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Abstract: We present a theoretical modeling of a cylindrical tunable liquid crystal lens based on the modulation 

of the anchoring energy. This latter can be easily obtained by means of photoaligning techniques. The liquid 

crystal cell we propose exhibits strong anchoring at the top substrate and an anchoring energy with parabolic 

profile at the bottom substrate. The model describes the dependence of the focal length on the applied voltage 

and presents a theoretical study of lens aberrations. The results obtained are of general relevance and can be 

used to optimize the performances of every kind of liquid crystal lens with parabolic profile. 

Keywords: liquid crystal lenses; modulated anchoring energy; spherical aberration; tunable focal length 

 

Conventional lenses are based on the radial shaping of materials like glass or plastic that exhibits 

a constant refractive index. These optical components have typically one fixed focal length. The 

standard way of varying the focal length of an imaging system is thus to use a certain number of 

lenses such that the focus position is changed by mechanically adjusting their mutual distance. This 

approach makes the system bulky and unsuited for some applications. Compact and lightweight 

optical systems where the focal length can be varied without moving parts, are clearly very attractive. 

The fluid nature of the director field in liquid crystals (LC), combined with their high sensitivity to 

external stimuli, makes lenses based on liquid crystalline materials able to fulfill the above 

requirements. The focal length of LC lenses is typically electrically tunable and since the first report 

dated back to 1979 [1], several different structures have been proposed mainly based on patterned 

electrodes [2-7]. LC cells with pixel-free electrodes, have also been proposed [8].  

Despite they are more than 40 years old and the large amount of existing literature, LC lenses 

continue to attract the interest of the scientific community due to the great number of possible 

applications. Some new devices, such as head-mounted displays, mobile cameras, or contact lenses 

have indeed demonstrated the need for novel adaptive lenses [9] and non-conventional solutions 

have been recently proposed [10-13].  

With the aim of giving a contribution to the recent efforts, we propose here a theoretical study 

of LC lenses based on a parabolic profile of the anchoring energy that can easily be produced by 

photoalignment of proper transparent surface coatings [14-17]. Our simulations show that the 

application of an external voltage V in the range (0.7 – 1) V produces a tunable parabolic modulation 

of the LC birefringence. Both the phase delay and the focal length have been calculated for the 

different values of V and the lens aberrations have been estimated.  

Noteworthy, LC lens with a parabolic phase profile have recently been proposed [7]. In that 

work the parabolic profile was obtained by a proper electrode pattern that gave rise to a parabolic 

distribution of the applied voltage. Our approach, on the contrary, is based on photoalignment and 

does not require any electrode patterning.  
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1. Modeling the LC lens 

Let us consider a nematic liquid crystal (LC) cell of thickness 𝐿 and width 𝐷 with spatially 

modulated anchoring. Specifically, we assume strong planar anchoring at the top substrate, and an 

anchoring energy dependent on the distance from the center of the cell at the bottom substrate [18]. 

A sketch of the cell is reported in Figure 1. In this figure the OZ axis passing through the cell center 

and perpendicular to the plane of the cell is shown together with the lens width D and the lens 

aperture R.  

 

Figure 1. Scheme of the LC cell giving rise to the proposed LC lens. The four vertical arrows 

represent a test light beam impinging on the cell. 

When a proper external voltage 𝑉 is applied to the cell along Z, the LC director n reorients by 

an amount that depends both on the value of 𝑉 and on the value of the anchoring energy 𝑊(𝑥). 

Being the anchoring spatially modulated, this reorientation is modulated as well, thus giving rise to 

a lens-like refractive index profile. The focal length of the resulting lens depends on the applied 

voltage and is thus electrically tunable.  

