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Simple Summary: In this study, the research is being suggested to investigate the relationships between the 
“malignant” or “benign” diagnosis of the breast cancer (BC) in patients and “nine attributes” of 699 BC 
diagnosed patients by generalized linear mixed model (GLMM) approach for binomially distributed response 
variable with binary link functions. The authors aim to achieve to predict whether the type of BC is “benign” 
or “malignant” by classical generalized linear model (GLM) approach and the GLMM approach comparatively 
for the binary response variable with logit, probit, cloglog, and cauchit link functions. Based on the main 
findings from this research, the best fitted model is determined as the GLMM under “logit” link function with 
“id” random effect with the most statistically significant quantities of “clump thickness”, “bland chromatin”, 
“mitoses”, “bare nuclei”, “cell shape”, “marginal adhesion”, “epithelial cell size”, and “cell size”, respectively.  

Abstract: The main aim of this study is to predict whether the type of breast cancer is “benign” or “malignant” 
by classical generalized linear model (GLM) approach and an extended family of GLM called generalized linear 
mixed model (GLMM) approach for binomially distributed response variable with binary link functions. In 
this study, an advanced statistical modeling approach based on the GLMM to the traditional statistical 
modeling approach based on the GLM for binomially distributed response variable with various binary link 
functions is proposed to investigate the relationships between the “malignant or benign diagnosis of the BC in 
patients” and “nine attributes” of 699 BC diagnosed patients. This study also focuses on the statistical 
significance of the accurate classification of the BC diagnosed patients in cancer studies in medicine in “benign” 
or “malignant” type based on the WBC dataset. In this study, the superiority of the GLMM approach over the 
GLM approach for the binary response variable especially belonging to the WBC dataset is emphasized in the 
field of cancer diagnosis in medicine. Also the importance and the power of the IC and performance metrics as 
the goodness-of-fit test statistics are strongly emphasized for accurate statistical inferences from the “best” 
fitted model. In this study, from the main findings, the best fitted model among the GLM and GLMM 
approaches for the binary response variable is determined as the GLMM under “logit” link function with “id” 
random effect with the most statistically significant odds of the occurance of the BC being “malignant” as 
7.9104, 5.6888, 5.6643, 4.9842, 4.1212, 2.0679, 1.8755, and 1.3970 times more than being “benign” for every one-
unit increase in the quantities of “clump thickness”, “bland chromatin”, “mitoses”, “bare nuclei”, “cell shape”, 
“marginal adhesion”, “epithelial cell size”, and “cell size”, respectively.  

Keywords: Generalized linear mixed model; Wisconsin breast cancer data; logit; probit; cloglog; 
cauchit link functions; random effect 
 

1. Introduction 

The most importance of “breast cancer (BC)” taken in this study is being the fourth common 
seen cancer type and one of the most leading causes of mortality all over the world with 700.147 
number of deaths belonging to 200 countries in the world in 2019 (Aalaei et al. [1], Kadhim and Kamil 
[2], Roser and Ritchie [3], Our World in Data [4], Desantis et al. [5]). Breast cancer mortality rates 
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among deaths caused by all cancer types according to the 200 countries in the world in 2019 are 
illustrated in Figure 1. 

 
Figure 1. Histogram of the mortality rates from breast cancer among deaths caused by all cancer 

types belonging to the 200 countries in the world in 2019. 

As can be seen from Figure 1, among deaths caused by all cancer types belonging to the 200 
countries in the world in 2019, the percentage of deaths from breast cancer is concentrated between 
approximately 6% and 15%. Five countries with the highest mortality rates from breast cancer are 
Solomon Islands with 24.48%, Papua New Guinea with 24.16%, Pakistan with 19.84%, Fiji with 
18.99%, and Nigeria with 17.55%, respectively. On the other hand, five countries with the least 
mortality rates from breast cancer are Taiwan with 4.21%, South Korea with 4.02%, Japan with 3.72%, 
China with 3.64%, and Mongolia with 2.41%, respectively.  

There are many studies in the literature on the popularly used “Wisconsin Breast Cancer (WBC) 
Dataset”, which is still very up-to-date and examined through many different statistical and machine 
learning methods. A detailed review of the wide variety of related studies done on the WBC dataset 
can be given as follows;  

Jain and Abraham [6] investigated performances of fuzzy classification methods to approach a 
high classification rate in detecting BC using the WBC dataset. Karabatak and İnce [7] proposed an 
integrated neural network and association rules approach for the classification of BC using the WBC 
dataset. Fallahi and Jafari [8] showed accuracy of the classifiers based on Bayesian network approach 
to detect BC using the WBC dataset. Kumar et al. [9] established classification models for predicting 
BC by data mining methods using the WBC dataset. Borges [10] employed machine learning 
techniques based on Bayesian approach to detect BC using the WBC dataset. Aalaei et al. [1] 
emphasized superiority of genetic algorithm in terms of accuracy, specificity, and sensitivity features 
of different classifiers on the WBC dataset for the aim of disease diagnosis of breast cancer. Dubey et 
al. [11] applied k-means clustering algorithm for diagnosing BS using the WBC dataset. Banerjee et 
al. [12] constructed ensemble learning techniques as a machine learning study for the classification of 
BC based on the WBC dataset. Alshayeji et al. [13] used artificial neural network (ANN) model in the 
early diagnosis of breast cancer (BC) depending on the WBC dataset and evaluated accuracy, 
sensitivity, and specificity of their proposed ANN models. Kadhim and Kamil [2] compared the 
performances of machine learning classifiers in terms of some criteria.  

Mumtaz et al. [14], Sarvestani et al. [15], Marcano-Cedeño et al. [16], Salama et al. [17], Shajahaan 
et al. [18], Vig [19], Sivakami and Saraswathi [20], Kumari and Singh [21], Obaid et al. [22], Sultana 
and Jilani [23], Mohammed et al. [24], and Mushtaq et al. [25] applied neural network models; data 
mining techniques; artificial neural network; multi-classifiers; data mining techniques; neural 
networks; DT - SVM hybrid model; KNN and SVM classifiers; machine learning techniques; multi-
class classifiers; machine learning methods; k-nearest neighbor classification methods to the WBC 
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dataset in the prediction, classification, and diagnosis of the BC in terms of various features such as 
accuracy, specificity, and sensitivity. 

Sultana and Jilani [23], MurtiRawat et al. [26], Seddik and Shawky [27], Mathew and Kumar [28], 
Li and Chen [29], Magboo and Magboo [30], Haziemeh et al. [31], Mathew [32], Basunia et al. [33], 
Al-Azzam and Shatnawi [34], Khairunnahar et al. [35], Islam et al. [36], Mushtaq et al. [37], Hossin et 
al. [38], and Rekha and Vinoci [39] used logistic regression in the prediction of BC to classify types of 
patients with diagnosis of BC as “benign” or “malignant”. 

As seen from the literature review, many authors focused on accurate classification of the WBC 
dataset by machine learning and data mining techniques with various classifiers and neural network 
approaches. The most common purpose of these studies on the WBC dataset in the literature is to 
apply machine learning algorithms in predicting and diagnosing BC due to the specificity, sensitivity, 
precision, and accuracy criteria in BC diagnosis based on the WBC dataset.  

In the light of the studies given in the literature above and also in addition to the literature, in 
this study, an advanced statistical modeling approach based on the generalized linear mixed model 
(GLMM) to the traditional statistical modeling approach based on the generalized linear model 
(GLM) for binomially distributed response variable with various binary link functions is proposed to 
investigate the relationships between the “malignant or benign diagnosis of the BC in patients” and 
“nine attributes” of 699 BC diagnosed patients. This study also focuses on the statistical significance 
of the accurate classification of the BC diagnosed patients in cancer studies in medicine in “benign” 
or “malignant” type based on the WBC dataset. 

This study consists of four sections. In the first section, “Wisconsin Breast Cancer (WBC) 
Dataset” and related studies on WBC dataset in the literature are introduced. In the second section, 
attributes of the WBC dataset are briefly described and the GLMM approach as the method used in 
this study is given in details. In the third and fourth sections, empirical results and discussions, as 
well as conclusions based on the examination of the WBC dataset with the GLMM approach, are 
presented in detail. 

2. Materials and Methods 

In this section, “Wisconsin Breast Cancer (WBC) Dataset” is introduced and attributes of the 
WBC dataset are briefly described and then the GLMM approach for binary response variable as the 
method used in this study is given in details. 

