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Article 

Analysis of Arbitrarily Loaded Rectangular Thin 
Plates with Two Opposite Edges Supported, One or 
Both of Them Clamped, Using the Flexibility Method 
and a Modified Lévy Solution 
Valentin Fogang 
Civil Engineer, C/o BUNS Sarl, P.O Box 1130, Yaounde, Cameroon; valentin.fogang@bunscameroun.com 

Abstract: This paper aims to analyze arbitrarily loaded isotropic rectangular thin plates with two opposite 
edges supported (simply supported or clamped), from which one or both are clamped, and the other edges 
have arbitrary support conditions. Rectangular thin plates with two opposite edges simply supported are 
routinely analyzed using for the deflection the simple trigonometric series of Lévy or the double trigonometric 
series of Navier, while the loads are expanded in Fourier series. In this paper the flexibility method (or force 
method) of the linear beam theory was applied whereby the unknowns were the bending moments along the 
opposite edges; in this regard, the primary system was the plate simply supported along the above-mentioned 
opposite edges and subjected to the external loads, system solved using the Lévy solution, and the redundant 
system was the plate simply supported along the opposite edges and subjected to bending moments along 
those edges. In the redundant system, a modified Lévy solution was introduced to account for the edge 
moments. The compatibility equations (vanishing of the slopes at selected positions of the opposite edges) were 
set to determine the unknowns and so the efforts in the plate. The results obtained were in good agreement 
with the exact results.  

Keywords: isotropic rectangular Kirchhoff plate; opposite edges clamped; arbitrary loading; 
flexibility method; force method; Lévy solution; Fourier sine series 

 

1. Introduction 

The Kirchhoff–Love plate theory (KLPT) was developed in 1888 by Love using assumptions 
proposed by Kirchhoff [1]. The KLPT is governed by the Germain−Lagrange plate equation; this 
equation was first derived by Lagrange in December 1811 in correcting the work of Germain [2] who 
provided the basis of the theory. For rectangular plates, Navier [3] in 1820 introduced a simple 
method for the analysis when a plate is simply supported along all edges; the applied load and the 
deflection were expressed in terms of Fourier components and double trigonometric series, 
respectively. Another approach was proposed by Lévy [4] in 1899 for rectangular plates simply 
supported along two opposite edges; the applied load and the deflection were expressed in terms of 
Fourier components and simple trigonometric series, respectively. Many exact solutions for isotropic 
linear elastic thin plates have been developed by Timoshenko [5]; the simple trigonometric series of 
Lévy was mostly considered. Mama et al. [6] presented the single finite Fourier sine integral 
transform method for the flexural analysis of rectangular Kirchhoff plate with opposite edges simply 
supported, and the other edges clamped for the case of triangular load distribution on the plate 
domain. Sayyad et al. [7] assessed a trigonometric plate theory for the static bending analysis of plates 
resting on Winkler elastic foundation; the theory considered the effects of transverse shear and 
normal strains. Xu et al. [8] got exact solutions for rectangular anisotropic plates with four clamped 
edges through the state space method whereby the Fourier series in exponential form were adopted. 
Khan et al. [9] used the variational approach to investigate a clamped rectangular plate under a 
uniform load; the minimum total potential energy approach was considered. Onyia et al. [10] 
presented the elastic buckling analysis of rectangular thin plates using the single finite Fourier sine 
integral transform method. Pisacic et al. [11] developed a procedure of calculating deflection of 
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rectangular plate using a finite difference method, programmed in Wolfram Mathematica; the system 
of equations was built using the mapping function and solved with solve function. Delyavskyy  et 
al. [12] developed an approach to analyze thin isotropic symmetrical plates using combined analytical 
and numerical methods. Imrak et al. [14] presented an exact solution for a rectangular plate clamped 
along all edges in which each term of the series is trigonometric and hyperbolic, and identically 
satisfies the boundary conditions on all four edges.  

In this paper, arbitrarily loaded rectangular plates with two opposite edges supported, from 
which one or both are clamped, and the other edges with arbitrary support conditions are analyzed. 
The plate is modeled as the superposition of two systems: 1) the plate simply supported along the 
opposite edges and subjected to the external loads, this system being solved using the Lévy solution, 
2) the plate simply supported along the opposite edges and subjected to edge moment loading. Given 
that the Lévy solution is not able to model plate edges subjected to a moment loading, a modified 
Lévy solution will be introduced to account for the edge moments. Then, the flexibility method can 
be applied. 

2. Materials and methods 

2.1. Governing equations of the plate  

The Kirchhoff–Love plate theory (KLPT) [1] is used for thin plates whereby shear deformations 
are not considered. The spatial axis convention (X, Y, Z) is represented in Figure 1 below. 

 

Figure 1. Spatial axis convention X, Y, Z. 

The equations of the present section are related to the KLPT. The governing equation of the 
isotropic Kirchhoff plate, derived by Lagrange, is given by 

4 4 4

4 4
( , )2

² ²
w w w q x y
x x y y D

∂ ∂ ∂+ + =
∂ ∂ ∂ ∂

 (1)

where w(x,y,z) is the displacement in z-direction, q(x,y) the applied transverse load per unit area, 
and D the flexural rigidity of the plate. 

