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Abstract: The exact, non perturbative, response theory developed within the field of nonequilibrium
molecular dynamics, also known as TTCF (Transient Time Correlation Function) applies to quite
general dynamical systems. Its key element is called dissipation function, because it represents the
power dissipated by external fields acting on the particle system of interest, whose coupling with the
environment is given by deterministic thermostats. This theory has been initially developed for time
independent external perturbations, and then it has been extended to time dependent perturbations.
It has also been applied to dynamical systems of different nature, and to oscillator models undergoing
phase transitions, which cannot be treated with e.g. linear response theory. The present work includes
time dependent stochastic perturbations, in the theory, using the Karhunen-Loeve theorem. This
leads to three different investigations of a given process. One in which a single realization of
the stochastic coefficients is fixed, and averages are taken only over the initial conditions, as in a
deterministic process. In the second, the initial condition is fixed, and averages are taken with respect
to the distribution of stochastic coefficients. In the last investigations, one averages over both initial
conditions and stochastic coefficients. We conclude illustrating the applicability of the resulting exact
response theory with simple examples.

Keywords: nonequilibrium phenomena; dissipation; time Reversal Invariance; molecular dyanmics

1. Introduction

Linear response theory successfully describes the behaviour of macroscopic systems not too far
from thermodynamic equilibrium, obtaining the corresponding transport coefficients solely using
the equilibrium correlation functions of the microscopic fluctuating currents, computed with the
equilibrium dynamics, cf. Ref. [1-3]. While the range of applicability of the linear theory covers most
phenomena occurring on the scale of our daily life, extending well beyond that scale, contemporary
science and technology concern scales that are much smaller or that involve extremely large driving
forces, which often exceed the linear regime. Indeed, anomalous phenomena, for which the linear
transport coefficients do not exist or vanish, are common at the nanometric scale. Strong drivings,
such as high voltages, produce large currents that alter the physical properties of the system at hand,
leading to non-linear effects. Under external drivings, microscopic motions may be impaired to the
point of producing localization or, in any case, drastic changes of states, like phase transitions. In many
such situations, dynamical correlations persist in time, and give rise to behaviours that are not fully
understood.

Within the field of nonequilibrum molecular dynamics [4] and, in particular, following to the
discovery of the Fluctuation Relation, response theory has been generalized so that small systems as
well as large drivings can be treated. A general exact (non-perturbative) response theory, also known
as TTCF (Transient Time Correlation Function) has been derived [4], which has proven very effective.
In particular, recently it has allowed to treat hard nonequilibrium problems, at low drivings [5,6],
drastically improving the signal to noise ratio. Moreover, this theory has allowed the derivation of a
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host of relations concerning nonequilibrium systems, cf. e.g. Ref. [7]. The key ingredient of this exact
response theory is known as the dissipation function, first explicitly defined by Evans and Searles, as the
energy dissipation rate which verifies the fluctuation relation [8,9]. Through that, the quantities till
then singularly used in specific instances of nonequilibrium molecular dynamics studies have been
unified in a single general concept, that can be used in the analysis of any dynamical system. The
original result, called dissipation theorem in Ref.[10], concerned systems subjected to time independent
perturbations, such as an external constant field. An extension to time dependent perturbations, that
can be expanded as Fourier series has been developed in Ref. [11], enlarging the phase space, to make
the overall equations of motion autonomous. This step is necessary, in general, to preserve the notion of
time reversibility, which plays a fundamental role in many statistical mechanics calculations, including
those associated with linear response, such as the Onsager Reciprocal Relations and the Fluctuation
Relations [2,12,13].

In the present paper, we take that approach one step forward, allowing stochastic time dependent
perturbations, that can be represented as Karhunen-Loéve expansions [14]. In Section 2, we recall
the Karhunen-Loéve theorem, from which we obtain the particular representation of the stochastic
perturbation of our dynamical systems. Section 3 briefly illustrates linear response theory, highlighting
the role of the initial perturbation, and then we also illustrate the time independent exact response
formalism. Section 4 starts from the equations of motion of the deterministic system of interest, to
which we add the time dependent stochastic perturbation discussed in Section 2. The first step is
to make our system autonomous by enlarging the phase space, to accommodate a (Hamiltonian)
harmonic oscillator, which embeds in itself the time dependence of the vector field. Then, we redefine
the quantities of interest in the enlarged phase space and we distinguish three cases: a) the case in
which a single realization of the stochastic process is fixed, which yields a deterministic process in
which only the initial conditions are random; b) the stochastic case in which the initial condition is fixed
and one should only average over the realizations of the stochastic coefficients of the Kahrunen-Loeve
expansion; ¢) the stochastic case in which averages are taken over both the initial conditions in phase
space and the stochastic coefficients of the process. Finally, we compute the generalized exact response
formula for any observable of our system. Section 5 illustrates the theory using simple examples, such
as the perturbed harmonic oscillator, and we compare the linear and the exact response results. In
Section 6 we summarize our work, discussing our results, and noting how even the standard linear
response theory may benefit from the extended phase space approach. Indeed, that allows to properly
treat the initial condition of the time dependent perturbation, if one only considers finite evolution
times, as required in many modern investigations of fluctuating observables.