We assume an anchoring energy profile W(x) at the bottom substrate of the cell of the form: 

𝑊(𝑥) = ⎩⎪⎨
⎪⎧𝑊1,                                                0 ൑ 𝑥 ൑ (𝐷 − 𝑅)/2

2𝑊1 − ௐ1ቀ௫ିವ
2

ቁ2

ቀೃ
2

ቁ2 ,      (𝐷 − 𝑅)/2 ൑ 𝑥 ൑ (𝐷 + 𝑅)/2𝑊1,                               (𝐷 + 𝑅)/2 ൑ 𝑥 ൑ 𝐷    (1) 

where 𝐷 is the lens width, 𝑅 the lens aperture and 𝑊1 the constant minimum anchoring energy 

(see Table 1). W(x) is shown in Figure 2. The value of 𝑊1  has been chosen based on previous 

investigation [16,17,19].  
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Table 1. 

1 𝐷 12𝑥10ଷ 𝜇𝑚 lens width 

2 𝑅 6𝑥10ଷ𝜇𝑚 aperture of the lens 

3 𝑊ଵ 10ି଺  𝐽𝑚ଶ Minimum anchoring energy 

4 Kଵଵ 6 ∙ 10ିଵଶ 𝑁 Splay elastic constant  

5 Kଷଷ 25 ∙ 10ିଵଶ 𝑁 Bend elastic constant 

6 𝐿 50 𝜇𝑚 LC cell thickness 

7 𝜔 10ଷ𝐻𝑧 AC electric field frequency 

8 𝜎 10ି଼  𝑆𝑚 LC electric conductivity  

9 𝜀ୄ 5.1 
LC dielectric constant in the direction 

perpendicular to n 

10 𝜀଴ 8.8542 ∙ 10ିଵଶ  𝐹𝑚  Vacuum dielectric constant 

11 𝜀|| 13.7  LC dielectric constant in the direction 

parallel to n 

12 𝜃ଶ 
గଵ଼଴ rad 

Direction of easy axis at the up substrate 

(pretilt angle) 

13 𝑉 (0.7 − 1) 𝑉 Applied voltage to the cell 

14 𝜃ଵ 
గଵ଼଴ rad 

Direction of easy axis at the bottom 

substrate (pretilt angle) 

We model a cylindrical lens, which allows simplifying the problem to the 2D case with respect 

to the 3D approach required for conventional spherical lenses. 

2. Director Reorientation under action of externally applied voltage in the cell with modulated 

anchoring energy  

To investigate the electro-optical properties of the proposed LC lens, one needs to find the 

director reorientation angle  𝜃(𝑥, 𝑧) . Noteworthy, we suppose that the LC director reorientation 

induced by the externally applied voltage occurs in XZ-plane therefore this is the only angle one 

needs to calculate. 

The director field has the form 𝒏 = ൫cos 𝜃 (𝑥, 𝑧), 0, sin 𝜃 (𝑥, 𝑧)൯ and the total free energy density 𝐹 is given by: ℱ = ℱ௘௟௔௦௜௖ + ℱ௘௟௘௖௧௥௜௖ + ℱ௦௨௥௙௔௖௘,     (2) 

where: ℱ௘௟௔௦௧௜௖ = ׬ ቀ௄భభଶ div(𝒏)ଶ + ௄మమଶ ൫𝒏 ⋅ curl(𝒏)൯ଶ + ௄యయଶ ሾ𝒏 × curl(𝒏)ሿଶቁ 𝑑𝑉,௏   (3) 

is the elastic free energy density, ℱ௘௟௘௖௧௥௜௖ = − ଵଶ ׬ (𝑫 ⋅ 𝑬)𝑑𝑉,௏       (4) 

represents the dielectric coupling with the external electric field, and the surface part of the total free 

energy density reads [20]: ℱ௦௨௥௙௔௖௘ = − ଵଶ ∑ ׬ W௜(𝒅 ⋅ 𝒏)ଶ𝑑𝑆௜ୗ౟ௌ೔ ,      (5) 

here 𝐾ii  are the LC elastic constants, 𝑫  is the electric displacement vector, 𝑬  is the externally 

applied electric field, 𝒅 is the easy axis direction and W௜ (i=1,2) is the anchoring energy at LC cell 

bounding substrates.  