The bending moments per unit length mxx and myy, and the twisting moments per unit length 
mxy are given by  
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2

, ,

(1 ) ,
12(1 )
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w Ehm D D
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   ∂ ∂ ∂ ∂= − × + = − × +   ∂ ∂ ∂ ∂   
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∂ ∂ −

 (2a–d)

The Kirchhoff shear forces per unit length combine shear forces and twisting moments, and can 
be expressed as follows: 
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( ) ( )
3 3 3 3

3 2 3 22 , 2 .x y
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ν ν   ∂ ∂ ∂ ∂= − × + − = − × + −   ∂ ∂ ∂ ∂ ∂ ∂   
 (3a–b)

In these equations, E is the elastic modulus of the plate material, h is the plate thickness, and ν 
is the Poisson’s ratio.  

2.2. Rectangular isotropic plate clamped along two opposite edges 

The analyzed rectangular plate is assumed clamped along two opposite edges. The flexibility 
method (or force method) of the linear beam theory was applied in this analysis whereby the 
unknowns were the bending moments along the opposite edges. In this regard the primary system 
was the plate simply supported along the above-mentioned opposite edges and subjected to the 
external loads, and the redundant system was the plate simply supported along the opposite edges 
and subjected to bending moments along those edges. The compatibility equations (vanishing of the 
slopes along the opposite edges) will be used to determine the unknowns.  

2.2.1. Primary problem: plate simply supported along two opposite edges 

The plate dimensions in x- and y-direction are denoted by a and b, respectively. The rectangular 
plate is assumed simply supported along the edges x = 0 and x = a. The solution by Lévy [4] that 
satisfies the boundary conditions at these edges is considered for the deflection curve w(x,y) as 
follows:  

1( , ) ( )sin .m
m

m xw x y F y
D a

π=   (4)

The Fourier sine series of the transverse applied load is given by   

( , ) ( )sinm
m

m xq x y q y
a
π=  (5)

Substituting Equations (4) and (5) into (1) yields the differential equation  

2 44 2

4 2
( ) ( )2 ( ) ( )m m

m m
d F y d F ym m F y q y
dy a dy a

π π   − + =   
   

 (6)

The solution to Equation (6) is as follows: 

( ) cosh sinh sinh cosh ( )m m m m m m m m m m m mp

m

F y A y B y y C y D y y F y
m
a

α α α α α α
πα

= + + + +

=
 (7)

where the coefficients Am, Bm, Cm, and Dm are determined by satisfying the boundary and continuity 
conditions in y-direction, and Fmp(y) is a particular solution to the differential equation. 

Substituting Equation (4) into (2a-c) yields the equations of bending moments and twisting 
moments as follows: 

2
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





 (8a–c)
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With regard to the boundary conditions at y = 0 and y = b the equations for the slope ∂w/∂y and 
the bending moment myy are set using Equations (4), (7), and (8b) as follows 
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  (9b)

Furthermore, with regard to the boundary conditions at y = 0 and y = b the Kirchhoff shear force 
Vy is calculated by substituting Equations (4) and (7) into (3b) as follows: 
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(9c)

In summary, the boundary conditions at y = 0 and y = b needed to determine the coefficients Am, 
Bm, Cm, and Dm.are expressed using the equations for the deflection (Equations (4) and (7)), the slope 
∂w/∂y (Equation (9a)), the bending moment myy (Equation (9b)), and the Kirchhoff shear force Vyy 

(Equation (9c)). 
The flexibilities δj0 (slopes at positions j (xj, yj) of the opposite edges where the compatibility 

equations will be set) for the primary problem are calculated using Equations (4) and (7) as follows: 

0

cosh sinh sinh( , ) 1 cos
cosh ( )j

j

m m j m m j m j m m j
j m m jx x m m m j m j mp jy y

A y B y y C yw x y x
D y y F yx D

α α α α
δ α α

α α=
=

+ + ∂= =  + +∂   
  (10)

For the primary problem the bending moments myy are calculated using Equations (9b), and the 
bending moments mxx and twisting moments mxy are calculated using Equations (7) and (8a,c) as 
follows  
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(11a–b)

2.2.2. Redundant problem: plate subjected to a distributed bending moment along the edge x = 0  

The distribution of the bending moments X(y) along the clamped edge x = 0 depends on the 
support conditions along the edges y = 0 and y = b, namely supported (simply supported or clamped) 
or free.  

2.2.2.1. Edges y = 0 and y = b simply supported or clamped 

Redundant problem Xi = 1   

The edges y = 0 and y = b are assumed simply supported or clamped. Observing that the bending 
moments vanish at angles supported in two directions (in this case at y= 0 and y = b), the distribution 
of the bending moments X(y) along the clamped edge x = 0 can be described with the following 
trigonometric series 

1,2...
( ) sin

n

i
i

i yX y X
b

π
=

=   (12)

Here, the redundant effort is a distributed bending moment sin (iπy/b) along the edge x = 0 
according to Equation (12), as represented in Figure 2 for i = 3.  

 
Figure 2. Redundant problem X3 = 1: Edge x = 0 subjected to bending moment loading sin (3πy/b). 