2. The Karhunen-Loéve theorem

The Karhunen-Loeve theorem allows a stochastic process to be represented as an infinite linear
combination of orthogonal functions, analogous to a Fourier series, with stochastic rather than
deterministic coefficients. If {X;},c(,s) is a centered stochastic process satisfying certain continuity
conditions, one can decompose it as a sum of pairwise orthogonal functions multiplied by random
coefficients that are pairwise uncorrelated, hence orthogonal in probability space. More precisely, the
following holds [14]:

Theorem 1 (Karhunen-Loeve). Let Xy, t € [a,b], be a square-integrable stochastic process with zero-mean,
defined on a probability space (©,F, P), with continuous covariance function Kx(s,t). Letting e, be an
orthonormal basis on L2 ([a, b)) formed by the eigenfunctions of Ty, with respective eigenvalues Ay, X; admits
the following representation:

Xi =Y Zpe(t), 1
=1
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where the convergence is in L2, uniform in t and
b
Zk = / Xtek(t)dt. (2)
a
Furthermore, the random variables Z; have zero-mean, are uncorrelated and have variance Ay
<Zk> =0, Vk e N and <ZZ‘Z]'> = (51']')\]', VZ,] eN. 3)

As an example, consider the particular case of a Wiener process, w; with t € [0, T| and covariance
function Ky (t,s) = min(s, t). To find the corresponding eigenvalues and eigenvectors, we need to
solve the following integral equation:

b T
/ Ky (s, t)e(s)ds = / min(s, t)e(s)ds = / se(s)ds +t/ s)ds=Ae(t), 0<t<T (4
a 0
Differentiating once with respect to ¢ yields:

T
/t e(s)ds = Aé'(t) (5)

A second differentiation produces:
—e(t) = A (t). (6)

whose general solution takes the form:

e(t) = Asin (\/tX) + Bcos (\%), 7)

where A and B are determined by the boundary conditions. Setting t = 0 in the integral equation gives
e(0) = 0, which implies B = 0; setting t = T in Eq.(5) yields ¢/(T) = 0, whence:

2
T
Ay = ((k_%)n> , k> 1. (8)

The corresponding eigenfunctions are thus given by:
ex(t) = Asin (k—l)r[i k>1 )
k - 2 T ’ -

and A is finally determined by the normalization condition:

T
/ ez(t)dt =1 whichleadsto A = \/g (10)
0
Finally, we get following representation of the Wiener process:
o sin [(kf %)n%}
Z Z (11)
1
k—3)

where {Z;}1? , is a sequence of independent Gaussian random variables with zero mean and unit
variance. This representation is valid for t € [0, T] for any T > 0 and, as stated in the theorem,
convergence is in the £2 norm and uniform in .
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3. Response theory

Linear response theory is suitable to describe the evolution of observables of systems subjected to
small perturbations, while the exact response applies regardless of the magnitude of the perturbation.
To set our notation, let us recall the main aspects of the time dependent linear theory [1]. Given a
Hamiltonian dynamical system, with Hamiltonian Hy, consider a Hamiltonian perturbation H), (T, t) =
—F(t)A(T'), whose small intensity is F, and A has the dimensions of energy. The new perturbed
Hamiltonian is given by:

H(T,t) = Ho(T') + Hy(T',t) = Ho(T') — F(£) A(T) (12)
and the equations of motion take the form:

do; _dHy _ ... 9A _ 9H dA

=30 =Y _ 1 i 17— 2 1
pr o, ( oy~ op, ]—'(t)k] , with kj o, (13)
“Fi 9t e U ; = 14
pn a1, (t>aq] a1, .F(t)k] , with k; a4, (14)
Calling G the corresponding vector field, we have:
JoH|
o K
G(I,t) = N A ] = Go(T) + Gext(I 1) (15)
_9Ho KF
9N N

and the Liouville operator

L= (G V4 dier> - (GO V4 dierO) - (Gm V4 dierm)

(16)
= —i(Lo+ Lowt).
allows us to write the continuity equation for the probability distribution in phase space as:
ouf = —ilf = =i( Lo+ Lext())f (17)
where
N, (0Hy @ 9Hp 9
iCof:{f,Ho}:Z< f (18)
=1\ 9pj 99;  0q; Ip;
and
Lonf = —FO(F,A) = —FO Y (K2 152 19
iCof = ~FOUfA) = =FO L (Ko 4K ) 1 (19)
whose solution can be expressed as:
. t L
fi(T) = e ™o fo(T) —i / dt'e R L, (#) fy (T) (20)
0

As well known, this is an exact, but not useful, expression. However, the fact that L, is proportional
to the small intensity of the perturbation F, justifies the following linear approximation of f;:

fill) = fog0) =1 [ e 080 (1) (1) + HO. @1
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where H.O. stands for negligible higher order terms in 7. More than the probabilities, though, we are
interested in the evolution of observables, which are identified with their evolving ensemble averages.
Denote one observable by O : M — R, and its ensemble average at time ¢ by:

(©) = [ omfimar 22)
In the linear regime, we can then write:
t
(O) = (O)o = [ dFR(t=¥)F (1) (23)
where _
R() = p [ dTATAD)EL0() = p(A©0S)) 24)

is called response function and the subscript 0 in S indicates the unperturbed evolution. This is a very
important result: the response to a small perturbation is determined by the equilibrium dynamics and
by the time correlation function of perturbation and observable of interest computed with respect to
the known equilibrium ensemble. For thermodynamic systems, this description is fully satisfactory,
because the observables of interest in such systems only negligibly fluctuate, and the observed signal
concerning each single object practically equals the ensemble averaged signal. This is not more
guaranteed when non-thermodynamic systems, or large time dependent perturbations are considered.
Therefore, an extension of the linear response theory to small systems or large perturbations is required
to address these two issues.

