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Abstract: In this paper, thin plate theory and moderately thick plate theory are proposed for
analyzing the bending problem of rectangular plates with stepped thickness resting on elastic half-
space foundation. The ground reaction is considered as an unknown coefficient and the hypothesis
of Winkler foundation model and two-parameter ground model is eliminated in this method, so as
to obtain the law of internal force distribution of the plate and the distribution law of contact reaction
force between the stepped rectangular plate and foundation. The stepped rectangular plate is
divided into upper and lower plates, and thin plate theory and moderately thick plate theory are
used to obtain the analytical solution. The obtained analytical solutions in this paper are compared
with results reported in other publications to verify the accuracy of this method. The effects of the
elastic modulus and dimensions of the plate, and theory of plate are also considered. The analytical
solutions show that it is feasible to decompose the stepped rectangular plate into two plates for
analyzing the bending properties of stepped rectangular plate, and this method provide a reference
for the study of multilayer stepped rectangular plates.

Keywords: Stepped rectangular plate; thin plate theory; moderately thick plate theory; static;
bending performance

1. Introduction

The bending problems of plates and stepped rectangular plates resting on the elastic half-space
foundation play an important role in practical engineering. These plates could be found in actual
engineering, such as foundation plates in civil engineering [1] and piezoelectric laminated plates in
electronic engineering [2].

Shao et al. [3] used Fourier differential quadrature method to study the bending problems of
irregular thin plate on Winkler foundation, and the accuracy of this method was verified by
numerical analysis. Guarracino et al. [4] gave an example of numerical analysis of thin plates buckling
which could ensure that the relationship between load and displacement was correct. Kim et al. [5]
introduced a novel analytical solution that could be used to solve the flexural responses of annular
sector thin plates, the accuracy of which was demonstrated by existing research conclusions and
numerical results. Besides the thin plates, moderately thick plates had also been studied by
researchers. Tuivey [6] studied the flexural properties of moderately thick laminated plates on
Winkler-Pasternak elastic foundations, and the numerical results were demonstrated by computer
implementation. Alinaghizadeh et al. [7] investigated the moderately thick plates rested on two-
parameter elastic foundation by employing Generalized Differential Quadrature, and the results
were in good agreement with the numerical results. Khezri et al. [8] studied the application of a shear-
locking-free formulation based on first-order Mindlin theory formulation, and adopted reproducing
kernel particle method to demonstrate the accuracy of the presented method.

Winkler foundation [9, 10] and two-parameter foundation [11, 12] were two commonly used
analysis models for the analysis of mechanical properties of plate. Although the Winkler foundation
model was simple, the displacement of the foundation was limited to the loaded area which could
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not effectively reflect the stress diffusion and deformation, meaning that the accuracy of the
calculation results was difficult to be guaranteed. The two-parameter foundation model used two
independent parameters to reflect the soil properties, and though this model improved the
discontinuity of the Winkler foundation model, the two-parameters were very difficult and complex
to be determined.

Therefore, some studies have been done to solve the problem of flexural properties of stepped
rectangular plates. Cheung et al. [13] and Cho et al. [14] utilized the finite element method to analyze
the mechanical performance of the stepped rectangular plate. Xiang et al. [15] and Radosavljevic et
al. [16] used Levy type solution method to deal with the stepped rectangular plates. Rahai et al. [17]
chose energy method based on modified buckling mode shapes to analyze the buckling performance
of stepped plates.

These works provided important insight into the characteristics of the rectangular stepped
plates, however, the methods they used are mainly numerical method and finite element method.
Therefore, analytical method is proposed to study the flexural response of stepped rectangular plate
resting on elastic half-space foundation in this paper, which subjected to static load. The stepped
rectangular plate is considered to be composed of two plates with different dimensions and
properties (upper and lower plates), and taking into account the thickness of the upper and lower
plates, the analytical method is divided into three cases: (1) The upper and lower plates are both thin
plates; (2) One plate is thin plate, while the other one is moderately thick plate; (3) The upper and
lower plates are both moderately thick plates. Fourier series with supplementary terms are used to
obtain the analytical solution, and also, the influence of theory of plate, elastic modulus and
dimensions of the plate on the bending performance of stepped rectangular plate are analyzed.

2. Governing equations and results

A stepped rectangular plate, whose upper and lower dimensions of plates are aixb:
(lengthxwidth) and axx bz (lengthxwidth) respectively, is referred to the Cartesian systems of
coordinates x1y1 and xz2y2 associated with the external surfaces of upper and lower plates (Figure 1).
The contact surface between the upper and lower plates is assumed to exclude their mutual slipping.
Uniformly distributed load g(x,,y,) is applied to the external surface of upper plate.

X

q(x1,0)

‘.

