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Article

Analysis of Arbitrarily Loaded Rectangular Thin
Plates with Two Opposite Edges Supported, One or
Both of Them Clamped, Using the Flexibility Method

and a Modified Lévy Solution

Valentin Fogang

Civil Engineer, C/o BUNS Sarl, P.O Box 1130, Yaounde, Cameroon; valentin.fogang@bunscameroun.com

Abstract: This paper aims to analyze arbitrarily loaded isotropic rectangular thin plates with two opposite
edges supported (simply supported or clamped), from which one or both are clamped, and the other edges
have arbitrary support conditions. Rectangular thin plates with two opposite edges simply supported are
routinely analyzed using for the deflection the simple trigonometric series of Lévy or the double trigonometric
series of Navier, while the loads are expanded in Fourier series. In this paper the flexibility method (or force
method) of the linear beam theory was applied whereby the unknowns were the bending moments along the
opposite edges; in this regard, the primary system was the plate simply supported along the above-mentioned
opposite edges and subjected to the external loads, system solved using the Lévy solution, and the redundant
system was the plate simply supported along the opposite edges and subjected to bending moments along
those edges. In the redundant system, a modified Lévy solution was introduced to account for the edge
moments. The compatibility equations (vanishing of the slopes at selected positions of the opposite edges) were
set to determine the unknowns and so the efforts in the plate. The results obtained were in good agreement
with the exact results.

Keywords: isotropic rectangular Kirchhoff plate; opposite edges clamped; arbitrary loading;
flexibility method; force method; Lévy solution; Fourier sine series

1. Introduction

The Kirchhoff-Love plate theory (KLPT) was developed in 1888 by Love using assumptions
proposed by Kirchhoff [1]. The KLPT is governed by the Germain—Lagrange plate equation; this
equation was first derived by Lagrange in December 1811 in correcting the work of Germain [2] who
provided the basis of the theory. For rectangular plates, Navier [3] in 1820 introduced a simple
method for the analysis when a plate is simply supported along all edges; the applied load and the
deflection were expressed in terms of Fourier components and double trigonometric series,
respectively. Another approach was proposed by Lévy [4] in 1899 for rectangular plates simply
supported along two opposite edges; the applied load and the deflection were expressed in terms of
Fourier components and simple trigonometric series, respectively. Many exact solutions for isotropic
linear elastic thin plates have been developed by Timoshenko [5]; the simple trigonometric series of
Lévy was mostly considered. Mama et al. [6] presented the single finite Fourier sine integral
transform method for the flexural analysis of rectangular Kirchhoff plate with opposite edges simply
supported, and the other edges clamped for the case of triangular load distribution on the plate
domain. Sayyad et al. [7] assessed a trigonometric plate theory for the static bending analysis of plates
resting on Winkler elastic foundation; the theory considered the effects of transverse shear and
normal strains. Xu et al. [8] got exact solutions for rectangular anisotropic plates with four clamped
edges through the state space method whereby the Fourier series in exponential form were adopted.
Khan et al. [9] used the variational approach to investigate a clamped rectangular plate under a
uniform load; the minimum total potential energy approach was considered. Onyia et al. [10]
presented the elastic buckling analysis of rectangular thin plates using the single finite Fourier sine
integral transform method. Pisacic et al. [11] developed a procedure of calculating deflection of
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rectangular plate using a finite difference method, programmed in Wolfram Mathematica; the system
of equations was built using the mapping function and solved with solve function. Delyavskyy et
al. [12] developed an approach to analyze thin isotropic symmetrical plates using combined analytical
and numerical methods. Imrak et al. [14] presented an exact solution for a rectangular plate clamped
along all edges in which each term of the series is trigonometric and hyperbolic, and identically
satisfies the boundary conditions on all four edges.

In this paper, arbitrarily loaded rectangular plates with two opposite edges supported, from
which one or both are clamped, and the other edges with arbitrary support conditions are analyzed.
The plate is modeled as the superposition of two systems: 1) the plate simply supported along the
opposite edges and subjected to the external loads, this system being solved using the Lévy solution,
2) the plate simply supported along the opposite edges and subjected to edge moment loading. Given
that the Lévy solution is not able to model plate edges subjected to a moment loading, a modified
Lévy solution will be introduced to account for the edge moments. Then, the flexibility method can
be applied.

2. Materials and methods

2.1. Governing equations of the plate

The Kirchhoff-Love plate theory (KLPT) [1] is used for thin plates whereby shear deformations
are not considered. The spatial axis convention (X, Y, Z) is represented in Figure 1 below.

Rectangular plate

|
|
|
|
¥

Figure 1. Spatial axis convention X, Y, Z.

The equations of the present section are related to the KLPT. The governing equation of the
isotropic Kirchhoff plate, derived by Lagrange, is given by

4 4 4
0 W, d'w +8 w_q(x,y)
ox*  ox29y* oy’ D

M

where w(x,1,z) is the displacement in z-direction, q(x,y) the applied transverse load per unit area,
and D the flexural rigidity of the plate.

The bending moments per unit length mx and myy, and the twisting moments per unit length
My are given by

*w  o'w 3w 0w
m_=-DX ~tV— |, m_=-DX ~tV— |
ox ay > ay ox
(2a—d)
o*w EW’

=—Dx(1- : D=—t
o X V)Xaxay 12(1-v?)