The (time independent) exact response theory initially developed in Ref.[10], may be adapted to
describe a generic dynamical system, S : M — M, on a phase space M, where the time t may be
continuous or discrete [15]. Let us focus on the case in which ST, withT € M represents the solution
at time ¢ of the differential equation

['=G(T) withinitial condition T € M (25)

For any such system, the phase space variation rate, A : M — R, is the divergence in M of the vector
field:
A=Vr-G (26)

We denote its time integral along the phase space trajectory segment delimited by the points reached
at time s and time ¢ by:

t
Ass(T) = /S A(S'T)dr 27)

which gives the variation factor of the phase space volume element in going from S°T to S'T.
Assume M is endowed with a probability measure du(T') = fo(T')dT, of density fy, which evolves
as prescribed by the Liouville equation

%(r) = —G(I)- Vrfi(T) — fi(T)Vr - G(T) @8

and turns f; after a time f. This can be rewritten in terms of the dissipation function [16]:
OfN(I) = —G(I') - Vrin f;(T) — A(T) (29)

as

W0y = f (0)fur) 30)

doi:10.20944/preprints202311.1244.v1
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Starting at a point T' € M, the corresponding integral of (/0 along the trajectory segment delimited by
S°T and S'T is given by:

afo(r) = /s "0/ ($°T)ds = In ;ggg _ /S " A(STT)ds, @31)

and the solution of the Liouville equation can be equivalently expressed as:

fort(S'T) = exp { = Ao (D) } £5(T), (32)

and as:
fort(T) = exp {QF, (D)} A(T) (33)

Note that the dynamics is assumed to be invertible, which does not mean that it has to be time-reversal
invariant; it suffices that each point in a trajectory has a unique preimage under the dynamics. The
ensemble average of an observable O at time ¢,

(0} = [ om)fi(r)r 9

can eventually be expressed as:

(O)r = (O)o+ /Ot <Qf° (Oo Ss)>0ds (35)

which is similar to Eq.(23) with Eq.(24). For properly chosen fy, Q2/0 represents the dissipative flux, like
A ={A,H} = {A, Hy} which appears in Eq.(24). In particular, nonequilibrium molecular dynamics
models require fj to be the equilibrium distribution of the unperturbed dynamics (drivings set to 0)
subjected to the same constraints of the perturbed dynamics. For instance, if the perturbed dynamics
preserves the kinetic energy thanks to iso-kinetic thermostats, the unperturbed dynamics must also
preserve the kinetic energy, and fy must be invariant under the resulting (generally non-Hamiltonian)
dynamics. In this case, analogously to the linear formula (23), Eq.(35) concerns the correlation function
of the evolving observable of interest with the dissipative flux and such correlation function is an
average computed with respect to the initial distribution fy. The difference is that the dynamics
followed by the observable is the exact perturbed dynamics and not the approximate equilibrium
one. However, the formalism can now be used quite more generally, without need for fj to be the
equilibrium distribution, or for the system of interest to be a particle system.

4. Exact response of stochastic processes

In this section, we first adapt the exact response theory illustrated above to a generic abstract
dynamical system perturbed by a stochastic, time dependent, vector field, extending the approach
for deterministic time dependent perturbations developed in Ref. [11]. Then, we distinguish three
cases: a) the deterministic case in which a single realization of the perturbation is fixed (as in e.g. the
Green-Kubo linear theory), and so observables are only averaged with respect to the initial conditions
of phase space trajectories; b) the stochastic case in which the initial condition in phase space is fixed,
the realizations of the perturbation vary, hence observables are averaged over the distribution of
such realizations; c) the stochastic case in which both phase space initial conditions and perturbation
realizations vary, and observables are averaged over both.

4.1. Wiener process perturbation

Given a dynamical system I' = G(T') on a phase space M, consider the following stochastic
equation
['=G(T,t) = G(T) + Fw(t), for t€|0,T] (36)
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where F is a constant that gives the strength of the perturbation, T > 0 can be much larger than the
scale of observation as in [1], and w(t) is a Wiener process of the same dimension as M. This can be
represented by a Karhunen-Loéve expansion as follows [14]:

@m_fif?mfbmm(“‘ym”g_ 5 el @7)

n=1 Nn=—oo

where the details of the process are determined by the vectors Z, = (Z1,, ..., Zny), or equivalently
ay = (a1, -, Ny ), With:

1 V2T Z 1
Sl il V) n—= if n>0,
21 T cy 2 CcnTt
K = Cnp = and ,Bn: (38)
1 \/ZTZ,kn . 1
—— if n<0 n+=- if n<0
2i T Cy 2

We recall that this expression holds for all perturbations in £2[0, T], for any T > 0, so it is a very general
result. As this a zero mean process, it does not include a net force acting on the system. However, such
a force, constituting a systematic action about which the Wiener process fluctuates, can be included as
a deterministic term in G.

