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Shaheed N. Huseen

Faculty of Computer Science and Mathematics, Mathematics Department, University of Thi-Qar, Thi-Qar, Irag;
shn_n2002@yahoo.com

Abstract: Homotopy perturbation and analysis methods have been widely used to obtain both
approximate and exact solutions to nonlinear problems. In general, these two methods are based
on the Taylor series with respect to an embedding parameter. Many researchers have compared the
two methods and raised more concerns on the homotopy perturbation method (HPM) because the
homotopy analysis method (HAM) contains a convergence-control parameter 7. For this reason, in this
article, a more general form of HPM is introduced as the J-homotopy perturbation method (5-HPM),
which contains a control parameter J. The introduction of parameter ¢ in this new modification gives
a better way to adjust and control the convergence region and the rate of the series solution. We
confirm through the given examples in this study that the HPM is a special case of the §-HPM. The
error and convergence analysis of this proposed method are also presented.

Keywords: J-homotopy perturbation method; convergence; partial differential equation; Burger’s
equation; Bratu’s equation

1. Introduction

The notion of homotopy, which is based on the introduction of a parameter p that varies from zero
to one, has been used by many researchers to solve nonlinear problems in science and engineering.
The problem simplifies to a somewhat trivial problem when p = 0, which is usually linear and whose
solution can be found relatively easily. A family of solutions are obtained when p is incremented to
one, which approaches the desired solution as p tends to one.

In 1992, Liao used the basic concept of homotopy to develop a general analytical method called
homotopy analysis method (HAM) [43,44]. Liao reiterated the method by inserting an auxiliary
parameter fi, beside another auxiliary function in his problem formulation. This parameter # can be
employed in controlling the convergence of solution series obtained as the power series in p. The HAM
has been implemented on a wide class of boundary and initial value problems [1-3,10-12,19,27,28,
45-51,58,60]. The further search of expanding the convergence region led to a modification of HAM
called g-HAM, proposed by El-Tawil and Huseen [17]. The g-HAM have been successful employed to
various problems in science and engineering [6-8,17,18,35—41,55-57]. On the contrary, He [29] later
explained that it was not necessary to use the auxiliary parameter 7 and proposed another analytical
method called the homotopy perturbation method (HPM). This method has gained the attention
of researchers and have been used to solve linear and nonlinear problems [16,21-25,29-33,59,62].
However some issues of HPM have been published in [1,53,61,63]. To overcome these issues, an
improved modification of HPM called the parameterized homotopy perturbation method (PHPM)
was proposed in [4,5]. However, the new modification proposed in this study can be seen as a good
refinement of existing numerical methods and can be used to study nonlinear models that describe
natural phenomena.

In this paper, we propose a more general form of HPM namely, J-homotopy perturbation method,
(0-HPM) which guarantees a convergent series solution. The introduction of a parameter ¢ in this
modification help in adjusting and controlling the convergence region and the convergence rate of
solution series. The examples provided in this paper confirm that when the approximation solutions
obtained by using HPM is divergent, we can achieve a convergent series solution simply by selecting
an appropriate value of J from the so-called J-curve where the horizontal line test is employed to attain
the intervals containing the optimal values.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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This paper is organized as follows: In Section 2, we present the fundamental idea of the proposed
method, the error analysis and convergence theorem. The numerical examples, numerical comparison,
absolute errors in tabular form and J-curves of each example are presented in Section 3. Finally, Section
4 gives the conclusion.

2. Analysis of the proposed algorithm

2.1. Fundamental idea of the -HPM

Here, we present the basic idea of J-HPM. We refer the readers to He’s works [29-34] for a good
understanding of HPM where more developments can be found. To describe the proposed method,
consider the nonlinear differential equation

Fly(xt) —g(x,t) =0, xteQ, 1)

Subject to some boundary Conditions
y/ a ’ ’ .

