E2 is y-direction Young’s modulus, G12 is the shear modulus in the x-y plane, while ν21 is the 
minor Poisson’s ratio in the x-y plane. ν31 denotes the minor Poisson’s ratio in the x-z plane, while ν23 
and ν32 represent the major and minor Poisson’s ratios, respectively, in the y-z plane. χ ′  can also be 

expressed in terms of the inverse anisotropic ratio (in the [010]- [ 1 00] plane), λ′ , as follows: 

( ) ( )11 22 12 12 2333

22 22 22

1
.

c c c c cc

c c c

λ λ
χ λ

′ ′ ′ ′ ′+ − ′ −
′ ′= = +

′
    (103) 

where λ′ , is defined as 
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Eq. (101) has either (a) four complex or (b) four imaginary roots, depending on whether  

:(a) λ′ < 1, or equivantly,  
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or   

(b) λ′ > 1, or equivantly,  
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′ −
  (105b) 

λ′ = 1 or  = 1 represents the degenerate isotropic material case, for which the solution is 
available in Chaudhuri and Xie [25]. 

For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily 
be seen that for orthotropic/orthorhombic laminas/single crystals with  

11 22 33 22c c c cχ ′ ′ ′> = , the (0 1 0) plane is the easy cleavage plane, and [001] is the easy 

propagation direction,.  Conversely, 33 22c cχ ′ <  yields complex roots, implying that 

neither (0 1 0) is the easy cleavage plane nor is [001] the easy propagation direction, and the crack 
will likely deviate from this plane and this direction under mode I/II loadings. 
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Figure 3. Schematic of the top half of an orthorhombic mono-crystalline plate weakened by a (0 1 0) 
[100] through-thickness crack. 

Appendix B. Singular Stress Fields in the Vicinity of a ( 100)[001] Through-Crack Front 

Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [010] 

Direction 

The cleavage plane considered is ( 1 00) (Figure 4). Here, the z-axis is placed along the straight 

crack front, [001], while the coordinates x′′  [010], y′′ [ 1 00] are used to define the directions along 

the length of the crack (propagation direction) and  the direction transverse to it, respectively, in the 
middle plane of the plate. u′′ , v′′  and w′′  represent the components of the displacements in x′′ , 
y′′  and z directions, respectively. The stress-strain relations for an orthorhombic single crystal are 

given by 
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where ′ ′ c ij , i, j = 1, 2, 6, denote the elastic stiffness constants with respect to the rotated coordinate 

system,  ′ ′ x , y ′′ , ′ ′ z  (obtained by rotation of 90o about the -y-axis): 

11 22 12 12 13 23 22 11 23 13 33 33, , , , , ,c c c c c c c c c c c c′′ ′′ ′′ ′′ ′′ ′′= = = = = =

44 55 55 44 66 66, , .c c c c c c′′ ′′ ′′= = =      (109) 

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be 
expressed in terms of the displacement functions, ′ ′ u , v ′′  and ′ ′ w , as follows: 
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Figure 4. Schematic of the top half of an orthorhombic mono-crystalline plate weakened by a ( 1 00) 
[001] through-thickness crack. 

The characteristic equations for the coupled partial differential equations (110) can be written as 

p
4 + 2 ′ ′ χ p

2 +
′ ′ c 11

′ ′ c 22

= 0, (111) 

in which the normalized elastic parameter, ′ ′ χ , is given by 

′ ′ χ =
′ ′ c 11 ′ ′ c 22 − ′ ′ c 12

2 − 2 ′ ′ c 12 ′ ′ c 66( )
2 ′ ′ c 22 ′ ′ c 66
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c22c33 −c23

2 −2c23c44( )
2c22c44
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2G23
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 
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 
,

 (112) 

in which E3 is z-direction Young’s modulus, G23 is the shear modulus in the y-z plane, while ν32 
denotes the minor Poisson’s ratio in the y-z plane. ν12 is the major Poisson’s ratio in the x-y plane, 
while ν13 and ν31 represent the major and minor Poisson’s ratios, respectively, in the x-z plane. ′ ′ χ  

can also be expressed in terms of the inverse anisotropic ratio (in the ′ ′x  [001]- y ′′  [0 1 0]  plane), 

′ ′ λ , as follows: 
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where λ ′′ , is defined as 
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Eq. (111) has either (a) four complex or (b) four imaginary roots, depending on whether  

 (a) λ ′′ < 1, or equivalently, 
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or   

(b) λ ′′ > 1, or equivalently, 
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χ ′′  = 1 represents the degenerate isotropic material case, for which the solution is available in 

Chaudhuri and Xie [25]. 
For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily 

be seen that for orthotropic/orthorhombic laminas/single crystals with  

11 22 22 11c c c cχ ′′ ′′ ′′> = , the (100) plane is the easy cleavage plane (and y [010] -direction is 

the easy propagation direction). Conversely, 22 11c cχ ′′ <  yields complex roots, implying that 

neither (100) is the easy cleavage plane nor is [010]  the easy propagation direction, and the crack 
will likely deviate from this plane and this direction under mode I/II loadings.  