Rather than directly computing the evolution of probability densities, we follow Ref. [11] in order
to obtain a more flexible tool, and to preserve the notion of time reversal invariance. Therefore, we
first eliminate the time dependence of the perturbation, introducing two new variables 6 and ¢ that

evolve as follows: .
0=¢
. (39)
g=-0

These new variables live on an ellipse, whose axes depend on the initial independently chosen
conditions 6y and ¢y. Then, we can write:

Fa(t) = F i ayePrt = i w1, (6,9) = w(6, ) (40)

n=-—oo n=-—oo

where the deterministic parts of the perturbation are given by the functions w;, (8, ¢), and the stochastic
parts by the coefficients a,,. When F is given, we can write:

wn(e,(p):fl_ﬁn(e(t)—icp(t))ﬁn with neZ, and 0(t) —ip(t) = Fexp(it)  (41)

Alternatively, the initial condition determines F through the equality 6(t) — i¢(t) = F exp(it). The
difference between the two situations depends on the initial distribution of the points (6, ¢), which we
are now free to choose as the problem of interest requires.
In both cases, the explicit time dependence of the perturbation w has been turned into an implicit
dependence, mediated by 6 and ¢. The new dynamical system writes:
. G(I) +w(6,¢)
I'=G(T,0,¢) = ( ¢ ) (42)
-0

which is an autonomous system of differential equations, whose phases I = (T,0, (,b) live in the new
phase space -
M= Mr X MG‘P (43)
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where M coincides with the original phase space of the unperturbed dynamics, M, while Mg, C R?
is the space of the points (6, ¢), which depends on the problem at hand, and may be bounded or not.
In particular, a given initial condition confines (6, ¢) to a circle of given radius F, as for a harmonic
oscillator in one dimension, whose energy is fixed by the initial conditions. The corresponding new
phase space variation rate equals the old one:

A =A(T,60,¢) = A(T) (44)

because the new coordinates describe a Hamiltonian system. Introducing a new probability density,
fo = fo(T,6,¢), a new dissipation function, 0o = (J0(T, 6, ¢), can also be obtained, applying the
general rule (29) to the quantities having a tilde. The density fo can be given in various guises.
However, the distribution of § and ¢ is not affected by the phase space coordinates I', and should not
affect the distribution of T', therefore it can be factorized as:

fo(T,0,¢) = fo(T)g0(6,¢) (45)

In the case the realization of the perturbation is fixed, and its initial value is given by wy = w(6y, ¢o),
one could take:

fo(T,6,¢) = fo(T)5(6 — 60)5(¢ — ¢o) (46)
where fj is invariant under the unperturbed dynamics, as in the usual molecular dynamics applications
of the exact response formula, and ¢ is the Dirac delta function. On the other hand, finite accuracy in
setting the initial value of w may be described replacing the -function with a smooth non-negative
and normalized function, centered on 6y and ¢y, that vanishes in a suitably narrow or wide interval
about 0. Physically, this is more meaningful, and mathematically it is useful since it preserves the
differentiability of fo. In this case, we would write:

fo(T,8,¢) = fo(T) go(6 — 60) go(¢ — ¢o) (47)

where the relation to 6y and ¢y has been stressed. If, on the other hand, the magnitude of the
perturbation is fixed, one may take /\/194, = 87, the circle of radius F. Then, because this circle is
traversed with uniform speed by the point (6(t), ¢(t)) and the origin of times is arbitrary, a natural
form of the phase space distribution is:

Fo(T,6,0) = 5= fo(T) s)

Let us rewrite the equations of motion as:

Gi(T) + X o ttmwn (6, )

f
i Ga(T) + L% o 20 (6, 9)
free=| @ |= : (49)
I'n GN(T) + Xo- o uNwn (6, ¢)
0 ¢
¢

—0

doi:10.20944/preprints202311.1244.v1
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where (T, ..., I'y) =T € M, and (Gy, ..., Gy) = G. Given the initial distribution, the new dissipation
function is derived as follows:

~ ~ d -~
0 (T, 0, ) = —A(T,0,9) — = 1n fo(T, 0,¢)

= A = s [gow,cp) (G + (6, ) - Vefo(T) +
+Al0) (9 B2 60.0) -0 B0 ¢>)]

- é )+ Y wwn(® ¢>] r) 50)
i (P Ben -0 E60)

~ (1) - 15 B w(00) zankafo 0 g (0 00 -0 B0,9))

Consequently, the correlation of Q) > with the time evolution of one observable © which, by definition,
does not depend on 6 and ¢, can be written as:

(03(0°9));

/./\/l X Mgy ﬁfO<r' 0,4)0 (SNSF) fo(T')go(6, ¢)dTdod¢ (51)

= /Mw ded(PgO(G, (P) /M dr Qﬁ)(r, 0, (P)O (Ssr) fO(r) (52)

because the evolution of I' in the enlarged phase space, S°, equals the one in M. Let us consider first
the third addend of O s Since it does not depend on T, it yields:

= [y, 00 50(0,9) s (P B0 -0%09) [ aroEnim 53)
—<oossr>0 /Me¢ d6dg <<p 920 9 4) — aag(;’ (6, ¢)) (54)

Because the variables 6 and ¢ are only introduced as auxiliary quantities, and have no effect on the
evolution in M and on the evolution of observables, their distribution gy can be chosen quite freely.
Moreover, their roles are fully interchangeable, so we can take distributions such as go(6, ¢) = go(¢,0),
which makes the integral in expression (54) vanish.

The first addend in the expression of Q) > % yields:

/Mw 4049 30(0,9) [, T QDO (ST) fo(T) (55)

- /M 4T 0 (T)O (S°T) fo(T) = (O, (0o 8T ) (56)

0


https://doi.org/10.20944/preprints202311.1244.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 November 2023 doi:10.20944/preprints202311.1244.v1

10 of 21

because gp is normalized. The remaining term, concerning the time dependent perturbation finally

yields:
- /., doapgoe.¢) [ dr—l Y wle, ¢>2 e2 (1)0 (5°T) fo(T) 7)
Mg ! fo(T) .~ " n ol
afO ST
oy, ded¢ w, (0, dF S 58
n;wkz ; / pwn(®,0)s0(0,9) | O(s°T) (58)

At this point, it remains to decide how to deal with the different realizations of the perturbation,
namely how to treat the stochastic vectors a;,.