Here, y(x, t) is an unknown function of x and ¢, F represents the differential operator, B signifies
boundary operator, g(x, t) is a known analytic function, 9Q) is the boundary of the domain ), and
g—z is the differentiation in the direction normal to 0Q). The operator F in Eq. (1) can be written in the
form F = M + N, where M and N are respectively linear and nonlinear operators. Thus Eq. (1) is

reformulated as
M(y(x, 1)) + N(y(x,t)) — g(x,t) = 0. ®3)

In the view of He’s homotopy construction in [31], we formulate the homotopy G(w(x, t; p), p) as:

(s tp),p) = (15 ) [Mwix, i) = Ml 1)] + p[Flot i) — ()] =0 @

Equivalently,
M(w(x, t;p)) — M(yo(x,t)) = g [M(w(x, t;p)) — M(yo(x, t))] — p[/\/l(w(x, Ep))+N(wlx tp)) — glx, t)]
- PG — 1) M(w(x,t;p) = EM(yo(x,1) = p(N (w(x, £ p)) — g(x, 1)
@)

The embedding parameter p varies from zero to a nonzero parameter J, yo(x,f) is the initial
approximation of Eq. (1) satisfying the boundary conditions Eq. (2). From Eq. (4) with p = 0and p =4,
we obtain the following:

M(w(x,t;0)) — M(yo(x,t)) =0, (6)
1) = 0.

F(w(x, t6)) —glx,t) =

The variation of p from zero to é corresponds to precisely that of w(x, t; p) from yo(x, t) to the solution
y(x, t). This process is called in topology, deformation process. Now, we make the critical assumption
that the solution of Eq. (4) can be expressed as a power series in p given as

w(x, t;p) = ;)wr(x,t)pr. )
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By setting p = J, the solution of Eq. (1) can be obtained as
y(x,t) =limw(x, t;p) = Y Vi(x,£;6) = ) we(x, )0 (8)
p=o r=0 =

Remark 1. It should be noted that the special case with § = 1 is the standard HPM.

2.2. Convergence and error analysis

Theorem 1. Let Yy, (x,t;8) and y(x,t) be defined in Banach space BB [42]. Then the series solution defined in
Eq. (8) as

Z Y, (x,£6) = 2 wy(x,£)d", )
r=0 r=0
is convergent for a prescribed value of 6, if

1Yoiq] < |||Yr|| VY YoeB, (10)

|6
for some B such that 0 < p < |4].

Proof. We first define a sequence of partial sums { Py, }$,_ as follows

Py = wo,

P = w4+ wid,

P, = wo+wid+wd?, (11)
Py = wo+wid+wpd?*+ -+ wpd™.

Then, we show that {P;,}_, is a Cauchy sequence in the Banach space B. Thus, for a nonzero
parameter 6, we have

B ﬁ 2 B m+1
IPwss = Pull = Wowsa | < 1l < () Wl << () 0l 2
For every m,n € N with m > n, and applying the triangle inequality, we obtain

[P = Pl = [[(Po = Pur—1) + (Pru—1 = Pru2) + - -+ 4 (Puga = Pu)|
< P = Pyl + |Pu—1 = Pu2ll + - + [|Pa1 — Pul|

<(i) mm*Qa)llmn+ f@)“ﬁmn
(@ @
(

_(BY
BN 14£L47|W”
0] 1- £ o

9]

IN
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Since 0 < B < |5], we have 1 — (%)m_n < 1. Hence, Eq. (13) implies

( >n+1
1o]
([P = Pal| < 17[;||Y0||- (14)
Sl
Considering that || Yy || < oo, we have

nyg;o”Pm—PnH =0. (15)

Therefore, {Py};,_, is a Cauchy sequence in the Banach space B and every Cauchy sequence is a
convergent sequence. Accordingly, the series solution defined in Eq. (8) is convergent. [

Theorem 2. Suppose that the truncated series
A
Y Yi(x,t;0) 2 wy(x, )8 (16)

r=0

is utilized as an approximate solution of (1). Then the maximum absolute truncation error is projected as

A

Hy(x,f) =) Yi(x10)

r=0

(ﬂ)/\+1
< 71 [[Yoll- (17)
14|

Proof. This follows from inequality (13) in Theorem 1. In particular, for m > A, we have
o
12w —all < () (M %ol (18)
ol

As m — oo, for a prescribed value of 8, P, — y(x,t) and 1 — (%)m*A < 1. Hence,

ﬁ A+1 |5‘

where Yy = wy = yp. This completes the proof. [

y(x,t) — ZY,xt(S

3. Numerical examples

Example 1. Consider the partial differential equation [24,53]

9y 3y
at pp 2axzat' xeR, t>0, (20)
with the initial condition
y(x,0) =e ", (21)