The Kirchhoff shear forces per unit length combine shear forces and twisting moments, and can
be expressed as follows:
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In these equations, E is the elastic modulus of the plate material, h is the plate thickness, and v
is the Poisson’s ratio.

2.2. Rectangular isotropic plate clamped along two opposite edges

The analyzed rectangular plate is assumed clamped along two opposite edges. The flexibility
method (or force method) of the linear beam theory was applied in this analysis whereby the
unknowns were the bending moments along the opposite edges. In this regard the primary system
was the plate simply supported along the above-mentioned opposite edges and subjected to the
external loads, and the redundant system was the plate simply supported along the opposite edges
and subjected to bending moments along those edges. The compatibility equations (vanishing of the
slopes along the opposite edges) will be used to determine the unknowns.

2.2.1. Primary problem: plate simply supported along two opposite edges

The plate dimensions in x- and y-direction are denoted by a and b, respectively. The rectangular
plate is assumed simply supported along the edges x = 0 and x = a. The solution by Lévy [4] that
satisfies the boundary conditions at these edges is considered for the deflection curve w(x,y) as

follows:
1 . MITX
wix, y)=—> F,(y)sin—=. )
D~ a
The Fourier sine series of the transverse applied load is given by
. mrx
q(x,»)=2.q,(y)sin p (5)
Substituting Equations (4) and (5) into (1) yields the differential equation
d‘F (y) (mzxY d*F (y) (mr)
T2 > T £, =4,1) ©)
dy a dy a
The solution to Equation (6) is as follows:
F (y)=A4,coshe,y+B o, ysinhe,y+C, sinher, y+D, o, ycoshe, y+ F;np »)
_mrx @)

" a
where the coefficients Am, Bm, Cm, and Dm are determined by satisfying the boundary and continuity
conditions in y-direction, and Fmp(y) is a particular solution to the differential equation.
Substituting Equation (4) into (2a-c) yields the equations of bending moments and twisting

moments as follows:

2
m_ = —z {—aiFm (y)+v %} sina, x,
2
m, = —Z {% —VaF, ( y)} sina, x, (8a—c)
m y
m,, =—(1-v)x Z a, @ cosa, x.
" 'y
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With regard to the boundary conditions at y =0 and y = b the equations for the slope dw/dy and
the bending moment myy are set using Equations (4), (7), and (8b) as follows

ow(x,y) _ iz dr, ()
dy D dy

A, sinhe,y+B, (sinhe, y+a,ycoshe, y)+

sina,,x

1 .
=) a, . 1 dE, sina,, x 9a
Dg‘ C,cosha,y+D, (coshamy+0(mysmhamy)+—% (%)
o 'y

m

2 .
A, cosha,y+B, [1— cosha,y+ o, ysinh amyj +
-V

. 2 . .
m,==>a.(1-v)|C, smhamy+Dm(1—s1nhamy+0{mycosh0(my)+ sin (9b)
m -V

1 [szmp(w

—va’F
o, (1-v)|  &* e (y)}

Furthermore, with regard to the boundary conditions at y =0 and y =b the Kirchhoff shear force
Vy is calculated by substituting Equations (4) and (7) into (3b) as follows:

3
V,==> dF—”‘fy)—(2—v)aiM sin, x
S dy

. +1 .
A, sinhe, y+ B, (V—lsmh o, y+a, ycosh amyj-i-
V_

(90)
== a, (v-1)|C, coshamy+Dm(V——i-icoshamy+amysinhamy)+ sine, x
m V=
1 d’F dF,
- mps(.y)_(z_v)a’i mp(y)
o, (v-1)| dy dy

In summary, the boundary conditions at y =0 and y =b needed to determine the coefficients Am,
Bm, Cm, and Dm.are expressed using the equations for the deflection (Equations (4) and (7)), the slope
ow/dy (Equation (9a)), the bending moment myy (Equation (9b)), and the Kirchhoff shear force Vyy
(Equation (9c)).

The flexibilities &o (slopes at positions j (xj, yj) of the opposite edges where the compatibility
equations will be set) for the primary problem are calculated using Equations (4) and (7) as follows:

1

m

m

ow(x,
Gy = gx )

4,cosha,y, +B,e,y sinhe,y, +C, sinhe,y,
- Cos amxj (10)
=)

+D,a,y;coshe,y, +F, (v;)

For the primary problem the bending moments myy are calculated using Equations (9b), and the
bending moments mxx and twisting moments mxy are calculated using Equations (7) and (8a,c) as
follows
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_Am cosha, y+B, [% cosha,y+a,ysinh amyJ +_
m, = —Zm:ai (v-1)| C, sinher, y+D, (%sinh a,y+ O(mycoshamyj sin &, x
Zo) (‘1/ oy {—aiFmp (n)+ v—dzg’”"z(y )} | (11a-b)

A, sinhe,y+ B, (sinhe, y+a,ycoshe,y)+

m, =—(1-v)x) a,

. 1 dF, Cos,X.
- C, Coshotmy+Dm(coshamy+amy51nhamy)+ ﬁ

a_idy

2.2.2. Redundant problem: plate subjected to a distributed bending moment along the edge x =0

The distribution of the bending moments X(y) along the clamped edge x = 0 depends on the
support conditions along the edges y =0 and y =b, namely supported (simply supported or clamped)
or free.