2.1. Materials 

Dr. William H. Wolberg from the University of Wisconsin Hospitals in Madison examined the 
samples taken from the patients for the diagnosis of breast cancer (BC) under the microscope. Then, 
these samples were examined under the microscope and numbers from 1 to 10 were assigned to 9 
different quantities related to the BC including “clump thickness”, “cell size”, “cell shape”, “marginal 
adhesion”, “epithelial cell size”, “bare nuclei”, “bland chromatin”, "normal nucleoli", and “mitoses” 
for each sample point in the WBC dataset (Mangasarian and Wolberg [40], Wolberg and Mangasarian 
[41], Wolberg et al. [42], Bennett and Mangasarian [43]). 

WBCD dataset available on 15 July 1992 consisted of eight groups and totally 699 sample points 
which were 367 sample points from group 1 (January 1989), 70 sample points from group 2 (October 
1989), 31 sample points from group 3 (February 1990), 17 sample points from group 4 (April 1990), 
48 sample points from group 5 (August 1990), 49 sample points from group 6 (January 1991), 31 
sample points from group 7 (June 1991), and 86 sample points from group 8 (November 1991). 458 
benign (B) sample points and 241 malignant (M) sample points were determined at totally 699 sample 
points according to these eight groups in the WBDC dataset (Wolberg [44]). 

In this section of this study, “readxl”, “stats” and “ggplot” packages in the RStudio programme 
are used both in obtaining descriptive statistics and data visualization stages of the WBC dataset 
(Wickham [45], Team et al. [46], Wickham et al. [47]). The quantity of "normal nucleoli" is removed 
due to its inconsistent parameter estimates in the advanced statistical models performed in this study. 
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Descriptive statistics for the 699 sample points according to their “benign” or “malignant” status of 
the remaining eight different quantities related to the BC are given in Table 1.  

Table 1. Descriptive statistics for 699 sample points according to their “benign” or “malignant” status 
of eight different quantities in the WBC dataset. 

Variables 
Benign Malignant 

Min. Median Mean ±  Sd. Max. Min. Median Mean ±  Sd. Max. 

Clump  
Thickness 

1 3 2.9563 ± 1.6743 8 1 8 7.195 ±  2.4288 10 

Cell Size 1 1 1.3253 ±  0.9077 9 1 6 6.5726 ±  2.7195 10 

Cell Shape 1 1 1.4432 ±  0.9978 8 1 6 6.5602 ±  2.562 10 

Marginal  
Adhesion 

1 1 1.3646 ±  0.9968 10 1 5 5.5477 ±  3.2105 10 

Epithelial Cell 
Size 

1 2 2.1201 ±  0.9171 10 1 5 5.2988 ±  2.4516 10 

Bare Nuclei 0 1 1.3057 ±  1.1827 10 0 10 7.5643 ±  3.1802 10 

Bland 
Chromatin 

1 2 2.1004 ±  1.0803 7 1 7 5.9793 ±  2.2739 10 

Mitoses 1 1 1.0633 ±  0.5020 8 1 1 2.5892 ±  2.5579 10 

Descriptive statistics for the WBC dataset given in Table 1 are also graphically demonstrated in 
Figure 2 for a better visual understanding. 

 

Figure 2. Boxplots of the quantities belonging to the “benign” and “malignant” samples in the WBC 
dataset. 

In Figure 2, green and red bars are seperately given for the eight quantities belonging to the 
“benign” and “malignant” samples, respectively. The boxes in the middle of each bar show average 
(mean) values of the related quantities, and the lower and upper values show the mean values ±
standard deviation values, respectively. Among the quantities determined for “benign” samples, the 
highest and the lowest mean values are determined for the “clump thickness” and “mitoses” with 
2.6563, and 1.0633, respectively. The lowest lenghts of the bars calculated as 2× standard deviation 
for the “benign” and “malignant” samples is on “mitoses” with 1.004, and on “bland chromatin” with 
4.5478, respectively. On the other hand, the highest lenghts of the bars for the “benign” and 
“malignant” samples is on “clumb thickness” with 3.3486, and on “marginal adhesion” with 6.4210, 
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respectively. As can be seen from Table 1 and Figure 2, descriptive statistics for the “malignant” 
samples are significantly higher in terms of both their averages and standard deviations compared 
to the “benign” samples. 

As a more detailed version of the descriptive statistics given in Table 1, descriptive statistics of 
totally 699 sample points according to their “benign” and “malignant” status, eight different groups, 
and eight different quantities are given in Table 2. 

Table 2. Descriptive statistics of totally 699 sample points according to their “benign” and 
“malignant” status, eight different groups, and eight different quantities in the WBC dataset. 
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Thickness 
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Epithelial 
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As can be seen from Table 2, the highest values of the means and the standard deviations among 
the 699 sample points detected as "benign" according to their eight quantities in eight groups are 
determined on "clumb thickness" with mean values 2.6750, 2.7544, 3.6364, 4.2857, 3.1389, 3.4250, 
3.7647, and 2.8889; and also standard deviation values 1.7333, 1.5616, 1.6197, 1.3260, 1.5703, 1.5340, 
1.5219, and 1.5883, respectively. On the other hand, the highest values of means among the sample 
groups detected as “malignant” according to eight quantities are determined on “bare nuclei” with 
mean value 7.6168 in group 1, “clumb thickness” with mean value 8.3077 in group 2, “clumb 
thickness” with mean value 8.1111 in group 3, “bland chromatin” with mean value 8.6667 in group 
4, “bare nuclei” with mean value 8.0833 in group 5, “bare nuclei” with mean value 8.0000 in group 6, 
“bland chromatin” with mean value 7.5714 in group 7, and “cell size” with mean value 8.8571 in 
group 8. 

The highest values of standard deviations among the sample groups detected as “malignant” 
according to eight quantities are determined on “marginal adhesion” with standard deviation value 
3.2157 in group 1, “bare nuclei” with standard deviation value 3.3874 in group 2, “clumb thickness” 
with standard deviation value 2.9768 in group 3, “mitoses” with standard deviation value 5.1962 in 
group 4, “marginal adhesion” with standard deviation value 3.5633 in group 5, “marginal adhesion” 
with standard deviation value 3.3082 in group 6, “bare nuclei” with standard deviation value 3.8381 
in group 7, and “bare nuclei” with standard deviation value 3.2148 in group 8. 
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The frequencies and relative frequencies of eight quantities taken values from 1-10 according to 
“benign”, “malignant”, and both status of these sample groups are separately given in Table 3. 

Table 3. The frequencies and relative frequencies of eight quantities according to “benign”, 
“malignant”, and both status of these sample groups in the WBC dataset. 

Quantities 
Domain 

Type 1 2 3 4 5 6 7 8 9 10 

Clump 

Thickness 

Benign 
142 

(31 %) 

46 

(10.04 

%) 

96 

(20,96 

%) 

68 

(14,85 

%) 

85 

(18,56 

%) 

16 

(3,49 

%) 

1 (0,22 

%) 

4 (0,87 

%) 

0  

(0 %) 

0  

(0 %) 

Malign 
3 (1,24 

%) 

4 (1,66 

%) 

12 

(4,98 

%) 

12 

(4,98 

%) 

45 

(18,67 

%) 

18 

(7,47 

%) 

22 

(9,13 

%) 

42 

(17,43 

%) 

14 

(5,81 

%) 

69 

(28,63 

%) 

Both 

145 

(20,74 

%) 

50 

(7,15 

%) 

108 

(15,45 

%) 

80 

(11,44 

%) 

130 

(18,6 

%) 

34 

(4,86 

%) 

23 

(3,29 

%) 

46 

(6,58 

%) 

14 (2 

%) 

69 

(9,87 

%) 

Cell Size 

Benign 

380 

(82,97 

%) 

37 

(8,08 

%) 

27 (5,9 

%) 

9 (1,97 

%) 

0  

(0 %) 

2 (0,44 

%) 

1 (0,22 

%) 

1 (0,22 

%) 

1 

(0,22 

%) 

0  

(0 %) 

Malign 
4 (1,66 

%) 

8 (3,32 

%) 

25 

(10,37 

%) 

31 

(12,86 

%) 

30 

(12,45 

%) 

25 

(10,37 

%) 

18 

(7,47 

%) 

28 

(11,62 

%) 

5 

(2,07 

%) 

67 

(27,8 

%) 

Both 

384 

(54,94 

%) 

45 

(6,44 

%) 

52 

(7,44 

%) 

40 

(5,72 

%) 

30 

(4,29 

%) 

27 

(3,86 

%) 

19 

(2,72 

%) 

29 

(4,15 

%) 

6 

(0,86 

%) 

67 

(9,59 

%) 

Cell Shape 

Benign 

351 

(76,64 

%) 

52 

(11,35 

%) 

33 

(7,21 

%) 

13 

(2,84 

%) 

3 (0,66 

%) 

3 (0,66 

%) 

2 (0,44 

%) 