4.2. Single perturbation realization

Here, we treat our system as deterministic, subjected to the time-dependent perturbation that
corresponds to a single realization of the stochastic perturbation. Let us label by (j) this realization. In
this case, we can write:

r GUN(T,8,¢) = G(T) + Z i w, (0 (59)

n=—oo
where the expansion coefficients, denoted by oc,gj ) — (a g]) ,. 51]2,), characterize the chosen perturbation
(), and the initial condition as well as the magnitude of the perturbation are fixed by 6 and ¢. The
phase space expansion rate is given by:

A(T,8,¢) = V-GV = Vr-G = A(T) (60)
where A denotes the unperturbed phase space volumes variation rate. The new dissipation function is
expressed by:

al(r,6,¢) = (61)
fo
I ¢ () 9fo 980 980
Qp(T) — ——= wy (6, r)— 6,¢)—0 0,
W0 = o, I, 00 B ol S0~ s (0 G 0.0 -0 R200)

where g is the distribution of the initial condition (6y, ¢g) of the auxiliary variables. Choosing gy as in
the previous section, the last addend of (N)Jg!) does not affect the response of observables. Therefore,
0

given an observable O (which depends on T only), and denoting by SU )* the evolution operator of the
perturbed dynamics in M, we can write:

(), = 0+/ < (0050 Q%>>O ds 62)

- <0>0+/ (0050%) Qf0> ds (63)
/dsnzm;ank/ d6d¢ w (8, $)50(6, ¢) / dr afo( o (s9°r)

— (O)+ Ot ((00817) ay) ds (64)

_r i i“ / dgd(l)]:—ﬁn(g_jqj) goegb/ds/ dl“g{ji ( )SF)

n=—o0 k=1
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Bn
where F~Fn (9 - icp) does not depend on F, cf. Eq.(41). Here, the integral concerning the auxiliary
variables gives the mean of w, with respect to the initial distribution of (6, ¢). If this is fixed, then this
integral simply gives

wy (00, ¢o) = ]__K(g:;;l/z)n/T

with Ky, a constant that depends on the initial condition, raised to the power (n —1/2)7t/Tif n > 0
and to the power (n+1/2)7t/T if n < 0. But the situation is analogous, if the initial values of 6 and ¢
are distributed with any other density go. Naturally, letting F vanish makes the stochastic contribution
vanish as well, thus returning to the response formula for time independent perturbations. So far, we
have considered the coefficients 047(1],2 as fixed, which makes the dynamics look deterministic, and only
averages over the initial conditions in the phase space.

(65)

4.3. Stochastic coefficients with fixed initial condition

Let us now average over the distribution of the stochastic coefficients, considering first and second
cumulant of the fluctuations generated by the stochastic perturbation, about the response due to the
deterministic term G. The higher order cumulants vanish, since the stochastic coefficients are Gaussian
random variables. Keeping the initial condition (T, 6, ¢) € M fixed, we denote by ()0 the averages
made with respect to all realizations of the stochastic perturbation. Consider the equations of motion
(42) and its first cumulant:

(o)

<f>(st) _cy Y <lxn>(st) w, =G (66)

n=—oo

As anticipated, the first cumulant equals the cumulant of the deterministic part of the equations of
motion. Moreover, integrating in time, we obtain

~ ~ A\ () b\ (st) too I'(t) Lo
(0 -T©) " = [ s (T(5)) " = [[asG(ris) = 28 _ gg (67)

For the second cumulant, let us consider for instance the component I'; of I'. We find:

<1.,12>(5f) - <Fl>(5t)2 _ <rlz>(st) e (68)

Then, let us compute the following:

® ® (st)
<r1<t>rz<t’>>(“)< GIT(0) + Y wuwon (60, $() | |GiT(E)) + anzwnw(t’w(t’nb
= (GEOGEE)" +GI0) T @)™ wn6(t),6(t)
FGTW) L ()™ wa000),0(0) (©9)

+ Y Y () wa (8(1), ¢(0) wie (O(H), $(£))

N=—00 k=—c0

=~ GIW)GE) + 3 (a2) w0 (000,90 0n (004), 0(4) 70)
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Indeed, recalling the fact that the random coefficients Z; are delta correlated, we have
(st)
1 T {ZyZ,_ T Opn_
' (ZZn—t1) _ kn—k i kom0
4272 CcpCy_i (270)2 creyi
(st)
(apioen_r1)" " = ) (71)
12T{Z yZ ’ T
' (Z_Z_pik1) _ Ok —ntk it kn<o
42 712 CkCr—k (271)2 cxep
50 Ok n—k = land 6_j _,, 1, = 1if and only if n = 2k. Consequently
(st) T 1
2
Og) = ol (72)
< > (27)2 ¢2
Now, setting t = t, we obtain:
.o\ (st) 2 > 5\ (s1) 2
(B0?) " =GP+ X (ad) wa(0(t),9(1) 73)
and, as a result, the second cumulant takes the following simple form:
i (st) i 2
(@) = w7 = ar@)?+ L () wow.00) -ar®)? o
k=—oc0
d (st)
= ) <“%> we (0(1), ¢(1))* (75)
k=—o00
Integrating in time expression (70) we get:
st
(st)
([t [ st > <(rl<t> ~1(0)) (Tu(¥) - T4(0))) 76)
(st)
:/0 ds/o ds’ lGl(F( —i—k;oo <“kl> wi (0(s), ¢(s))we (6(s"), p(s"))
and note that Egs.(40) and (41) imply:
d :
0 (05),9(6)) = 1Bt 0(),9(5)) 7)
so that we can write
t 1
| wn(06),9(5))ds = B [0 (008), §(£)) — wa (B0, 90) | (78)
Then, we obtain:
, (st)
((T() = T1(0)) (Tu(t) = T1(0)) ) =
t ¢ © (2 >(St)
ds | ds'Gy(T(s))Gy(T(s' LE 0(t), p(t)) — wy (6o, 79
ey #GEDGEE + X “Gigrlmen. o) —mw] 0