/L Foudation

Figure 1. Research model.
2.1. Both upper and lower parts of the plate are thin plates

2.1.1. Basic equations and boundary conditions

Governing differential equations of the upper and lower plates are given as
o'w, o'w, o'w,
xl 63614 + 2 6x126]/12 + Dyx dy el F(x,,y,)=49(x,,y,) (1a)

o'w o'w o'w
2 ox 42 i ® ox 25];2 +D-Vz ay42 +Q(x,,Y,) = F(x,, y,) (1b)
2 2 OY> 2

D

1
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Where D, and D, arebending stiffness, w, isdeflection, F(x,,y,) isinteraction force between
the upper and lower plates, Q(x,,y,) is subgrade reaction, H,=D v +2D, = is equivalent

stiffness, v, and v, are Poissonratio, D, is torsional stiffness. The upper and lower plates are

numbered ;=1 and ;j=2, respectively.

The internal force of the upper and lower plates could be written in terms of deflection functions:

o*w. o*w.
Mx‘ = —Dxi (—a 21 + 'in 21)
xi ayi
o*w. o’w.
My =—Dy( 2' +0, 2')
' ' 6yi ’ a:)Cl
o*w.
M,y =72D, ox,0y,
ow. ow.
=-D L (H.+2D. )———
S
0w ow

XiYi ) 6]/6};2 (2)

inwhich M, isbending moment, M, istwisting moment, Q, is shear force.

Q, =-D, —-—(H,;+2D

Boundary restrictions are given as

M, =Q, =0 (x;=0 or x,=a,) (3a)

M, =Q, =0 (x;=0 or x;=a,) (3b)
o’w,

P ayl =0 (At the corner of the upper and lower plates) (3¢)
‘xi i

2.1.2. Coordination equation and analytical solution

The deflections of the upper and lower plates can be expressed as double cosine series with
supplementary terms:

- mmnx, nmy, &
_ i i i i
w=) W, COS——-COS— ==+ > {{ymx%
: i i ;=0

miznzbiz . 4biyi3 — 4bi2yi2 _ yi4

m; =0 n;=0 az ai2 24[91-4
2by, —y 2 m*’b? yt =20y y? m.mx,
+ lyl zyl Cm + [sz 1 > 1 'yl lyl +y12 Dm COS 1 1
2b, ' Yo 24b, 2b, : a
+i n’r’a’ 4ax’—4a’x’ —x} L 28, —-x! c o n’m’a’
= ["lZmXx, bi2 24”,-4 2a{2 m; [sz’xl bi2
4 2.2 2
X" —2a°x. X, n.my.
. 1 ; 1 + 1 > Hn COS 1 yl
24a, 2a, ' .
(mi =0/1/2/”'; ni =0/1/2/”') (4)
H +2D, H +2D,
where y, ==—w—>, 4y =—> w ,C , D, , G, , H areundetermined
m.x zmy m;n; m; m; n; n;
iXi Dx iYi Dy
parameters.

Eq. (4) has four steps’ derivation for rectangular plate with four free edges, which could satisfy
the boundary conditions, such as the corner condition and shear force at the boundary. If the plate is
made of isotropic material, the Eq. (4) can degenerate into an expression of an isotropic rectangular
plate.
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Based on Eq. (1), it could be found that F(x,,y,) is related to the control differential equations

of the upper and lower plates, so F(x,,y,) can be expanded into double cosine series represented

by x, y, and x,, y,.

Ly n,m
1COS 1 yl

F(xlfyl)_ Z Z iy m1”1 1g b

my=0n,=0 1 1

(X n,m
ZCOS 2 yZ

F(x2’y2 Z Z myny ”’2"2 za

my,=01n,=0 2 b2
(mi =0/1/2/"'/‘ ni =0,1,2,“‘) (5)
where
1/4, m,=n =0
A, =11/2,m =0,n>00rm >0, n =0
1/4, m>0, n,>0 (63)
4 by ™, TIX n,my
=— F(x,,y,)cos——Lcos——LLdx d
myiy bl jo IO 1( 1 yl) al bl 1 .1/1 (6b)
m m J‘ J‘uz l’yl Cos mznxz cos nznyz dx2dy2
22 az bz
szaz z z - 051 005 11 165 122 0 T2 gy dy,
my =0 n; =0 R al bl ﬂ2 >
m,Tix n, 7y, m,Tix, os n,my, . dy,

4 X b, pa
=— Z Z ‘| A F  cos——Lcos cos
b 0 Jo myny 1y b
m, =01, =0 a 1 a, 2
z Z myy ml"l-[ I

ST T m,Tix n,m
cos Yt cos T2 o5 T yzdxdy2

a, 2 my =0y = b1 a, 2
(mi 20,1,2,"'} n, 20,1,2,"') (6C)
X, , Y, represent the relationship between xy, and x,y, coordinate systems, and

substituting x, =x, +x,, y, =y, +y, into the integral part of the Eq. (6¢):