1 (0,22 

%) 

0  

(0 %) 

0  

(0 %) 

Malign 
2 (0,83 

%) 

7 (2,9 

%) 

23 

(9,54 

%) 

31 

(12,86 

%) 

31 

(12,86 

%) 

27 

(11,2 

%) 

28 

(11,62 

%) 

27 

(11,2 

%) 

7 (2,9 

%) 

58 

(24,07 

%) 

Both 

353 

(50,5 

%) 

59 

(8,44 

%) 

56 

(8,01 

%) 

44 

(6,29 

%) 

34 

(4,86 

%) 

30 

(4,29 

%) 

30 

(4,29 

%) 

28 

(4,01 

%) 

7 

 (1 

%) 

58 (8,3 

%) 

Marginal 

Adhesion 

Benign 

375 

(81,88 

%) 

37 

(8,08 

%) 

31 

(6,77 

%) 

5 (1,09 

%) 

4 (0,87 

%) 

4 (0,87 

%) 

0 

 (0 %) 

0 

 (0 %) 

1 

(0,22 

%) 

1 (0,22 

%) 

Malign 

32 

(13,28 

%) 

21 

(8,71 

%) 

27 

(11,2 

%) 

28 

(11,62 

%) 

19 

(7,88 

%) 

18 

(7,47 

%) 

13 

(5,39 

%) 

25 

(10,37 

%) 

4 

(1,66 

%) 

54 

(22,41 

%) 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 October 2023                   doi:10.20944/preprints202310.0677.v1

https://doi.org/10.20944/preprints202310.0677.v1


 9 

 

Both 

407 

(58,23 

%) 

58 (8,3 

%) 

58 (8,3 

%) 

33 

(4,72 

%) 

23 

(3,29 

%) 

22 

(3,15 

%) 

13 

(1,86 

%) 

25 

(3,58 

%) 

5 

(0,72 

%) 

55 

(7,87 

%) 

Epithelial 

Cell Size 

Benign 

46 

(10,04 

%) 

363 

(79,26 

%) 

29 

(6,33 

%) 

7 (1,53 

%) 

5 (1,09 

%) 

2 (0,44 

%) 

3 (0,66 

%) 

2 (0,44 

%) 

0  

(0 %) 

1 (0,22 

%) 

Malign 
1 (0,41 

%) 

23 

(9,54 

%) 

43 

(17,84 

%) 

41 

(17,01 

%) 

34 

(14,11 

%) 

39 

(16,18 

%) 

9 (3,73 

%) 

19 

(7,88 

%) 

2 

(0,83 

%) 

30 

(12,45 

%) 

Both 

47 

(6,72 

%) 

386 

(55,22 

%) 

72 

(10,3 

%) 

48 

(6,87 

%) 

39 

(5,58 

%) 

41  

(5,87 

%) 

12 

(1,72 

%) 

21  

(3 %) 

2 

(0,29 

%) 

31 

(4,43 

%) 

Bare 

Nuclei 

Benign 

387 

(84,5 

%) 

21 

(4,59 

%) 

14 

(3,06 

%) 

6 (1,31 

%) 

10 

(2,18 

%) 

0 

 (0 %) 

1 (0,22 

%) 

2 (0,44 

%) 

0  

(0 %) 

3 (0,66 

%) 

Malign 

15 

(6,22 

%) 

9 (3,73 

%) 

14 

(5,81 

%) 

13 

(5,39 

%) 

20 (8,3 

%) 

4 (1,66 

%) 

7  

(2,9 

%) 

19 

(7,88 

%) 

9 

(3,73 

%) 

129 

(53,53 

%) 

Both 

402 

(57,51 

%) 

30 

(4,29 

%) 

28 

(4,01 

%) 

19 

(2,72 

%) 

30 

(4,29 

%) 

4 (0,57 

%) 

8 (1,14 

%) 

21 

 (3 %) 

9 

(1,29 

%) 

132 

(18,88 

%) 

Bland 

Chromatin 

Benign 

150 

(32,75 

%) 

159 

(34,72 

%) 

129 

(28,17 

%) 

8 (1,75 

%) 

4 (0,87 

%) 

1 (0,22 

%) 

7 (1,53 

%) 

0 

 (0 %) 

0 

 (0 

%) 

0  

(0 %) 

Malign 
2 (0,83 

%) 

7 (2,9 

%) 

36 

(14,94 

%) 

32 

(13,28 

%) 

30 

(12,45 

%) 

9 (3,73 

%) 

66 

(27,39 

%) 

28 

(11,62 

%) 

11 

(4,56 

%) 

20 (8,3 

%) 

Both 

152 

(21,75 

%) 

166 

(23,75 

%) 

165 

(23,61 

%) 

40 

(5,72 

%) 

34 

(4,86 

%) 

10 

(1,43 

%) 

73 

(10,44 

%) 

28 

(4,01 

%) 

11 

(1,57 

%) 

20 

(2,86 

%) 

Mitoses 

Benign 

445 

(97,16 

%) 

8 (1,75 

%) 

2 (0,44 

%) 

0  

(0 %) 

1 (0,22 

%) 

0  

(0 %) 

1 (0,22 

%) 

1 (0,22 

%) 

0  

(0 %) 

0  

(0 %) 

Malign 

134 

(55,6 

%) 

27 

(11,2 

%) 

31 

(12,86 

%) 

12 

(4,98 

%) 

5 (2,07 

%) 

3 (1,24 

%) 

8 (3,32 

%) 

7  

(2,9 

%) 

0 

 (0 

%) 

14 

(5,81 

%) 

Both 

579 

(82,83 

%) 

35 

(5,01 

%) 

33 

(4,72 

%) 

12 

(1,72 

%) 

6 (0,86 

%) 

3 (0,43 

%) 

9 (1,29 

%) 

8 (1,14 

%) 

0  

(0 %) 

14 

 (2 %) 

As can be seen from Table 3, according to the “benign” and “malignant” status of the samples, 
the frequencies of the “clump thickness”, “cell size”, “cell shape”, “marginal adhesion”, “epithelial 
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cell size”, “bare nuclei”, “bland chromatin”, and “mitoses” are determined as at most of values at 1 
with 142 (31%), at 1 with 380 (82.97%), at 1 with 351 (76.64%), at 1 with 375 (81.88%), at 2 with 363 
(79.26%), at 1 with 387 (84.50%), at 2 with 159 (34.72%), and at 1 with 445 (97.16%), ; and also at 10 
with 69 (28.63%), at 10 with 67 (27.80%), at 10 with 58 (24.07%), at 10 with 54 (22.41%), at 3 with 43 
(17.84%), at 10 with 129 (53.53%), at 7 with 66 (27.39%), and at 1 with 134 (55.60%), respectively. 

The frequencies and relative frequencies of eight quantities taken values from 1-10 according to 
“benign” and “malignant” status of the sample groups given in Table 3 are demonstrated in Figure 
3 for a better visual understanding. 

 

Figure 3. Histograms of eight quantities taken values from 1-10 according to “benign” and 
“malignant” status in the WBC dataset. 

In Figure 3, the green bars are given for the quantities of “benign” samples, and the red bars are 
for the quantities of “malignant” samples. From Figure 2, it can be easily seen that the green bars 
symbolizing “benign” samples in the lower parts are predominantly long, while the red bars 
symbolizing “malignant” samples in the upper parts are predominantly long. 

2.2. Method 

General linear models are traditionally based on the “normality” assumption of the error terms 
and thus the response variable. However, the distribution of the response variable may not always 
have a normal distribution. In this case, the parameter estimates obtained from the model may be 
quite biased and the error terms may increase considerably (Hardin and Hilbe, [48], Agresti [49], Fox 
[50], İyit et al. [51]). 

Nelder and Wedderburn [52] introduced the concept of generalized linear model (GLM) by 
relaxing traditional general linear model assumptions. GLM approach is constructed by connecting 
the mean of the response variable, which is a member of the exponential family of distributions, to 
the “linear predictor” containing the model parameters called “systematic component” part through 
a “link function” (Salinas Ruíz et al., [53], Özaltın and İyit [54], Goldburd, [55]). The probability 
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(density) function of the exponential family forming the “random component” part of the GLM can 
be given as follows (Dunn and Smyth, [56]; Dunteman and Ho, [57]; İyit et al., [58]); 

( )
( )

( )
( ); , ,y

y b
f y exp c y

a

θ θ
θ φ φ

φ

 − 
= + 

  
 (1)

where θ , and φ  are the location and dispersion parameters, respectively and also ( )a φ , ( )b θ , 

and ( ),c y φ  are the known functions specific to the distribution of the exponential family. 