3
3( ) sin yX y
b
π=
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It is observed that in case of system and loading symmetrical with respect to axis y = b/2 only 
odd values of i need be considered, the redundants being zero for even values; and in case of system 
symmetrical and loading anti symmetrical with respect to axis y = b/2 only even values of i need be 
considered, the redundants being zero for odd values. 

To account for the edge moments the solution by Lévy [4] for the transverse displacement can 
be modified as follows 

321( , ) ( )sin 1 1 sin
6i mi m

m

a x x i yw x y F y x
D D a a b

πα
  = + − − −  

   
  (13)

The second term on the right-hand side of Equation (13) is the displacement function of a plate 
strip simply supported at its ends and subjected at the edge x = 0 to a distributed moment sin 
(iπy/b). It is noted that Equation (13) satisfies the boundary conditions at edges x = 0 and x = a. 
Substituting Equation (13) into (1) yields 

4 2
2 4

4 2

2 4 32

( ) ( )1 2 ( ) sin

2 1 sin 1 1 sin 0
6

mi mi
m m mi m

m

d F y d F y F y x
D dy dy

i x i y a i x x i y
D b a b D b a a b

α α α

π π π π

 
− + + 

 
        + − + − − − =        

         


 (14)

The following functions contained in Equation (14) are expanded in Fourier sine series 

3

3 3
2 121 sin , 1 1 sinm m

m m

x x xx x
a m a a m

α α
π π

 − = − − − = 
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   (15)

Substituting Equations (15) into (14) yields 

4 2
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3
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m

m
m
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


 (16)

Given that Equation (16) holds for any value of x, it results the following differential equation 

2 44 2 2
2 4

4 2 3

( ) ( ) 4 22 ( ) sinmi mi
m m mi

d F y d F y i a i i yF y
dy dy m b m b b

π π πα α
    − + = − +    

     
 (17)

The solution to Equation (17) is identical to Equation (7) whereby the particular solution is given 
by 

2 42

3

22 2
3

4 2

( ) sinmpi mi mi

i a i
m b m bi yF y k k

b i m
b a

π

π

    +    
     = = −
    +    
     

 (18)

Combining Equations (7), (13) and (18) yields the transverse displacement function as follows 
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cosh sinh sinh
1( , ) sin
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1 1 sin
6
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A y B y y C y
w x y xi yD D y y k

b

a x x i y
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α α α α
απα α

π

+ + + 
 = +
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
 (19)

To satisfy the boundary conditions at y = 0 and y = b, the Fourier series of Equation (15) is used; 
Equation (19) becomes 

*

2
*

3 3

cosh sinh sinh
1( , ) sin

cosh sin

2

mi m mi m m mi m

i m
m mi m m mi

mi mi

A y B y y C y
w x y xi yD D y y k

b
ak k

m

α α α α
απα α

π

+ + + 
 =
 +
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= +


 (20)

With resect to the boundary conditions at y = 0 and y = b the equations for the slope ∂w/∂y and 
the bending moment myy are set using Equations (9a-b) and (20) as follows 

( )
( )

*

sinh sinh cosh
( , ) 1 cosh cosh sinh sin

cos

mi m mi m m m

m mi m mi m m m m
m

mi

A y B y y y
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  (21a)
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2
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1
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1
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1
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b a b

α α α α
ν

α ν α α α α α
ν
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 
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  (21b)

In summary, the boundary conditions at y = 0 and y = b needed to determine the coefficients Ami, 
Bmi, Cmi, and Dmi.are expressed using Equations (20) and (21a-b)  

The flexibilities δji (slopes at relevant positions j (xj, yj) of the opposite edges where the 
compatibility equations will be set) for the redundant problem Xi = 1 are calculated using Equation 
(19); it yields  

2

cosh sinh sinh
( , ) 1 cos

cosh sin

1 3 1 sin
6

j
j

mi m j mi m j m j mi m j

ji m m jjx x m mi m j m j miy y

j j

A y B y y C y
w x y xi yx D D y y k

b

x i ya
D a b

α α α α
δ α απ

α α

π

=
=

+ + + 
∂  = =  ∂ +  

  
+ − + −  

   


 (22)

The positions j must be chosen such as to be regularly distributed along the clamped edge. 
Keeping in mind that there should be as many redundants as compatibility equations, for an edge 
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with n redundants considered the positions yj = k×b/ (n + 1) with k = 1, 2, 3 …n as represented in 
Figure 3a can be taken.  

 
Figure 3. a) Positions yi (●) in general b) Positions yi (●) for system symmetrical and loading 
symmetrical or anti symmetrical with respect to axis y = b/2. 

It is recalled that in case of system and loading symmetrical with respect to axis y = b/2 only odd 
values of i need be considered and in case of system symmetrical and loading anti symmetrical with 
respect to the same axis only even values of i need be considered. In both cases, the flexibilities and 
compatibility equations can be set in half of the structure in y–direction. Given the half edge with n 
redundants, the positions yj = k×b/2n with k = 1, 2, 3 …n as represented in Figure 3b can be taken.   