T n,m m,mx n,7
I I cos Y1 005 T2 o 2yzdxdyz
bl aZ 2

Xo+a; £, +b m T(X n.7t m,7ix n,m

:j” e Los ot cos 122 0og V2 gy gy
Yo 1 b1 az 2

Xo+a y+b mT(x—x n, Tt - m,Tix n,m

:I” [ e O)COS Y, yo)cos 22 o522 gy dy,
Yo 4 b, a, 2

{1 m, Tx, a,a, [sin ni(m,a, + m,a,)(x, +4a,) _sin ni(m,a, +ma,)x, }

2 a, T(ma,+m,a a,a,

1 ™M, TiX a,a . n(mya, —m,a )(x, +a,) . n(ma
+=cog—170 2% sin 1%2 21\ U _gin

2 a, T(ma,—m,a,) a,a

1 . mrmnx a,a n(m,a, +m,a,)x ni(m,a, +m,a )(x +a,)
+—sin——2 21 0s 12 2170 _cos

2 a, 7m(ma,+m,a,) a,a,

1 . mmx a ni(m,a, —m,a, )x n(ma, — (x +a,)
+ogin—10 2" 1”2 251770 oog 1%2

2 a, T(ma ) a,a, a,a,

a
Cos
{l cos 7Yy b,y {sin

(b, +n,b,)(y, +b,) —sin n(n,b, +n,b,)y,
2 b, m(nb,+n,b,)

bZ bl bZ bl
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Sl mmyy b [ b —mb)(y, +b) b, — by )y,
2 b, mn(nb,—n,b))| b,b, bb

Gl mmyy  bb [ mmby by, b, b )y, + bu}
2 b, m(nb,+mnb,) i b,b, bb,

+15i1’1 n,7ty, b2b1 cos 77(711172 - lebl )yO —cos ﬂ(ﬂlbz - n2b1 )(yo + bl ) :|}
2 by m(nb, -nb)| b,b, b,b,

=B

(m,=0,1,2,--; n,=0,12,-)
Hence Eq. (6) is rewritten as
mzn2 - 2 W;O; myny ml"l

‘7("11%) is expanded into double cosine series represented by x, and y,.

m X n,mny
1 1 1 1
1’y1 Z z mln]qmlnl €os b

my=0n; = 111 1

(mizol]_,z,...; ni=0’1’2’.”)
@)

where

4 s m,7ix

nm
L os ATV gy dy
b 1 1
1 1
Subgrade reaction can be expressed in terms of double cosine series as

o T n,my
2 2 2 2
2’y2 z z My, mzn2 cos b

my=0n,= az 2
where

4 b 1o m,Tx
sz"z - @ 0 IO Q(xzryz)cos a
Substituting Eqgs. (1a), (5) and (7) into Egs. (3)~(4), and then expanding the polynomial of the
supplementary terms in the formulas to cosine series. Comparing the coefficients of the
corresponding items on both sides of the Egs. (3)~(4), we could obtain the expressions as

(D, a,‘+2Ha" *g,*+D, B, " |w,
1 1 1 1 nhtm mmn

H +2D g2 k) ko ko
2Dx am ! 1 - ’ ml nz ! :1 4 __n Zn1 2 + - +
el D a B.'b 90 ﬁl b2 6

Y 1

2 cos ”217:% dx,dy,

2 2

, 2(H, +2D
Hlaml . D ﬁ sz n1

H,+2D,, m} be h, h,o ok,
D ' 4b4 720 B2 1 |
1At ﬁl 1
—_— 2(H,+2D,, [

04

17"m, D 2 2
yl‘Bl

2D ﬁ 4 H1 +2D"1y1 . nlznzalz hml _hl _ hml + h’”l +
nhm D a

H2D]}C+

43
Xpom

ny ny+1
h, b H, - 2le]hm}( 1)""'D, +

Xy blz
2(H, +2D. ) B 2 —

4 1 )| ™
ZHlﬁ’H ' D 2(1 2 hm1 + 2 I:Hl _2Dx1y1 :|h (';n1 +

x myp 1
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X 1 1 1
2(H, +2D. ) B’ —
4 1 Xy, n my+1
g, 202l B, Tk,
x my 1 1
= Amlnl (qmln] - leﬂl )
(ml =0,1,2,-- n, :011121"') (8)
|:DxZ am24 +2H26¥4 ’"zzﬁ"zz + Dyzﬁ"24:|w'"z"z +
D & 4 H2 + 2szyz ‘ mzznzbzz hnz B hn2 B hnz N hn2 N
Xy iy Dy2 6122 ﬁn24b24 90 ﬁn22b22 6

2(H,+2D, ) ’ —

"H XY, m, H. -2D h C +
_— H,+2D,, m} mwb?( h, . 7h, | b, h, N
no D!/z !122 ﬁn24b24 720 ﬁnzzbzz 12

2(H, +2D a,’ —
S e 0
’ Yo anz 2 ’ bz . ’ 2
2 4 HZ + 2D"2y2 1’[227'(26122 hmz _hﬂ — hm2 + hm2 +
. P, 2 4 22
v sz b2 amz a24 90 m, az 6
2(H, +2D, ) B,* —
2H,B,*- 22 +—2|H,-2D__ |h, G, +
2 sz mzzazz ’ azz |: 2y2:| ’ :
2D 5 Hy+2D,, wiral( Hw  7hy | R R |
v, Py sz b’ a, ‘ot 720 | a, ’a’® 12