2.2.2.1. Edges y =0 and y = b simply supported or clamped

Redundant problem Xi=1

The edges y =0 and y =b are assumed simply supported or clamped. Observing that the bending
moments vanish at angles supported in two directions (in this case at y=0 and y =b), the distribution
of the bending moments X(y) along the clamped edge x = 0 can be described with the following
trigonometric series

X(»)=> X, Siany (12)

i=12...

Here, the redundant effort is a distributed bending moment sin (iy/b) along the edge x = 0
according to Equation (12), as represented in Figure 2 fori=3.

Simply supported (S5} or clamped

X,()=sin 22

85 S5

53 or clamped

¥

Figure 2. Redundant problem X3 = 1: Edge x = 0 subjected to bending moment loading sin (3wy/b).
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It is observed that in case of system and loading symmetrical with respect to axis y = b/2 only
odd values of i need be considered, the redundants being zero for even values; and in case of system
symmetrical and loading anti symmetrical with respect to axis y = b/2 only even values of i need be
considered, the redundants being zero for odd values.

To account for the edge moments the solution by Lévy [4] for the transverse displacement can
be modified as follows

2 3 .
s = Eh i 1212 a2 ®

The second term on the right-hand side of Equation (13) is the displacement function of a plate
strip simply supported at its ends and subjected at the edge x = 0 to a distributed moment sin

(imy/b). It is noted that Equation (13) satisfies the boundary conditions at edges x = 0 and x = a.
Substituting Equation (13) into (1) yields

4 2

D ~ dy4 m dy2 m”™ mi
2 (i) X iry a (ir) X xY i -
= Z =2 sin 22+ L[ 2 -2 1-2 ] [sin22 =0
D\ b a b 6D\ b a a b
The following functions contained in Equation (14) are expanded in Fourier sine series
3
X 2 . X X 12 .
l-—=)» —smme,x, 1-——|1-—| =) ——sina, x (15)
a ; mrx a ( aj Zm: m’n’

Substituting Equations (15) into (14) yields

4 2
Z d Fmi4(y) _20551 dez(y)+0{:1Fmi(y) SiIlO!mX'f'
dy dy

m

ar( i\ 2za’ (i) ir
+Z —(—j +— (—j sin—ysinamxzo
~ m\ b m \ b b

Given that Equation (16) holds for any value of x, it results the following differential equation

. ) N2 2 N\ 4 .
d Fmi4(y) 2} d Fmiz(y) +a'F (y)=— ﬂ(ij + 2”? (ij sin 22 17)
dy dy m \ b m’ \ b b

(16)

The solution to Equation (17) is identical to Equation (7) whereby the particular solution is given

by
4 i2 2a° i4
mlp) b
7/ m
Fmp[(y):kmi Slnl y k ;= (18)

© )]

Combining Equations (7), (13) and (18) yields the transverse displacement function as follows
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{ A _coshar,y+B, o ysinha, y+C, sinha,y+
wi(x,y)=— i sino, x+
=D ;‘ D, o, ycosha,y+k,, sin 22
L (19)

2 3 .
@\ ox (x| iy
6D a a b

To satisfy the boundary conditions at y = 0 and y = b, the Fourier series of Equation (15) is used;
Equation (19) becomes

A, cosha,y+B o ysinhe,y+C, sinhe,y+

1 .
w,(x,y)=— . sina,x
((5.) D; D, o, ycosha,y+k,, sin 22
b (20)
. 2a°
k, =k, +——
mi mi m3ﬂ_3

With resect to the boundary conditions at y = 0 and y = b the equations for the slope dw/dy and
the bending moment myy are set using Equations (9a-b) and (20) as follows

A, sinhe,y+B, (sinhe,y+a,ycoshe,y)+
d 1 . .
@:BZO% C, cosha,y+D, (coshe,y+ea,ysinhe,y)+ |sine,x (21a)
LT e gy
Lm _

2 .
A cosha, y+B (1— coshe, y+a, ysinh Otmyj +

2 .\ 2 2 .
-—— id (Lj +V(ﬂj k;;l. sinm—y
a. (1-v)|\b a b

In summary, the boundary conditions at y =0 and y = b needed to determine the coefficients Ami,
Bmi, Cmi, and Dmi.are expressed using Equations (20) and (21a-b)

. 2 . .
m, ==Y a.(1-v)|C, smhamy+Dm1.(1—s1nhamy+amycoshamy) sing,x  (21b)

The flexibilities 8ji (slopes at relevant positions j (Xj, Vj) of the opposite edges where the
compatibility equations will be set) for the redundant problem Xi =1 are calculated using Equation

(19); it yields
A, coshe,y, +B,a,y sinhe,y. +C, sinher,y, +
aW(x,y) 1 J J J J
0, =—""> :—Z(xm iy cosa, X,
-, ; j
dox =y, D D, oy coshe,y, +k, . sin——
y_yj mi mJ j mJs j mi

(22)

2 .
X. ITY.
+- 4 13 1-2 ] [sin 2
6D a b

The positions j must be chosen such as to be regularly distributed along the clamped edge.
Keeping in mind that there should be as many redundants as compatibility equations, for an edge
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with n redundants considered the positions yj = kxb/ (n + 1) with k =1, 2, 3 ...n as represented in
Figure 3a can be taken.

mxx,l.