For the redundant problem Xi = 1 the bending moments mxx and myy , and the twisting moments 
mxy are calculated using Equations (2a-c) and (19) as follows  

( )

( )

2
,

2 22

2

2

2cosh cosh sinh
1

21 sinh sinh cosh sin
1

sin
1

1 sin
6

mi m mi m m m

xx i m mi m mi m m m m
m

mi
m

A y B y y y

m C y D y y y x

m i i yk
a b b

x i y a i
a b

να α α α
ν

να ν α α α α α
ν

π πν
α ν

π ν

 
  + + +  − 

 
  = − − + + +  − 

 
     − +     −       

 + − + 
 



2 3

1 1 sinx x i y
b a a b
π π    − − −    

     

 (23a)

(b) (a) 
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( )

( )

2
,

2 22

2

22

2cosh cosh sinh
1

21 sinh sinh cosh sin
1

sin
1

1 1
6

mi m mi m m m

yy i m mi m mi m m m m
m

mi
m

A y B y y y

m C y D y y y x

i m i yk
b a b

a i x x
b a a

α α α α
ν

α ν α α α α α
ν

π πν
α ν

π

 
  + + +  − 

 
  = − − + +  − 

 
     − +     −       

   + − − −  
  



3

sin 1 sini y x i y
b a b

π πν
   + −   

    

 (23b)

( )

( )
2 2,

2

2

sinh sinh cosh cosh
(1 ) cos

cosh sinh cos

(1 ) 1 3 1 cos
6

mi m mi m m m mi m

xy i m m
m mi m m m mi

A y B y y y C y
m xia i yD y y y k

m b b

a i x i y
b a b

α α α α α
ν α απα α α

π
ν π π

 + + + 
 = − − ×  + + +  

 −  + − −  
   


 (23c)

According to the flexibility method of the theory of elasticity, the compatibility equations are set 
so as to restore the geometric boundary conditions of the clamped edges (vanishing of slopes 
∂w/∂x at selected positions of the edge). Assuming a plate with n redundants, the 
compatibility equations for the position j (xj, yj) can be expressed as follows 

0
1

0
n

i ji j
i
X δ δ

=

+ =  (24)

δj0 and δji being the flexibilities in the primary problem and in the redundant problems, 
respectively. Equation (24) is set at selected positions j and so the redundant efforts are 
determined. The efforts in the plate are then calculated as follows 

0
1

n

i i
i

S S X S
=

= +  (25)

S0 and Si being the efforts in the primary problem and in the redundant problems, 
respectively.   

2.2.2.2. Edge y = 0 simply supported or clamped, and edge y = b free 

Redundant problem Xi = 1   

Here the edge y = 0 is simply supported or clamped and y = b is free. The analysis in this section 
holds further if the edge y = 0 is free and y = b is simply supported or clamped; the plate must simply 
be rotated by 180°.  

Observing that the bending moments X(y) vanish at y = 0 (angle supported in two directions), 
their distribution along the clamped edge x = 0 can be described with the following trigonometric 
series 

1,3,5...
( ) sin

2

n

i
i

i yX y X
b

π
=

=   (26)
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i being an odd number . The redundant effort is a distributed bending moment sin (iπy/2b) along 
the edge x = 0 according to Equation (26), as represented in Figure 4 for i = 5.  

 

Figure 4. Redundant problem X5 = 1: Edge x = 0 subjected to bending moment loading sin (5πy/2b). 

To account for the edge moments the solution by Lévy [4] for the transverse displacement can 
be modified as follows 

321( , ) ( )sin 1 1 sin
6 2i mi m

m

a x x i yw x y F y x
D D a a b

πα
  = + − − −  

   
  (27)

The analysis continues similarly to Section 2.2.2.1. The differential equation (Equation (17)) 
becomes 

2 44 2 2
2 4

4 2 3
( ) ( ) 4 22 ( ) sin

2 2 2
mi mi

m m mi
d F y d F y i a i i yF y
dy dy m b m b b

π π πα α
    − + = − +    

     
 (28)

The solution to Equation (28) is identical to Equation (7) whereby the particular solution is given 
by 

2 42

3

22 2
3

1
8

( ) sin
2

2

mpi mi mi

i a i
m b m bi yF y k k

b i m
b a

π

π

    +    
     = = −
    +    
     

 (29)

Therefore the transverse displacement function is as follows 

32

cosh sinh sinh
1( , ) sin

cosh sin
2

1 1 sin
6 2

mi m mi m m mi m

i m
m mi m m mi

A y B y y C y
w x y xi yD D y y k

b

a x x i y
D a a b

α α α α
απα α

π

+ + + 
 =
 +
  

  + − − −  
   


 (30)

5
5( ) sin
2
yX y
b

π=
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To satisfy the boundary conditions at y = 0 and y = b, the Fourier series of Equation (15) is used; 
Equation (30) becomes 

*

2
*

3 3

cosh sinh sinh
1( , ) sin

cosh sin
2

2

mi m mi m m mi m

i m
m mi m m mi

mi mi

A y B y y C y
w x y xi yD D y y k

b
ak k

m

α α α α
απα α

π

+ + + 
 =
 +
  

= +


 (31)

With respect to the boundary conditions at y = 0 and y = b the equations for the slope ∂w/∂y and 
the bending moment myy are set using Equations (8b) and (31) as follows 

( )
( )

