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Singularly Perturbed Differential Equations with
Mixed Large Shifts
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Ethiopian Defence University, College of Engineering; Bishoftu 1040, Ethiopia; hailu_ababi@yahoo.com

Abstract: This study focuses on the formulation and analysis of a numerical method to compute
singularly perturbed functional differential equations (SP-FDEs) involving large mixed shifts.
SP-FDEs are a class of differential equations with both shifts and small perturbation parameter.
Such equations arise in various scientific fields to model phenomena with memory effects and
perturbed dynamics. In this particular study, the considered SP-FDEs involve large negative shift
(delay) and large positive shift (advance). Dealing with large mixed shifts in SP-FDEs gives rise to
challenges in terms of stability analysis, numerical methods, and convergence of a solution. In this
paper, the influence of the large mixed shifts is treated by choosing a uniform mesh discretized in
such a way that the term with the shifts lie on the nodal points. Then, using the Numerov’s finite
difference method, the continuous problem is transformed into a finite difference scheme and the
influence of the perturbation parameter is handled by introducing a fitting factor in the difference
scheme. Stability estimate and convergence analysis of the developed scheme are investigated and
proved. Numerical experiments are carried out to demonstrate the validity and applicability of the
developed scheme. It is shown that the numerical scheme obtained in this work is parameter-robust
of second order convergence rate.

Keywords: singularly perturbed problems; parameter-robust numerical scheme; boundary layer;
fitted operator difference scheme; mixed shifts

MSC: 65L03; 65L11; 651L.20; 65L70

1. Introduction

Singularly perturbed functional differential equations (SP-FDEs) are a type of differential equation
that combines the features of functional differential equations (FDEs) and singularly perturbed
differential equations. They involve both mixed-shift arguments and small perturbation parameters.
Functional differential equations are a class of differential equations where the unknown function
depends not only on the current values of its variables but also on past values. FDEs include time
delays or memory effects in the equation. The solutions of FDEs often require the history of the
function over a certain time interval [1]. Singularly perturbed differential equations are also a class
of differential equations where a small parameter € appears as a coefficient of the term with largest
order of derivative. This small parameter characterizes the relative importance of the different terms
in the equation [2]. The presence of the mixed-shift arguments introduces memory effects, where
the solution at a given time depends not only on the current state but also on its history. The small
parameter € determines the relative importance of the different terms in the equation. As ¢ approaches
zero, the differential equation becomes singularly perturbed (i.e. it becomes increasingly stiff) with
rapid variations in some regions of the solution.

SP-FDEs are arise in many applications across different scientific disciplines. They offer a powerful
framework for modeling systems with memory effects and perturbed dynamics. For instance, in control
theory, the observed in modeling systems with delays, memory effects, and perturbed dynamics [3].
In population dynamics, it arise in modeling the interactions, delays, and effects of environmental
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changes [4]. In epidemiology, studying the spread of infectious diseases, incorporating time delays
in transmission rates are modeled by SP-FDEs [5]. In biology and bio-engineering, it is frequently
observed in modeling biological systems with memory effects, such as gene regulation, enzyme
kinetics, or drug delivery [6].

Solving singularly perturbed functional differential equations poses several challenges due
to the combined complexities of functional dependencies, delay effects, and small perturbation
parameters. These problems often exhibit multi-scale behavior, where the solution varies at different
rates in different regions of the domain. This can lead to sharp gradients, boundary or interior
layers, and slow-fast dynamics. Capturing and resolving these variations accurately is a challenge.
Obtaining analytical solutions for SP-FDEs is exceedingly difficult due to the combination of functional
dependencies, delays, and perturbation parameters. Applying analytical techniques to general
SP-FDEs are limited, and solving equations with specific forms or simplifying assumptions may
be required. On the other hand due to the small parameter ¢, standard numerical methods can
struggle with stability and convergence issues. The presence of delays and singular perturbations
requires carefully designed numerical schemes that can handle the specific characteristics of SP-FDEs.
Addressing these difficulties often requires specialized knowledge of numerical analysis, stability
theory, delay differential equations, and the characteristics of functional dependencies.