Substituting equations (3)–(5) in eq. (2) and minimizing 𝐹, one obtains the following Euler-

Lagrange equation for 𝜃(𝑥, 𝑧): 
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𝜃௫௫(𝐾11𝑠𝑖𝑛2𝜃 + 𝐾33𝑐𝑜𝑠2𝜃) + 𝜃௭௭(𝐾11𝑐𝑜𝑠2𝜃 + 𝐾33𝑠𝑖𝑛2𝜃) + (𝐾33 − 𝐾11)ሾ(𝜃௭2 − 𝜃௫2) sin 𝜃 cos 𝜃 +𝜃௫௭ sin 2𝜃 + 𝜃௫𝜃௭ cos 2𝜃ሿ + 𝜀0𝜀ఈ(sin 𝜃 cos 𝜃(𝐸௭2 − 𝐸௫2) + 𝐸௭𝐸௫ cos 2𝜃) = 0     (6) 

where 𝜀௔ = 𝜀|| − 𝜀ୄ is the LC dielectric anisotropy, i.e. the difference between the dielectric constants 

in the directions parallel and perpendicular to n. 

Considering finite director anchoring at the bottom substrate and strong anchoring at the top 

substrate, the boundary conditions take the form: ൜ሾ(𝐾ଷଷ𝑠𝑖𝑛ଶ𝜃 + 𝐾ଵଵ𝑐𝑜𝑠ଶ𝜃)𝜃௭ሿ|௭ୀ଴ − 𝑊(𝑥) sin(𝜃(0) − 𝜃ଵ) cos 𝜃(0) − 𝜃ଵ = 0,𝜃(𝑧 = 𝐿) = 𝜃ଶ    (7) 

Equations (6) and (7) should be accompanied by the Poisson equation for the electric field 

potential U, defined by the relation 𝑬 = −𝜵𝑈 [18] ∇ ൫𝜀̃𝜀଴𝜵 𝑈(𝑥, 𝑧)൯ = 0,            (8) 
where 𝜀̃𝜀଴ = 𝜀̂𝜀଴ + 𝑖 ఙఠ,  being  𝜀̃ the permittivity tensor, 𝜔 the AC electric field frequency, 𝜎 the 

LC electric conductivity and 𝜀̂ the LC dielectric tensor.  In our case this latter has the form: 

𝜀̂ = ቌ𝜀ୄ + 𝜀௔ cosଶ 𝜃 0 𝜀௔ sin 𝜃 cos 𝜃0 𝜀ୄ 0𝜀௔ sin 𝜃 cos 𝜃 0 𝜀ୄ + 𝜀௔ sinଶ 𝜃ቍ,      (9) 

The electric field potential U(𝑥, 𝑧) obeys the following boundary conditions: ൜U|௭ୀ଴ = 0U|௭ୀ௅ = 𝑉,        (10) 

where 𝑉 is voltage applied to the cell at 𝑧 = 𝐿. 
In this way, one gets the following system of equations for the director field 𝜃(𝑥, 𝑧) and for the 

electric field potential U(𝑥, 𝑧) with boundary conditions: 𝜃௫௫(𝐾ଵଵ𝑠𝑖𝑛ଶ𝜃 + 𝐾ଷଷ𝑐𝑜𝑠ଶ𝜃) + 𝜃௭௭(𝐾ଵଵ𝑐𝑜𝑠ଶ𝜃 + 𝐾ଷଷ𝑠𝑖𝑛ଶ𝜃)+ (𝐾ଷଷ − 𝐾ଵଵ)ሾ(𝜃௭ଶ − 𝜃௫ଶ) sin 𝜃 cos 𝜃 + 𝜃௫௭ sin 2𝜃 + 𝜃௫𝜃௭ cos 2𝜃ሿ+ 𝜀଴𝜀ఈ(sin 𝜃 cos 𝜃(𝐸௭ଶ − 𝐸௫ଶ) + 𝐸௭𝐸௫ cos 2𝜃) = 0 ∇ ൫𝜀̃𝜀଴𝜵 𝑈(𝑥, 𝑧)൯ = 0                (11) ሾ(𝐾ଷଷ𝑠𝑖𝑛ଶ𝜃 + 𝐾ଵଵ𝑐𝑜𝑠ଶ𝜃)𝜃௭ሿ|௭ୀ଴ − 𝑊(𝑥) sin(𝜃(0) − 𝜃ଵ) cos(𝜃(0) − 𝜃ଵ) = 0𝜃(𝑧 = 𝐿) = 𝜃ଶ  U|௭ୀ଴ = 0U|௭ୀ௅ = 𝑉 