The exact solution is

y(x,t) =e ¥ (22)
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In order to solve Eq. (20) with initial condition Eq. (21), we construct the following homotopy:
(D525 3128
Equivalently,

Substituting Eq. (7) into Eq. (24) and setting the identical powers of p equal to each other, we obtain

© . 9Wo Yo _
R T T
p(l) : ow, _ <1 1) owy 1dyy Jdwy 283w0

ot 5 ) ot 5ot ox 9x20t’

p(z) . sz _ (1 1) awl awl 63w1

wi(x,0) =0,

— - 42 wy(x,0) =0, (25)

ot ) ot 0x ox2ot’
Jw 1 0w, _ 0w, _ Pw,_
(r) . [ r—1 r—1 r—1 - o L.
p T (5 1) o py +2 53201 wr(x,0) =0, r=234,---.

For simplicity we take wo(x,t) = yo(x,t) = e~* and we obtain the following recurrence relations:

wy (x, 1)

e P00 4o
0

dx 0x20¢
fr/1 dw, 1(x,&)  dw, 1(x,8) L Pw 1(x)
= - — 2 d =2,3,4,---.(26
wien = [](5-1) 24 28 T e, =234 09
The components of the §-HPM solution are obtained from Eq. (26) as follows:
wo(x,t) = e %,
wy(x,t) = te7,
te™™
wy(x,t) = Y (5t+25—|—2),
ws(x,t) = ﬁ(52t2+652t+6(52+65t+125+6)
3 4 652 4
wint) = X ((53t3 + 12832 + 3653 + 2483
! 2453
+ 126%4% 4 726%t + 726% + 365t + 726 + 24), (27)
_ tet gy 43 4.0 4 4
ws(x,1) = oo <5t + 2054 + 120642 + 2406%t + 1205

+ 208313 + 24083t% + 72063t + 4808° + 120522
1 72062t + 72062 + 2405t + 4805 + 120),

t —X
we(x,t) = 726 s ((55t5 30654 4+ 3008583 + 12006%#2 4 18000°
+ 7208° + 306%#* + 600643 + 3600543 + 720084+
+ 36008 + 3006%#3 + 3600832 + 1080083t + 720053

+ 1200622 + 72008°t + 720082 + 18005t + 36005 + 720),
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The (A + 1) term approximate solution for problem (20)-(21) is

A
YA(x, £58) = Y w,(x, )6 = wo + w16 + wpd” + wsd® + - - - + wp ™. (28)
r=0
Setting 6 = 1 in Eq. (28) with reference to Eq. (27), we have
—X

Yo(x,51) = ;70 (t6 + 661> + 1470* + 13320¢> + 4644012 + 45360t + 720), (29)

which is precisely same solution obtained by Ganiji et al. [24] using HPM. As a consequence, the HPM
solution is undoubtedly a special case of the -HPM solution with § = 1. Liang et al. [53] shows that
for a given x > 0, the HPM solution Eq. (29) increases monotonously to infinity as t increases and
very quickly the relative error increases monotonously. Indeed, one can easily verify that the HPM
solution series is divergent for every t and x except at t = 0, nevertheless corresponds to y(x,0) =e~%,
the given initial condition. In a nutshell, the radius of convergence of the series solution Eq. (29) by
HPM is zero. The use of HPM in this example might produce a divergent approximations. But it is
important to obtain a convergent series solution. For this reason, we introduce the parameter ¢ to
ensure the convergence of the solution series by 5-HPM. In this example we demonstrated that, if the
approximations given by the standard HPM is divergent, one can still achieve a convergent solution
series simply by choosing a suitable § value from the J-curve. In other words, to select an appropriate
J that guarantees a convergent series solution, we first plot the -curve of 16! order approximate
solution, as shown in Figure 1, and use the line segment nearly parallel to the horizontal axis as a valid
region of . Table 1 shows that the 16 order approximate solution series obtained by the standard
HPM is divergent for every f and x except at t = 0 and the absolute error monotonously increases very
quickly. However, the 16
good agreement with the exact solution. Furthermore, it is easily seen from Eq. (27) that the J-HPM

solutions with § = —1 yields

order approximate solution series obtained by J-HPM with § = —1isin

Yi(x,t;—1) = e *(1-1),
Yo(x,t;—1) = e_x(
Y3(x,t;—1) = e_x(
Yy(x, t;-1) = e"(l—t—l—tz.—tB—i-tél'),
Ys5(x,t;—-1) = ex(

(

1—t+'—'+'—'>, (30)

Ye(x,t;—1) = e *

Ya(x, t;-1) = e_xi(it)r.