( ) ( )* * ,I y bK z a D zσ π∞
′′′′ ′′ ′′=  ( ) ( )* * .II x y bK z a D zτ π∞

′′ ′′′′ ′′ ′′=    (116a,b) 
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 (117a) 
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G z c c D z

c c c

τ π
χ

∞
′′ ′′

′′ ′′ ′′ ′′ = +  −
 (117b) 

For the special case of a tetragonal single crystal, the above energy release rates reduce to 

( )
( )

( )
( )

2
211*

2 2
11 12

1 * ,
2

y

I b

ac
G z D z

c c

σ π
χ

∞
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 (118a) 

( )
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( )
( )

2
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2 2
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1 * .
2

x y

II b
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G z D z
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τ π
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∞
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 (118b) 
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Appendix C. Singular Stress Fields in the Vicinity of a (100)[010] Through-Crack Front 

Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [001] 

Direction 

The cleavage plane considered is (100). Here, the z -axis is placed along the straight crack front, 
[010], while the coordinates x [001], y [100] are used to define the directions along the length of the 
crack (propagation direction) and the direction transverse to it, respectively, in the middle plane of 
the plate. u , v  and w  represent the components of the displacements in x [001], y [100] and z  
[010] directions, respectively. The stress-strain relations for an orthorhombic single crystal are given 
by 
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,
 (119)   

where c ij , i, j = 1, 2, 6, denote the elastic stiffness constants with respect to the transformed coordinate 

system,  x [001], y [100] and z  [010] 

c 11 = c33, c 12 = c13 , c 13 = c23 , c 22 = c11, c 23 = c12, c 33 = c22,  

c 44 = c66, c 55 = c44 , c 66 = c55 .  (120) 

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be 
expressed in terms of the displacement functions, u , v  and w , as follows: 


c33

∂ 2u 

∂x 
2 + c55

∂ 2u 

∂y 
2 +c44

∂ 2u 

∂z 
2 + (c13 + c55) ∂ 2v 

∂

x ∂y 

+ (c23 + c44) ∂ 2w

∂ ′ x ∂z
= 0,   (121a)

  

(c13 + c55) ∂ 2u 

∂x ∂y 
+ c55

∂ 2v 

∂x 
2 + c11

∂ 2v 

∂y 
2 + c66

∂ 2v 

∂z 
2 + (c12 + c66) ∂ 2w 

∂y ∂z 
= 0,   (121b) 

(c23 + c44) ∂ 2u 

∂x ∂z 
+ (c12 + c66) ∂ 2v 

∂y ∂z 
+ c44

∂ 2w 

∂x 
2 + c66

∂ 2w 

∂y 
2 +c22

∂ 2w 

∂z 
2 = 0,   (121c)

  

The characteristic equations for the coupled partial differential equations (121) can be written as 
follows: 

 p
4 + 2χ p

2 +
c33

c11

= 0, (122) 
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in which the normalized elastic parameter, ′ χ , is given by 

χ =
c11c33 −c13

2 − 2c13c55( )
2c11c55

=
1

1−ν12ν21( )
E3

2G13

− ν13 + ν23ν12( )
 

 
 
 

 

 
 
 
,  (123) 

in which E3 is z-direction Young’s modulus, G13 is the shear modulus in the x-z plane, while ν12 and 
ν21 denote the major and minor Poisson’s ratios, respectively in the x-y plane. ν13 is the major Poisson’s 
ratio in the x-z plane, while ν23 represents the major and minor Poisson’s ratio in the y-z plane. χ  

can also be expressed in terms of the inverse anisotropic ratio (in the x [001]- y [100] plane), λ , as 
follows: 

χ =
λ c 11c 22 + c 12( )− c 12

c 22

=
c33

c11

λ +
c13 λ −1( )

c11

. (124) 

where λ , is defined as 

 λ =
c 11c 22 − c 12

2c 66

=
c 11c33 − c13

2c55

. (125) 

Eq. (122) has either (a) four complex or (b) four imaginary roots, depending on whether  

(a) λ < 1, or equivalently, χ <
c33

c11

=
E3 1−ν12ν21( )
E1 1−ν 23ν 32( )

,  (126a) 

or 

 (b) λ > 1, or equivalently, χ >
c33

c11

=
E3 1−ν12ν21( )
E1 1−ν 23ν 32( )

,  (126b) 

 = 1 represents the degenerate isotropic material case, for which the solution is available in 
Chaudhuri and Xie [25]. 

For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily 

be seen that for orthotropic/orthorhombic laminas/single crystals with  χ > c33 c11 , the (010) 

plane is the easy cleavage plane (and z [001] direction is the easy propagation direction). Conversely, 

χ < c33 c11  yields complex roots, implying that neither (010) is the easy cleavage plane nor is 

[001]  the easy propagation direction, and the crack will likely deviate from this plane and this 
direction under mode I/II loadings.  