. 1
2
$2 bi2| |
y 3 !
b : n-1
| P n
|
|
n-1
(a)
n

-

(b)

Figure 3. a) Positions yi () in general b) Positions yi () for system symmetrical and loading
symmetrical or anti symmetrical with respect to axis y = b/2.

It is recalled that in case of system and loading symmetrical with respect to axis y = b/2 only odd
values of i need be considered and in case of system symmetrical and loading anti symmetrical with
respect to the same axis only even values of i need be considered. In both cases, the flexibilities and
compatibility equations can be set in half of the structure in y—direction. Given the half edge with n

redundants, the positions yj=kxb/2n with k=1, 2, 3 ...n as represented in Figure 3b can be taken.

For the redundant problem Xi =1 the bending moments mxx and Myy, and the twisting moments
IMxy are calculated using Equations (2a-c) and (19) as follows

—Zm:(xi (v-1)

o

1-=
a

X ) .
Sin

. v .
C,sinhe,y+D,, (—Vl sinhe, y + ¢,y cosh amyj

2

2 .\2 .
—2”— (ﬂj +V(LJ kmisinm—y
a,(v-1)|\a b b
. 2 . 2 3 .
iry &(1) 1_1_(11) Gin 7Y
b 6 \ D a a

2 .
A, cosho,y+B,, (_Vl cosha,y+ca, ysinh amy) +
V j—

sino, x+

(23a)
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2 .
A4,,coshe,y+B,, (l—cosh o, y+o, ysinh amyj+

m,. ==Y o (1-v) Cmisinhamy+Dmi(lisinhamy+0{mycoshamy) sine, x
-V

p (ijz (mjz . Iy
—————|| | tV|—| |k, sin—
o, (1-v)|\b a b

2 . 2 3 . .
(T 212 foin {122 Jsin 22
6\ b a a b a b

A, sinhe,y+B, (sinhe, y+ea,ycoshe,y)+C,, coshe,y

(23b)

_ 2
m,, = —(l—v)xZOtm ia? iry cosa, x
n k .cos——

+D 2 mi
Tmb b (230)

mi

a(l-v)ix xY iy
+——1-3|1-—| |cos——
6 b a b

According to the flexibility method of the theory of elasticity, the compatibility equations are set
so as to restore the geometric boundary conditions of the clamped edges (vanishing of slopes
ow/ox at selected positions of the edge). Assuming a plate with n redundants, the

(coshe,y+a,ysinhe, y)+

compatibility equations for the position j (Xj, yj) can be expressed as follows
> X6,+6,=0 (24)
i=1

dp and 0ji being the flexibilities in the primary problem and in the redundant problems,

respectively. Equation (24) is set at selected positions j and so the redundant efforts are
determined. The efforts in the plate are then calculated as follows

S=S,+> XS, (25)
i=1
So and Si being the efforts in the primary problem and in the redundant problems,
respectively.

2.2.2.2. Edge y = 0 simply supported or clamped, and edge y = b free
Redundant problem Xi=1

Here the edge y =0 is simply supported or clamped and y =b is free. The analysis in this section
holds further if the edge y = 0 is free and y =b is simply supported or clamped; the plate must simply
be rotated by 180°.

Observing that the bending moments X(y) vanish at y = 0 (angle supported in two directions),
their distribution along the clamped edge x = 0 can be described with the following trigonometric
series

4 . I
X(y)= Z Xl.sm% (26)

i=1,3,5...
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i being an odd number. The redundant effort is a distributed bending moment sin (iny/2b) along
the edge x = 0 according to Equation (26), as represented in Figure 4 for i = 5.

Simply supparted {SS) or clamped

. Sry
X =smnm—=—
5()’) b

SS 55

Free edge

Figure 4. Redundant problem X5 = 1: Edge x = 0 subjected to bending moment loading sin (5ty/2b).

To account for the edge moments the solution by Lévy [4] for the transverse displacement can
be modified as follows

1 . a’ x Y. iy
w(x,y)=—)) F, . (y)sina,x+—|1-———|1—— | [sin—= 27
(x,7) D; ) 6D{ ; ( a” > (27)
The analysis continues similarly to Section 2.2.2.1. The differential equation (Equation (17))
becomes
d*F,, d’F,, dm( i Y SERN N
#—20{5 #“LO‘;FW(J’) =— —ﬂ-(Lj + 2”? L sinZ2 (28)
dy dy m \ 2b m> \ 2b 2b

The solution to Equation (28) is identical to Equation (7) whereby the particular solution is given

by
1(iY & (i)
mls) Tsm b
/ m

N (R E]

Therefore the transverse displacement function is as follows

A4, cosha,y+B, a ysinhe,y+C, sinhe,y+

1 .
w,(x,y)=— j sine, x
(09 D;‘ Dmiamycoshamy+kmisinl;[—;

2 3 .
+ =2 1= sin2Y
6D a a 2b

(30)
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To satisfy the boundary conditions at y = 0 and y = b, the Fourier series of Equation (15) is used;
Equation (30) becomes