*

sinh sinh cosh
( , ) 1 cosh cosh sinh sin

cos
2 2

mi m mi m m m

m mi m mi m m m m
m

mi

A y B y y y
w x y C y D y y y x
y D

ia i yk
mb b

α α α α
α α α α α α

π

 
 + + +
 ∂ = + + + ∂  
 
 

  (32a)

( )

( )

2

2 22
*

2

2cosh cosh sinh
1

21 sinh sinh cosh sin
1

sin
1 2 2

mi m mi m m m

yy m mi m mi m m m m
m

mi
m

A y B y y y

m C y D y y y x

i m i yk
b a b

α α α α
ν

α ν α α α α α
ν

π πν
α ν

 
  + + +  − 

 
  = − − + +  − 

 
     − +     −       

  (32b)

Furthermore, with regard to the boundary conditions at y = b the Kirchhoff shear force is 
calculated using Equations (31) and (9c). Observing that the first and third derivatives with 
respect to y of the term with sin (iπy/2b) contain cos (iπy/2b) which vanishes at y = b, it results  

( )3

1sinh sinh cosh
1

1 sin
1cosh cosh sinh
1

mi m mi m m m

y m my b
m

mi m mi m m m

A b B b b b
V x

C b D b b b

να α α α
ν

α ν α
να α α α
ν

=

 +  + + +  −  = − −
 + + +  −  

  (33)

In summary, the boundary conditions at y = 0 and y = b are expressed using Equations 
(31), (32a-b), and (33); they permit to determine the coefficients Ami, Bmi, Cmi, and Dmi.  

The flexibilities δji (slopes at relevant positions j (xj, yj) of the opposite edges where the 
compatibility equations will be set) for the redundant problem Xi = 1 are calculated using 
Equation (30) as follows 

2

cosh sinh sinh
( , ) 1 cos

cosh sin
2

1 3 1 sin
6 2

j
j

mi m j mi m j m j mi m j

ji m m jjx x m mi m j m j miy y

j j

A y B y y C y
w x y xi yx D D y y k

b

x i ya
D a b

α α α α
δ α απ

α α

π

=
=

+ + + 
∂  = =  ∂ +  

  
+ − + −  

   


 (34)
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Given n redundants considered, the positions yj = k×b/n with k = 1, 2, 3 …n as represented in 
Figure 5 can be taken.  

 

Figure 5. Positions yi (●) for edges y = 0 supported and y = b free. 

For the redundant problem the bending moments mxx and myy and the twisting moments mxy 
are calculated using Equations (2a-c) and (30):  

( )

( )

2
,

2 22

2

2cosh cosh sinh
1

21 sinh sinh cosh sin
1

sin
1 2 2

1 sin
2

mi m mi m m m

xx i m mi m mi m m m m
m

mi
m

A y B y y y

m C y D y y y x

m i i yk
a b b

x i y a
a b

να α α α
ν

να ν α α α α α
ν

π πν
α ν

π ν

 
  + + +  − 

 
  = − − + + +  − 

 
     − +     −       

 + − + 
 



2 32

1 1 sin
6 2 2

i x x i y
b a a b
π π    − − −    

     

 (35a)

( )

( )

2
,

2 22

2

22

2cosh cosh sinh
1

21 sinh sinh cosh sin
1

sin
1 2 2

1 1
6 2

mi m mi m m m

yy i m mi m mi m m m m
m

mi
m

A y B y y y

m C y D y y y x

i m i yk
b a b

a i x x
b a a

α α α α
ν

α ν α α α α α
ν

π πν
α ν

π

 
  + + +  − 

 
  = − − + + +  − 

 
     − +     −       

 + − − − 
 



3

sin 1 sin
2 2
i y x i y
b a b

π πν
    + −    

     

 (35b)

( )

( )
2 2,

2

2

sinh sinh cosh cosh
(1 ) cos

cosh sinh cos
2 2

(1 ) 1 3 1 cos
6 2 2

mi m mi m m m mi m

xy i m m
m mi m m m mi

A y B y y y C y
m xia i yD y y y k

m b b

a i x i y
b a b

α α α α α
ν α απα α α

π
ν π π

 + + + 
 = − − × + + + +  

 −  + − −  
   


 (35c)
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The compatibility equations and the efforts in the plate are calculated using Equations (24) and 
(25). 

2.2.2.3. Edges y = 0 and y = b free 

Redundant problem Xi = 1   

The edges y = 0 and y = b are free. Observing that the bending moments X(y) have non zero 
values at the angles, their distribution along the clamped edge x = 0 can be described with the 
following trigonometric series 

0,1,2...
( ) cos

n

i
i

i yX y X
b

π
=

=   (36)

The redundant effort is a distributed bending moment cos (iπy/b) along the edge x = 0 
according to Equation (36), as represented in Figure 6 for i = 4.  

 

Figure 6. Redundant problem X4 = 1: Edge x = 0 subjected to bending moment loading cos 
(4πy/b). 

It is observed that in case of loading symmetrical with respect to axis y = b/2 only even values of 
i need be considered, the redundants being zero for odd values; and in case of loading anti 
symmetrical with respect to the same axis only odd values of i need be considered, the redundants 
being zero for even values. 