The system of equations (11) has no analytical solution. To solve it, it is necessary to use 

computer calculations. The parameters we used for calculations are reported in Table 1. The values 

selected for the splay, K11, and bend, K33 elastic constants are of the order of those typical of the most 

common thermotropic LCs [18, 21]. 

The electric field potentials calculated for 𝑉 = 1 𝑉  and  𝑉 = 0.8 𝑉  at the middle of the cell z 

= L/2, as a function of x, are reported in Figure 3a and 3b, respectively. Figure 4 shows the LC director 

profile vs x for the same values of V at z = L/2. As expected, it follows the profile of the electric field 

potential.  
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Figure 2. Spatial profile of anchoring energy 𝑊(𝑥) at the bottom substrate. 

 

Figure 3. Electric potential U versus x at z = L/2 for V = 0.8 V (a) and V = 1 V (b). 

 

Figure 4. LC director profile at z = L/2 as a function of the distance x from the center of the cell for V 

= 0.8 V (a) and v = 1 V (b). 

3. Light propagation through LC cell subject to externally applied voltage   

In the previous section, we have calculated the spatial profile of the LC director subject to an 

externally applied voltage. The refractive index for an extraordinary beam propagating in the LC cell 

is given by the relation: 
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𝑛௘௙௙(𝜓) = ௡బ௡೐ට௡೐మ⋅ୡ୭ୱమ(ట)ା௡బమ⋅ୱ୧୬మ(ట) ,       (12) 

where 𝜓 is the angle between the LC director (which defines the optical axis) and the light wave 

vector. In our case  𝜓 = గଶ − 𝜃. 

We treat the LC cell with a lens-like director distribution as a thin phase plate. The phase 

retardation ϕ experienced by a test light beam propagating through the cell is defined as  ϕ = ଶగఒ ׬ 𝑛௘௙௙(𝜃)௅଴ 𝑑𝑧         (13) 

and depends on the distance x from the center of the cell. This is shown in Figure 5 for different values 

of the applied voltage V. This dependence determines the focusing properties of the LC lens. 

0,0 2,0x103 4,0x103 6,0x103 8,0x103 1,0x104 1,2x104
100

120

140

160

180

200
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g)

x (µm)
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 0.8 V
 0.9 V
 1 V

 
Figure 5. Dependence of the phase retardation ϕ(𝑥) on the distance x for different values of the 

applied voltage V. 

To evaluate the focal length of the LC lens, we fit the curves ϕ = ϕ(x) in Figure 5 to a parabola 

according to the paraxial approximation [22,23] using the equation: ϕ(𝑥) = 𝑎 − ௞௫2

2௙ ,       (14) 

being 𝑎 = ϕ(0) the phase shift at the center of the LC cell, 𝑓 the focal length of the LC lens and 𝑘 

the modulus of the test beam wave vector. 

The inverse of the obtained focal length is shown in Figure 6 as a function of the applied voltage 𝑉 for a lens aperture R = 1mm. The electrical tunability of the lens focus is well represented by this 

curve. 
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Figure 6. Dependence of LC lens power on applied voltage. Lens aperture R = 1mm. 

4. Aberration of LC Lens with modulated anchoring energy 

Optical lenses, and LC lenses do not make exception, are not ideal optical systems. Indeed, there 

is always some degree of aberration introduced by the lens, which causes the image to be an imperfect 

replica of the object. Aberration thus plays an important role in the formation of images and among 

them spherical aberration is the most common when dealing with monochromatic light.  