To overcome these challenges, various researchers have developed different numerical schemes
using a combination of numerical methods, adaptive algorithms, and careful analysis of the problem’s
behavior and solution properties. The choice of the most appropriate approach depends on the specific
SP-FDE being solved and its unique characteristics. For instance, in [7], a singularly perturbed problems
with shift is solved by formulating a fitted exponential spline method. The authors accomplished
derivation of the method by including a fitted factor in the constructed numerical scheme which is
based on a special type of grids, and the fitted factor is evaluated applying the theory of singular
perturbation. Woldaregay [8] solved singularly perturbed differential equations with delays by
developing three different schemes. The author used nonstandard mid-point upwind finite difference
method on uniform grids, a standard mid-point upwind finite difference method on Shiskin’s meshes
and a nonstandard mid-point upwind finite difference method on Shiskin’s meshes. Numerical
analysis and results of the methods show that the third technique is more accurately convergent
method.

In the work of [9] a non-polynomial cubic spline technique is devised to solve singularly perturbed
delay problems having two layer regions and oscillatory characteristics in the solution. Lalu and
Phaneendra [10] developed a difference scheme for nonlinear singularly perturbed differential equation
using the trigonometric spline technique and obtained a uniformly convergent method. In [11],
singularly perturbed differential equations involving mixed large delays of convection-diffusion
type are solved by developing a fitted mesh numerical method. The authors used finite and hybrid
difference schemes to treat the problem on piece-wise uniform Shishkin mesh. Elango and Unyong
[12] solved singularly perturbed SP-FDEs involving mixed delays. They treated the problem by
constructing fitted mesh scheme on Shishkin-type meshes and Bakhvalov-Shishkin type meshes. In the
work of [13], a fitted operator scheme is constructed by decomposing the domain into inner and outer
parts for singularly perturbed ordinary differential equations and obtained a second order convergent
method. Wondimu et al. [14] treated singularly perturbed problems with delay and non-local boundary
condition by developing an exponentially fitted finite difference scheme and obtained that the method
is uniformly convergent.

Though various forms of perturbation problems have been treated in literature, very few attentions
are given for singularly perturbed differential equations with mixed large shifts. In this paper,
motivated by the fitted mesh methods developed in [11,12], we inspired to develop a fitted operator
difference scheme for the reaction-diffusion type singularly perturbed ordinary differential equations
with mixed large shifts. To tackle the influence of the shift arguments, we have chosen a special
uniform mesh in which the shift arguments lie on the nodal points. On such meshes, a numerical
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scheme is proposed using the Numerov’s finite difference approach.The convergence analysis of the
scheme shows that the method is parameter-robust numerical scheme.

The remaining sections of this work are arranged as follows: In Section 2, the continuous problem
and some preliminary properties of the continuous solution are presented. The numerical formulation
and analysis are presented in Section 3. Numerical examples are provided in Section 4 to confirm the
theoretical findings in practice. In Section 5 some concluding remarks and future plans end the study

in this paper.
Notation: In this work, C is taken as a generic number not depending on the mesh number and
the perturbation parameter. The norm ||.|| is defined as ||.|| = maxg |.| for any function in .

2. Continuous problem

Consider the singularly perturbed functional differential equation given by

L) | pol) vl 1)ty ) =y, @D

{() plx), x € [-1,0), 02
(x) = 4(x), x € [3,4],

where 0 < ¢ < 1 and . is a differential operator. The coefficient functions y(x), v(x), y(x) and the
source function 1 (x) are assumed to be continuous on [0, 3], and the history functions p(x) and g(x)

Zw(x)=—c¢

are continuous on [—1,0] and [3, 4], respectively. To avoid oscillations in the solution, we assumed that
the coefficient functions satisfy

u(x) +v(x)+y(x) >2x >0, u(x) >0, v(x) <0and y(x) <0, Vx € [0,3]. (2.3)

For simplicity, we used the notations ®~ = (0,1), ®° = (1,2), ®* = (2,3), ® = (0, ) ® =[0,3] and
®* = &~ UP' U P*. Thus, the above assumptions hold that for x € &, w € M = c?(®) Ncl(P) N
(@~ uduot).