( ) ( )* * ,I y bK z a D zσ π∞=  ( ) ( )* * .II xy bK z a D zτ π∞=         (127a,b) 
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( )
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2
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 (128a) 
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  ′ χ 
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Appendix D. Singular Stress Fields in the Vicinity of a (001)[100] Through-Crack Front 

Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [010] 

Direction 

The cleavage plane considered is (001). Here, the z~ -axis is placed along the straight crack front, 
[100], while the coordinates x~  [010], y~ [001] are used to define the directions along the length of the 

crack (propagation direction) and the direction transverse to it, respectively, in the middle plane of 
the plate. u~ , v~  and w~  represent the components of the displacements in x~  [010], y~ [001] and 

z~  [100] directions, respectively. The stress-strain relations for an orthorhombic single crystal are 
given by 
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The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be 
expressed in terms of the displacement functions, u~ , v~  and w~ , as follows: 
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The characteristic equations for the coupled partial differential equations (130) can be written as 
follows: 

 ,0~2
33

2224 =++
c

c
pp χ  (131) 

in which the normalized elastic parameter, χ~ , is given by 

( )
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 (132)   

in which E3 is y-direction Young’s modulus, G23 is the shear modulus in the y-z plane, while ν12 is the 
major Poisson’s ratio in the x-y plane. ν32 denotes the minor Poisson’s ratio in the y-z plane, while ν13 
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and ν31 represent the major and minor Poisson’s ratios, respectively, in the x-z plane. χ~  can also be 

expressed in terms of the inverse anisotropic ratio (in the x~  [010]- y~ [001] plane), λ
~

, as follows: 
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23233322
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c

c

cccc −
+=

−+
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χ  (133) 

where  

 .
2
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44

233322

c

ccc −
=λ  (134) 

Eq. (131) has either (a) four complex or (b) four imaginary roots, depending on whether  

 (a) λ < 1 or equivalently,
( )
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or 

 (b) λ > 1 or equivalently,
( )
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−
=>

E

E

c

c
 (135b) 

χ~  = 1 represents the degenerate isotropic material case, for which the solution is available in 

Chaudhuri and Xie [25]. 
For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily 

be seen that for orthotropic/orthorhombic laminas/single crystals with  3322
~ cc>χ , the 

(001) plane is the easy cleavage plane (and [010] -direction is the easy propagation direction). 

Conversely, 3322
~ cc<χ  yields complex roots, implying that neither (001) is the easy 

cleavage plane nor is [010] the easy propagation direction, and the crack will likely deviate from this 
plane and this direction under mode I/II loadings.  

( ) ( )* * ,I y bK z a D zσ π∞= 
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Appendix E. Singular Stress Fields in the Vicinity of a (001)[0 1 0] Through-Crack Front 

Propagating under Mode I (Extension/Bending) and Mode II (Sliding Shear/Twisting) in [100] 

Direction 

The cleavage plane considered is (001). Here, the ?z -axis is placed along the straight crack front, 
[0 1 0], while the coordinates ?x  [100], ?y [001] are used to define the directions along the length of 
the crack (propagation direction) and the direction transverse to it, respectively, in the middle plane 
of the plate. ?u , ?v  and ?w  represent the components of the displacements in ?x  [100], ?y [001] and 
?z  [0 1 0] directions, respectively. The stress-strain relations for an orthorhombic single crystal are 
given by 
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 (138) 

The three equilibrium equations for a linear elastic orthotropic/orthorhombic solid can now be 
expressed in terms of the displacement functions, ?u , ?v  and ?w , as follows: 

c11
∂ 2 ?u 

∂?x 
2 + c55

∂ 2 ?u 

∂?y 
2 +c66

∂ 2 ?u 

∂?z 
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2 + (c23 + c44) ∂ 2 ?w 
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(c12 + c66) ∂ 2 ?u 
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+ (c23 + c44 ) ∂ 2 ?v 

∂?y ∂?z 
+ c66

∂ 2 ?w 

∂?x 
2 + c44

∂ 2 ?w 

∂?y 
2 +c22

∂ 2 ?w 

∂?z 
2 = 0,  (139c) 

The characteristic equations for the coupled partial differential equations (139) can be written as 
follows: 

 p
4 + 2 ?χ p

2 +
c11

c33

= 0, (140) 

in which the normalized elastic parameter, ?χ , is given by 
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in which E3 is y-direction Young’s modulus, G13 is the shear modulus in the x-z plane, while ν21 is the 
minor Poisson’s ratio in the x-y plane. ν31 denotes the minor Poisson’s ratio in the x-z plane, while ν23 
and ν32 represent the major and minor Poisson’s ratios, respectively, in the y-z plane. χ̂  can also be 

expressed in terms of the inverse anisotropic ratio (in the ?x  [100]- ?y [001] plane), λ̂ , as follows: 
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where λ̂ , is defined as 
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Eq. (140) has either (a) four complex or (b) four imaginary roots, depending on whether  

(a) λ̂ < 1 or equivalently, 
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or 

 (b) λ̂ > 1 or equivalently, 
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?χ  = 1 represents the degenerate isotropic material case, for which the solution is available in 
Chaudhuri and Xie [25]. 

For the extension-bending (mode I) and inplane shear-twisting (mode II) loadings, it can easily 

be seen that for orthotropic/orthorhombic laminas/single crystals with  ?χ > c11 c33 , the (001) 

plane is the easy cleavage plane (and [100] -direction is the easy propagation direction). Conversely, 

?χ < c11 c33  yields complex roots, implying that neither (001) is the easy cleavage plane nor is 

[100] the easy propagation direction, and the crack will likely deviate from this plane and this 
direction under mode I/II loadings.  
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References 

1. Lei M, Sarrao JL, Visscher WM, Bell TM, Thompson JD, Migliori A, Welp UW, Veal, BM. Elastic constants 
of a monocrystal of superconducting YBa2Cu3O7-. Phys. Rev. B 1993; 10: 6154-6156. Doi: 
10.1103/PhysRevB.47.6154 

2. Bednorz JG, Muller KA. Perovskite-type oxides − the new approach to high-Tc superconductivity. Rev. 
Mod. Phys. 1988; 60: 585-600. (Nobel Lecture: ©1988 The Nobel Foundation). 

