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Article 
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Abstract: We employ hierarchy of models (HoM) with 2, 3 and 4 parameters to reanalyze the 

nucleation kinetics in the electrodeposition as quantified by n(t) - “the number of nuclei vs. time” 

data obtained at different overvoltages from precise experiments on electrodeposition of Hg on two 

different types of Pt-cathodes by Ivan V. Markov and Evgenia Stoycheva [1]. The obtained two 

scales, nmax and , are used to rescale the original data mapping it on a master curve in coordinates 

( ) max
~n t n t  . Our main result is obtained by studying further the dependence of these two 

scales on the overvoltage (analogue of supersaturation). Surprisingly, for one of the two cathode 

types - the “hemispherical single-crystal electrode” (as defined by the authors), there is 

discontinuity in the “ vs. overvoltage” dependence – an almost horizontal jump from 85 to 86 mV 

accompanied by a change in the slope of the dependence - it is ~ -1 and ~ -0.5 after. For the other 

cathode - “plane structureless platinum electrode”,  decreases smoothly. Combined, these two 

behaviors point at the so called “cusp catastrophe”. We compare our findings with published 

results on protein nucleation.  

Keywords: n(t)-curves; modelling nucleation; Richards model; Model of Johnson-Mehl-Avrami-

Kolmogorov; timescale of a phenomenon; cusp catastrophe 

 

1. Introduction 

Following a previous study that employs sigmoid (logistic) dependence to model the so called 

nucleation data (number of the nuclei formed while the system evolves in time) here we unfold the 

approach building detailed program that uses a hierarchy of models (HoM) with different number 

of parameters focused again on nucleation data – that published by Ivan Markov and Evgenia 

Stoycheva  [1]. While finding with high numerical precision the parameters from the different 

models our study remains neutral with respect to the current achievements in the field of the 

electrochemical nucleation [2,3] and growth  [4] nor do we engage with analyzing the classical 

theories in the field  [5] and how they interrelate with the study of Markov and Stoycheva [1]. 

Moreover, that we use the models in a straightforward manner and thus not employing classical 

notions from the nucleation theory such as the induction time and the stationary velocity not seeing 

them as a result from the analysis.  

The thorough and precise study of Markov and Stoycheva provides in our view unique 

opportunity to analyze the nucleation kinetics in terms of the so called “n-t curves” by counting the 
number of nuclei on the time-scale of milliseconds. The difference with the previous study  [6] and 

our recent one is that here we do not stop with transforming the data in universal form but we 
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continue further by studying the dependencies of the scales used in this transformation on the 

parameter that makes the several data sets different – the driving force of the process, the 

overvoltage. Thus our program acquires its full strength. 

It is worth mentioning that Markov and Stoycheva were having in mind the importance of 

their nucleation experiments for the larger field of vapor deposition on solid surfaces but the true 

impact achieved by their study could be a subject of a separate study. 

2. Hierarchy of models (HoM) 

For the reanalysis of the nucleation data by I. Markov and E. Stoycheva  [1] we use a set of 

three models with different number of fitting parameters: 21 is with two parameters, Johnson-

Mehl-Avrami-Kolmogorov (JMAKd) – with three, and the Richards model is with four. 

Anticipating, it is not the number of parameters that improves the fit quality. 

2.1. The 21 - model 

The so called in the context of two-dimensional crystallization with exhaustion of the initial 

supersaturation α21 [7] is suited for the purpose of our present study as:  

( ) ( )2

max 21
tanh 2n t n t =   (1) 

and, in fact, represents a further development of the idea behind the model of crystallization in 

three dimensions describing the evolution of the rescaled size of the growing cube [8] – to obtain a 

differential equation for the size (in  [7] – for the transformation ratio ) based on conservation law 

for the already exhausted in time t concentration as spread among N equally sized crystals, and on 

a kinetic law for the remaining part of the concentration, linking the normal growth velocity to the 

supersaturation raised to a power g. In the index of  above, eq. (1), 2 stands for the spatial 

dimension (2D) and 1 stands 1g = (the so called growth order). The time t is multiplied by the 

coefficient of 2 and this comes naturally from the model derivation but it is not “hidden” in the 
timescale thus keeping the inflection point (ti, ni) of the model near the line ( ) max 21

n t n t = : 

max
3

i
n n=   (2) 

21
0.329

i
t =   (3) 

The last value of 0.329 can easily be mistaken for 1/3 [7]. 