Figure 7 shows the definition of spherical aberration. A spherically aberrated lens has no well-

defined focus. The distance along the optical axis between the intercept of the rays that are nearly on 

the optical axis (paraxial rays) and the rays that go through the edge of the lens (marginal rays) is 

called longitudinal spherical aberration (LSA) [24].  

 

Figure 7. Illustration of the spherical aberration. 

Theoretically, to obtain the LSA in a LC lens it is necessary to find the beam trajectory in an 

inhomogeneous liquid crystal cell [25,26]. Here we propose a simpler and quicker approach.   

In the previous section, to find the focal length of the LC lens we used the paraxial 

approximation, that holds for a beam that is as close as possible to the optical axis of the lens [22], as 

well as for an ideal spherical wavefront. However, as the aperture of the lens R increases, this 

approximation is less and less fulfilled.  
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In Figure 8 one can see the phase retardation (eq. 13) compared to the one modeled using the 

paraxial approximation (eq. 14) for different lens apertures R = 1 mm (a) and R = 3 mm (b), for an 

applied voltage V = 0.7 V. As R increases from 1 to 3 mm, the quality of the approximation worsens, 

which indicates that we have an imperfect lens and aberrations must be estimated. 

 

Figure 8. Comparison between the phase retardation given by eq (13) and the one modeled by eq. (14) 

for different values of the lens aperture: R=1 mm (a) and R=3 mm (b). 

To estimate the LSA, we found where the beam come from the edge of the lens aperture. To this 

aim we used the paraxial approximation (14) to describe the beam wavefront near the lens aperture 

point. Mathematically, this means that we have approximated a part of the wavefront near the lens 

aperture and found the approximation coefficients. Next, we found a point on the axis of this 

parabola, where the rays from the edge of the aperture converge. Using mathematical formulas, we 

projected it onto the axis of the lens. Thus, we got the point where the rays will come from the edge 

of the lens (lens aperture). 

Figure 9 shows the relative longitudinal spherical aberration, defined as the ratio between the 

LSA and the focal length, versus the lens aperture R, for 𝑉 = 0.8 V (black line) and V = 1 V (red line).  

The relative longitudinal spherical aberration as a function of the applied voltage at fixed values 

of R (R = 1.5 mm and R = 2 mm) is instead reported in Figure 10 a and b. 

 
Figure 9. Relative longitudinal aberration as a function of the lens aperture R, for V = 0.6 V (red line) 

and 𝑉 = 1 V (black line). 
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Figure 10. Relative longitudinal aberration as a function of the applied voltage V, for R = 1.5 mm (a) 

and R = 2 mm (b). 

The relative LSA increases with R, as expected, and slightly decreases with increasing V, which 

we understand as a voltage-induced change in the phase profile. The increasing voltage makes the 

phase profile “more parabolic”.   

5. Conclusion 

We proposed a theoretical model that describes the properties of a cylindrical LC lens with 

parabolic phase profile induced by a spatially modulated anchoring energy. We have calculated the 

director profile, the electric field potential in the LC cell and the phase delay experienced by a light 

beam propagating through the cell. Moreover, we have estimated the focal length and the 

longitudinal spherical aberration of the LC lens. The dependence of the focal length on the applied 

voltage demonstrates the electrical tunability of the modeled lens.  

The observed dependence of the lens aberration on the external voltage and on the lens aperture 

allows optimizing the lens features to get the best image quality. As an example, combining f and 

LSA, it is possible to look for the conditions giving the highest optical power with the lowest 

aberrations. The obtained results can easily be applied to experimentally developed LC lenses. 

Indeed, in principle photoalignment allows to obtain different profiles of the anchoring energy so 

that the phase retardation can become closer to the parabolic profile in a wide range of externally 

applied voltages, thus reducing the aberrations. We expect that AI or machine learning can also help 

to find the optimal profile of the anchoring energy.  

Proper experiments will be soon under way to validate the above predictions. 
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