3. Walker G. Technology: How SQUIDs were found where crystals meet. New Scientist, Issue 1776, July 1991. 
https://www.newscientist.com/article/mg13117764-900-technology-how-squids-were-found-where-
crystals-meet/ 

4. Grimvall G.  The electron-phonon interaction in metals, Vol. XVI of Selected Topics in Solid State Physics; 
ed. E. P. Wolhfarth, North Holland, Amsterdam, 1981. 

5. Allen PB. The electron-phonon coupling constant . In Handbook of Superconductivity, ed. C. P. Poole, Jr., 
Ch. 9, Sec. G, pp. 478-483, Academic Press, New York (1999).  

6. Cook RF, Dinger TR, Clarke DR. Fracture toughness measurements of YBa2Cu3Ox single crystals. Appl. 
Phys. Lett. 1987; 61: 454-456. Doi: 10.1063/1.98420 

7. Roa JJ, Capdevila XG, Martinez M, Espiell F, Segarra M. Nanohardness and Young’s Modulus of YBCO 
samples textured by Bridgman technique. Nanotechnology 2007; 18: 385701 (6 pages). Doi: 10.1088/0957-
4484/18/38/385701 

8. Konstantopoulou K, Roa JJ, Jiménez-Piqué E, Segarra M, Pastor JY. Fracture micromechanisms and 
mechanical behavior of YBCO bulk superconductors at 77 and 300 K. Ceramics Int. 2014; 40(8) Part B: 12797-
12806.Doi: 10.1016/j.ceramint.2014.04.134 

9. Raynes AS, Freiman SW, Gayle FW, Kaiser DL. Fracture toughness of YBa2Cu3O6+δ single crystals: 
Anisotropy and twinning effects.  J. Appl. Phys. 1991; 70 (10), 5254-5257. Doi: 10.1063/1.350234 

10. Goyal A,  Funkenbusch PD, Kroeger DM, Burns SJ. Anisotropic hardness and fracture toughness of 

highly aligned YBa2Cu3O7−δ. J. Appl. Phys. 1992; 71(5): 2363-2366. Doi: 10.1063/1.351090  

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 February 2023                   doi:10.20944/preprints202302.0377.v1

https://doi.org/10.20944/preprints202302.0377.v1


 48 

 

11. Okudera T, Murakami A, Katagiri K, Kasaba K, Shoji Y, Noto K, Sakai N, Murakami M. Fracture toughness 
evaluation of YBCO bulk superconductor. Physica C 2003; 392–396: 628–633. Doi: 10.1016/S0921-
4534(03)00996-1 

12. Diko P. Cracking in melt-grown RE–Ba–Cu–O single-grain bulk superconductors. Supercond. Sci. Technol. 
2004; 17: R45–R58. Doi: 10.1088/0953-2048/17/11/R01 

13. Congreve JVJ, Shi Y, Huang KY, Dennis AR, John H Durrell JH, Cardwell DA. Characterisation of the 
mechanical failure and fracture mechanisms of single grain Y–Ba–Cu–O bulk superconductors. Supercond. 
Sci. Technol. 2020; 33(1): 015003 (9pp).Doi: 10.1088/1361-6668/ab5b46 

14. Granozio FM, di Uccio US. Gibbs energy and growth habits of YBCO. J. Alloys and Compounds 1997; 
251(1-2): 56-64. Doi: 10.1016/S0925-8388(96)02769-7 

15. Lekhnitskii SG. Anisotropic Plates. Gordon and Breach, New York (1968). 
16. Stroh AN.  Dislocations and cracks in anisotropic elasticity. Phil. Magazine 1958; 7: 625-646. Doi: 

10.1080/14786435808565804 
17. Sih GC, Paris PC, Irwin GR. On cracks in rectilinearly anisotropic solids.  Int. J. Fracture Mech.  1965; 1: 

189-203. Doi: 10.1007/BF00186854 
18. Suo Z, Bao G, Fan B, Wang TC. Orthotropy rescaling and implications for fracture in composites. Int. J. 

Solids  Struct. 1991; 28(2): 235-248. Doi: 10.1016/0020-83(91)90208-W 
19. Lin YY, Sung JC. Stress singularities at the apex of a dissimilar anisotropic wedge. ASME J. Appl. 

Mech.1998; 65: 454-463. Doi: 10.1115/1.2789075 
20. Nazarov SA. Stress intensity factors and crack deviation conditions in a brittle anisotropic solid. J. Appl. 