This is the model with the least number of parameters - nmax and 21, that we will use at first for 

rescaling the number of nuclei n and the time t, a program that is already advanced in [6] to study 

the protein nucleation. The former rescaling operation can be considered also as another 

formulation of the so called transformation ratio, defined this time as ( ) max
n t n  . Ideally, all the 

rescaled data should collapse on the same master (universal) curve and the failure of this for some of 

the data sets should be considered as failure of the model to describe this concrete set adequately. 

Important aspect in favor of α21 is that it is voiding a “tuning” exponent as the other two from the 
hierarchy. As a consequence, only α21 has a single master curve n/nmax =tanh2(t/21) while for the 

other two models, JMAK and Richards, the master curves are as many as are the obtained values of 

the “tuning” exponent - d and q, correspondingly. 

Another part of the program, next to  [6], is still to be developed in details – to study the 

dependence of the scales found on the supersaturation. Similar strategy was adopted in [9] to study 

the cloud condensation nuclei (CCN) as counted in 20 boxes by size at six different supersaturations 

and then, with rescaling them by the total number of CCN, to map them onto universal 

distributions, one for each supersaturation, in order to study further the peculiarities of the total 

number of CCN (but corrected to concentration in this particular case [9]) and how they are linked 

to the (other) meteo-elements. 
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2.2. The model of Johnson-Mehl-Avrami-Kolmogorov (JMAKd) 

This is a most used model in the theoretical studies in the field of crystallization and nucleation 

introduced yet in the 1930’s by Kolmogorov  [10], Johnson and Mehl [11], and Avrami [12]: 

( ) max JMAK
1 exp 2 /

d

n n t  = −   
  (4) 

Note the use of a third parameter in the model, the power d (usually denoted by n but in the 

present context this would be confusing) - we incorporate it in the abbreviation of the model too to 

arrive at JMAKd. The initial idea for d is to represent the spatial dimensionality but with the years 

and with the extensive use in broad range of contexts, see for example  [13–15], d is considered now 

more as an additional fitting parameter and its non-integer values are basis for (sometimes lengthy) 

discussions of why it is not integer as predicted, and why it is varying from experiment to 

experiment. The link between JMAKd and α21 is studied in detail in [7] and, in particular, it is found 

that the conversion factor between the two timescales is: 

1.725 21
1.1

JMAK
    (5) 

See also Figure 5, Figure 6, Figure 11, and Figure 12 where the concept of the conversion factor 

is actively used to reconcile the two models. Anticipating, there is no constant conversion factor 

between the two models introduced so far and the next one – the model of Richards. 

2.3. Richards model 

This is another general model to study sigmoid growth  [16] under the combined action of two 

feedback mechanisms – positive and negative ones (the form of the differential versions of the two 

models above is discussed and studied in  [7]): 

( )
( ) ( )  ( )( )

max

1/ 1

1 1 exp /
−

=
 + − − − 

q

i k

n
n t

q t t t

  
(6) 

what could be easily seen in the differential version of the model: 

( )

1

max

1
1

−  
 = −  −    

q

dn kn n

dt q n
  (7) 

Note, that in (7) is used the inverse of tk – the kinetic coefficient k. Thus, the positive feedback is 

represented by ( )1−kn q while the negative one is ( ) ( )max 1−q
k n n q . This is the value of q that 

fine-tunes the position of the inflection point of the model and in [16] is found the exact 

dependence: ( )
1

1

max

−= q

i i
n t n q . This points at the way of findинг the model’s timescale R – when 

using the second timescale in (6), the time to the inflection point ti, which comes into the model only 

after finding the integration constant from the integration of eq. (7): 
( )1/ 1

R

q

i
t q −   (8) 

to obtain: 

( ) ( )
( )( )1 1

1

1

max

1 1 exp


−

−
   
  = + − − −        

q

q

R

n t t
q K q

n
  (9) 

where K is defined as 
( )1 1− q

i kK q t t and remains the only parameter (next to q) in the non-

dimensional version of the model. This non-dimensionalization procedure brings the inflection 

point of the model on the line max R
n n t = , independent of q and K. Note that the inflection point 

is the same for any fixed value of q for any value of K and this provides the basis of a further study 

by considering the connection between the integral curve and the corresponding chaotic mapping 

in the Richards model. It is worth reminding that the inflection points of the two previous models 

from the HoM are only close to this line [7]. 
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The Richards model has two commonly used special cases on its own – the logistic model of 

Verhulst  [17] with q = 2, used in the context of nucleation by Nanev at al. [6], and the Gomperz 

model [14] - with q = 1. 