Considering the interval conditions in (2.2), we rewrite (2.1) as

Zew(x) = R(x), (2:4)

where

p(x)w(x) +y(x)w(x+1), x € d,
p(x)w(x) +v(x)w(x —1) + y(x)w(x + 1), x € Y,
p(x)w(x) +v(x)w(x —1), x € dF

=
+ + +

P(x) —v(x)p(x —1), x € @7,

P(x) —w(x)g(x+1), x € dF

with the interval-boundary conditions given in (2.2).
Letting € = 0 yields the corresponding reduced form of (2.4) as

Zewp(x) = Ro(x), (2.5)
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where

x) +y(x)wo(x +1), x € @7,
ZLewo(x) = { p(x)wo(x) + v(x)wo(x — 1) +y(x)wo(x +1), x € @7,
w(x)wo(x) +v(x)wo(x — 1), x € T

=
—~
=
~—
g
o
—~

P(x) —v(x)po(x — 1), x € 7,
Ro(x) = { p(x), x € PO,
P(x) —y(x)qo(x +1), x € &F

In fact the reduced solution wy(x) of (2.5) need not satisfy wp(0) = w(0) and wp(3) = w(3). As a
result, the solution exhibits boundary layers at x = 0 and x = 3. Moreover, at the points x = 1 and
x = 2, the reduced solution may not satisfy w(17) = w(11), @'(17) = «'(11), w(27) = w(2") and
w'(27) = w'(27), where x~ and x* denote the left and right sides limiting value of x at 1 and 2,
respectively. As a result, the solution involves strong interior layers at x = 1 and x = 2 [15].

Lemma 2.1 (Continuous maximum principle). Suppose 7(x) € M satisfying t(x) > 0 for x € 0P and
Zyrt(x) > 0 for x € ®. Then rt(x) > 0 for x € .

Proof. Let A € ® and suppose that 77(A) = ming 77(x) < 0. Then, from the given hypothesis, we
observe that A ¢ 0®, and by the extreme value theorem 71, (A) = 0 and 7, (A) > 0.
Case 1: On the interval (0, 1], we have

d?m(A)
dx2

2
S Zc(zA)Jrﬂ(A)ﬂ(A)ﬂL'r(A)ﬂ(A), as Y(A)r(A +1) < y(A)7(A) for y(A) <0,

2
= P () + 2 (](1) <0, a5 (1) +7(2) > 0.

Lm(A) =—c¢

+uA)t(A) +y(A) (A +1)

Case 2: On the interval (1,2], we get

dzﬂ(/\)

Lm(A) =—¢ +uM) (L) +v(A) (A =1) + y(A) (A +1) <

dx?
FY )R- 1) + v (W),
== | ((3) +0(2) + 9 WIA) + () (A~ 1) = (1)
<0, as (A) +v(A) +y(A) > 0and (A —1) — t(A) < 0.

Case 3: On the interval (2,3), we get

2m(d) =~ 7N ) vy - 1) < TN L)) +vaa - ),
2
- d Ir (2 ) +[u(A) +rv()]mA) +v(A) [t(A = 1) — t(A)]

<0, as p(A)+v(A) >0and (A —1) — t(A) <0.

All the above cases contradict to the hypothesis, which imply that our supposition is wrong. Thus,
n(x) >0forx € ®. O
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Lemma 2.2 (Continuous stability estimate). The continuous solution w(x) of (2.1)-(2.2) is bounded as

+max{|w(0)], lw(3)]}

Proof. Define barrier functions as

_ )]

@ (x) "

+I;1€ag{|w(0)|,|w(3)|}iw(x)- (2.6)

Then, we have the following results.

@*(0) = I manl0)] 0@} £ (0) 2 0
@* @) = L manlw0)] 0@} £ (@) 20
For x € (0,1], we have
2 ~E X
S0 () =2 4 (et () £y x)et (e +1)

= R() + o) +900] (L2 4 maxio )] @)1 )

> % (”f“’” +mag{|w<o>,|w<3>|}) > 0.

For x € (1,2], we have

Fat () =~ LT |0t () +v(xe* (- 1) + 9 (et (x+1)
=R+ 1) + (1) + 7] (I max{lw0)) o)1}
> 20 (2904 max(lwo)) w1} ) = o
For x € (2,3], we have
Le0F (x) = — e% +u(x)@* (x) + v(x)o* (x — 1) + 7(x)@* (x + 1)

| Zew]|

=R + 1)+ v(0)] (2 max(jo(0)], lo(3)1) )

> 2 (””“’” +ma_x{|w<o>|,w<3>|}) >0
0 xed

Applying Lemma 2.1, we obtain @* (x) > 0, x € ®, which yields the required stability estimate. [J