A, cosho,y+B o ysinhe,y+C, sinha, y+

1 mi m .
w(xy)=—> . . iy sin@,, x
DC D, o, ycoshe, y+k, sin—=
2b (31)
N 24’
kmi = km %

mmw

With respect to the boundary conditions at y =0 and y = b the equations for the slope dw/dy and
the bending moment myy are set using Equations (8b) and (31) as follows

A, sinhe,y+B, (sinhe, y+a,ycoshe,y)+

1 . .
aw(x owxy) _ Za C,, cosha,y+D, (coshe,y+ea,ysinhe, y)+ [sine,x (32a)
“ k;icosm—y
L 2mb 2b

2 .
A cosha, y+B, (1— coshe, y+a,ysinh amyj +
-V

Yy

2 . \2 2 .
——F dd (Lj +v (ﬂj k:”. sin 7y
o, (I—V) 2b a 2b

Furthermore, with regard to the boundary conditions at y = b the Kirchhoff shear force is
calculated using Equations (31) and (9c). Observing that the first and third derivatives with
respect to y of the term with sin (iry/2b) contain cos (imy/2b) which vanishes at y =b, it results

. 2 . :
m =—Zam(1—v) le.s1nh0{my+Dml.(1—s1nhamy+amycoshamyj sina,,x (32b)

A, sinho, b+ B, (ismha b+a,beoshe, bj
V‘ ——Zof (v-1) V-l sina. x 33
y);:[;_ - m m ( )

C,cosha b+D,. (V——i_icosha b+a,bsinhe b]
In summary, the boundary conditions at y = 0 and y = b are expressed using Equations
(31), (32a-b), and (33); they permit to determine the coefficients Ami, Bmi, Cmi, and Dmi.
The flexibilities ;i (slopes at relevant positions j (Xj, yj) of the opposite edges where the
compatibility equations will be set) for the redundant problem Xi = 1 are calculated using
Equation (30) as follows

A, coshe,y +B, .,y sinhe,y +C, sinhe,y; +

1
=—Na iy cosa, X,
=, D Zm: D,a,y;coshe,y, +k, sin 22}’ !

y:y/ mi m

ow(x,y)
o, =—"72
! ox

(34)
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Given n redundants considered, the positions yj = kxb/n with k =1, 2, 3 ...n as represented in
Figure 5 can be taken.

I n-1
' A

Figure 5. Positions yi (e) for edges y = 0 supported and y =D free.

For the redundant problem the bending moments mxx and Myy and the twisting moments mxy
are calculated using Equations (2a-c) and (30):

2 .
A, cosha,y+B, (_Vl cosha, v+, ysinh amyj +

. v . .
m,,=—> a.(v-1)| C, smhamy+Dm,.(—Vlsmhamy+0{mycosh0{myj sin, x +
: . v
2 2 . \2 . (35a)
V4 m i iy
SN (S BN
a.(v-1)|\a 2b 2b
x iry va*(irY x xY ¥4
+(l——jsin—y+—(—j 1———(1——) sin =2
a 2b 6 \(2b a a 2b

2 .
A, cosha,y+B (1— cosha,y+a, ysinh amyj +

2 . 2 2 . (35b)
V4 i m . imy
) (2] a2
o, (1-v) { 2b a 2b

. 2 . .
m,. ==Y a.(1-v)|C, smhamy+Dm,.(1—s1nhamy+0{mycosh0{myj sine, x +

2
m,,, =—(1 —V)XZO(M ia i cosa, x+
m

L ' 2Zm*h ™ 2b (35¢)
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The compatibility equations and the efforts in the plate are calculated using Equations (24) and
(25).

2.2.23.Edgesy=0and y =b free
Redundant problem Xi=1

The edges y = 0 and y = b are free. Observing that the bending moments X(y) have non zero
values at the angles, their distribution along the clamped edge x = 0 can be described with the
following trigonometric series

- i
X(y)= z X, cos 2 (36)
i=0,1,2... b
The redundant effort is a distributed bending moment cos (imty/b) along the edge x = 0

according to Equation (36), as represented in Figure 6 fori=4.

Free edge

Simply supported

S8
Kotz |

85

Free edge

Figure 6. Redundant problem X4 = 1: Edge x = 0 subjected to bending moment loading cos

(4my/b).

It is observed that in case of loading symmetrical with respect to axis y = b/2 only even values of
i need be considered, the redundants being zero for odd values; and in case of loading anti
symmetrical with respect to the same axis only odd values of i need be considered, the redundants
being zero for even values.