To account for the edge moments the solution by Lévy [4] for the transverse displacement can 
be modified as follows   

321( , ) ( )sin 1 1 cos
6i mi m

m

a x x i yw x y F y x
D D a a b

πα
  = + − − −  

   
  (37)

The analysis continues similarly to Section 2.2.2.1. The differential equation (Equation (17)) 
becomes 

4
4( ) cos yX y
b
π=
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2 44 2 2
2 4

4 2 3

( ) ( ) 4 22 ( ) cosmi mi
m m mi

d F y d F y i a i i yF y
dy dy m b m b b

π π πα α
    − + = − +    

     
 (38)

The solution to Equation (38) is identical to Equation (7) whereby the particular solution is given 
by 

2 42

3

22 2
3

4 2

( ) cosmpi mi mi

i a i
m b m bi yF y k k

b i m
b a

π

π

    +    
     = = −
    +    
     

 (39)

Therefore, the transverse displacement function is as follows 

32

cosh sinh sinh
1( , ) sin

cosh cos

1 1 cos
6

mi m mi m m mi m

i m
m mi m m mi

A y B y y C y
w x y xi yD D y y k

b

a x x i y
D a a b

α α α α
απα α

π

+ + + 
 =
 +
  

  + − − −  
   


 (40)

To satisfy the boundary conditions at y = 0 and y = b, the Fourier series of Equation (15) is used; 
Equation (40) becomes 

*

2
*

3 3

cosh sinh sinh
1( , ) sin

cosh cos

2

mi m mi m m mi m

i m
m mi m m mi

mi mi

A y B y y C y
w x y xi yD D y y k

b
ak k

m

α α α α
απα α

π

+ + + 
 =
 +
  

= +


 (41)

With regard to the boundary conditions at y = 0 and y = b the equation for the bending moment 
myy is set using Equations (8b) and (41) as follows 

( )

( )

2

2 22
*

2

2cosh cosh sinh
1

21 sinh sinh cosh sin
1

cos
1

mi m mi m m m

yy m mi m mi m m m m
m

mi
m

A y B y y y

m C y D y y y x

i m i yk
b a b

α α α α
ν

α ν α α α α α
ν

π πν
α ν

 
  + + +  − 

 
  = − − + +  − 

 
     − +     −       

  (42)

Furthermore, with regard to the boundary conditions at y = 0 and y = b the Kirchhoff 
shear force is calculated using Equations (41) and (9c). Observing that the first and third 
derivatives with respect to y of the term with cos (iπy/b) contain sin (iπy/b) which vanishes 
at y = 0 and y = b, it results at y = 0 and y = b  
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( )3

1sinh sinh cosh
1

1 sin
1cosh cosh sinh
1

mi m mi m m m

y m m
m

mi m mi m m m

A y B y y y
V x

C y D y y y

να α α α
ν

α ν α
να α α α
ν

 +  + + +  −  = − −
 + + +  −  

  (43)

In summary the boundary conditions at y = 0 and y = b are formulated using Equations 
(42) and (43); they permit to determine the coefficients Ami, Bmi, Cmi, and Dmi. 

The flexibilities δji (slopes at relevant positions j (xj, yj) of the opposite edges where the 
compatibility equations will be set) for the redundant problem Xi = 1 are calculated using 
Equation (40) as follows 

2

cosh sinh sinh
( , ) 1 cos

cosh cos

1 3 1 cos
6

j
j

mi m j mi m j m j mi m j

ji m m jjx x m mi m j m j miy y

j j

A y B y y C y
w x y xi yx D D y y k

b

x i ya
D a b

α α α α
δ α απ

α α

π

=
=

+ + + 
∂  = =  ∂ +  

  
+ − + −  

   


 (44)

For n redundants considered, the positions yj = k×b/(n – 1) with k = 0, 1, 2 …n - 1 as shown in 
Figure 7a can be taken.  

 

Figure 7. a) Positions yi (●) in general b) Positions yi (●) for loading symmetrical or anti symmetrical 
with respect to axis y = b/2. 

It is reminded that in case of loading symmetrical with respect to axis y = b/2 only even values 
of i need be considered and in case of loading anti symmetrical with respect to the same axis only 
odd values of i need be considered. In both cases, the flexibilities and compatibility equations can be 
set in half of the structure in y–direction. Given the half edge with n redundants, the positions yj = 
k×b/2(n – 1) with k = 0, 1, 2, 3 …n - 1 as represented in Figure 7b can be taken.   

However, in case of loading anti symmetrical with respect to axis y = b/2 compatibility equations 
should not be set at position yj = b/2 since the slopes vanish there in the redundant problems as well 
as in the primary problem; by considering this position the flexibility matrix becomes singular. 

(a) (b) 
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For the redundant problem Xi = 1 the bending moments mxx and myy and the twisting moments 
mxy are calculated using Equations (2a-c) and (40):  
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The compatibility equations and the efforts in the plate are calculated using Equations (24) and 
(25). 

2.2.3. Redundant problem:  plate subjected to a distributed bending moment along the edge x = a  

The edges x = 0 and x = a are assumed clamped. Given then the symmetrical nature of the plate 
with respect to the axis x = a/2, the positions along the edge x = a where the compatibility equations 
are set will be taken identical to those of the edge x = 0. Therefore, for redundant problems the 
bending moments mxx and myy and the twisting moments mxy will be the same as in Section 2.2.2; 
however, given that the flexibilities are defined as slopes in this study, the values for the case of 
bending moments acting along the edge x = a are obtained by affecting a minus sign to the 
corresponding values for the case of bending moments acting along the edge x = 0.  