Lemma 2.3. Assuming the conditions in (2.3) hold true, the {*" order derivative of the solution w(x), x € ®

of (2.1)-(2.1) are bounded as

dlw(x)

dxt

<c(l+e2), £=0,1,234
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Proof. For ¢ = 0, it immediately implies Lemma 2.2. For { = 1, consider x € (0,1] and define a
neighborhood Ry = (t,t + /¢), so that x € Ry and N, C [0,1]. For some ¢ € Xy, the mean value
theorem yields

‘dw@' _ ‘w<t+\/£>—w<t>
dx (t+\e) —t

For x € Ny and s € (g, x), we can have

] — e Ha(t 1 vE) — w(t)] < 26 o] 27)

‘dw(x)

2 dw(c) N /gx dzw(s)ds‘

dx dx?

= dc;iff)Jrg*l /:W(S)W(S)+V(5)P(5—1)+’Y(x)W(S+1)—tp(s)]ds

dw _ x
<D e ol + Il + el + ) [ s

_1 _ .
< 2e72||w|| + e M|l + [lvpl + vl + [$l]Ve, using (2.7)
<ce? <c(l+e 7).

For ¢ = 2, rearrangement of (2.1) becomes

d?w(x)

T =& @) +rx)px = 1) +y(wx +1) = p(x)], (28)

from which we obtain

d?w(x)

o | <€ el +vpl + el + 9]] < ce™t <c(i+e7),

For ¢ = 3, differentiating (2.8) once becomes

% = ¢ (uw)'(x) + W(x)p(x = 1)) + (y()w(x + 1)) — ¢/ (x)], (2.9)

from which we obtain

Pw(x)
dx3

NIwW

<ellc+ Csf%] <Ce2<C(1 —l—e*%).

By similar procedure, for ¢ = 4, differentiating (2.9) yields

d*w(x)

| <e e tCe24ce ] <ce 2 <c(1+e2).
X

Similar procedure hold true on the intervals (1,2) and (2,3), and hence the continuous solution and its
derivatives are bounded. O

3. Formulation of the numerical method

Let the interval [0, 3] be divided into 3N specially constructed sub-intervals, so that the terms
containing the shift arguments coincide with the nodal points. Choosing / as an equal mesh size, we
have h = % = % = 31, where ¢ and # are mesh numbers up to the nodal points x; = 1 and x; = 2,
respectively, and satisfying { < 1 < 3N.
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Now, rearranging the differential equation in (2.1) as
d?w(x)
87 = %(x), (31)
where J(x) = u(x)w(x) +v(x)w(x — 1) + y(x)w(x + 1) — ¢p(x). At a mesh point x;, we have
d?w(x;
€ dx(z 1) = %(xi)/ (3.2)
where S(x;) = p(x;)w(x;) +v(x)w(x — 1) + v (x)w(x; +1) — p(x;).
Applying the Nomerov’s finite difference approach [16] on to equation (3.2), we get
€ 1
7 (Wit = 2w + wicq) = = (S 1085 + Siq) (3.3)

h? 12

To handle the effect of € in the layers, we introduce the fitting factor ¢ in (3.3) as

er 1
],Tz(wi—kl — 2w+ wi_1) = E(%iﬂ + 103 + Si-1),
which is expressed as
o 1
— (wit1 = 2w; + wj—1) == [piy1wit1 + 10pw; + 7 1wi1 + Vi Wiy1-N
0 12

+10vjw;— N + Vi_1wi—1-N] + YVip1Wit14N + 107iwigN + Vic1wio14N

1 .
= 15 Wir1 + 109 + ¢iq], 1 =0,1,..,3N. (34)
Assuming uniform convergence of the solution and taking & — 0, we obtain

- P#(0)(2cosh(v/k(0)p) + 10) (3.5)

48sinh’(\/p(7)0/2)

which is a fitting factor in the left layers for ; = 0 and in the right layers for ; = 3. Using the fitting
factor (3.5), we get

1
L3Nw; = eoDTD”w; = E[%iH +10S; + 1],

which can be re-expressed as
o i1 20 10u; o i1 1
(pz - ﬂg) Wiy1 — <p2 + 1?) w;i + <p2 - ﬂiz ) wi_1 = E[Vﬂrlwz#lfN + 10vjw;_N
h
+Vi1Wi-1-N F Vi 1Wit14N T 107wi N + Yic1wio14N — (Pie1 + 109 +¢i1)], p = 7 (3.6)