Mech. Techn. Phys. 2005; 36: 386-394. 
21. Nejati M, Ghouli S, Ayatollahi MR. Crack tip asymptotic fields in anisotropic planes: Importance of higher 

order terms. Appl. Math. Modelling 2021;  91: 837-862. Doi: 10.1016/j.apm.2020.09.025 
22. Chaudhuri RA. Three-dimensional singular stress field at the front of a crack and lattice crack deviation 

(LCD) in a cubic single crystal plate. Philosophical Magazine 2010; 90(15), 2049-2113. Doi: 
10.1080/14786430903571412 

23. Kravchenko V. Applied Quaternionic Analysis. Heldermann Verlag (2003).   
24. Stenger F, Chaudhuri R, Chiu J. Sinc solution of boundary integral form for two-dimensional bi-material 

elasticity problems. Compos. Sci. Tech. 2000; 60(12-13): 2197–2211. Doi: 10.1016/S0266-3538(00)00015-4 
25. Chaudhuri RA, Xie M. A novel eigenfunction expansion solution for three-dimensional crack problems. 

Compos. Sci. Tech. 2000; 60(12-13): 2565-2580. Doi: 10.1016/S0266-3538(00)00050-6 
26. Chaudhuri RA. Eigenfunction expansion solutions for three-dimensional rigid planar inclusion problem. 

Int. J. Fracture 2003; 121(3): 95-110. Doi: 10.1023/B:FRAC.0000005342.29233.86 
27. Chaudhuri RA, Xie M. A tale of two saints: St. Venant and “St. Nick” — Does St. Venant's principle apply 

to bimaterial straight edge and wedge singularity problems?. Compos. Sci. Tech. 2000; 60(12-13): 2503–
2515. Doi: 10.1016/S0266-3538(00)00044-0 

28. Xie M, Chaudhuri RA. Three-dimensional stress singularity at a bimaterial interface crack front. Compos. 
Struct. 1997; 40(2): 137-147. Doi:10.1016/S0263-8223(97)00154-2 

29. Chaudhuri RA, Xie M. Free-edge stress singularity in a bimaterial laminate. Compos. Struct. 1997; 40(2): 
129-136. Doi: 10.1016/S0263-8223(97)00152-9 

30. Chaudhuri RA, Chiu SHJ. Three-Dimensional Asymptotic Stress Field in the Vicinity of an Adhesively 
Bonded Scarf Joint Interface. Compos. Struct.  2009; 89(3): 475-483.Doi: 10.1016/j.compstruct.2008.10.002 

31. Xie M, Chaudhuri RA. Three-dimensional asymptotic stress field at the front of a bimaterial wedge of 
symmetric geometry under antiplane shear loading. Compos. Struct. 2001; 54(4): 509-514. Doi: 
10.1016/S0263-8223(01)00123-4 

32. Chiu JSH, Chaudhuri RA. Three-dimensional asymptotic stress field at the front of an unsymmetric 
bimaterial pie-shaped wedge under antiplane shear loading. Compos. Struct.  2002; 58(1): 129-137. Doi: 
10.1016/S0263-8223(02)00030-2 

33. Chaudhuri RA, Chiu SHJ. Three-dimensional asymptotic stress field at the front of an unsymmetric 
bimaterial wedge associated with matrix cracking or fiber break. Compos. Struct. 2007; 78(2): 254-263. Doi: 
10.1016/j.compstruct.2005.09.013 

34. Chiu SHJ, Chaudhuri RA. A three-dimensional eigenfunction expansion approach for singular stress field 
near an adhesively-bonded scarf joint interface in a rigidly-encased plate. Eng. Fracture Mech. 2011; 78 (10): 
2220-2234. Doi: 10.1016/j.engfracmech.2011.04.009 

35. Chaudhuri RA. Three-dimensional singular stress field near a partially debonded cylindrical rigid fiber. 
Compos. Struct. 2006; 72(2): 141-150.Doi: 10.1016/j.compstruct.2004.11.017 

36. Chaudhuri RA. Three-dimensional asymptotic stress field in the vicinity of the circumferential tip of a fiber-
matrix interfacial debond. Int. J. Eng. Sci. 2004; 42(15-16): 1707-1727. Doi: 10.1016/j.ijengsci.2003.12.007 

37. Chaudhuri SN, Chaudhuri RA, Benner RE, Penugonda M. Raman spectroscopy for characterization of 
interfacial debonds between carbon fibers and polymer matrices. Compos. Struct. 2006; 76(4): 375-387. Doi: 
10.1016/j.compstruct.2005.05.009 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 February 2023                   doi:10.20944/preprints202302.0377.v1

https://doi.org/10.20944/preprints202302.0377.v1


 49 

 

38. Chaudhuri RA, Xie M. On three-dimensional asymptotic solution, and applicability of Saint–Venant’s 
principle to pie-shaped wedge and end face (of a semi-infinite plate) boundary value problems. Eng. 
Fracture Mech. 2015; 142, 93-107; see also Corrigendum Eng. Fracture Mech. 2019; 217: 106506. Doi: 
10.1016/j.engfracmech.2015.04.032  

39. Chaudhuri RA. On applicability and uniqueness of the correspondence principle to pie-shaped wedge 
(“wedge paradox”) with various boundary conditions. Eng. Fracture Mech. 2020; 231: 106991. Doi: 
10.1016/j.tws.2017.10.013 

40. Chaudhuri RA, Chiu SHJ. Three-dimensional singular stress field near the interfacial bond line of a tapered 
jointed plate either free-standing (notch) or (fully/partially) attached to a super-rigid inclusion (antinotch). 
Eng. Fracture Mech. 2012; 91: 87-102. Doi: 10.1016/j.engfracmech.2012.04.011 