To account for the edge moments the solution by Lévy [4] for the transverse displacement can
be modified as follows

2 3 .
w,(x,y) =%ZFmi(y)sinamx+g—D{l—2—(1—2) }cosmTy 37)

The analysis continues similarly to Section 2.2.2.1. The differential equation (Equation (17))
becomes



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 June 2023 d0i:10.20944/preprints202305.2121.v2

14

4 2 - \2 2 7\ .
4E,W) F’""4(y )_ 20 4E,G) F’""Z(y ) +aF (y)=- 4—”(1) + 27“31 (Lj cosm—y (38)
dy dy m\ b m \ b b

The solution to Equation (38) is identical to Equation (7) whereby the particular solution is given

by
4(iY 24°(iY
m\b) w (b
- p”
F,.(») =k, cos =~ ko o=- (39)

C ]

Therefore, the transverse displacement function is as follows

A4, coshe,y+B

m

.o, ysinhe,y+C, sinhe,y+

1 .
wi(x,y)=— j sina, x
4 D; D,.c ycosha,y+k, cosUZTy

2 3 .
a X X T
+ 1= 1-2 ] Jeos X
6D a a b
To satisfy the boundary conditions at y = 0 and y = b, the Fourier series of Equation (15) is used;
Equation (40) becomes

(40)

A, cosha,y+B o, ysinhe,y+C, sinhe,y+

1 .
w(x,y)=— \ j sina,, x
((5:) D; D, o, ycoshe,y+k,, cosmTy @
. 2a°
k,=k,+——
mi mi m3ﬂ_3

With regard to the boundary conditions at y = 0 and y = b the equation for the bending moment
myy is set using Equations (8b) and (41) as follows

2 .
A, coshe,y+B,, (l—cosh o, y+o, ysinh amyj +
-V

2 N\2 2 .
—2”— (ij +v [ﬂj k. cos 2
a.(1-v)|\b a b

Furthermore, with regard to the boundary conditions at y = 0 and y = b the Kirchhoff
shear force is calculated using Equations (41) and (9c). Observing that the first and third
derivatives with respect to y of the term with cos (imy/b) contain sin (iny/b) which vanishes
aty=0andy=b,itresultsaty=0andy=b

m, = —Z o, (1-v)| C, sinhe,y+D,, (lisinh a,y+a,ycosh amy] sin ¢, x (42)
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: v+l .
A,sinhe,y+B,, (—1 sinhe,y+ o, ycosh Otmyj +
V- .
smea,x (43)

YA

+1 :
C,cosha,y+D,, (V_l cosha,y+a, ysinh amyj

In summary the boundary conditions at y = 0 and y = b are formulated using Equations
(42) and (43); they permit to determine the coefficients Ami, Bmi, Cmi, and Dmi.

The flexibilities ;i (slopes at relevant positions j (Xj, yj) of the opposite edges where the
compatibility equations will be set) for the redundant problem Xi =1 are calculated using
Equation (40) as follows

4,cosha,y +B, a,y sinha,y, +C, sinhe,y, +

mi m

1
5, owx, )| _1 3 a, iny, COS &%,
« x x=y D% Do,y cosha,y; +k,, cos -
=) (44)
2 .
X. Iy,
+ 4 3| 1- 2] | eos 22
6D a b

For n redundants considered, the positions yj = kxb/(n — 1) with k=0, 1, 2 ...n - 1 as shown in
Figure 7a can be taken.

e < of
2 2
*3 3

y . b/2 |
b | l n-1

: L1
|

(a) A (b)

S n

Figure 7. a) Positions yi () in general b) Positions yi (e) for loading symmetrical or anti symmetrical
with respect to axis y =b/2.

It is reminded that in case of loading symmetrical with respect to axis y = b/2 only even values
of i need be considered and in case of loading anti symmetrical with respect to the same axis only
odd values of i need be considered. In both cases, the flexibilities and compatibility equations can be
set in half of the structure in y—direction. Given the half edge with n redundants, the positions yj =
kxb/2(n—-1) withk=0,1,2,3 ...n-1 as represented in Figure 7b can be taken.

However, in case of loading anti symmetrical with respect to axis y =b/2 compatibility equations
should not be set at position yj=b/2 since the slopes vanish there in the redundant problems as well
as in the primary problem; by considering this position the flexibility matrix becomes singular.
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For the redundant problem Xi =1 the bending moments mxx and Myy and the twisting moments

IMxy are calculated using Equations (2a-c) and (40):

2 .
4, coshe, y+B, (_Vl coshe, y+ o, ysinh amyj +

. v . .
m, . =—ZO{2 (v-1)|C,, sinhex, y+D,, (—Vlsmhamy+0(mycoshamyj sino, x +
, ~ v
5 2 N2 . (45a)
/4 m i iy
—-— (—j +v[—j k,; cos—=
a,(v-1)|\a b b
X iry va'(ir\ X xY ¥4
+(1——jcos—y —(—j 1———(1——j cos =2
a b 6 \b a a
2 .
4, coshe, y+B,, l—coshamy+amys1nh0(my +
_ ) . 2 . .
m, ——ZOJm (I-v)|C, sinhe, y+D,, Esmhamy+0(mycoshamy sino, x +
) N2 2 , (45b)
/4 i m iy
— (—j +V(_j k,; cos—=
a. (1-v)|\b a b
2 . 2 3 . .
+a—(£j 1—1—(1—£j cosm—y+v(l—£jcosm—y
6\ b a a b a
A, sinhe,y+B, (sinhe,y+a,ycoshe,y)+C,, coshe,y
m, . =—(1-v)xy o ia’ i cosa, x+
; +D, (coshe, y+a,ysinhe,y)— mz k,,sin iy
Tm'b (45¢)

. 2 .
_al-v) iz 1—3(1—1 sin 2
6 b a b

The compatibility equations and the efforts in the plate are calculated using Equations (24) and
(25).