To accomplish the required discrete scheme, first we set ¢ = 0 and determine the reduced problem as
pxi)wo(xi) +v(xi)wo(xi = 1) + y(xi)wo(xi +1) = P(x;). (37)

From the reduced scheme (3.7), compute the approximate values of w(x; = 1) and w(x; = 2). Then for
i=1,2,...,N —1, the scheme in (3.6) is simplified to

P wip + Wi+ p w1 =B, (3.8)

doi:10.20944/preprints202310.1241.v1
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with the boundary conditions wy = p(0) and wy = wp(1), where
o0 B o 20 10w 0 Mg
L R T - T R O A
W 1
Ein=p WVit1Pig1—N + 10V N + Vic1pici—N + Vi1 Wit14N + 107wigN
+Yic1wi-1+N — (Y1 +10¢; + ;1))
Similarly, fori = N+ 1, N +2,...,2N — 1, the scheme in (3.6) becomes
Wi+ p°wi+ o w1 = EBYy, (3.9

with the boundary conditions wy = wp(1) and wyn = wp(2) , where

=0

Hii1 =1 Vip1wip1-N + 10w N + Vi1wi 1N + Yip1Wip 14N + 107w N + Yic1wio 14N
— (i1 + 100 + pi_1)],
and fori = 2N +1,2N + 2, ...,3N — 1, the scheme in (3.6) becomes

prwi + p'wi+ o wis1 = &, (3.10)

with the boundary conditions wyny = wp(2) and wsny = g(x3n) , where

- 1
2 =1 [Viwip1-n + 10vw;_N + Vi1wi—1—N + YVic19i+1+N8 T 107igieN + Vic19i—14N

— (i1 + 109 + pi_1)].

Thus, we solve the systems obtained in (3.8)-(3.10) on a uniform meshes using suitable solver of system
of equations following the computational algorithm given below.

Algorithm 1 Computing the numerical solution w;;1, i =0,1,...,3N —1

1: On [0,3], set a uniform mesh x; = ik, i =0,1,2,...,3N withxg = 0, x5y = 1, xoy = 2 and x3y = 3.
2: Set ¢ = 0 and approximate wj;1 from (3.7) at x; = 1 and x; = 2.

3 Fori=1,2,...,3N —1,

4: ifi=1,2,...,N —1, compute w;; from the system (3.9)

5: elseifi=N+1,N+2,...,2N — 1, compute for w;1 from the system (3.8)

6: else compute for w; 1 from the system (3.10).

7: Simulate the solution w; 1 for all 7 graphically.

8: Stop

3.1. Uniform stability and convergence analysis

Lemma 3.1 (Discrete maximum principle). Suppose the mesh function 9; be in L3N (®) satisfying 99 > 0,
O3y > 0and £3N9; >0,i=1,2,...,3N — 1. Then, ®; > 0,i =0,1,...,3N.
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Proof. Let§ € {0,1,...,3N} be given such that 9z = miny<;<3x ¢; < 0. From the given hypothesis, it
is clear that ¢ ¢ {0,3N}. Then, we have 8z — {z_1 < 0and &z, — ¢z > 0.
Casel:Fori=1,...,N, we get
_ 1
9%3Nﬁ§ =—eoD'D 195 + E[‘ug+1l9§+1 + 10]45195 + ]/lg_119§_1 + ’)’g+1l9§+1+N
+107#0 + ve-19%-14N]
& 1
=—- ﬁ[(ﬂr}l —0) — (0 — Oz—1)] + E[ﬂéﬂﬁgﬂ
+ 10}1(';19@ +ue10z1 + ver1% 114N + 1070 + Y1011 N]
1
< - h2 [(19§+1 195) - (195 - 19:’;71)] + E[(V@H + ’Yi;+1)19§+1 + 10(]l§ + 75)195
+ (He-1+7e-1)0-1] <0.

Case 2: Fori = N +1,...,,2N, we get

LNy =—eoD D70 + o [ygﬂﬁgﬂ + 10pe 0 + pe—19¢—1 + Ve Oz41-n + 10ve By
+ve_18:_1-N + ’Y§+119¢+1+N + 1070 + Y1014 N]
=- %[(196-&-1 — ) — (0 — 9e—1)] + %[V§+10§+1 +10pg 0z + pe10z1
+ V§+119€+17N + el N +ve10: 1N + Yer1 01N + 1070 + e 1014 n]
<= M1 — ) — (B — )] + 5 (e + e + 7641040
10(pg +ve +76)0 + (pe—1 +ve—1 +7e-1)0% 1] < 0.