3. Results 

After introducing the hierarchy of models (HoM) to be used in modeling nucleation, the first 

practical step of our reanalysis is to digitize the n(t) data in Figures 5 and 6 from the paper of I.V. 

Markov and E. Stoycheva published in 1976 [1]. There are numerous tools for digitization ranging 

from standalone applications as DataThief and ImageJ of NIH, to special packages from the high-

level programming languages as R and Python.  

We provide in full detail the fitting procedure and the results from it for 21 while the other two 

models serve more to verify the results from the simplest one in the HoM and for them we give 

specific details of general interest. 

3.1. Fitting with 21 model 

 
 

 
 

Figure 1. Fitting the experimental data from fig. 5 

from  [1] with 21, eq. (1). 

Figure 2. Fitting the data from fig. 6 from  [1] with 21, 

eq. (1). 

 

 
 

 
 

Figure 3. Rescaling the data from fig. 5 in  [1] with the 

fit parameters obtained from 21, eq. (1). The dotted 

line is n/nmax=t/21 and the solid curve is the “master 
curve” n/nmax =tanh2(2t/21). 

Figure 4, Rescaling the data from fig. 6 in  [1] with the  

fit parameters from 21, eq. (1). The dotted line is 

n/nmax=t/21 and the solid curve is n/nmax =tanh2(2t/21). 
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Figure 5. Avrami plot of the rescaled data from Figure 

3, together with two concrete values of d from the 

JMAKd model, eq. (4), for each of them the resulting 

plot is a line with fixed slope in Avrami coordinates. 

It is clearly seen here and on the next plot that both 

21 and the experimental data turn away from any 

fixed value of d. 

Figure 6.. Avrami plot of the rescaled data from 

Figure 4, together with another value of d from the 

JMAKd model, eq. (4), d = 1.725, the value obtained 

when fitting 21 with JMAKd. Thus is obtained also 

the conversion factor of 1.1, eq. (5). 

 
  

Figure 7. Parameters from fitting the data from fig.5  

[1] with 21, eq. (1), circles are for nmax and squares - 

for 21. 

 

Figure 8. Parameters from fitting the data from fig.6  

[1] with 21, eq. (1), circles are for nmax and squares - 

for 21. The combined behavior of 21 on this and on 

the previous plot resembles the so called “cusp 
catastrophe”. 
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3.2. Fitting with the JMAKd model 

 
  

Figure 9. Rescaling the data from fig. 5 in  [1] with the 

fit parameters from JMAKd, see Table 1, eq. (4), the 

dotted line is max JMAK
n n t = . There is no master 

curve since for each value of the overpotential d is 

different, see also Figure 13 below. 

Figure 10. Rescaling the data from fig. 6 in  [1] with 

the fit parameters from JMAKd, see Table 2, eq. (4), 

the dotted line is max JMAK
n n t = . As in the 

previous plot no master curve could be drawn. 

 
  

 

Figure 11. Avrami plot of the data from Figure 9 

together with the curve of the 21 model, the 

conversion factor, eq. (5), between the timescales of 

the two models now appears in the numerator. 

Figure 12. Avrami plot of the data from Figure 10 

Figure 13. Values of d from (4) used to fit data from 

fig. 5 [1]  with JMAKd. 

Figure 14. Values of d from (4) used to fit data from 

fig. 6 [1] with JMAKd. 
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3.3. Fitting with the Richards model  

 
 

 
 

Figure 15. Rescaling the data from fig. 5 in [1] with 

the fit parameters from the Richards model, eq.(6). 

Since there is not a fixed single value of q (see the 

figure below), there is no master curve in the usual 

sense.    

Figure 16. Rescaling the data from fig. 6 in [1] with the 

fit parameters from the Richards model, eq.(6). Here is 

clearly seen the failure of the data collapse and 

especially when compared to the fits with the previous 

models from the HoM. 

  

Figure 17. Values of the “tuning” exponent q in the 

Richards model, eq.(6) as obtained from fitting fig.5 

in [1]. 

Figure 18. Values of the “tuning” exponent q in the 

Richards model, eq.(6) as obtained from fitting fig.6 in 

[1]. 

We do not provide a plot in Avrami coordinates here because again the only master curve 

would be the one from 21 while in order to plot curves from the Richards model one should chose 

values not only for q but also for K. 