Else, the analysis could be conducted similarly to Section 2.2.2, whereby the modified Lévy 
solution for edges y = 0 and y = b supported e.g. would be given by  

321( , ) ( )sin sin
6i mi m

m

a x x i yw x y F y x
D D a a b

πα
  = + −  

   
  (46)
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Following Fourier sine series expansions are useful in the analysis 
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3. Results and discussion 

3.1. Plate clamped along the edges x = 0, y = 0, and y = b and simply supported along x = a  
The analysis of a rectangular plate clamped along the edges x = 0, y = 0, and y = b and 

simply supported along the edge x = a and subjected to a uniformly distributed load q was 
conducted whereby the Poisson’s ratio was not considered. The plate dimensions in x- and 
y-directions were denoted by a and b, respectively. The bending moments at the middle of 
the clamped edge x = 0 are mx,cl = -qa2/Nx,cl and those at the middle of the plate mxm = qa2/Nxm 
and mym = qa2/Nym. Detailed results are presented in the Supplementary Material 
“Rectangular plate clamped and simply supported.”  Table 1 lists the results, depending 
on the ratio b/a, obtained using the Czerny tables [14] (exact results) and those obtained in 
the present study whereby one redundant (i = 1 for the position yj = b/2), three redundants 
(i = 1, 3, and 5 for the positions yj = b/10, 3b/10, and b/2), and five redundants (i = 1, 3, 5, 7, 
and 9 for the positions yj = b/10, b/5, 3b/10, 2b/5, and b/2) were considered. It is recalled that 
only half of the structure in y–direction and odd values of i are taken since the system and 
loading are symmetrical with respect to axis y = b/2.  

Table 1. Coefficients of bending moments at the middle of the clamped edge and middle of the 
plate. 

b/a 1.00   1.25  
 Nx,cl Nxm Nym   Nx,cl Nxm Nym  
 Czerny tables [14] (exact results) 
 18.3 59.5 44.1   12.7 34.2 45.8  
 Present study 

1 redundant 18.82 59.30 44.20   13.29 34.48 45.81  
3 redundants 18.29 59.31 44.03   13.03 34.34 45.74  
5 redundants 18.19 59.30 44.02   12.96 34.34 45.71  

As Table 1 shows, the results of the present study show good agreement with the exact results. 
The accuracy should be increased by considering more redundants (more values of i) since the 
geometric boundary conditions of the original structure (vanishing of the slopes along the opposite 
edges) should be restored all over the clamped edge and not only at selected positions. In this 
example, accuracies more than 99% were already obtained by taking three redundants.  

3.2. Rectangular plate clamped along all edges  

A rectangular plate clamped along all edges and subjected to a uniformly distributed load q was 
analyzed whereby the Poisson’s ratio was not considered. The plate dimensions in x- and y-
directions are denoted by a and b, respectively. The bending moments at the middle of the 
clamped edges x = 0 and x = a and at the middle of the clamped edges y = 0 and y = b  are 
mx,cl = -qa2/Nx,cl and my,cl = -qa2/Ny,cl , respectively, and those at the middle of the plate are 
mxm = qa2/Nxm and mym = qa2/Nym. Detailed results are presented in the Supplementary 
Material “Rectangular plate clamped along all edges.”  Table 2 displays the results, 
depending on the ratio b/a, obtained using the Czerny tables [14] (exact results) and those 
obtained in the present study whereby at edges x = 0 and x = a one redundant (i = 1 for the position 
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yj = b/2) and three redundants (i = 1, 3, and 5 for the positions yj = b/10, 3b/10, and b/2) were 
considered. It is recalled that only half of the structure in y–direction and odd values of i are taken 
since the system and loading are symmetrical with respect to axis y = b/2. 

Table 2. Coefficients of bending moments at the middle of the clamped edge and middle of the 
plate. 

b/a 1.00  1.25 
 Nx,cl Ny,cl Nxm Nym  Nx,cl Ny,cl Nxm Nym 
 Czerny tables [14] (exact results) 
 19.4 19.4 56.8 56.8  14.9 17.7 37.0 69.4 
 Present study 

2 redundant 20.10 19.72 56.49 57.13  15.33 18.15 36.98 69.42 
6 redundants 19.61 19.45 56.71 55.80  15.15 17.86 36.82 67.36 

As Table 2 shows, the results of the present study show good agreement with the exact results. 
The accuracy should be increased by considering more redundants (more values of i). In this example, 
accuracies more than 99% were already obtained by taking three redundants at each edge.  