Case3: Fori =2N +1,...,3N — 1, we get

_ 1
%31\1195 =—¢e0D™D Oz + IR [V§+1l9§+1 + 10pe0z + pe 10z 1 +ve 101N
+ 101/@’195_1\] + V{',‘—lﬁ@'—l—N]

flog 1
= 7[(19@‘“ - 196) - (195 - 19;,1)] + *[P‘Cﬂﬁgﬂ + 10p9z + ﬂgflﬁg—l]
h 12
+ V§+119§+1—N + Vet N + Vg1 _1-N]

1
< - h2 [(19§+1 195) (195 - 19571)] + E[(V&H + V§+1)19§+1
+ 10(]l§ + Vg)l% + (}1571 + 1/@,1)1%,1} <0.

The above three cases contradict to the hypothesis. Thus, the supposition fails, so that 9 > 0,
¢=12,...,3N —-1.Thus,9; >0, =0,1,...,3N. O

Lemma 3.2. Under the assumptions in (2.3), the discrete solution w;,i = 0,1,...,3N of (3.6) is estimated as

3N .
B0l L o {Jeonl, Jaoswl}

|lw;| <
« ic[0,3N]

Proof. Introduce two barrier functions as

+_ 1N wil]
oF = 1=Ze il

+ max {|wol, |wsn|} £wj,i=0,1,...,3N.
a i€[0,3N]
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Then, we obtain the following results.
. E%SN
Fori =0, CUE)t = Haiwo” +maxi€[0,3N]{|wo|, |w3N|} + wy > 0.

. + L3N
Fori = 3N, (’OSN — - - o +maxi€[0,3N]{|w3N|' |a)3N|} :|:(,U3N > 0.
Fori=1,2,...,N,wehave

_ 1
.,%BN(D? =—¢ecD™D (Dli + E[yi+1wii+1 + 10}({6’0? + }li_lwil + ’)/i_;,_l(DilJrN
+ 10’)/1'60?: + ’)/i_1(Di:EI+N}

1 | ZNwig |
:i$3N . 7 . 13 1+ . ,
e Wi+ 12 (l’ll-i-l P + Hit1 IEIE)%)I(\]]HWOl |w3N|}

+ 1 (WMW + u; max {|wol, |W3N|})

12 0 i€[0,3N]
n 1172 <yi1||«§ff’l\;wi1|| i ierl[r(lJ,a?))I(\”{IwOL |¢U3N|})
+ 11—2 (')’i 1% +Yig1 ien[r(l)%}{lwolflwsNH)
by (W2 4 ma flool )
by (el s el sl )

which implies that

1 LN w;
-Zemwii > <zx” Wiyt

. +a max (foul, s} )

« i€[0,3N

1 (LNl >
+ o +a max {|wgl|, |w
5 ( max (ol s}
1 (LN )
+ ® +a max {|wpl, |w ,as U+, >«
12( o ie[o,sN]{| ol, lwsn|} Hi+ i

o
>— max {|wgl, |lw > 0.
235 max (ol lwswl} 2

Applying Lemma 3.1, the result implies that @ > 0,i = 1,2,..., N — 1, and consequently it yields the
required estimate. Similar procedures hold fori = N+1,N+2,...,2N —1landi = 2N +1,2N +
2,...,3N—-1. O

Theorem 3.1. Let w(x;) and w; be the solution of the prtoblem (2.1) and the scheme (3.6), respectively. Then,
the truncation error is estimated as

lw(x;) —wj| <CN2,i=0,1,...,3N,
with C independent of i, h and e.

Proof. From the definitions of truncation error [17], we have

d?w(x;)

L3N (w(x;) = wy)| = | Lw(x;) — LNw;| = |—¢ ix2

+ecD D™ w;|. (3.11)
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Applying Taylor’s series expansion on w; 11, we obtain

da;(xi) hz dzw(xi) h3 d3w(xi) h4 d4w(xi)
de 20 dx2 T30 dx3 4l dxt
dwo(x;))  h? dzw(xi) B dw(x;) b diw(x)
dx 20 dx2 31 dx3 4l dxt

wi_1 =w;—h +O(K).