The “linear predictor” part and the “link function” of the GLM can be given as follows (Myers 
et al. [59], İyit [60]); 

0 1 1 .... p px xη β β β= + + +  (2)

( )( ) ( )g E y g µ η= =  (3)

Generalized linear mixed model (GLMM) approach is an extension of the GLM approach by 
adding random effect(s) to the “linear predictor” part. A general form of the “link function” of the 
GLMM as a function of the conditional mean of the response variable given the random effect term 

( )u


 can be given as follows (McCulloch and Searle [61], Stroup [62], İyit et al. [63]); 

( ) ( )g E y u g uµ η β  = = = +  X Z
   

 (4)

In the GLM and GLMM approaches for the binomially distributed response variable performed 
in this study, four different binary link functions, namely “logit”, “probit”, “cloglog”, and “cauchit” 
are used as follows (Morgan and Smith [64], Olsson [65], Koenker and Yoon [66], Hilbe [67], İyit et al. 
[68], İyit and Mashhadani [69]); 

( )logit log
1

i
i i i i

i

p
p x z u

p
η β

 
′ ′= = = + 

−  
 (5)

( )1

i i i ip x z uη β− ′ ′= Φ = +


 (6)

( )( )log log 1i i i ip x z uη β′ ′= − − = +


 (7)

( )( )1tan 1 2i i i ip x z uη π β− ′ ′= − = +


 (8)

In this study, “iteratively reweighted least squares (IRLS)” method with the “Fisher-Scoring 
(FS)” iterative algorithm, and “maximum likelihood (ML)” method with “Laplace approximation” 
are used for the the parameter estimation parts of the GLM and GLMM approaches with binomially 
distributed response variable, respectively (Agresti [49], Stroup [62], Jiang [70], Faraway [71], Tekin 
et al. [72], İyit and Sevim [73]). 

Finally, the “confusion (classification) matrix” has been popularly created for obtaining the 
“performance metrics” in the GLM and GLMM approaches for the binomially distributed response 
variable (Hilbe [67], Khairunnahar et al. [35], Mathew [32], Mathew and Kumar [28], MurtiRawat et 
al. [26], Sultana and Jilani [23]). The “confusion matrix” consists of a cross-table where the number of 
correct and incorrect predicted values of the response variable by the models used in this study are 
compared to the actual values of the response variable. In this context, “True Positive (TP)”, “False 
Negative (FN)”, “False Positive (FP)”, and “True Negative (TN)” represent the number of correct 
positive predictions, the number of incorrect negative predictions, the number of incorrect positive 
predictions, and the number of correct negative predictions by the models used in this study, 
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respectively (Fawcett [74], Piryonesi and El-Diraby [75], Powers [76], Sammut and Webb [77], Brooks 
[78], Chicco and Jurman [79], Tharwat [80]). The components belonging to the structure of the 
“confusion matrix” to obtain the “performance metrics” for the GLM and GLMM approaches in this 
study are given in Table 4 (Fawcett [74]). 

Table 4. Tabular representation and description of the confusion matrix for the GLM and GLMM 
approaches used in this study. 

  Predicted 

 
Total Population 
P N= +  

Positive ( )PP  Negative ( )PN  

A
ct

u
al

 Positive ( )P  True Posisite ( )TP  False Negative ( )FN  

Negative ( )N  False Positive ( )FP  True Negative ( )TN  

After creating the “confusion matrix”, “performance metrics” have also been popularly used to 
compare the GLM and GLMM approaches used in this study for the binomially distributed response 
variable (Aalaei et al. [1], Al-Azzam and Shatnawi [34], Alshayeji et al. [13], Baneriee et al. [12], 
Basunia et al. [33], Borges [10], Fallahi and Jafari [81], Islam et al. [36], Jain and Abraham [82], Kadhim 
and Kamil [2], Khairunnahar et al., [35], Kumar et al. [9], Li and Chen [29], Magboo and Magboo [30], 
Marcano-Cedeño et al. [16], Mathew [32], Mathew and Kumar [28], Mohammed et al.[24], 
MurtiRawat et al. [26], Mushtaq et al. [37], Mushtaq et al. [25], Shajahaan et al. [18], Sultana and Jilani 
[23], Übeyli [83]). Some “performance metrics”, abbreviations, formulas, and references obtained by 
using the “confusion matrix” are given in Table 5. 

Table 5. Some performance metrics to compare the GLM and GLMM approaches used in this study. 

Performance 

Metrics 
Abbreviations Formulas References 

Accuracy ACC 
TP TN

P N

+

+
 Metz [84], 

BSI [85] 
Sensitivity 
(Recall, True 
Positive 
Rate) 

TPR 
TP

P
 

Yerushalmy 
[86], 
Lewis [87], 
Lewis [88] 

Specificity 
(Selectivity, 
True 
Negative 
Rate) 

TNR 
TN

N
 Yerushalmy 

[86] 

Precision 
(Positive 
Predictive 
Value) 

PPV 
TP

TP FP+
 Lewis [87], 

Lewis [88] 
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F1 Score F1 
2*

2*

TP

TP FP FN+ +
 Chinchor et 

al. [89] 

Frequently used information criteria (IC) for comparing performances of the GLM and GLMM 
approaches for the binomially distributed response variable under different binary link functions 
given in Eq.s (5)-(8) used in this study are given as follows (Akaike, [90]; Cavanaugh [91], Schwarz 
[92], Bozdogan [93]);  

2 2AIC l p= − +  (9)

2
2

1
= − +

− −

pN
AICC l

N p
 (10)

( )2 lnBIC l p N= − +  (11)

( )( )2 ln 1= − + +CAIC l p N  (12)

The “smallest” and the “largest” values of the IC given in Eq.s (9)-(12)  indicate the GLM and 
GLMM models that “best” and “worst” fit the WBC data used in this study, respectively. 

3. Results and Discussion 

In this study, the statistical relationships between eight different quantities related to the breast 
cancer (BC) and the “benign” or “malignant” status of the 699 sample points in the WBC dataset are 
examined by using the GLM and GLMM approaches for the response variable having binomial 
distribution as a member of the exponential family. In this context, the “benign” or “malignant” status 
of these 699 sample points are examined as the values of the binary response variable. The 
explanatory variables are eight different quantities related to the BC including “clump thickness”, 
“cell size”, “cell shape”, “marginal adhesion”, “epithelial cell size”, “bare nuclei”, “bland chromatin”, 
and “mitoses” as given in the material part of this study. 

In line with this goal, binary regression models are used by diversifying under four different 
link functions as “logit”, “probit”, “cloglog”, and “cauchit” as a special circumstance of the GLM 
approach for the binomially distributed response variable as the “status of the BC” as “benign” or 
“malignant”. On the other hand, binary mixed regression models are used by diversifying “id” as the 
699 sample points random effect, “group” as the eight group random effect, and also both “id and 
group” random effect, and also under four different link functions as “logit”, “probit”, “cloglog” and 
“cauchit” as a special circumstance of the GLMM approach for the binomially distributed response 
variable as the “status of the BC”. As a result, a total of 16 regression models are fitted in this study 
consisting of four binary regression models as a special circumstances of the GLM approach, and 12 
binary mixed regression models as a special circumstances of the GLMM approach for modeling the 
WBC dataset. The results of the binary regression models in the GLM approach under different link 
functions and the “IRLS” parameter estimation method with the “FS” algorithm are given in Table 6. 

Table 6. Results of the binary regression models in the GLM approach under the logit, probit, cloglog 
and cauchit binary link functions for the WBC dataset. 