41. Chaudhuri RA. Three-dimensional singular stress fields near the circumferential junction corner line of an 
island/substrate system either free-standing or fully/partially bonded to a rigid block. Eng. Fracture Mech. 
2013; 107: 80-97. Doi: 10.1016/j.engfracmech.2013.02.012 

42. Chaudhuri RA. Three-dimensional asymptotic stress field in the vicinity of the circumference of a penny 
shaped discontinuity. Int. J. Solids Struct. 2003; 40(13-14): 3787-3805. Doi: 10.1016/S0020-7683(03)00017-9 

43. Chaudhuri RA. Three-dimensional asymptotic stress field in the vicinity of the circumference of a 
bimaterial penny shaped interface discontinuity. Int. J. Fracture 2006; 141(1-2): 207-221. Doi: 10.1007/s10704-
006-0076-5 

44. Chaudhuri RA. Three-dimensional asymptotic stress field in the vicinity of the line of intersection of a 
circular cylindrical through/part-through open/rigidly plugged hole and a plate. Int. J. Fracture 2003; 
122(1): 65-88. Doi: 10.1023/B:FRAC.0000005375.68272.c5 

45. Chaudhuri RA. Three-dimensional asymptotic stress field in the vicinity of the line of intersection of an 
inclusion and plate surface. Int. J. Fracture 2002; 117(3): 207-233.Doi: 10.1023/A:1022093101559 

46. Chaudhuri RA. An eigenfunction expansion solution for three-dimensional stress field in the vicinity of 
the circumferential line of intersection of a bimaterial interface and a hole. Int. J. Fracture 2004; 129(4): 361-
384. Doi: 10.1023/B:FRAC.0000049494.43743.45 

47. Yoon J, Chaudhuri RA. Three-dimensional asymptotic antiplane shear stress fields at the front of interfacial 
crack/anticrack type discontinuities in trimaterial bonded plates. Compos. Struct. 2011; 93 (6): 1505-1515. 
Doi: 10.1016/j.compstruct.2010.10.016 

48. Yoon J, Chaudhuri RA. Three-dimensional asymptotic stress fields at the front of a trimaterial junction. 
Compos. Struct. 2012; 94 (2): 337-350. Doi: 10.1016/j.compstruct.2011.06.026 

49. Chaudhuri RA, Yoon, J. Three-dimensional asymptotic mode I/II stress fields at the front of interfacial 
crack/anticrack discontinuities in trimaterial bonded plates. Compos. Struct. 2012; 94 (2): 351-362. Doi: 
10.1016/j.compstruct.2011.07.017 

50. Kaczynski, A. and Kozlowski, W. Thermal stresses in an elastic space with a perfectly rigid flat inclusion 
under perpendicular heat flow. Int. J. Solids  Struct. 2009; 46: 1772-1777. Doi: 10.1016/j.ijsolstr.2009.01.002 

51. Willis JR. The penny shaped crack on an interface. Quart. J. Mech. Appl. Math. 1972; 25: 367-385. Doi: 
10.1093/qjmam/25.3.367 

52. Folias ES. On interlaminar stresses of a composite plate around the neighborhood of a hole. Int. J. Solids  
Struct. 1989; 25(10), 1193-1200. Doi: 10.1016/0020-7683(89)90076-0 

53. Folias ES. Boundary layer effects of interlaminar stresses adjacent to a hole in a laminated composite plate. 
Int. J. Solids  Struct. 1992; 29(2), 171-186. Doi: 10.1016/0020-7683(92)90105-3 

54. Folias ES. On the stress singularities at the intersection of a cylindrical inclusion with the free surface of a 
plate. Int. J. Fracture 1989; 39: 25-34. Doi: 10.1007/BF00047437 

55. Chaudhuri RA. On through-thickness distribution of stress intensity factors and energy release rates in the 
vicinity of crack fronts. Eng. Fracture Mech. 2019; 216: 106478. Doi: 10.1016/j.engfracmech.2019.05.010 

56. Chaudhuri RA. Three-dimensional singular stress field at the front of a crack weakening a unidirectional 
fiber reinforced composite plate. Compos. Struct.  2011; 93(2): 513-527. Doi: 
10.1016/j.compstruct.2010.08.028 

57. Chaudhuri RA. On three-dimensional singular stress field at the front of a planar rigid inclusion (anticrack) 
in an orthorhombic mono-crystalline plate. Int. J. Fracture 2012; 174(2): 103-126. Doi: 10.1007/s10704-012-
9679-1 

58. Chaudhuri RA. Three-dimensional mixed mode I+II+III singular stress field at the front of a (111)[ 1 1 2]×[1

1 0] crack weakening a diamond cubic mono-crystalline plate with crack turning and step/ridge formation. 
Int. J. Fracture 2014; 187(1): 15-49.  Doi: 10.1007/s10704-013-9891-7 