Plugging the above expansion into (3.11) and simplifying gives

d*w(t)
dx?

d2w(t;
2N @(x) — wp)| <Cle —ef | L2 € [rimy g

'+c oh?

As it is estimated in [18], we have |ec — ¢| < Ch%. Applying Taylor’s series expansion on ¢ and using
Lemma 2.3, we have

1
LN (w(x;) —w;)| <Ch> =CN72, ash = —.
€ N
Thus, by the discrete maximum principle, we get |w(x;) — w;| < CN -2i=0,1,...,3N. O

4. Numerical examples and discusions

In this section, the developed finite difference scheme is validated by carrying out numerical
experiments. The effect of the perturbation parameter and the mixed shift arguments on the solution
is determined by computing the point wise maximum absolute errors (MAEs) and convergence rates
(CRs). Since computation of the exact solution is difficult, to compute MAEs and CRs we used the
double mesh principle [18] as given in Algorithm 2 below.

Algorithm 2 Computations of MAEs and corresponding CRs

1: From (3.7)~(3.10), compute ! i1 and w /1 at each mesh point.
2: Fori =0,1,...,3N, computeh

w?ql, > Point-wise absolute error

3: eh = max \w

4: e = max(eh y > Uniform absolute error
5: g logz( el/e2), > Point-wise convergence rate
6: = log, ( i‘/ e2), > Uniform convergence rate.
7. Sketch log—log plots of MAE versus N.

Example 4.1. [12] Consider the the SP-FDE given as

dzw(x)

dx?
w(x)=1, x € [-1,0],
w(x)=1, x € [3,4].

Example 4.2. [12] Consider the the SP-FDE given as

+5w(x) —w(x—1)—w(x+1)=1, xeM

d?w(x)
dx?

w(x)=1, x€[-1,0],
w(x) =1, x € [3,4].

+65+xP)wx) —wx—1)—wx+1)=x, xEM

The examples are treated applying the formulated numerical method. The error analyses of the
solutions are also performed by computing MAEs and CRs by using the double mesh principle as

doi:10.20944/preprints202310.1241.v1
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given in Algorithm 2 and the obtained results are displayed in Tables 1 and 2. From Table 1, one can
see that increasing the mesh numbers reduces the error and reducing ¢ gives a rapidly decreasing
MAEs for each mesh number. The maximum errors are shown when & = 2! with the corresponding
second order convergence rates. From Table 2, we observe that if the mesh number is increased, the
MAE is decreasing and decreasing ¢ yields stable maximum absolute errors and corresponding second
order convergence rates. The accuracy of the present method is compared with previous published
work for both examples as given in Tables 3 and 4. From these tables, it is shown that the present fitted
operator difference scheme is second order convergent method and the fitted mesh method developed
in [12] is almost first order convergent method.

The numerical solutions of example 4.1 and 4.2 are shown in Figures 1 and 2, respectively, for
different values of e. From the figures, it is shown that decreasing the perturbation parameter reduces
the width of the layers with more steep gradients. In Figure 3, log-log plots are given, which show that
increasing the number of meshes decreases the MAEs for different value of «.

Table 1. MAEs and uniform CRs of Example 4.1 at various values of e and N

le|N: 32 64 128 256 512 1024
21 2.1651e-05 5.3923e-06 1.3468e-06 3.3662e-07 8.4150e-08 2.1037e-08
272 1.1398e-05 2.8278e-06 7.0561e-07 1.7632e-07 4.4074e-08 1.1018e-08
278 3.5774e-06  8.8091e-07 2.1939e-07 5.4796e-08 1.3696e-08  3.4239e-09
24 5.3067e-07 1.2874e-07 3.1941e-08 7.9701e-09 1.9916e-09 4.9775e-10
2°5 2.7155e-08  6.3984e-09 1.5756e-09 3.9242e-10 9.8060e-11  2.4620e-11
276 3.1070e-10  6.9252e-11  1.6793e-11  4.1558e-12  1.0334e-12  2.3659e-13
277 4.3432e-13  8.9040e-14 2.6645e-14 1.4544e-14 1.0757e-14 5.5067e-15
eN 2.1651e-05 5.3923e-06 1.3468e-06 3.3662e-07 8.4150e-08 2.1037e-08
N 2.0055 2.0014 2.0003 2.0001 2.0000 -