X [wk (0(t"), o(t')) — wi (o, 4’0)}
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Consequently, observing that
((T(8) = T(0)) (Ty(#') — T3(0))) ™ — (T () = T3(0)) ) (Ty(#) — T (0)) " (80)
= (T (")) — (T (1) & (T, () (81)

the auto-correlation function is expressed by:

< > st) <I-.l(t/)>(st) _
o (st)
; Z‘éi { ((6(6), (1)) — w(6o,90) | [k (6(+), 9(t") — wi (60, ¢0)|
t ¢ , , , (82)
+ [Lds [ a5/ [GIT()GA(T () = Gi(F()G(T (")
-y ) 7 [wi(0(8), (1)) — wi(80,90) | [0k (6(H'), ¢(¢')) — i (B0, 90) |
= L (B k P % (60, o k P % (60, o
and t = t' yields
(st) o2 0 2\ (st) 2
(r)” =y = § E8 an(o0,000) ~ e o) )
For the dissipation function, the first cumulant is trivial since the stochastic coefficients have zero
mean:
~ s (st)
(B) ™ = ()" &
For the second cumulant, one has:
~ ~ st)y 2\ (1) ~ s ~ st)?
<<Qfo - (8,)") > = ()" - (25" (85)

_ <<Qf0 alnf0)<0fo 81nf0>> <Qf0>(st)z 6
= (05)" (o) ()R () @

thanks to the statistical properties of stochastic coefficients.

4.4. Averaging over initial conditions and stochastic coefficients

Given a single realization of the stochastic perturbation, the response formula for an observable
O takes the form:

t .
(0), = () + [ (005 )0h) ds (88)
If we further average over the realizations of the stochastic process, we use the following notation:

((0)) (89)

doi:10.20944/preprints202311.1244.v1
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and we can write:

<<O>f~,>(5t) _ ﬁ) (st +/ < OOS])S Qf >f0>(st) i

B f0+/ << (0ol )[Qfo _waln;lg(r)]>;f)>(“) ds (90)

— <n_Z_ool’Cn/ ds< (008w alnaflg(r)>ﬁ)>(5t)

5. Harmonic oscillator

To illustrate the theory developed above, let us consider some simple example, which can be
treated analytically. More complex situations can be dealt with performing numerical integration.
Let us consider a harmonic oscillator in one dimension, that is perturbed with a time dependent

2 2,2
force. We will compare the the linear and the exact response. Let Hy = & 4+ “5L- be the unperturbed
Hamiltonian, and consider the following perturbation:

Hy = —w(t)q = —eZsin (yt)q (91)

where € is a pure number, and Z has the dimension of force, that may be deterministic or stochastic.
Then, the perturbed energy is given by

pZ + w2q2

L~ w(tg ©2)

H(g,pt) = Hyo+Hp =

and the equations of motion are expressed by:

G(g pt) = ( Z ) = ( w(t)’iaﬂq ) (93)

We make the system autonomous introducing two new variables 6 and ¢, so that the dynamics is given

by:
q P
crog = | F|=| 0 94)
¢
¢ —7%0
and the perturbation can be written as:
w(t) = w(0(t), ¢(t)) = —eZ¢(t) (95)
The motion is then given by
G . $o
Cq cos (wt) + -, sin (wt) + ﬁ [90 sin (yt) — 7cos ('yt)}
: 4 .
gt _ | —wCisin(wt) + Cycos (wt) + m[()m cos () + ¢ sin ('yt)] 96)

S DT

6o cos (1) + grbyosin (vt)
—760sin () + o cos (7t)
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where 0 9
o
Cr=(q0+ez—>—-), C=(p—€Z———
(10 + e o) (-2 "5)
Let us compare the linear and the exact response of our system to the perturbation. First, suppose that
fo takes the following form:

97)

1 e_ﬁHO

o ZO

folr,0,9) = £ O((Tr) , (98)

where ¢ is the circumference of the variables § and ¢, whose radius depends on the initial condition
F = 4/63 + ¢Z. Then,

~ ~ o. d . 0, 0,
AT, 0,9) = Vi -G(T,0,¢) = E‘H— ﬁp—l- £9+ %4) =0, (99)

QN (T,6,¢) = —A(T,0,¢) — G(T,8,¢) - VInfo(T,6,¢)
—Bw?q
=~ (pwE.9) -Pag—0) | (100
0
= Bw’pq + pw(6,9)p — pw’qp = pw(6,9)p

The exact response theory yields:

t ~ (st)
()8 = )8+ [[((©0s3)-0F) 7 as, (1o1)

where S3, denotes the perturbed dynamics and the ensemble average is taken over the augmented
phase space. The linear response theory yields:

t (s
O = ()5 +8 [ F((Oo53)- A)f ds (102)

where 5§ denote the unperturbed dynamics.
Let us consider, for instance, O = q. To proceed, we need some preliminary results.