2(H,+2D_ ) B 2 —
ZHZﬁn24 ’ D2 2 zzy2 hm2 + i 22 [Hz _Zszyz ]hmz }(_1)m2+1an

a

X, m, 2
= Amznz (sz“z - sznz )
(m2=0,1,2,"'; 1’1220,1,2,"') (9)
where a =" B -5 and
m; a m; b

i i

0, i=0
h:hi:{ !

e 1, i#0
— — (1, i=0
ho=h = :

i i 0, =0

Considering the boundary conditions of bending moment, we could obtain:
(1) When x, =0, M, =0

H,+2D,, h o h

S (@ +0 fyw. 423 Lhrat o
mzz()( m; yiﬁnl) m;n; mlzz() Dyv i m; ﬁj bi4 90

i
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, 1 fzni H,+2D,, 1 v, h,

+0(m‘ _527;1”1‘ + ? + a, Uy D . ﬁz 5 o, h 3 "
i Y n i i
~ |H +2D h o 7h,

+2(-1 n;+1 ! XiYi 1.2 4 n; + "

( ) mzo{ Dv‘ i m; { ;41 i4 720 ]

h H +2D v h
—a L Lt |+alv Z i 21 ~h, +——-tD,
i [)’5 bl2 12 Y Dy, g.b” " 2b

(n,=0,1,2,---) (10)
(2) When x, =aq, M, =0

Xi

pibt %0
7 H. +2D o, I
+ar2n [ 21 > hn +_:l+a72n ?Jy ol : 21 2'n - Zn Cm
ﬁn, bi 6 Dyl ﬁnl bi 2bl
. H +2D h, 7h,
+2(_1)n1+1 Z (_1)m’. i XY biza:, 4n,- - + n;
“ D, ‘| B, b 720
3 H, +2D v, h
—(szn [%hn + & }*‘ai Uy : Z a ' 21 2 hn + . Zni Dm
‘3"1 bl 12 Dyx an, bi 2bl
v (H.+2D v H +2D
+ _Mg,zﬁ‘l I T L. ﬁi +i Gn +
24D P 2 6D, , aiz ,
_Maizﬁj of Pu _Hi+2Dy, g -l —o
24Dx ' 2 3Dx x aiz X
(1’11, =0/1/2/’”)
(11)

(3) When y, =0, M, =0

o Hl. +2va v 1 Hl. +2Dx‘ ‘ 1
Z(ﬁj +o alyw, + ——2a’ +—|C, +| ——a’ -— D,
nI:O ! ! ! o ! ! . !

i 2 m 2
3Dyi b, 6Dy1 b,
~ |H +2D h h 1 h
+2 ! XiVi 11.2 4 m M + 2| _ ]’l + m;
,;{ D, P atat 90 Py a’a’> ™ 6
, H+2D , 1 i v h c
+b°0v +—
Py D, a’a® ™ 2a’ | "
» |H.+2D h 7h
+2 _1 m;+1 i XY, 2 m m
( ) ,,IZ_;){ Dx i Pn [afn_az4 720 \J
N N , H+2D. , o h, g —o
— +_’ + v - ! —+ =
ﬁni fn_aiz m ﬁnl X; Dx_ am aiz m 211 2 n

(m;=0,1,2,--) (12)
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(4) When y, =b,, M =0

Z(—l)"‘(ﬁz +o a’)w + v, (H, +2D, )b2 4
nl XI ml mln,- 24D

n;=0 biz
v (H +2D_ ) v, H +2D 1
T e Bt 5 ¥ S i s it 8 ;_—
24Dy_ i 2 3D i 2
= H+2D h h
) _1)" W g2 g MMy g2 h +l
, H=+2D,, 1 i o h c
+B v - - +—
- H +2D h 7h
+2 1 m;+1 _1 n; 1 XY a‘2 4 n; + m;
(- HZO{< "= e a0
2 1 I’l Em 2 Hi+2ny 1 h Uxﬁm H 0
_ - - + — |+ v - LE2 N 4+ —— =
KPR ARTY Il R PR R
(mi =0,1,2,--) (13)

The deflection of the upper and lower plate could be expressed by formula [18]

mmx, My,
(x,y,)= Z ZAM W, cos i qog 1Yt

m; =0 n; = ! ai bi
where
TIX ., n.Ty.
W. j f X, Y, )cos—’cos’—y’dxdy,
tm,ni a b 1 1

i i

W, 2 bla’ h,__h, h,_h, C
=W, o+ Ca L -+
imn; mn; ["ern,-y,- i m; ﬁﬁ_b;} 90 ﬁi biz 6 m;

, . ho 7h, hoh ] .