Link 

Functions 

Explanatory 

Variables 
β̂  ( )ˆs.e β  ( )P Z z>  ( )ˆexp β  

95% Confidence Level for

β̂  

Lower Upper 

logit Intercept -9.7417 1.0620 <2e-16 * 0.0001 0.0000 0.0005 
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Clump 

Thickness 
0.5374 0.1354 7.23e-05 * 1.7116 1.3126 2.2320 

Cell Size 0.0669 0.1821 0.71327 1.0692 0.7483 1.5278 

Cell Shape 0.3681 0.2038 0.07092 1.4449 0.9691 2.1544 

Marginal 

Adhesion 
0.2398 0.1145 0.03625 * 1.2710 1.0155 1.5909 

Epithelial 

Cell Size 
0.0897 0.1517 0.55464 1.0938 0.8124 1.4726 

Bare Nuclei 0.4222 0.0899 2.61E-06 1.5253 1.2790 1.8191 

Bland 

Chromatin 
0.4490 0.1568 0.00418 * 1.5668 1.1523 2.1303 

Mitoses 0.5416 0.3110 0.08157 1.7187 0.9344 3.1616 

probit 

Intercept -5.1152 0.4863 <2e-16* 0.0060 0.0023 0.0156 

Clump 

Thickness 
0.2689 0.0659 4.51e-05* 1.3085 1.1499 1.4890 

Cell Size 0.0297 0.0927 0.7491 1.0301 0.8589 1.2355 

Cell Shape 0.2215 0.1008 0.0280* 1.2480 1.0242 1.5207 

Marginal 

Adhesion 
0.1093 0.0592 0.0648 1.1155 0.9933 1.2528 

Epithelial 

Cell Size 
0.0553 0.0773 0.4742 1.0569 0.9083 1.2297 

Bare Nuclei 0.2195 0.0430 3.26e-07* 1.2454 1.1448 1.3549 

Bland 

Chromatin 
0.2313 0.0771 0.0027* 1.2602 1.0835 1.4658 

Mitoses 0.2592 0.1393 0.0628 1.2959 0.9863 1.7027 

cloglog 

Intercept -6.99164 0.60571 <2e-16* 0.0009 0.0003 0.0030 

Clump 

Thickness 
0.31983 0.06462 7.44e-07* 1.3769 1.2131 1.5628 

Cell Size -0.01662 0.08392 0.84298 0.9835 0.8343 1.1594 

Cell Shape 0.32819 0.09544 0.00058* 1.3885 1.1516 1.6741 

Marginal 

Adhesion 
0.07062 0.05742 0.21871 1.0732 0.9589 1.2010 

Epithelial 

Cell Size 
0.14707 0.07803 0.05945 1.1584 0.9941 1.3499 

Bare Nuclei 0.23099 0.03901 3.21e-09* 1.2598 1.1671 1.3600 

Bland 

Chromatin 
0.27925 0.07608 0.00024* 1.3221 1.1390 1.5347 

Mitoses 0.26686 0.1283 0.03753* 1.3059 1.0155 1.6792 

cauchit 

Intercept -34.0342 9.2132 0.00022* 0.0000 0.0000 0.0000 

Clump 

Thickness 
1.6139 0.5607 0.00400* 5.0224 1.6735 15.0725 
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Cell Size 1.2674 0.6981 0.069441 3.5516 0.9040 13.9527 

Cell Shape 2.5983 0.9536 0.00644* 13.4409 2.0735 87.1261 

Marginal 

Adhesion 
0.5877 0.3087 0.056899 1.7998 0.9828 3.2961 

Epithelial 

Cell Size 
-0.4612 0.3948 0.242818 0.6305 0.2908 1.3670 

Bare Nuclei 2.2314 0.6716 0.00089* 9.3129 2.4969 34.7346 

Bland 

Chromatin 
0.8428 0.5632 0.13454 2.3229 0.7702 7.0053 

Mitoses 2.2195 1.1861 0.06131 9.2027 0.9001 94.0904 

According to the IC criteria for the binary regression models in the GLM approach in Table 10, 
from the best fitted to the worst fitted binary regression models in the GLM approach are determined 
under the “probit”, “logit”, “cauchit”, and “cloglog” link functions, respectively. As can be seen from 
Table 6, from the most statistically significant to the least significant quantities affecting whether the 
BC is “benign “ or “malignant” are determined as “Bare Nuclei”, “Clump Thickness”, “Bland 
Chromatin”, and “Cell Shape” with p-values 3.26e-07, 4.51e-05, 0.0027, and 0.0280 at 0.05α =  
significant level, respectively. The results of the binary mixed regression models in the GLMM 
approach under different link functions with “group” random effect and the “ML” parameter 
estimation method with the “Laplace approximation” are given in Table 7. 

Table 7. Results of of the binary mixed regression models in the GLMM approach under the logit, 
probit, cloglog, and cauchit link functions with “group” random effect for the WBC dataset. 

Link 

Functions 

Explanatory 

Variables 
β̂  ( )ˆs.e β  ( )P Z z>  ( )ˆexp β  

95% Confidence Level for

β̂  

Lower Upper 

logit 

Intercept -9.7417 1.0620 <2e-16* 0.0001 0.0000 0.0005 

Clump 

Thickness 
0.5374 0.1354 7.23e-05* 1.7116 1.3126 2.2320 

Cell Size 0.0669 0.1821 0.71327 1.0692 0.7483 1.5278 

Cell Shape 0.3681 0.2038 0.0709 1.4449 0.9691 2.1544 

Marginal 

Adhesion 
0.2398 0.1145 0.03625* 1.2710 1.0155 1.5909 

Epithelial 

Cell Size 
0.0897 0.1517 0.55464 1.0938 0.8124 1.4726 

Bare Nuclei 0.4222 0.0899 2.61e-06* 1.5253 1.2790 1.8191 

Bland 

Chromatin 
0.4490 0.1568 0.00418* 1.5668 1.1523 2.1303 

Mitoses 0.5416 0.3110 0.08157 1.7187 0.9344 3.1616 

probit 

Intercept -5.11523 0.48457 <2e-16* 0.0060 0.0023 0.0155 

Clump 

Thickness 
0.26891 0.06747 6.73e-05* 1.3085 1.1464 1.4935 

Cell Size 0.02967 0.09444 0.75343 1.0301 0.8560 1.2396 
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Cell Shape 0.22152 0.10487 0.03466* 1.2480 1.0161 1.5328 

Marginal 

Adhesion 
0.10932 0.0574 0.05682 1.1155 0.9968 1.2484 

Epithelial 

Cell Size 
0.0553 0.07852 0.48124 1.0569 0.9061 1.2327 

Bare Nuclei 0.21947 0.04211 1.87e-07* 1.2454 1.1468 1.3526 

Bland 

Chromatin 
0.2313 0.07684 0.00261* 1.2602 1.0840 1.4651 

Mitoses 0.25921 0.14433 0.0725 1.2959 0.9766 1.7196 

cloglog 

Intercept -6.9915 0.5798 <2e-16* 0.0009 0.0003 0.0029 

Clump 

Thickness 
0.3198 0.0681 2.66e-06* 1.3769 1.2048 1.5735 

Cell Size -0.0166 0.0894 0.85262 0.9835 0.8255 1.1719 

Cell Shape 0.3282 0.1087 0.00252* 1.3885 1.1221 1.7180 

Marginal 

Adhesion 
0.0706 0.0614 0.25013 1.0732 0.9515 1.2104 

Epithelial 

Cell Size 
0.1471 0.0855 0.08532 1.1584 0.9797 1.3697 

Bare Nuclei 0.2310 0.0396 5.39e-09* 1.2598 1.1658 1.3615 

Bland 

Chromatin 
0.2792 0.0726 0.00012* 1.3221 1.1467 1.5244 

Mitoses 0.2669 0.1434 0.0628 1.3058 0.9858 1.7297 

cauchit 

Intercept -34.0344 9.7337 0.00047* 0.0000 0.0000 0.0000 

Clump 

Thickness 
1.6140 0.5278 0.00223* 5.0229 1.7852 14.1327 

Cell Size 1.2679 0.6157 0.03947* 3.5534 1.0630 11.8778 

Cell Shape 2.5982 1.0076 0.00992* 13.4395 1.8651 96.8435 

Marginal 

Adhesion 
0.5877 0.3256 0.0711 1.7998 0.9508 3.4071 

Epithelial 

Cell Size 
-0.4612 0.4024 0.25178 0.6305 0.2865 1.3875 

Bare Nuclei 2.2315 0.6837 0.00110* 9.3138 2.4387 35.5718 

Bland 

Chromatin 
0.8427 0.5186 0.10421 2.3226 0.8405 6.4183 

Mitoses 2.2184 1.0522 0.03501* 9.1926 1.1689 72.2919 

According to the IC criteria for the binary mixed regression models in the GLMM approach with 
“group” random effect in Table 10, from the best fitted to the worst fitted binary mixed regression 
models in the GLMM approach are determined under “probit”, “logit”, “cauchit”, and “cloglog” link 
functions, respectively. As can be seen from Table 7, from the most statistically significant to the least 
significant quantities affecting whether BC is “benign” or “malignant” are determined as “Bare 
Nuclei”, “Clump Thickness”, “Bland Chromatin”, and “Cell Shape” with p-values 1.87e-07, 6.73e-05, 
0.00261, and 0.03466 at 0.05α =  significant level, respectively. The results of the binary mixed 
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regression models in the GLMM approach under different link functions with “id” random effect and 
the “ML” method with the “Laplace approximation” are given in Table 8. 

Table 8. Results of the binary mixed regression models in the GLMM approach under the logit, probit, 
cloglog, and cauchit link functions with “id” random effect for the WBC dataset. 