3.3. Rectangular plate clamped along x = 0, simply supported along x = a and y = 0, and free along y = b 
The analysis of a plate clamped along the edge x = 0, simply supported along x = a and y 

= 0, and free along y = b and subjected to a uniformly distributed load q was conducted 
whereby the Poisson’s ratio was not considered. The plate dimensions in x- and y-directions 
are denoted by a and b, respectively. The bending moments are mx,fre = -qb2/Nx,fre at the end 
of the clamped edge x = 0, mx,frm = qb2/Nx,frm in the middle of the free edge, and mxm = qb2/Nxm 
and mym = qb2/Nym in the middle of the plate. Details of the results are presented in the 
Supplementary Material “Rectangular plate clamped simply supported and free.”  Table 3 
lists the results, depending on the ratio b/a, obtained using the Czerny tables [14] (exact 
results) and those obtained in the present study whereby one redundant (i = 1 for the 
position yj = b), three redundants (i = 1, 3, and 5 for the positions yj = b/5, 3b/5, and b), and 
five redundants (i = 1, 3, 5, 7, and 9 for the positions yj = b/5, 2b/5, 3b/5, 4b/5, and b) were 
considered. 

Table 3. Coefficients of bending moments at the clamped edge, at the free edge and at the middle of 
the plate. 

b/a 1.00  1.20 
 Nxm Nym Nx,frm Nx,fre  Nxm Nym Nx,frm Nx,fre 
 Czerny tables [14] (exact results) 
 21.42 79.85 16.60 7.89  27.91 143.64 23.29 11.40 
 Present study 

1 redundant 20.92 70.85 16.21 7.69  26.56 116.24 22.44 10.85 
3 redundants 21.42 79.89 16.61 7.97  27.89 144.74 23.28 11.41 
5 redundants 21.40 79.77 16.59 7.90  27.87 143.53 23.27 11.40 

As Table 3 shows, the results of the present study show good agreement with the exact results. 
The accuracy is increased by considering more redundants. In this example, accuracies more than 
99% were already obtained by taking three redundants.  
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3.4. Rectangular plate clamped along the edges x = 0 and x = a, free along the edges y = 0 and y = b and 
subjected to an anti-symmetrical loading   

A rectangular plate clamped along the edges x = 0 and x = a, free along y = 0 and y = b and 
subjected to an anti-symmetrical loading p = p(1 – 2y/b) was analyzed whereby the Poisson’s 
ratio was not considered. The plate dimensions in x- and y-directions are denoted by a and 
b, respectively. The bending moments are mx,fre = -qa2/Nx,fre at the end of the clamped edge x 
= 0 and mx,frm = qa2/Nx,frm in the middle of the free edge. Details of the results are presented 
in the Supplementary Material “Rectangular plate clamped and free.”  Table 4 displays the 
results, depending on the ratio b/a, obtained using the Finite element method (FEM) and 
those obtained in the present study. On the one hand, the finite element analysis was carried 
out by taking a 20 × 20 mesh for the ratio b/a = 1.0, a 20 × 25 mesh for the ratio b/a = 1.25, and 
a 20 × 30 mesh for the ratio b/a = 1.5. On the other hand, we considered in the present study 
at edges x = 0 and x = a one redundant (i = 1 for the position yj = 0), three redundants (i = 1, 
3, and 5 for the positions yj = 0, b/5, and 2b/5), and five redundants (i = 1, 3, 5, 7, and 9 for the 
positions yj = 0, b/10, b/5, 3b/10, and 2b/5). It is recalled that compatibility equations should not be set 
at positions y = b/2 since the slopes vanish in the redundant problems. 

Table 4. Coefficients of bending moments at the end of the clamped edge and at the middle of the 
free edge. 

b/a 1.00  1.25  1.50  
 Nx,fre Nxfrm  Nx,fre Nxfrm  Nx,fre Nxfrm  
 FEM results 
 16.58 42.42  15.32 36.52  14.61 33.35  
 Present study 

2 redundant 18.59 45.40  17.13 39.22  16.28 35.94  
6 redundants 16.40 44.15  15.44 37.89  14.88 34.52  
10 redundants 15.51 44.05  14.73 37.78  14.29 34.42  

As Table 4 shows, the results of the present study show reasonable agreement with the FEM 
results.  

4. Conclusions 

In this paper, arbitrarily loaded isotropic rectangular thin plates supported (simply supported 
or clamped) along two opposite edges, from which one or both are clamped, and the other edges with 
arbitrary support conditions were analyzed. The flexibility method (or force method) of the linear 
beam theory was applied whereby the unknowns were the bending moments along the opposite 
edges; in this regard the primary system was the plate simply supported along the above-mentioned 
opposite edges and subjected to the external loads and the redundant system was the plate simply 
supported along the opposite edges and subjected to edge moments. We showed that the solution by 
Lévy [4] commonly used in the case of simply supported opposite edges can be extended, with some 
adjustment, to simply supported opposite edges subjected to edge moment loading. The 
compatibility equations (vanishing of the slopes at selected positions of the clamped edge) were set 
to determine the unknowns and so the efforts in the plate. Numerical results were presented and 
showed good agreement with the exact results.  

The following aspect was not addressed in this study but could be analyzed in future research: 
Rectangular anisotropic plate  

However, the following study limitation should be acknowledged: the vanishing of the slopes 
at the clamped edge (the compatibility equation) is set at selected positions and not all over the edge 
as it should be. Hence, more redundants must be considered to increase the accuracy.   

Supplementary Materials: The following files were uploaded during submission:  
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• “Rectangular plate clamped and simply supported” 

• “Rectangular plate clamped along all edges” 

• “Rectangular plate clamped simply supported and free” 

• “Rectangular plate clamped and free.” 
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