+ “a —t— |- ——|(-])"

Famy, %1 B,b' 720 ) Bib? 12 =07 h,
hm

2 202 h’” ;_lm ;_l’" G
+ Ghy | T 750 | e
[JZm,-x,- 1 ﬁ"i afn ai4 90 arzn.aiz 6 '

i

h, 7h h, h .
2 Hamz i ﬁ a? a.4 720 _az a? _E D)™ H

1 1

(m =0,1,2,--, n =012,

Expanding the deflections of the lower plate into double cosine series at the contacting position

with the upper plate
2, & m,mx T
WZ(xl 4 yl) = z z /\'”1”1 Vvalnl cos la . €os 1b yl
m;=0mn;=0 1 1

4 b m,mx
W2m1"1 _EL .[o W, (x,,Y,)cos a,

Lcos nl;—% dx dy,

1

RSN m,Tx, 1,1y, m, TtXy 1Y,
IO > Z)\ W, 0s cos cos cos 7 dx. dy,

0 2m,n.
a 1 my=0n,=0 e a, 2 a, 1
4 & & a m X, n,7m m, Ttx n,m
=—> > AW, jlf 0822008 Th ™ 6 T 1y 1y
ab Moty STl b a b

171 my=0n,=0 2 1 1
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(ml. =0,1,2,"',' 1’li =0,1,2,"') (14)
Substituting x, =x, +x,, y, =y, +y, into Eq. (14), we obtain
J~ 1J-n1 m,mx, n,my, M TX

nm
052 Y2005 THT™1 1 T dx,dy,
b, a b

1 1

_ J.blj.ul m n(x +X ) ”2”(3/1 +.1/0),,OS m, 7txy
b, a

3 { 1 m,mx, a,a, i na, (m,a, +m,a,)

Cos nlgy Ldx dy,

1 1

ni(m,a, +ma,) a,a,

a,a . Te(m,a, —m.a
271 in (21 12)

n(m,a, —ma,) a,a,

1 . mymx, a,a, 1—cos rie(m,a, + mlaz)}
) aZal

1. mnx a,a ma,(m,a, —m.a
——gin—2"0 2"1 1—cos 1( 2" 1 2)
2 n(m,a, —m,a a,a

' lcos 1,7y, b,b, sin ntb, (n,b, +n,b,)
2 b, mn(n,b +nb,) b,b,
1,7y, bzbl in nb1(n2b1 — nlbz)
b

2

+lcos s
2 ,  T(n,b, —nb,) b,b,

1. mmy, b {1_Cosnd(n2bl+nlbz)}

——sin
2 b, n(n,b, +nb,) b,b,

—lsin ", bzbz ) |:1—COS nbl(nzbblb_ nlbz):|} =D

2

n(n,b, —n,b,
(m,=0,1,2,--; n,=0,12,-)
Eq. (8) can be rewritten as

2m1n1 - z z/\mzn2 2m2;12

l m, =01, =0
Taking into account that the deflections of upper and lower plates at the contact position are the
same, the deformation equation of compatibility is expressed as

2 2 h”] E’H h”l Enl
wmlnl +2 #zmlylbl ﬁ % - ﬁz b 2 + 6 Cm1
ny 1

) bl h 7h hoo k] i
+ 1 _ 1 _ 1 _1\u*t
Fam B b 720 pib® 12 =

2
+2 IuZmlxlal ﬁnl

[\e]
7~ N\
=
32
I
| =
K
N—
I
=
K]
+
|+
K]
]
@)

ata? 6 | M
my

U T/ R T T B
+2 ILlZmlxlalﬁnl 4 14+ - |- 212__1 (_1)1 H

a a 720 a, a, 12
=— A w D+— A D2 ba? | -2 -2 |- 2 C
ulbl ”;0; My, My, al ) ”;0; My, "lZmzy2 2 m, [ﬁ’i b24 90 J ﬁ’i bzz 6 my

133, po biat hnz 7h h, ;7 g
+EZZ myn, !’ernzy2 720 ﬁ bz 12 ( )
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4 -~ 22 hmz ]/_lmz hmz ]/_lmz
_bzzA D2y2m2x2a25n2 4 4_ - 2 2+ an

1 1 my=0mn,=0 a 2a2 90 (szaz 6
I ho 7h h
+— A D2l alp| s | 1yt
1 1 gonzz myny !‘lZmQx2 2 an2 {afnza; 720 ] 0[2 22 :l( )

(mizol]_,z,..." ni=0’1’2"”)

(15)
The double Fourier transform of the ground reaction force is expressed as
R S (R
6/ =—— =5 myity iy USY _(MTy2
QEM =~ i enf1- () [[1- 2y ] 6
- into double cosine series form
Z Z oS m,Tx, cos n, 1Y,
my=01n,=0 e Z2 mz"z az b2 (17)
in which
o hz m X, n,7t
W, = f 2 cos 272 dx.dy,
b, (18)
In view of the research contents in the literature [19], w o could be expressed as
1 (A+2u) &S
W, =52 Zz P wz pamym,
21 a,b, (A +p =55 (19)
where

1 [(=De™ 1][( DTe™ —1][(=1)" e ~1][(-1)"* ™ —11,
npqm2n2 _J.—oo I

o[- ] [1-cor e -]

Eq. (4) could be rewritten in double cosine series form, and considering that the plate and surface
of the elastic foundation have the same vertical displacement, thus the coefficients of corresponding
items are also the same. The deformation equation of compatibility is given as