Link 

Functions 

Explanatory 

Variables 
β̂  ( )ˆs.e β  ( )P Z z>  ( )ˆexp β  

95% Confidence Level for

β̂  

Lower Upper 

logit 

Intercept -35.7502 0.0012 <2e-16* 0.0000 0.0000 0.0000 

Clump 

Thickness 
2.0682 0.0012 <2e-16* 7.9104 7.8911 7.9296 

Cell Size 0.3343 0.0013 <2e-16* 1.3970 1.3934 1.4006 

Cell Shape 1.4162 0.0013 <2e-16* 4.1212 4.1107 4.1318 

Marginal 

Adhesion 
0.7265 0.0012 <2e-16* 2.0679 2.0629 2.0729 

Epithelial 

Cell Size 
0.6289 0.0013 <2e-16* 1.8755 1.8707 1.8803 

Bare Nuclei 1.6063 0.0013 <2e-16* 4.9842 4.9717 4.9967 

Bland 

Chromatin 
1.7385 0.0013 <2e-16* 5.6888 5.6746 5.7031 

Mitoses 1.7342 0.0012 <2e-16* 5.6643 5.6506 5.6781 

probit 

Intercept -9.5614 0.0019 <2e-16* 0.0001 0.0001 0.0001 

Clump 

Thickness 
0.5102 0.0019 <2e-16* 1.6657 1.6596 1.6718 

Cell Size 0.2569 0.0020 <2e-16* 1.2929 1.2879 1.2979 

Cell Shape 0.2526 0.0020 <2e-16* 1.2874 1.2824 1.2924 

Marginal 

Adhesion 
0.1723 0.0019 <2e-16* 1.1880 1.1836 1.1924 

Epithelial 

Cell Size 
0.1059 0.0020 <2e-16* 1.1117 1.1074 1.1161 

Bare Nuclei 0.4757 0.0019 <2e-16* 1.6092 1.6031 1.6153 

Bland 

Chromatin 
0.4538 0.0019 <2e-16* 1.5743 1.5684 1.5803 

Mitoses 0.4191 0.0019 <2e-16* 1.5206 1.5150 1.5262 

cloglog 

Intercept -13.7073 0.0017 <2e-16* 0.0000 0.0000 0.0000 

Clump 

Thickness 
0.5358 0.0016 <2e-16* 1.7088 1.7036 1.7141 

Cell Size 0.2359 0.0017 <2e-16* 1.2660 1.2618 1.2703 

Cell Shape 0.5402 0.0017 <2e-16* 1.7164 1.7107 1.7221 

Marginal 

Adhesion 
0.1428 0.0016 <2e-16* 1.1535 1.1500 1.1571 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 October 2023                   doi:10.20944/preprints202310.0677.v1

https://doi.org/10.20944/preprints202310.0677.v1


 18 

 

Epithelial 

Cell Size 
0.3906 0.0017 <2e-16* 1.4778 1.4729 1.4827 

Bare Nuclei 0.5884 0.0016 <2e-16* 1.8011 1.7956 1.8067 

Bland 

Chromatin 
0.6811 0.0016 <2e-16* 1.9761 1.9700 1.9822 

Mitoses 0.5726 0.0017 <2e-16* 1.7729 1.7669 1.7788 

cauchit 

Intercept -41.3991 11.5252 0.00033* 0.0000 0.0000 0.0000 

Clump 

Thickness 
2.9538 0.9066 0.00112* 19.1787 3.2442 113.3790 

Cell Size 0.3683 0.8930 0.68004 1.4453 0.2511 8.3193 

Cell Shape -0.2457 0.8710 0.77789 0.7822 0.1419 4.3123 

Marginal 

Adhesion 
1.9768 0.6551 0.00255* 7.2196 1.9993 26.0703 

Epithelial 

Cell Size 
0.4090 0.5235 0.434632 1.5053 0.5395 4.1999 

Bare Nuclei 2.3869 0.7747 0.00206* 10.8797 2.3833 49.6656 

Bland 

Chromatin 
1.9481 0.7656 0.01094* 7.0153 1.5644 31.4587 

Mitoses 3.3792 1.0396 0.00115* 29.3473 3.8251 225.1611 

According to the IC criteria for the binary mixed regression models in the GLMM approach with 
with “id” random effect in Table 10, from the best fitted to the worst fitted binary mixed regression 
models in the GLMM approach are determined under “logit”, “probit”, “cloglog” and, “cauchit” link 
functions, respectively. As can be seen from Table 8, for the “logit”, “probit”, and “cloglog” link 
functions, all of the eight quantities affecting whether BC is “benign” or “malignant” are statistically 
significant with p-values <2e-16 at 0.05α =  significant level. The results of the binary mixed 
regression models in the GLMM approach under different link functions with “id and group” 
random effect and the “ML” method with the “Laplace approximation” are given in Table 9. 

Table 9. Results of the binary mixed regression models in the GLMM approach under the logit, probit, 
cloglog and cauchit link functions with “id and group” random effect for the WBC dataset. 

Link 

Functions 

Explanatory 

Variables 
β̂  ( )ˆs.e β  ( )P Z z>  ( )ˆexp β  

95% Confidence Level for β̂  

Lower Upper 

logit 

Intercept -37.3782 0.0025 <2e-16* 0.0000 0.0000 0.0000 

Clump 

Thickness 
2.1253 0.0025 <2e-16* 8.3754 8.3338 8.4172 

Cell Size 0.3621 0.0027 <2e-16* 1.4364 1.4288 1.4440 

Cell Shape 1.5250 0.0026 <2e-16* 4.5951 4.5717 4.6186 

Marginal 

Adhesion 
0.7773 0.0025 <2e-16* 2.1756 2.1649 2.1864 

Epithelial 

Cell Size 
0.6156 0.0026 <2e-16* 1.8508 1.8414 1.8603 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 October 2023                   doi:10.20944/preprints202310.0677.v1

https://doi.org/10.20944/preprints202310.0677.v1


 19 

 

Bare Nuclei 1.6801 0.0025 <2e-16* 5.3661 5.3395 5.3928 

Bland 

Chromatin 
1.7540 0.0025 <2e-16* 5.7774 5.7488 5.8062 

Mitoses 2.1798 0.0025 <2e-16* 8.8443 8.8009 8.8879 

probit 

Intercept -11.1554 0.0013 <2e-16* 0.0000 0.0000 0.0000 

Clump 

Thickness 
0.6323 0.0013 <2e-16* 1.8820 1.8772 1.8868 

Cell Size 0.2335 0.0014 <2e-16* 1.2630 1.2596 1.2664 

Cell Shape 0.3308 0.0014 <2e-16* 1.3921 1.3884 1.3959 

Marginal 

Adhesion 
0.2271 0.0013 <2e-16* 1.2549 1.2517 1.2582 

Epithelial 

Cell Size 
0.0988 0.0014 <2e-16* 1.1039 1.1009 1.1068 

Bare Nuclei 0.5542 0.0013 <2e-16* 1.7406 1.7360 1.7452 

Bland 

Chromatin 
0.5370 0.0013 <2e-16* 1.7109 1.7064 1.7154 

Mitoses 0.5032 0.0013 <2e-16* 1.6540 1.6496 1.6583 

cloglog 

Intercept -15.1586 0.0015 <2e-16* 0.0000 0.0000 0.0000 

Clump 

Thickness 
0.6358 0.0015 <2e-16* 1.8885 1.8830 1.8939 

Cell Size 0.1922 0.0016 <2e-16* 1.2119 1.2082 1.2156 

Cell Shape 0.6651 0.0016 <2e-16* 1.9446 1.9387 1.9505 

Marginal 

Adhesion 
0.2313 0.0015 <2e-16* 1.2603 1.2567 1.2639 

Epithelial 

Cell Size 
0.4966 0.0016 <2e-16* 1.6432 1.6382 1.6482 

Bare Nuclei 0.5542 0.0015 <2e-16* 1.7405 1.7355 1.7456 

Bland 

Chromatin 
0.7217 0.0015 <2e-16* 2.0579 2.0520 2.0639 

Mitoses 0.6025 0.0015 <2e-16* 1.8267 1.8213 1.8322 

cauchit 

Intercept -41.3991 11.5111 0.00032* 0.0000 0.0000 0.0000 

Clump 

Thickness 
2.9538 0.9057 0.00111* 19.1787 3.2499 113.1792 

Cell Size 0.3683 0.8930 0.68003 1.4453 0.2511 8.3193 

Cell Shape -0.2457 0.8709 0.77786 0.7822 0.1419 4.3114 

Marginal 

Adhesion 
1.9768 0.6546 0.00253* 7.2196 2.0013 26.0447 

Epithelial 

Cell Size 
0.4090 0.5235 0.4346 1.5053 0.5395 4.1999 

Bare Nuclei 2.3869 0.7739 0.00204* 10.8797 2.3870 49.5878 
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Bland 

Chromatin 
1.9481 0.7651 0.01089* 7.0153 1.5660 31.4279 

Mitoses 3.3792 1.0384 0.00114* 29.3473 3.8341 224.6321 

According to the IC criteria for the binary mixed regression models in the GLMM approach with 
“id and group” random effect in Table 10, from the best fitted to the worst fitted binary mixed 
regression models in the GLMM approach are determined under “logit”, “probit”, “cloglog”, and 
“cauchit” link functions, respectively. As can be seen from Table 8, for the “logit”, “probit”, and 
“cloglog” link functions, all of the eight quantities affecting whether BC is “benign” or “malignant” 
are statistically significant with p-values <2e-16 at 0.05α =  significant level. 