3.4 Summary of the fitting procedure 

Here we provide the results from the fitting procedure in data format that would permit 

further comparisons. Thus, in Table 1. are given the values of the parameters as found from fitting 

the experimental data from fig. 5 of  [1] while in Table 2. are listed these found when fitting fig.6 

from the same study. Note that the high values of R2 obtained cannot discriminate between the 

models in out hierarchy.  
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Table 1. Parameter values found from fitting fig. 5 from  [1] from with the models from the 

hierarchy. Note that the timescale from the Richards model is not obtained directly from the fit, see 

eq. Error! Reference source not found., and since no conclusions are drawn based on the values of ti, 

tk and
( )1 1− q

i k
K q t t  they are not shown in the tables. 

over-

voltage, mV 
21 JMAKd Richards 

nmax 21 R2 nmax JMAK d R2 nmax R q R2 
83 30.43 5.22 0.9974 29.9 5.6 1.89 0.9977 30.29 5.20 0.83 0.9967 

84 44.61 4.11 0.9937 45.78 4.75 1.39 0.9986 46.28 3.93 0.53 0.9981 

85 56.94 3.19 0.9986 56.86 3.51 1.67 0.998 57.36 3.28 0.64 0.9984 

86 74.51 3.20 0.9976 75.06 3.61 1.58 0.9992 75.60 3.09 0.79 0.9988 

87 92.7 2.62 0.9988 92.37 2.89 1.70 0.9995 93.17 2.52 0.96 0.9989 

88 111.01 2.23 0.9974 109.19 2.40 1.86 0.999 109.57 2.09 1.35 0.9983 

Table 2. Parameter values found from fitting fig. 6 from  [1] from with the models from the 

hierarchy. Note that the timescale from the Richards model is not obtained directly from the fit, see 

eq. Error! Reference source not found.. 

over-

voltage, mV 
21 JMAKd Richards 

nmax 21 R2 nmax JMAK d R2 nmax R q R2 
83 24.41 7.27 0.9966 23.92 7.79 1.91 0.9978 24.12 6.95 1.18 0.9963 

84 33.84 5.17 0.9977 33.68 5.69 1.72 0.9978 33.93 4.98 0.93 0.9971 

85 48.69 4.38 0.9969 48.97 4.92 1.55 0.9985 48.19 4.62 0.43 0.9987 

86 72.78 3.57 0.9890 74.50 4.13 1.38 0.9967 73.07 3.36 0.51 0.9948 

87 103.77 2.82 0.9923 106.51 3.30 1.38 0.9993 103.81 2.68 0.54 0.9990 

88 151.22 2.60 0.9891 156.27 3.03 1.35 0.9971 151.30 2.43 0.52 0.9958 

 

  
Figure 19. The n-scale nmax found from fitting with 

the HoM the nucleation data in  [1]. 

Figure 20. The combined behavior of the 

timescales as found from fitting with the HoM 

the nucleation data in  [1] mimics the so called 

“cusp catastrophe”. 

4. Discussion  

While we are not able to add further argument in the discussion on the existence of an 

autocatalytic loop in the n(t) dependence next to the one in [6], see also [19], we used a hierarchy of 

three models with increasing number of parameters to justify our findings. 
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Figure 21. Plotted are the numerical data published 

in  [6]. These values are obtained by fitting the 

protein nucleation data from  [20] with the logistic 

function, corresponding to q=2 in the Richards 

model. Note also the different from the other part of 

the study orders of the numerical values obtained. 

nmax is measured in ten to hundred thousand and 

more and  is in minutes. Yet  achieves a plateau. 

Figure 22. Comparison between the time-scales as 

obtained from fitting fig. 5 in  [1] with the Richards 

model and with the logistic function. It is clearly seen 

that the jump at 85-86 mV is reproduced but the 

absolute values and the slopes are not. 

Note that in the first from the set of two papers [21] I. Markov provides an expression for the 

saturation density but is not providing an idea of how to treat the data for the timescales nor they 

are obtained explicitly even as, for example, their inverse values that have the meaning of kinetic 

factors with attempting the consecutive Arhenius-type plots in order to identify the dependence on 

the driving force.  

5. Conclusions 

Our study is intended to remain on a more technical ground providing correct numerical 

analysis but without of an ambition to judge the theories and their application to experiment. We 

use a hierarchy of models (HoM) to achieve numerically correct estimation of the two scales 

describing the phenomenon of nucleation – the maximal number of nuclei and the time-scale for 

given (and fixed) driving force of the phenomenon. Thus, it is tempting to study the obtained data 

in a quantitative manner and the main result of this study is the dependence of the time-scales 

obtained on the overvoltage – smoothly decreasing, for one of the cathodes, and discontinuous for 

the other. The combination of the two behaviors resembles the so called cusp catastrophe known to 

the general public yet from the isotherms drawn from the Van der Waals equation above and below 

Tc. 
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