1 (A+2p)
2’ ayb, (A +p)u ;;;Q”q L

2 b 2.2 hn ]/_ln hn En C,
— + 2 2 | 2 4
sznz luzmzyz ﬁ b4 90 ‘352 bzz 6 my

2_ pae [T 7h ) b R ] e
+ a 2 + 2 _ 2 _ 2 _ 1\t
Hamas 2 S| i 75700 | T g2 12 D™D,

d&dn

I 4
22 my my my my
+2| Wy, . 4, P - - + G
2m,yx, 2 1ny 4 4 2 2 ny
a, a, 90 a, a 6

22 hmz 7]/_1”’2 hmz E m2+1
2| Han, T2 P, atat i 720 | o a2 12 D "2
my "2

my 2

(mi =0,1,2,--5 n, =0,1,2,--9) (20)

D

7 F 7 7
myy myy m m

According to Egs. (8)~(13) and (15)~(20), the undetermined coefficients w
, Gnl , Hn1 , sznz , sz , sz , an , an could be solved. Substituting the solved
coefficients into Eq. (1) and Eq. (4), the subgrade reaction, deflection and internal force of the plate
could be obtained.

w

4
myiy
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2.1.3. Example

We consider a stepped rectangular plate resting on the surface of an elastic half space
foundation. The dimensions of the upper and lower plate are 4.0mx0.2m (side length x thickness) and
4mx0m (side length x thickness) respectively, and the uniform load ¢(x,,y,) on the plate is 0.98MPa.

In this case, the stepped rectangular plate degenerates into a rectangular plate. The performance
parameters of plate and foundation are given in Table 1.

Table 1. Performance parameters.

Poisson ratio Elastic modulus (MPa)
Plate 0.167 34300
Foundation 04 343

The subgrade reaction, bending moment and deflection of the plate could be obtained by the
solution, as shown in Figure 2.

Table 2 shows that the calculated results are consistent with the results in [19]. This comparison
proves the effectiveness of the theory proposed in this paper.

y (width/m) 00 x (length/m) y (width/m) 00 x (length/m)

(@) (b)

g g e
;4:‘::*::::0":‘3
A A S e A T
I S AN S B e,
T T A I S S s ooy
T R N R A T
L it
Ry et

i

2 Ty 4

: 00

vy (width/m) 00 x (length/m) y (width/m) x (length/m)
(© (d)

Figure 2. Calculation results using thin plate theory: (a) Subgrade reaction; (b) Bending moment of

plate (My ); (¢) Bending moment of plate (M ); (d) Deflection of plate.

Table 2. Comparison of calculation results of thin plate.

In this paper [19]
Maximum deflection (m ) 0.0107 0.0107
Maximum bending moment (kN -m ) 35.558 35.558
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2.2. Both upper and lower parts of the plate are moderately thick plates

2.2.1. Basic equations and boundary conditions

d0i:10.20944/preprints202305.2105.v1

The governing differential equations of moderately thick plate are determined by formulas [20]

G GRON I, ow,
D, —x12 +D,, E +(D,, +D,,) Py +C, ox, -C,®, =0
GZCIDy1 achy] achxl w,
D,, oy, + D ox, +(D,, +D66)5x18y1 +C,, o, —CQQ(I)y1 =0
0’ o oD, oD
Chitic, 20—, 4q-F=0
ox, oy, ox, oy,
62®X2 62®X2 aZ@yz 6w2
D, —8x22 +D,, oy +(D,, +D,,) o0y, +C,, o, -C,®, =0
achyz achyz 62<1>X2 ow,
D22 22 + D66 ax22 + (D12 + D66) aXZayz + C22 ayz C22®y2 = O
0’ o oD, oD
Cll w22 +C22 wz2 _Cll * _sz - +F-Q=0
ox, oy, ox, X

T -
where %, v, Wi, F, Q  are unknown coefficient.
Boundary restrictions are given as

M"i:M"i%‘:Q"f:O (xi=0 or xi=ai)

Myi ZMXfyszyfzo (xi:[) or xi:ai)

2.2.2. Coordination equation and analytical solution
Expanding CDXX_ , © yo Wi, F, Q, q into Fourier series
ZZ(p sina,, x, cosf, y,
ZZ%n cosa, x;sinf, vy,

w, = ZZwmmi cosa, x,Cosf, v,

=TT,

Q = Z ZQmﬂ!; Cosami xi cos ﬁni yi
m;on
q = qumln1 Cos aml xl cos ABnl yl

memn

,cosa, x,cosf, v,

. .. D w
in which “moi, "bmmf, mn;

21

F .
i, Twn and Qus are unknown coefficients.