Table 2. MAEs and uniform CRs of Example 4.2 at various values of e and N

le|N: 32 64 128 256 512 1024
271 5.8033e-06 1.4979e-06 3.7583e-07 9.3972e-08 2.3492e-08  5.8728e-09
272 1.3910e-06  3.6189%e-07 1.0139e-07 2.5722e-08 6.4442e-09 1.6107e-09
273 1.0370e-06  2.0245e-07 5.3082e-08  8.5472e-09  2.8296e-09  7.4239%e-10
274 2.3199e-05 1.1764e-06 4.6405e-07 1.5298e-08 4.3938e-09 1.9497e-10
275 8.4647e-05 5.2442e-06 2.3032e-07  8.5273e-8  2.8981e-09 9.3812e-10
276 2.6443e-04 5.1757e-05 1.9992e-06 4.3622e-07 1.5356e-08 5.0939e-09
277 4.5694e-04 8.0984e-05 4.9954e-06 2.1877e-07 8.0871e-08 2.7481e-08
28 1.1685e-03  3.0659e-04 7.9042e-05 2.0603e-06 4.2009e-07 1.4776e-07
279 1.2426e-03  2.5637e-04 7.9174e-05 2.1724e-05 6.1306e-06 1.8693e-06

2710 1.2417e-03  2.5621e-04 7.9171e-05 2.0688e-05 6.0409e-06 1.4121e-06
eN 1.2426e-03  3.0659e-04 7.9174e-05 2.1724e-05 6.1306e-06 1.8693e-06

N 2.0190 1.9532 1.8657 1.8252 1.7135 -
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Table 3. Comparison of the present scheme with other published work.

N — 32 64 128 256 512 1024

Example 4.1

Present method
eN 2.1651e-05 5.3923e-06 1.3468e-06 3.3662e-07 8.4150e-08 2.1037e-08
rN 2.0055 2.0014 2.0003 2.0001 2.0000 1.9986
Results in [12]
Shishishkin Mesh
eN 5.2513e-03  3.4209e-03 2.0832e-03  1.1436e-03 7.3014e-04 3.7640e-04
rN 0.61827 0.71558 0.86515 0.64740 0.95589 0.86652
Bakhvalov-Shishkin mesh
eN 2.9952¢-03 1.5057e-03 7.5395e-04 3.7712e-04 1.8858e-04 9.4293e-05
N 0.99221 0.99790 0.99944 0.99985 0.99995 0.99998

Table 4. Comparison of the present scheme with other published work.

N — 32 64 128 256 512 1024

Example 4.2

Present method
eN 1.2426e-03  3.0590e-04 7.9174e-05 2.1724e-05 6.1306e-06 1.8693e-06
N 1.7634 1.9532 1.8657 1.8252 1.7135 1.7814
Results in [12]
Shishishkin Mesh
eN 5.9350e-03 3.9301e-03 2.4026e-03 1.3469e-03 8.4650e-04 4.3631e-04
N 0.59466 0.70994 0.83491 0.67014 0.95613 0.84693
Bakhvalov-Shishkin mesh
eN 3.3073e-03 1.6716e-03 8.3715e-04 4.1850e-04 2.0918e-04 1.0457e-04
N 0.98440 0.99769 1.0002 1.0004 1.0003 1.0001
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Figure 1. Simulations of the numerical solution of Example 4.1 taking various value of €.
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Figure 2. Simulations of the numerical solution of Example 4.2 taking various value of €.
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Figure 3. The logarithmic scale simulations of MAEs versus N for (a) Example 4.1 and (b) Example 4.2

5. Conclusion and future plans

In the present research work, we have developed a parameter-robust numerical for computing
SP-FDEs with mixed large shifts. Such equations are a class of differential equations that incorporate
shift effects and small perturbation parameters. The presence of the perturbation parameter and
large mixed shifts adds complexity to the problem to be solved analytically, and applying standard
numerical methods. The proposed numerical scheme tackles the challenges posed by the perturbation
parameter and shift arguments yielding accurate approximate solution. We have demonstrated the
effectiveness and robustness of the scheme by two numerical experiments, showing that it consistently
produces accurate results across a wide range of parameter values. While this research work has
provided an efficient and accurate numerical method for the considered singularly perturbed ordinary
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differential equations with mixed large shifts, there are several avenues for future exploration and
enhancement. In the near future, the method is extended to singularly perturbed functional partial
differential equations in one and two dimensions.
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