59. Chaudhuri RA. On three-dimensional singular stress/residual stress fields at the front of a crack/anticrack 
in an orthotropic/orthorhombic plate under anti-plane shear loading. Compos. Struct. 2010; 92(8): 1977-
1984. Doi: 10.1016/j.compstruct.2009.10.040 (also, Erratum, Compos. Struct. 2011; 93(2): 1058. Doi: 
10.1016/j.compstruct.2010.09.010 ). 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 February 2023                   doi:10.20944/preprints202302.0377.v1

https://doi.org/10.20944/preprints202302.0377.v1


 50 

 

60. Chaudhuri RA. Three-dimensional stress/residual stress fields at crack/anticrack fronts in monoclinic 
plates under antiplane shear loading. Eng. Fracture Mech. 2012; 87: 16-35. Doi: 
10.1016/j.engfracmech.2011.12.003 

61. Yoon J, Chaudhuri RA. Three-dimensional singular antiplane shear stress fields at the fronts of interfacial 
crack/anticrack/contact type discontinuities in tricrystal anisotropic plates. Eng. Fracture Mech. 2013; 102: 
15–31, Doi: 10.1016/j.engfracmech.2013.01.015 

62. Eshelby JD, Read WT, Shockley W. Anisotropic elasticity with application to dislocation theory. Acta 
Metall. 1953; 1: 251-259. Doi: 10.1016/0001-6160(53)90099-6 

63. Chaudhuri RA. Comparison of stress singularities of kinked carbon and glass fibers weakening compressed 
unidirectional composites: a three-dimensional trimaterial junction stress singularity analysis. Phil. 
Magazine 2014; 94(7): 625-667. Doi: 10.1080/14786435.2013.840749 

64. Chaudhuri RA, Xie M, Garala HJ. Stress singularity due to kink band weakening a unidirectional composite 
under compression. J. Compos. Materials 1996; 30(6): 672-691.Doi: 10.1177/002199839603000603 

65. Alexandrov IV, Goncharov AF, Stishov SM. State equation and compressibility of YBa2Cu3Ox high 
temperature superconductor monocrystals under pressure to 20 GPa. Pis’ma Zh. Eksp. Teor. Fiz. 1988; 
47(7): 357-360. 

66. Golding B, Haemmerle WH, Schneemeyer LF, Waszczak JV. Gigahertz ultrasound in single crystal 
superconducting YBa2Cu3O7. IEEE 1988 Ultrasonics Symp. Proc. Chicago, IL, 1988; vol.2: 1079-1083. Doi: 
10.1109/ULTSYM.1988.49544 

67. Reichardt W, Pintschovius L, Hennion B, Collin F. Inelastic neutron scattering study of YBa2Cu3O7-x. 
Supercond. Sci. Tech. 1988; 1(4): 173-176. Doi: 10.1088/0953-2048/1/4/004 

68. Baumgart P, Blumenröder S, Erle A, Hillebrands B, Güntherodt G,  Schmidt H.  Sound velocities of 
YBa2Cu3O7−δ single crystals measured by Brillouin spectroscopy, Solid State Comm. 1989; 69(12): 1135-1137. 
Doi: 10.1016/0038-1098(89)91049-1 

69. . Baumgart P, Blumenröder S, Erle A, Hillebrands B, Splittgerber P, Güntherodt G,  Schmidt H. Sound 
velocities of YBa2Cu3O7−δ and Bi2Sr2CaCu2Ox single crystals measured by Brillouin spectroscopy. Physica 
C: Supercond. Its Applic. 1989; 162–164, Part 2: 1073-1074. Doi: 10.1016/0921-4534(89)90599-6 

70. Saint-Paul M, Tholence JL, Noel H, Levet JC, Potel M, Gougeon P. Ultrasound study on YBa2Cu3O7−δ and 
GdBa2Cu3O7−δ single crystals. Solid State Comm. 1989; 69(12): 1161-1163. Doi: 10.1016/0038-1098(89)91055-
7 

71. Saint-Paul M, Henry JY. Elastic anomalies in YBa2Cu3O7−δ single crystals. Solid State Communications 1989; 
72(7): 685-687. Doi: 10.1016/0038-1098(89)90674-1 

72. Zouboulis E,  Kumar S, Chen CH, Chan SK, Grimsditch M, Downey J, McNeil L, Surface waves on the a, 
b and c faces of untwinned single crystals of YBa2C3O7−δ. Physica C: Superconductivity 1992; 190(3): 329-
332. Doi:  10.1016/0921-4534(92)90614-I 

73. Ledbetter H, Lei M. Monocrystal elastic constants of orthotropic Y1Ba2Cu3O7: An estimate. J. Mater. Res. 
1991; 6: 2253-2255. Doi: 10.1557/JMR.1991.2253 

74. Migliori A, et al. Elastic constants and specific-heat measurements on single crystals of La2CuO4. Phys. 
Rev. B 1990; 41: 2098-2102. Doi: 10.1103/PhysRevB.41.2098 

75. Migliori A, et al. Complete elastic constants and giant softening of c66 in superconducting 
La1.86Sr0.14CuO4. Phys. Rev. Lett. 1990; 64(20): 2458-2461. Doi: 10.1103/PhysRevLett.64.2458 

76. Kunukkasseril VX, Chaudhuri RA, Balaraman K. A method to determine 18 rigidities of layered anisotropic 
plates. J. Fibre Sci. Tech. 1975; 8(4), 303-318.Doi: 10.1016/0015-0568(75)90021-4 