Taking into account the continuous differentiability of the formula on the boundary of the plate,

we can write

ow.(0,y,) ow, (x, ,0) b,

TN a4 cos — 1 t=—1N}p cosa_ X
axi Z ﬁ ]/1 ayi 42 " e

D (Oy ——Zc cosf, Y D, (x 0) ——Zd cosa,, X,

awi(ai’yi i awi(xi'bi) bi

ZrJil TN e cos B cosa, X,
SR T
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. b.
q)x, (a,y,)= _%zgni COSﬁn, yi;q)y, (x;,0,) = _lehm, cosa,, X;

where a,, b, , ¢, d,, e, f,, 8 and h, = areunknown coefficients. According to boundary
conditions, we obtain the expressions
an1 =Cn1- 4 eni zgni 4 bmi =dmi 4 fm,v =hmi

(1) Derived from M_ =0 ontheedge x, =0, we obtain the expression

£ £
m; m;
z e D, (enl cosmm—a, ) -, P, D, + - (fm cos m, T — bm’_ )D12 - .Bn, ¢mln,_ D,

=0

(2) Derived from M, =0 ontheedge x, =g, we obtain the expression
| En €
z TDH (en, cos min - ani ) - am, gomln, Dll + T(fm, cos min - bml )D12 - ﬁnl ¢m1n, DlZ cos aml ai =0

(3) Derived from M, =0 ontheedge y, =0, we obtain the expression

& &
Z TDH (enx Cosmin_an,)_aml(Pmlnx D12 +71(me Cosmlﬂ—bmx )Dzz _ﬁnlllbm,nx Dzz} =0

(4) Derived from M, =0 ontheedge y, =b,, we obtain the expression

& &
Z ;11 DlZ (enx- Cosmin _anl )_aml gDmini DIZ +%(fml cos min _bml )D22 _ﬁnl lpminl D22:|C05ﬁnl bi = 0

Substituting the unfolded Fourier form of ® , ® ~and w into the Eq. (17), the expressions

are given as

a & a & & a &
—2D.a +——-D,b ——-"1D cosmme, ——-—>D, cosn,nf
2 ! 2 " 2 " 2 "
2 2 _
+(D11am1 + Dééﬁnl —i_cjll)qpmln1 +(D12 + Déé)amlﬁnl libmlnl _{—amlcjllujmln1 - O
(22a)
ﬁnl 8"11 anl 87!1

an Em ﬁn 87!
TDlZam + 5 Db, - fDu cosm le, — szz cosmm | f,,

+a,, B, (Dp, + Dy ), + ( B2 D, +a? Dy +C,, )¢m +B,Cpw, =0
(22b)

&, Cos@p B, Corthy +(02,Coi +B2Cp )0, +F, . =1,

(22¢)

&
My My

D angllz D b angmz D angnz D
1, + 2 12%m, ) 11 COsm, e, — ) 12 Cosnzﬂfm2

+(D 0‘22 + D66ﬁ52 + Cll)qomznz + (Dlz + Dy )O‘m2 B W, am2C11wm2n2 =0

117m

(22d)
& & & &
ﬁnszz Dua;12 + ﬁ"ZT"Z Dzzbm2 - (&Tmz D, cos mzn] e, - [B"ZTHZ D,, cos nzn] f, .,
ta,, ﬁnz (Dlz + D )(sznz + (ﬁi D,, + aiz Dy +Cy, )lpmznz + ﬁﬂzczzwmzn2 =0
(22e)
amz Cll(pm2n2 + ﬁnz (:Zzllbmzn2 + (arznz Cll + 1852 CZZ )wm2n2 + Qm2n2 = Fm2n2 (zzf)

Considering the same displacement of upper and lower plate at the contacting position, thus the
deflection equations of the upper and lower plate could be expanded into double cosine series as
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(x,y,)= ZZA W, cos i qog T Yr

; lmn
m; =0 n; = ' ai b].
M. TIX, n.7y.
I I X, Y, )cos—’cos’—y’dx.dy,
1 1 1
a. b.
1 1
4 a m, mx n, 7t
o = — § , W, (x,,y,) cos——cos % dx dy,
11
a,b, a, b,
4 by &KL m,Tx nm m, Tix n,m
:_IlJ.lZZA w 08 1T g T 66 1272 o yzdxdy
b 0 Jo Myt = 20,1y b 171
4,0, my=0n,=0 a 1 a, 2
4 & & m X, n,m m, X n,m
=— Z/\mnwmnj f cos Y1005 T2 155 ™ yzdxldyl
272 272
a1b1 my=01,=0 b1 a, bz
4 & & mnx nm m, (X, + X n,m(y, +
=— > > A w I I cos Y1005 2 ™ O)COS LU yo)dxdy
b myn,  2myn, b a b 1771
40, m,=0m,=0 1 2 2
4 o0 o0
= b 2 2 A D
ﬂ 2 my=0n,=0

(ml. 20,1,2,"'} ni :011121”') (22)

The deformation coordination equation between the upper and the lower plates is expressed as
1m]n1 - z z Am2n2 2m2n2D
1 m,=0mn,=0
The deformation coordination equatlon between the lower plate and the foundation is given as
1 (A+2p) < _

27‘[2612172 (/\ + ” u szqZQW pqnpqm2n2 myny m2n2

(23)
Through the Egs. (21), (22), (22) and (23), the undetermined coefficients m, a,, bm1 ;e fm1

nx

¢ Pon s Yo » W, E,., Q,, could be simultaneously solved. Substituting the solved

it it

coefficients into related formulas, the subgrade reaction, deflection and internal force of the plate
could be obtained.