As a primary statistical result of this study, to compare the performances of the binary regression 
models as a special circumstance of the GLM approach and also binary mixed regression models with 
“id”, “group”, and also “id and group” random effect as a special circumstance of the GLMM 
approach under “logit”, “probit”, “cloglog”, and “cauchit” link functions for the binomially 
distributed response variable, information criteria (IC) as the goodness-of-fit test statistics (GOF) 
belonging to these models are given in Table 10. 

Table 10. Information criteria (IC) for the binary (mixed) regression models in the GLM and GLMM 
approaches under the binary link fınctions belonging to the WBC dataset. 

IC 
GLM GLMM (group-random effect) 

logit Probit cloglog cauchit logit probit cloglog cauchit 

AIC 132.678 130.395 154.461 149.267 134.678 132.395 156.461 151.267 

BIC 173.625 171.342 195.407 190.214 180.174 177.892 201.957 196.763 

AICc 132.939 130.656 154.722 149.528 134.998 132.715 156.780 151.587 

CAIC 182.625 180.342 204.407 199.214 190.174 187.892 211.957 206.763 

 GLMM (id-random effect) GLMM (id and group-random effect) 

 logit Probit cloglog cauchit logit probit cloglog cauchit 

AIC 98.550 * 119.813 121.752 149.044 99.962 117.486 120.208 151.044 

BIC 144.047 * 165.309 167.248 194.541 150.008 167.532 170.254 201.090 

AICc 98.870 * 120.133 122.071 149.364 100.346 117.870 120.592 151.428 

CAIC 154.047 * 175.309 177.248 204.541 161.008 178.532 181.254 212.090 

According to the IC criteria given in Table 10, the best fitted model among the GLM and GLMM 
models under “logit” link function is determined as the binary mixed regression model as a special 
circumstance of the GLMM approach with “id” random effect according to the smallest values of the 
AIC, BIC, AICc, and CAIC information criteria with 98.550, 144.047, 98.870, 154.047, respectively. 

According to the IC criteria given in Table 10, the best fitted model among the GLM and GLMM 
models under “probit” link function is determined as the binary mixed regression model in the 
GLMM approach with “id” random effect according to the smallest values of the BIC, and CAIC 
information criteria with 165.309 and 175.309; and also the binary mixed regression model in the 
GLMM approach with “id and group” random effect according to the smallest values of the AIC, and 
AICc information criteria with 117.486, and 117.870, respectively. 

According to the IC criteria given in Table 10, the best fitted model among the GLM and GLMM 
models under “cloglog” link function is determined as the binary mixed regression model in the 
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GLMM approach with “id” random effect according to the smallest values of the BIC, and CAIC 
information criteria with 120.208 and 120.592; and also the binary mixed regression model in the 
GLMM approach with “id and group” random effect according to the smallest values of the AIC and 
AICc information criteria values with 167.248 and 177.248, respectively. 

According to the IC criteria given in Table 10, the best fitted model among the GLM and GLMM 
models under “cauchit” link function is determined as the binary mixed regression model in the 
GLMM approach with “id” random effect according to the smallest values of the AIC and AICc 
information criteria with 120.208 and 120.592; and also the binary regression model in the GLM 
approach according to the smallest values of the BIC and CAIC information criteria with 190.214 and 
199.214, respectively. 

Finally, the best fitted model among the GLM and GLMM models under the binary link 
functions is determined as the binary mixed regression model under “logit” link function with “id” 
random effect as a special circumstance of the GLMM approach. By using the parameter estimates of 
the binary mixed regression model under “logit” link function with “id” random effect given in Table 
8, the GLMM model is given as follows; 
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The GLMM model under “logit” link function with “id” random effect given in Eq. (13) predicts 

that the odds of the occurance of the BC being “malignant” will be ( )exp 2.0682 7.9104= ,

( )exp 0.3343 1.3970= , ( )exp 1.4162 4.1212= , ( )exp 0.7265 2.0679= , 

( )exp 0.6289 1.8755= , ( )exp 1.6063 4.9842= , ( )exp 1.7385 5.6888= , and 

( )exp 1.7342 5.6643=  times more than being “benign” for every one-unit increase in the 

quantities of “clump thickness”, “cell size”, “cell shape”, “marginal adhesion”, “epithelial cell size”, 
“bare nuclei”, “bland chromatin”, and “mitoses”, respectively. 

Confusion matrix and some performance metrics for the GLM and GLMM approaches under 
the binary link functions used in this study belonging to the WBC dataset are given in Table 11. 
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Table 11. Confusion matrix and some performance metrics for all of the models in this study. 

 GLM GLMM (group-random effect) 

Link Functions logit probit cloglog cauchit logit probit cloglog cauchit 

Conf. Matrix 
447 11 448 10 449 9 448 10 453 5 444 14 447 11 448 10 

11 230 13 228 18 223 16 225 7 234 12 229 16 225 6 235 

ACC (Accuracy) 0.96853 0.96710 0.96137 0.96280 0.9828326 0.96280 0.96137 0.97711 

TPR (Sensitivity, Recall) 0.97598 0.97817 0.98035 0.97817 0.989083 0.96943 0.97598 0.97817 

TNR (Specificity) 0.95436 0.94606 0.92531 0.93361 0.9709544 0.95021 0.93361 0.97510 

PPV (Precision)  1.85477 1.85892 1.86307 1.85892 1.879668 1.84232 1.85477 1.85892 

F1 Score 0.97598 0.97497 0.97081 0.97180 0.9869281 0.97155 0.97068 0.98246 

 GLMM (id-random effect) GLMM (id and group random effects) 

Link Functions logit probit cloglog cauchit logit probit cloglog cauchit 

Conf. Matrix 
456 4 447 11 446 12 440 18 451 7 450 8 450 8 445 13 

3 238 9 232 10 231 14 227 4 237 13 228 4 237 5 236 

ACC (Accuracy) 0.98999* 0.97139 0.96853 0.95422 0.9842632 0.969957 0.982833 0.974249 

TPR (Sensitivity, Recall) 0.99127* 0.97598 0.97380 0.96070 0.9847162 0.982533 0.982533 0.971616 

TNR (Specificity) 0.98755* 0.96266 0.95851 0.94191 0.9834025 0.946058 0.983402 0.979253 

PPV (Precision)  1.88382* 1.85477 1.85062 1.82573 1.871369 1.86722 1.86722 1.846473 

F1 Score 0.99235* 0.97812 0.97593 0.96491 0.9879518 0.977199 0.986842 0.980176 
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As seen from the confusion matrix given in Table 11; 
Among the GLM and GLMM models under the “logit” link function, the binary mixed 

regression model as a special circumstance of the GLMM approach with “id” random effect have the 
most number of correct positive and correct negative predicted values of being “malignant” and 
“benign” with the values 456 and 238, respectively.  

Among the GLM and GLMM models under the “probit” link function, the binary mixed 
regression model as a special circumstance of the GLMM approach with “id and group” and “id” 
random effects have the most number of correct positive and correct negative predicted values of 
being “malignant” and “benign” with values 450 and 232, respectively. 

Among the GLM and GLMM models under the “cloglog” link function, the binary mixed 
regression model as a special circumstance of the GLMM approach with “id and group” random 
effects have the most number of correct positive and correct negative predicted values of being 
“malignant” and “benign” with values 450 and 237, respectively. 

Among the GLM and GLMM models under the “cauchit” link function, both the binary 
regression model as a special circumstance of the GLM, and the binary mixed regression model as a 
special circumstance of the GLMM approach with “group” random effect have the most number of 
correct positive predicted value of being “malignant” with value 448; and also the binary mixed 
regression model as a special circumstance of the GLMM approach with “id and group” random 
effects have the most number of correct negative predicted value of being “benign” with value 236. 

As seen from the performance metrics given in Table 11; 
The best fitted model among the GLM and GLMM models under the “logit” link function is 

determined as the binary mixed regression model as a special circumstance of the GLMM approach 
with “id” random effect according to the ACC, TPR, TNR, PPV, and F1 score metric values with 
0.98999, 0.99127, 0.98755, 1.88382, and 0.99235, respectively. 