2.2.3. Redundant problem: plate subjected to a distributed bending moment along the edge x =a

The edges x =0 and x = a are assumed clamped. Given then the symmetrical nature of the plate
with respect to the axis x = a/2, the positions along the edge x = 2 where the compatibility equations
are set will be taken identical to those of the edge x = 0. Therefore, for redundant problems the
bending moments mxx and myy and the twisting moments mxy will be the same as in Section 2.2.2;
however, given that the flexibilities are defined as slopes in this study, the values for the case of
bending moments acting along the edge x = a are obtained by affecting a minus sign to the
corresponding values for the case of bending moments acting along the edge x = 0.

Else, the analysis could be conducted similarly to Section 2.2.2, whereby the modified Lévy
solution for edges y =0 and y = b supported e.g. would be given by

Hls

a’ | x
(Y)sinax, x+—| ——
(V) A

iny

1
W) =52 F, (46)
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Following Fourier sine series expansions are useful in the analysis
m+1 3 m+1
X 2(-1 : x (x 12(-1 :
—= ngm a,x, ——|— =Z%sm o,x (47)
a < mrw a \a -~ mr

3. Results and discussion

3.1. Plate clamped along the edges x =0, y = 0, and y = b and simply supported along x =a

The analysis of a rectangular plate clamped along the edges x =0, y =0, and y = b and
simply supported along the edge x = a and subjected to a uniformly distributed load q was
conducted whereby the Poisson’s ratio was not considered. The plate dimensions in x- and
y-directions were denoted by a and b, respectively. The bending moments at the middle of
the clamped edge x = 0 are mx.« = -qa*/Nx« and those at the middle of the plate mm = qa?/Nxm
and mym = qa*Nym. Detailed results are presented in the Supplementary Material
“Rectangular plate clamped and simply supported.” Table 1 lists the results, depending
on the ratio b/a, obtained using the Czerny tables [14] (exact results) and those obtained in
the present study whereby one redundant (i = 1 for the position yj = b/2), three redundants
(i=1, 3, and 5 for the positions y;j = b/10, 3b/10, and b/2), and five redundants (i=1, 3, 5, 7,
and 9 for the positions yj=b/10, b/5, 3b/10, 2b/5, and b/2) were considered. It is recalled that
only half of the structure in y—direction and odd values of i are taken since the system and
loading are symmetrical with respect to axis y = b/2.

Table 1. Coefficients of bending moments at the middle of the clamped edge and middle of the

plate.
b/a 1.00 1.25
N, Nixm Nym N Nim Nym
Czerny tables [14] (exact results)
18.3 59.5 44.1 12.7 34.2 45.8
Present study
1 redundant 18.82  59.30  44.20 13.29 3448 4581
3 redundants 1829  59.31  44.03 13.03 3434 4574
5 redundants 18.19  59.30 44.02 1296 3434 4571

As Table 1 shows, the results of the present study show good agreement with the exact results.
The accuracy should be increased by considering more redundants (more values of i) since the
geometric boundary conditions of the original structure (vanishing of the slopes along the opposite
edges) should be restored all over the clamped edge and not only at selected positions. In this
example, accuracies more than 99% were already obtained by taking three redundants.

3.2. Rectangular plate clamped along all edges

A rectangular plate clamped along all edges and subjected to a uniformly distributed load q was
analyzed whereby the Poisson’s ratio was not considered. The plate dimensions in x- and y-
directions are denoted by a and b, respectively. The bending moments at the middle of the
clamped edges x =0 and x = a and at the middle of the clamped edgesy =0and y=b are
mx.d = -qa%/Nxd and my.a = -qa*/Ny.qa , respectively, and those at the middle of the plate are
mxm = qa?/Nxm and mym = qa?/Nym. Detailed results are presented in the Supplementary
Material “Rectangular plate clamped along all edges.” Table 2 displays the results,
depending on the ratio b/a, obtained using the Czerny tables [14] (exact results) and those
obtained in the present study whereby at edges x = 0 and x = @ one redundant (i = 1 for the position
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yi = b/2) and three redundants (i = 1, 3, and 5 for the positions yj = b/10, 3b/10, and b/2) were
considered. It is recalled that only half of the structure in y—direction and odd values of i are taken
since the system and loading are symmetrical with respect to axis y = b/2.

Table 2. Coefficients of bending moments at the middle of the clamped edge and middle of the

plate.
b/a 1.00 1.25
Nxd Ny,a Nixm Nym Nx,a Ny,a Nixm Nym
Czerny tables [14] (exact results)
19.4 19.4 56.8 56.8 14.9 17.7 37.0 69.4
Present study
2 redundant 20.10 19.72 5649  57.13 1533 1815 3698  69.42
6 redundants 19.61 1945 56.71  55.80 1515 1786 36.82 67.36

As Table 2 shows, the results of the present study show good agreement with the exact results.
The accuracy should be increased by considering more redundants (more values of i). In this example,
accuracies more than 99% were already obtained by taking three redundants at each edge.