o B -
<>(St)://dd e PHo :f_ooe Tdp [* qe” "7 dg
22 0o 22 o (103)
Bwrgq Bw?q
_ 1 —e 2 _ 1 —e 2 —0
[ B B
pp? o _ puig
BHo e 2d e~z d
) = [[ dadp® p— Lt P e d
fo Z [[ e~ PHodgdp
_13172 %) _ﬁ ) (104)
_ 1 —e _ 1 —e” 2 — 0
jzeFap Pl 2
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2
2\ 69 e b, [T pPeFap
(). = / / dgdp——p” = 2
fo Z I e*ﬁ%dp
o (105)
P8 | © 1,8
_ B¢ —oo+f_°° Be _ P 2/ p =kT
/21t /B /21t /B ’
o\ (5) e BHO . [% g ﬁququ
<q> :/ dqdp q° = —
f() Z (o] _ Bwg
Jowe T dg
g  pwt? | R (106)
A I % V2r/pwt T
27/ Bw? \2m/ Bw? w?’

Then, the linear response for a single realization of the perturbation, i.e. for a given value Z, yields:

t (s
W = @5+ [ Fllgosy) - Ay
(107)

_ FZ (sin][(w—7)f] sin[(w+7)H
20\ (w=7) (w+7)
On the other hand, the exact response is expressed by:

(st)
(st)_ s f ) ! sy, P
(' +/ (g053)-O0) " ds = [ ( (g0 82) - Fpw(®,¢) L
1 —Ho/(T) p ¢

FZ

(ny_Gryz)) sin (ws) + W=7 (9 sin (ys) — %cos (fys))] (108)

w (6, p) 1e—Ho/ (kT) p?
—/ ds/decpd dp WT ¢ Zo ;sm (ws)

—l—l(p—]-"Z

]—"Z sin (ws

= o ds ” / d6dg(—~0sin (7ys) + ¢ cos (ys)) =

because the integral in 6 and ¢ vanishes (see Appendix for details). Therefore, linear and exact response
differ, under the chosen conditions. If, on the other hand, the initial condition of the auxiliary variables
is fixed to the single point y = 1 and ¢p = 0, we have F =1, and

e—BHo

fo(T,8,¢) = 6(60 — 1)8(¢0) fo(T) = (6 — 1)0 <¢o> (109)
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The exact response is then expressed by:

(st)
s _ (s [ sy o)V s [ sy, P
@5 =)+ [ (@osi)-0R) " ds= [ (g0 prw(@.9) o
g_HO/(ka)

_ /Ot ds / d6dedadp w(0,$)6(6 — 1)6(¢) kai,f [(a+ zy(wivz)) cos (ws)

+ l(]ﬂ - Z(wzly_elyzﬂ sin (ws) + (222)<9 sin (ys) — %cos ('ys))}

—Ho/ (kyT)
_/ ds/d9d¢d dp ‘9 4’) 56 1)5(4>)Hzo(ﬂfusm(ws)

(110)

;/0 ds% / dfd¢ 5(0 — 1)6(¢p) (—0sin (ys) + ¢ cos (7s))
o osin(ws) Z ssinf(w—7)t]  sin[(w+ 7)t]
= Z/o ds o S = —( )

(w—="1) (w+17)

mn (")/S) - 2w

where the integral on the curve in d and d¢ gives the length of the curve that is 0. This is the same as
the linear response with (6, ¢) uniformly distributed in the unit circle. If we take as an observable
O = p we get something similar. For the linear response we have:

() = ()6 + B / ((posy)-A)g" ds
e—Ho/(kyT)
= ]-'Z/O dssin (1ys) // dqdebkbLT[—quin (ws) + p cos (ws)}
—Hy/(kyT) ,,2
=FZ /tdssin('ys)/ dqdpezobkacos (ws) (111)
ez . .
= ]—'Z/ dssin (ys) cos (ws) = - { sin[(y — w)s] —|—sm[(7—|—w)s]}ds
_FZ cos [(77 — w)t] COS[(7+w)t]
RN S e e A R

and for the exact response we have:

(st)
s s f s O) (1) ! s
) = () + [ ((pos)-00) " as= [ <(P"5> fr® 4’>>f *

le—Ho/(bT) p [

—/ ds/d9d¢dqdp O ~w(q+Fz

'y(wzgi'yz)) sin (ws)
Fz

+ (p - ]__Z(Z’)’_nyz)) cos (ws) + m(@v cos (ys) + ¢ sin (75))}

w(0,9) 1 e~ Ho/(6T) 2
- / ds / dbdpqdp = e C— P cos (ws)

(112)

]-" Z cos (ws

= o dST/ d6dg(—~0sin (7ys) + ¢ cos (ys)) =0

Again, the same response is obtained only for fixed initial condition (6p = 1,¢9 = 0). This is not
strange, it happens when the exact response amounts to a first order perturbation, which is the case in
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special situations [20]. However, in general, that condition is not verified. For instance, consider the
observable O = gp, the linear theory yields:

(ap)" = ap)§ +ﬁ/ ((gos5)(posy) - A)e a
= ]-'Z/0 ds sin (7ys) // dqdpe_HOZ/o(km kT {(qcos (ws) + gsin(ws)) (113)
X ( wqsin (ws) + p cos (w ))} =0

because integrating the terms pg?, qp?, p* over dqdp gives zero. For the exact response, we have:
t
(ap)y, = (g, + | dstw(,0) P (S5 0 (S o)),

—/ ds< 6,9) p T{[Clcos(wt)+cs1n(cut)+(wzezfy2)(90sin('yt)+

_% cos ('ﬂ))} [ — wCq sin (wt) 4+ Cy cos (wt) + (wze_z,yz) (GO’Y cos (yt) + ¢o sin (’)/t))} }>f
(114)

Taking into account all the terms that cancel under integration over dgdp, and those that cancel by
integrating over dfd¢, what remains are elliptic integrals over dfd¢, that can be solved numerically, and
integrals over t of sine and cosine terms. The result does not vanish, as can be seen by inspection. In
this example,even fixing the initial conditions as (6y = 1, ¢9 = 0) and using the Dirac delta distribution,
we get again a non-vanishing result:

(st) _

(ap) =

FZ td —2}“27,() ()/d9d5(9 1)(;()( 6sin (7s) + ())
R s in (ws ws — - n(ys S
v Jo w(wz—’rz)s 0 ¢ ¢ rosins) i peosty
FZ rt FZy
—— [ ds
v Jo w(wz—
2F%72
w(w? —?)