Thus,
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(31)

which is obviously the exact solution. Therefore, the convergence-control parameter § in this new

modification equips us with a convenient way to guarantee the convergence of series solution.

Table 1. The comparative study of Yi¢ of 5-HPM, HPM and the exact solution for Example 1

5-HPM (6 = —1) HPM (6 = 1)
x t Exact Approx. Absolute error Approx. Absolute error
0  0.1353352832 0.1353352832 0 0.1353352832 0
0.1 0.1224564283 (0.1224564283 1.221245 x 10~15 1.2332686540 x 10%%  1.233146 x 1003
2 02 0.1108031584 0.1108031584 7.063794 x 10~1° 3.3171025221 x 10 3.316992 x 109
0.3 0.1002588437 0.1002588437 9.157952 x 10~ 14 6.5260426500 x 109 6.525942 x 10%3
04 0.0907179533  0.0907179533  6.301903 x 10~ 14 1.1189446548 x 10%  1.118936 x 10%4
0.5 0.0820849986 0.0820849986 2.581269 x 10~15 17699263871 x 10%  1.769918 x 10%4
0 0.0024787522  0.0024787522 0 0.0024787522 0
0.1 0.0022428677 0.0022428677 2.081668 x 10~17 2.2588103319 x 1097 2.258586 x 1091
6 02 0.0020294306 0.0020294306 1.301043 x 10~1¢ 6.0754851951 x 1091 6.075282 x 1091
0.3 0.0018363048 0.0018363048 1.677261 x 10~15 1.1952864055 x 1092 1.195268 x 102
04 0.0016615573 0.0016615573 1.155760 x 10~15 2.0494186234 x 1092 2.049402 x 1092
0.5 0.0015034392 0.0015034392 4.683753 x 10~17 3.2417332565 x 1092 3.241718 x 1092
d-curve d-curve
1r 051
— V15(0.2, 1) e Vi5(0.9,1)
0.9 0.45
0.8 0.4
0.7 0.35
T os T oosl
= =
0.5 0.25
0.4 0.2
0.3 015
02 : ! ! ! 0.1 ! : ! ! ! ! ! !
-1.6 1.4 -1.2 1 -0.8 -0.6 -0.4 -0.2 0 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0

0

)

Figure 1. The J-curve of Yi¢4(x, t) solution with different x at t = 1 for Example 1

Example 2. Consider the nonlinear partial differential Burger’s equation [26]

)

ot ox

dy _ %y
ox2’

(x,) € R x [o%)
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with the initial condition
y(x,0) = 2x. (33)

This equation characterizes various phenomena, for instance, a mathematical model of turbulence and the
approximation theory of the flow through a shock wave traveling in a viscous fluid [13]. The exact solution is

2x
y(x, t) = TERE (34)

In order to solve Eq. (32) with initial condition Eq. (33), we construct the following homotopy:

e[ aw), e aw ]
( 5){& at]“’[aﬁr T (35)

Equivalently,

Jw dyo _ pldw dyo| [dw ow  Fw
[at o + (36)

o ot o T Vox T ol
Substituting Eq. (7) into Eq. (36) and setting the identical powers of p equal to each other, we obtain

Jw 5]
(0 . 9Wo _9Yo _
P T ot ot 0

2
p(l) : awlz(l 1>8w0 19y w8w0+aw0

ot 6 )at sat Yox a2’

NER E)wz<1 1>8w1_ ow, dwy 9w

wy(x,0) =0,

wy(x,0) =0, (37)

ot \o ) Moy T T

r=2,34,..

ow 1 oW, _ =1 OW, g 2w,
P B = (5-1) 55 - B (52 ) - T win0) =0,

m=0

Case 1. For simplicity we take wo(x,t) = yo(x,t) = 2x(1 + t) and we obtained the following recurrent

relation

2
winn) = |- 2UE gy, ) FED] g,

oten = [[[(5-1)" 50 T (g 8) P a2
m=0

The components of the 5-HPM solution are obtain from Eq. (38) as follows:

wo(x,t) = 2x(1+1t),
4
wy(x, 1) —6xt — 4xt® — gxt‘o’,
6(6—1) 446-1) , 4(116-1) 5 16 , 16

wy(x, 1) 3 xt + 5 Xt + % Xt + 3xt +ﬁxt (39)