77. 77. Chaudhuri RA, Balaraman K. A novel method for fabrication of fiber reinforced plastic laminated plates. 
Composite Structures 2007; 77(2): 160-170.Doi: 10.1016/j.compstruct.2005.06.010 

78. Chaudhuri RA, Balaraman K, Kunukkasseril VX. A combined theoretical and experimental investigation 
on free vibration of thin symmetrically laminated plates. Composite Structures 2005; 67(1): 85-97. Doi: 
10.1016/j.compstruct.2004.01.001 

79. Riddle J, Gumbsch P, Fischmeister HF. Cleavage Anisotropy in Tungsten Single Crystals. Phys. Rev. Lett. 
1996; 76(19): 3594-3597. Doi: 10.1103/PhysRevLett.76.3594 

80. Carslaw HS. Introduction to the Theory of Fourier Series and Integrals. 3rd edn., Dover, New York (1930). 
81. Wilcox CH. Uniqueness theorems for displacement fields with locally finite energy in linear elastostatics. 

J. Elasticity 1979; 9: 221-243. Doi: 10.1007/BF00041096 
82. Sedov LI. Similarity and Dimensional Methods in Mechanics. Mir Publishers, Moscow (1982). 
83. Perez R, Gumbsch P. Directional anisotropy in the cleavage fracture of silicon. Phys. Rev. Lett. 2000; 84: 

5347-5350. Doi: 10.1103/PhysRevLett.84.5347 
84. Kermode JR, Albaret T, Sherman D, Bernstein N, Gumbsch P, Payne MC, Csányi G, De Vita A. Low-speed 

fracture instabilities in a brittle crystal. Nature 2008; 455: 1224-1227. Doi: 10.1038/nature07297 
85. Newnham RE. Structure-Property Relations. Springer-Verlag, New York (1975). 
86. Pauling L. The Chemical Bond. Cornell Univ. Press, Ithaca, New York (1967). 
87. Cotton FA, Wilkinson G. Advanced Inorganic Chemistry. 4th edn., John Wiley & Sons, New York (1980). 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 February 2023                   doi:10.20944/preprints202302.0377.v1

https://doi.org/10.20944/preprints202302.0377.v1


 51 

 

88. 88. Williams A, Kwei GH, Von Dreele RB, Raistrick ID, Bish DL. Joint x-ray and neutron refinement of the 
structure of superconducting YBa2Cu3O7−x: Precision structure, anisotropic thermal parameters, strain, 
and cation disorder. Phys. Rev. B 1988; 37:7960(R). Doi:10.1103/PhysRevB.37.7960 

89. Ledbetter H. Elastic constants of polycrystalline Y1Ba2Cu3Ox. J. Mater. Res. 1992; 7: 2905. Doi: 
10.1557/JMR.1992.2905 

90. Lin S, Lei M, Ledbetter H. Elastic constants and Debye temperature of Y1Ba2Cu3Ox: effect of oxygen content. 
Mater. Lett. 1993; 16: 165. Doi: 10.1016/0167-577X(93)90156-R 

91. Lubenets SV, Natsik VD, Fomenko LS, Kaufman HJ, Bobrov VS, Izotov AN. Influence of oxygen content 
and structural defects on low temperature mechanical properties of high temperature superconducting 
single crystals and ceramics. Fizika Nizkik Temperatur 1997; 23(8): 902-908. 

92. Streiffer SK, Lairson BM., Eom CB, Clemens BM, Bravman JC, Geballe TH. Microstructure of ultrathin films 
of  YBa2Cu3O7− δ on MgO. Phys. Rev. B 1991; 43: 13007. Doi: 10.1103/PhysRevB.43.13007 

93. Fowler DE, Brundle C.R., Lerczac J, Holtzberg FJ. Core and valence XPS spectra of clean, cleaved single 
crystals of YBa2Cu3O7. Electron Spectroscopy and Related Phenomena 1990; 52: 323-339. Doi: 10.1016/0368-
2048(90)85029-9 

94. Tanaka S, Nakamura T, Tokuda H, Iiyama M. All in situ deposition and characterization of YBa2Cu3O7−x 
thin films by low-energy electron diffraction and low-energy ion scattering spectroscopy. Appl. Phys. Lett. 
1993; 62: 3040. Doi: 10.1063/1.109132 

95. Lin CT, Liang WY. Etch defects in YBa2Cu3O7− δ single crystals grown from flux. Physic C, 1994; 225: 275-

286. Doi: 10.1016/0921-4534(94)90724-2 
96. Lawn B. Fracture of Brittle Solids. 2nd. edn., Camb. Univ. Press (1993).  
97. Anstis GR, Chantikul P, Lawn BR, Marshall DB. A critical evaluation of indentation techniques for 

measuring fracture toughness I. J. Am Ceramic Soc. 1981; 64(9): 533-538. 
98. Roa JJ, Capdevila XG, Segarra M. Mechanical characterization at nanometric scale of ceramic 

superconductor composites. Int. J. Condens. Matter Adv. Mater. Supercond. Res. 2011; 10(3/4): 217-307. 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those 
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) 
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or 
products referred to in the content. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 February 2023                   doi:10.20944/preprints202302.0377.v1

https://doi.org/10.20944/preprints202302.0377.v1