) cos (7s) / afd¢ 5(0 —1)6(¢p) ( — ¥0sin (ys) + ¢ cos ('ys))

(v —2w)sin(yt+2wt) (y+2w)sin(yt—2wt) sin? yt
492 —16 w2 442 —16w? 4y

] (115)

In this case, the linear response yields zero because the exact response is second order in the
perturbation magnitude 7. When that is sufficiently small, the terms of order O(F2) can be neglected,
but not in general. Furthermore, forced oscillators may undergo resonance phenomena, greatly
amplifying the amplitude of their oscillations even if they are driven by very weak forces. This is
captured by the denominators of expression (115), which are missing in the linear response. Near
the resonances, the linear response is bound to fail, even for small driving, and the exact formula is
necessary.

6. Concluding remarks

In this paper we have provided a generalization to stochastic processes of the exact response theory
developed for deterministic molecular dynamics models, also known as TTCF in the field of molecular
dynamics, where it mostly concerns time independent perturbations. This has been done starting
from the previously developed time dependent response theory of Ref. [11], expressing the stochastic
perturbation as a Karhunen-Loéve expansion, and then adding two auxiliary variables that make
autonomous the corresponding time dependent system of ordinary differential equations. The main
ingredient of the exact response theory, the dissipation function, has then been derived in the enlarged

doi:10.20944/preprints202311.1244.v1
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phase space. This allows us to treat processes whose initial conditions are variously distributed,
adding flexibility to the common response theory, that considers fixed initial perturbations. Moreover,
it preserves the notion of time reversibility in the equations of motion, which is a key ingredient
of numerous statistical mechanics results, notably Onsager Reciprocal Relations and Fluctuation
Relations.

We illustrated the theory applying it to a one-dimensional harmonic oscillator, perturbed by a
sinusoidal force, whose amplitude can be either deterministic or stochastic. This is enough to compare
the exact response with the linear response. Although in special situations the two responses may
coincide, up to a certain degree defining the range of applicability of the linear theory, they differ in
general, even in such simple situations. The exact formula is necessary for large perturbations, as
expected, but also for small perturbations in presence of resonance phenomena. Furthermore, we
have shown that different results are obtained for different distributions of the initial perturbation,
something that is not obvious within the standard linear response theory. Indeed, enlarging the phase
space to make the system autonomous, allows us to choose the distribution of the initial condition
of the perturbation, referring to different kinds of experiments, in which the initial perturbation can
be either deterministically fixed, as commonly assumed, or distributed in various ways. Note, we
explicitly treated only zero mean perturbations, because the possible net perturbation may be included
in the autonomous part of the dynamics, for which the exact theory has been developed in the past.

The above comes in addition to the fact that many theoretical results can be derived from the exact
response formula, before they can be numerically computed in simulations, e.g. [7]; that linear response
cannot treat phase transitions [17]; and that various studies show an impressively better performance
of the TTCF formula, compared to other averaging methods for time independent perturbations [6? ].
We expect this to be the case with our approach, when dealing with time dependent (deterministic or
stochastic) perturbations. That constitutes the purposes of future works.

Acknowledgments: The authors are indebted to Debra J. Searles and Billy D. Todd for numerous enlightening
discussions. This work has been performed under the auspices of Italian National Group of Mathematical Physics
(GNEM) of the Istituto Nazionale di Alta Matematica (INdAM).

Appendix A

For the integral
/ dfdp(—0sin (ys) + ¢ cos (7s)) (A1)

one should adopt the polar coordinates

6 = acos () .
{ b—ben(y) Mith pel2m (A2)

which yield:
/ d6d¢p(—~0sin (15) + ¢ cos (75)) =
/Ozn dy [ — yacos (¢) sin (7ys) + bsin (¢) cos ('ys)} \/b2 + (a2 — b2) sin? () =
27
—~asin (7s) /0 dy cos (1p)\/b2 + (a2 — b2) sin? (v)

+bcos (7s) 0271 dy sin (lp)\/bz + (a2 — b2) sin® (y) (A3)
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For the first integral we have:
/27T diy cos () \/bz + (a2 — b2) sin® () =
0
b? In <\/(a2 — b2) sin? () + b2 + Va2 — b2 sin (1/J)) 27
2+/a? —b? 0 (A9
. 2 p2) o 2 B2 21
+Sll’1(l[)) \/(a ’ ) sin” () + .
0
For the second we have:
o dysin () \/b2 + (a2 — b2) sin? () =
0
a% In (\/(b2 —a?2) cos? () + a2 + Vb2 — a2 cos (1/)))
_ (A5)
2Vb? —a?
_cos) V- A ot e
2 0
We finally obtain:
/ A0dp(—yaf sin (ys) + ¢ cos (ys)) =0 (A6)
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