The best fitted model among the GLM and GLMM models under the “probit” link function is 
determined as the binary mixed regression model as a special circumstance of the GLMM approach 
with “id” random effect according to the ACC, TNR, and F1 score metrics values with 0.97139, 
0.96266, and 0.97812; the GLMM approach with “id and group” random effects according to the TPR 
and PPV metrics with 0.98253 and 1.86722, respectively. 

The best fitted model among the GLM and GLMM models under the “cloglog” link function is 
determined as the binary mixed regression model as a special circumstance of the GLMM approach 
with “id and group” random effects according to the ACC, TPR, TNR, PPV and F1 score metric values 
with 0.98283, 0.98253, 0.98340, 1.86722, and 0.98684, respectively. 

The best fitted model among the GLM and GLMM models under the “cauchit” link function is 
determined as the binary mixed regression model as a special circumstance of the GLMM approach 
with “group” random effect according to the ACC and F1 score metric values with 0.97711 and 
0.98246; both the GLM and GLMM approaches with “group” random effect according to the TPR and 
PPV metrics with 0.97817 and 1.85892; the GLMM approach with “id and group” random effects 
according to the TNR metric value with 0.97925, respectively. 

4. Conclusions 

In this study, an advanced statistical modeling approach based on the generalized linear mixed 
model (GLMM) to the traditional statistical modeling approach based on the generalized linear 
model (GLM) for binomially distributed response variable with various binary link functions is 
proposed to investigate the relationships between the “malignant or benign diagnosis of the BC in 
patients” and “nine attributes” of 699 BC diagnosed patients. This study also focuses on the statistical 
significance of the accurate classification of the BC diagnosed patients in cancer studies in medicine 
in “benign” or “malignant” type based on the WBC dataset. Another important feature of this study 
is that it comprehensively examines the studies in the literature as an extended review on the WBC 
dataset and also proposes a new and powerful advanced statistical method as the GLMM approach 
that will shed light on future studies in the analysis of the breast cancer or cancer datasets in medicine. 
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As one of the main conclusions of this study, according to the IC given in Table 10, the “best” 
and the “worst” fitted models among the GLM and GLMM approaches for the binary response 
variable are the GLMM under “logit” link function with “id” random effect and the GLMM under 
“cloglog” link function with “group” random effect according to the AIC values 98.550 and 156.461; 
the GLMM under “logit” link function with “id” random effect and the GLMM under “cloglog” link 
function with “group” random effect according to BIC values 98.870 and 156.780; the GLMM under 
“logit” link function with “id” random effect and the GLMM under “cloglog” link function with 
“group” random effect according to AICc values 144.047 and 201.957; the GLMM under “logit” link 
function with “id” random effect and the GLMM under “cauchit” link function with “id and group” 
random effect according to CAIC values 154.047 and 212.090, respectively.  

In the light of this study, it can be concluded that AIC, BIC, and AICc determined the “best” and 
the “worst” fitted models among the GLM and GLMM approaches for the binary response variable 
are the GLMM under “logit” link function with “id” random effect, and the GLMM under “cloglog” 
link function with “group” random effect. On the other hand, CAIC incorrectly determined the 
“worst” fitted model among the GLM and GLMM approaches for the binary response variable.  

As one of the main other conclusions of this study, according to the performance metrics in Table 
11, the best fitted and the worst fitted models among GLM and GLMM approach for the binary 
response variable are the GLMM under “logit” link function with “id” random effect and the GLMM 
under “cauchit” link function with “id” random effect according to ACC metric values 0.99001 and 
0.95422; the GLMM under “logit” link function with “id” random effect and the GLMM under 
“cauchit” link function with “id” random effect according to TPR metric values 0.99130 and 0.96070; 
the GLMM under “logit” link function with “id” random effect and the GLM under “cloglog” link 
function according to TNR metric values 0.925311 and 0.98755; the GLMM under “logit” link function 
with “id” random effect and the GLMM under “cauchit” link function with “id” random effect 
according to PPV metric values 1.89212 and 1.82573; the GLMM under “logit” link function with “id” 
random effect and the GLMM under “cauchit” link function with “id” random effect according to F1 
score values 0.99238 and 0.96491, respectively. 

In the light of this study, it can be also concluded that all performance metrics correctly 
determined the “best” fitted model among the GLM and GLMM approaches for the binary response 
variable as the GLMM under “logit” link function with “id” random effect. ACC, TPR, PPV, and F1 
score determined the “worst” fitted model among the GLM and GLMM approaches for the binary 
response variable as the GLMM under “cauchit” link function with “id” random effect. On the other 
hand, TNR incorrectly determined the “worst” fitted model among the GLM and GLMM approaches 
for the binary response variable as the GLM under “cloglog” link function.  

According to the confusion matrix given in Table 11, the GLMM under the “logit” link function 
with “id” random effect; the GLMM under the “probit” link function with “id and group” and “id” 
random effects; the GLMM under the “cloglog” link function with “id and group” random effects 
have the most number of correct positive and correct negative predicted values of being “malignant” 
and “benign”. On the other hand, both the GLM and the GLMM under the “cauchit” link function 
with “group” random effect have the most number of correct positive predicted value of being 
“malignant”. The GLMM under the “cauchit” link function with “id and group” random effects have 
the most number of correct negative predicted value of being “benign”. So it can be concluded that 
under the “cauchit” link function, both the GLM and GLMM approaches with different random 
effects have problems in determining the most number of correct positive and correct negative 
predicted values of being “malignant” and “benign”.  

According to the performance metrics given in Table 11, under the “logit” and the “cloglog” link 
functions, the GLMMs with “id” and “id and group”  random effects are determined as the best 
fitted models among the GLM and GLMM models according to the all performance metrics, 
respectively. Under the “probit” link function, the GLMMs with “id” and also “id and group” 
random effects are seperately determined as the best fitted models among the GLM and GLMM 
models according to the ACC, TNR, and F1 score metrics; and also the TPR and PPV metrics, 
respectively. Under the “cauchit” link function, the GLMM with “group” random effect; both the 
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GLM and GLMM approaches with “group” random effect; the GLMM approach with “id and group” 
random effects are seperately determined as the best fitted models among the GLM and GLMM 
models according to the ACC and F1 score metrics; the TPR and PPV metrics; and the TNR metric, 
respectively.  

Therefore, the main statistical conclusion can be drawn from this study that under the “probit” 
and the “cauchit” link functions, the GLM and the GLMM approaches with different random effects 
have problems in determining model fit performances. 

In the light of the IC and performance metrics given in Table 10 and Table 11, the best fitted 
model among the GLM and GLMM approaches for the binary response variable as the GLMM under 
“logit” link function with “id” random effect given in Eq.(13) and Eq.(14) indicates that the odds of 
the occurance of the BC being “malignant” will be 7.9104, 5.6888, 5.6643, 4.9842, 4.1212, 2.0679, 1.8755, 
and 1.3970 times more than being “benign” for every one-unit increase in the quantities of “clump 
thickness”, “bland chromatin”, “mitoses”, “bare nuclei”, “cell shape”, “marginal adhesion”, 
“epithelial cell size”, and “cell size”, respectively.  

According to the main findings of this study, if the “worst” fitted model as the GLMM under 
“cloglog” link function with “group” random effect determined by the AIC, BIC, and AICc had been 
used, it would have been incorrectly indicated that the odds of the occurance of the BC being 
“malignant” would be 1.3885, 1.3796, 1.3221, and 1.2598 times more than being “benign” for every 
one-unit increase in the quantities of “cell shape”, “clump thickness”, “bland chromatin”, and “bare 
nuclei”, respectively. 

According to the other main findings of this study, if the “worst” fitted model as the GLMM 
under “cauchit” link function with “id” random effect determined by the ACC, TPR, PPV, and F1 
score had been used, it would have been incorrectly indicated that the odds of the occurance of the 
BC being “malignant” would be 29.3473, 19.1787, 10.8797, 7.2196, and 7.0153 times more than being 
“benign” for every one-unit increase in the quantities of “mitoses”,  “clump thickness”, “bare 
nuclei”,“marginal edhesion”, and “bland chromatin”, respectively. 

As the final conclusion of this study, the superiority of the GLMM approach over the GLM 
approach for the binary response variable especially belonging to the WBC dataset is emphasized for 
the future studies in the field of cancer diagnosis in medicine. Also the importance and the power of 
the IC and performance metrics as the goodness-of-fit test statistics are strongly emphasized for 
accurate statistical inferences from the “best” fitted model. 
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