2.2.3. Example

Recalculating the example in 2.1.3 according to the theory mentioned in this section, the results
are given in Figure 3.
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Figure 3. Calculation results using thick plate theory: (a) Subgrade reaction; (b) Bending moment of
plate (My ); (¢) Bending moment of plate (M ); (d) Deflection of plate.

The calculated results in this paper are consistent with the results in [19], as shown in Table 3.
This comparison proves the effectiveness of the theory proposed in this paper.

Table 3. Comparison of calculation results of thick plate.

In this paper [19]
Maximum deflection (m) 0.0107 0.0107
Maximum bending moment (kN -m ) 35.551 35.558

When the stepped rectangular plate is simultaneously analyzed using moderately thick plate
theory and thin plate theory, the same method (as shown in 2.1 and 2.2) could be used to solve the
bending moment and deflection formula of the plate.

3. Discussions

3.1. Effect of elastic modulus on the deflection of plate

The dimensions, Poisson ratios and elastic modulus of the rectangular stepped plate and
foundation are given in Table 4. The vertical uniform load value is 0.98MPa. The deflection curve of
the center line of the plate is shown in Figure 4, in which the number of the curves 1, 2, 3, and 4
indicate that the elastic modulus of the upper plate are 34300MPa, 343000MPa, 686000MPa, and
1029000MPa, respectively.
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Through Figure 4, it could be concluded that with the increase of the elastic modulus of the
upper plate, deflection at the center of the plate decreases, while the deflection at the edge of the plate
increases.

%103

5| \

15

005 1 15 2 25 3 35 4
Figure 4. Deflection curve of plates with different elastic modulus.

Table 4. Dimensions and properties of plates with different elastic modulus.

Side length  Thickness . . Elastic modulus
Component name Poisson ratio
(m) (m) (MPa)
Upper plate 2.0 0.1 0.167 Variable
Lower plate 4.0 0.3 0.167 34300
Foundation - - 0.4 343

3.2. Influence of plate theory on calculation results of plate deflection

The dimensions, Poisson ratios and elastic modulus of the rectangular stepped plate and
foundation are given in Table 5. The vertical uniform load value is 0.98MPa, the thickness of lower
plate is 0.2m, 0.3 m, 0.4m, 0.5m, 0.6m, 0.7m, 0.8m, 0.9m, and 1.0m, respectively. The deflection of the
center of the lower plate is given in Table 6, in which w, and w, are the deflection values

calculated by thin plate theory and moderately thick plate theory, respectively.

Through the calculation results in Table 6, it can be obtained that when the thickness of the plate
is small, the calculation results using the thin plate theory and the moderately thick plate theory are
basically the same.

Table 5. Dimensions and properties of plates with different thickness.

Side length Thickness . . Elastic modulus
Component name Poisson ratio
(m) (m) (MPa)
Upper plate 2.0 0.2 0.167 34300
Lower plate 2.0 Variable 0.167 34300

Foundation - - 0.4 343
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Table 6. Deflection at the center of the lower plate.

Thickness of Lower plate (m) w, (m) w, (m)
0.2 0.0053 0.0052
0.3 0.0042 0.0041
04 0.0035 0.0034
0.5 0.0030 0.0030
0.6 0.0027 0.0027
0.7 0.0025 0.0025
0.8 0.0024 0.0024
0.9 0.0023 0.0023
1.0 0.0022 0.0023

3.3. Influence of side length of upper and lower plates on calculation results of plate deflection

The dimensions of the stepped rectangular plates are given in Table 7. The vertical uniform load
value is 0.98MPa. Calculation results can be seen in Fig. 5, in which 1, 2, 3, and 4 indicate the side
length of the upper plate are 3.0m, 2.0m, 1.0m, and 0.5m, respectively. It could be concluded that the
deflection of the center of the plate increases as the size of the upper plate increases.

Table 7. Dimensions and properties of plates with different side length.

Side length  Thickness . . Elastic modulus
Component name Poisson ratio
(m) (m) (MPa)
Upper plate Variable 0.2 0.167 34300
Lower plate 4.0 0.3 0.167 34300
Foundation - - 04 343
x10-3
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z 3
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005 1 15 2 25 3 35 4
Figure 5. Deflection curve of plates with different side length.

4. Conclusions

This paper presents a new solving method to obtain the bending moment and deflection of the
stepped rectangular plate by using conventional thin plate theory and moderately thick plate theory.
Several conclusions can be drawn as following.

(1) Analytical solution of stepped rectangular plate using thin plate theory and moderately thick
plate theory is given by formula derivation. Comparing with existing research, it shows that the
analysis results are reliable.

(2) The increase of the elastic modulus of the upper plate can effectively reduce the deflection at
the center of the plate and slightly increase the deflection at the edge of the plate.

(3) When the thickness of the plate is not large enough, the deflection calculation results using
thin plate theory and the moderately thick plate theory are basically the same.
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(4) The greater the difference in the side length of the upper and lower plates, the greater the
deflection of the stepped rectangular plate. The increase of the deflection at the edge of the plate is
not as significant as that at the center of the plate.
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