3.3. Rectangular plate clamped along x = 0, simply supported along x = a and y = 0, and free along y ="b

The analysis of a plate clamped along the edge x = 0, simply supported along x =g and y
= 0, and free along y = b and subjected to a uniformly distributed load q was conducted
whereby the Poisson’s ratio was not considered. The plate dimensions in x- and y-directions
are denoted by a and b, respectively. The bending moments are myre = -qb?/Nx e at the end
of the clamped edge x = 0, mxfrm = qb?/Nxmin the middle of the free edge, and mxm = qb?/Nxm
and mym = qb?/Nym in the middle of the plate. Details of the results are presented in the
Supplementary Material “Rectangular plate clamped simply supported and free.” Table 3
lists the results, depending on the ratio b/a, obtained using the Czerny tables [14] (exact
results) and those obtained in the present study whereby one redundant (i = 1 for the
position yj = b), three redundants (i = 1, 3, and 5 for the positions y;j = b/5, 3b/5, and b), and
five redundants (i =1, 3, 5, 7, and 9 for the positions yj = b/5, 2b/5, 3b/5, 4b/5, and b) were
considered.

Table 3. Coefficients of bending moments at the clamped edge, at the free edge and at the middle of

the plate.
b/a 1.00 1.20
Nxm Nym Nx frm N fre Nxm Nym N frm N fre
Czerny tables [14] (exact results)
2142 7985  16.60 7.89 2791 14364 2329 1140
Present study
1 redundant 2092 70.85 16.21 7.69 2656 11624 2244  10.85
3 redundants 2142  79.89 16.61 7.97 27.89 14474 2328 1141
5 redundants 2140 79.77  16.59 7.90 27.87 14353 2327 1140

As Table 3 shows, the results of the present study show good agreement with the exact results.
The accuracy is increased by considering more redundants. In this example, accuracies more than
99% were already obtained by taking three redundants.
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3.4. Rectangular plate clamped along the edges x = 0 and x = a, free along the edges y =0 and y = b and
subjected to an anti-symmetrical loading

A rectangular plate clamped along the edges x = 0 and x = 4, free along y =0 and y = b and
subjected to an anti-symmetrical loading p = p(1 — 2y/b) was analyzed whereby the Poisson’s
ratio was not considered. The plate dimensions in x- and y-directions are denoted by a and
b, respectively. The bending moments are mxtre = -qa?/Nx e at the end of the clamped edge x
=0 and mxsm = gqa?/Nxtm in the middle of the free edge. Details of the results are presented
in the Supplementary Material “Rectangular plate clamped and free.” Table 4 displays the
results, depending on the ratio b/a, obtained using the Finite element method (FEM) and
those obtained in the present study. On the one hand, the finite element analysis was carried
out by taking a 20 X 20 mesh for the ratio b/a =1.0, a 20 x 25 mesh for the ratio b/a =1.25, and
a 20 x 30 mesh for the ratio b/a =1.5. On the other hand, we considered in the present study
at edges x =0 and x = a one redundant (i = 1 for the position yj = 0), three redundants (i=1,
3, and 5 for the positions yj=0, b/5, and 2b/5), and five redundants (i=1, 3, 5, 7, and 9 for the
positions yj =0, b/10, b/5, 3b/10, and 2b/5). It is recalled that compatibility equations should not be set
at positions y = b/2 since the slopes vanish in the redundant problems.

Table 4. Coefficients of bending moments at the end of the clamped edge and at the middle of the

free edge.
b/a 1.00 1.25 1.50
N fre Nixfrm N fre Nixfrm Ny fre Nixtrm
FEM results
16.58 42.42 15.32 36.52 14.61  33.35
Present study

2 redundant 18.59 45.40 17.13 39.22 1628  35.94

6 redundants 16.40 44.15 15.44 37.89 14.88  34.52
10 redundants 15.51 44.05 14.73 37.78 14.29  34.42

As Table 4 shows, the results of the present study show reasonable agreement with the FEM
results.

4. Conclusions

In this paper, arbitrarily loaded isotropic rectangular thin plates supported (simply supported
or clamped) along two opposite edges, from which one or both are clamped, and the other edges with
arbitrary support conditions were analyzed. The flexibility method (or force method) of the linear
beam theory was applied whereby the unknowns were the bending moments along the opposite
edges; in this regard the primary system was the plate simply supported along the above-mentioned
opposite edges and subjected to the external loads and the redundant system was the plate simply
supported along the opposite edges and subjected to edge moments. We showed that the solution by
Lévy [4] commonly used in the case of simply supported opposite edges can be extended, with some
adjustment, to simply supported opposite edges subjected to edge moment loading. The
compatibility equations (vanishing of the slopes at selected positions of the clamped edge) were set
to determine the unknowns and so the efforts in the plate. Numerical results were presented and
showed good agreement with the exact results.

The following aspect was not addressed in this study but could be analyzed in future research:
Rectangular anisotropic plate

However, the following study limitation should be acknowledged: the vanishing of the slopes
at the clamped edge (the compatibility equation) is set at selected positions and not all over the edge
as it should be. Hence, more redundants must be considered to increase the accuracy.

Supplementary Materials: The following files were uploaded during submission:
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e  “Rectangular plate clamped and simply supported”

e  “Rectangular plate clamped along all edges”

e  “Rectangular plate clamped simply supported and free”
e  “Rectangular plate clamped and free.”
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