6(5 —1)2 4(762—85+1) o, 4(4202-226+1) 4
ws(x, 1) 5 xt — 2 Xt — 352 xt

16(95—-2) , 32(116—1) 5 272 272

-y gy - et gt
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The (A + 1) term approximate solution for problem (32)-(33) is

A
Ya(x,£6) = Y w(x,£)8" = wo + w16 + wrd% + w3d° + - - - + wpd™. (40)
r=0

Setting 6 = 1 in Eq. (40) with reference to Eq. (39), we have

304 5 272 o 272 ; )

Ys(x,t;1) = 2x — 4xt 2 —16xt> — 32xt* —
3(x, 1) = 2x — 4xt + 8x 6xt” — 32x 5 = "3

Case 2. Alternatively, by taking wo(x, t) = yo(x,t) = 2x, then from Eq. (38), we obtain the following

wo(x,t) = 2x,
wy(x,t) = —4xt,

4xt(0 + 26t —1
wey) = WD)

—4xt(5 426t —1)2
W3(x,t) = ( 52 ) ’

(42)

—1)4 25t —1 r—1
wr(x’ t) = ( ) xt(iil 5t ) 4 r = 1/ 2[ 3[ ttt .

The (A + 1) term approximate solution for problem (32)-(33) is

(x,t;8) = Zwr x,t)8
(43)
=2x+ Y (—1)"4xts(6+ 26t — 1) !

Setting 6 = 1in Eq. (43) with reference to Eq. (42), we have

A

Ya(x, 1) =2x ) (=1)(2t)". (44)

r=0

which is in agreement with the solution obtained using HPTM [14]. Furthermore, from Eq. (44), we have the
exact solution as

A
y(x,t) =2x lim ) (-1)"(2t)"
A— o0 =0 (45)
. 2x
C2t+ 17
Remark 2. It should be noted in case 2 that
. Wm+1
lim |—— | =[6+25t—-1| <1 (46)
m—o0 | Wy

Thus, in agreement with Theorem 1 and holds for the values of —% <t< 22;5‘5. For example, 6 = 1, holds for the
values of—% <t< %

Remark 3. From Table 2, we can observe that it is better to seek other values for & besides 1. For example,
6 = 0.80 gives a better approximation when compared with 5 = 1. Thus, -HPM is more general and reliable
than HPM.

do0i:10.20944/preprints202401.0685.v1
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Table 2. The comparative study of Y5 of 5-HPM, HPM and the exact solution for Example 2 case 1

0-HPM (6 = 0.80) HPM (0 =1)

X t Exact Approx. Absolute error Approx. Absolute error
0.08 0.0172413793  0.0172416459  2.665546 x 10~7 0.0172404940  8.852999 x 10~7

0.10  0.0166666667 0.0166670364  3.697086 x 1077 0.0166632809  3.385753 x 10~°

0.12  0.0161290323  0.0161295280  4.957343 x 10~7 0.0161188868  1.014542 x 10>

0.01 0.14 0.0156250000 0.0156256389  6.389195 x 10~ 0.0155993038  2.569623 x 10~°
0.16 0.0151515152  0.0151522465 7.313646 x 10~7 0.0150939574  5.755779 x 10>

0.18 0.0147058824  0.0147063985 5.161891 x 10~7 0.0145884896  1.173927 x 10~*

0.20 0.0142857143  0.0142850695  6.447537 x 10~7 0.0140633199  2.223944 x 10~*

0.08 0.0862068966 0.0862082293  1.332773 x 10° 0.0862024701  4.426500 x 10~°

0.10 0.0833333333  0.0833351819  1.848543 x 10~° 0.0833164046  1.692877 x 10~

0.12  0.0806451613  0.0806476400 2.478671 x 10° 0.0805944342  5.072708 x 10>

0.05 0.14 0.0781250000 0.0781281946 3.194597 x 10~° 0.0779965188  1.284812 x 10~*
0.16 0.0757575758  0.0757612326  3.656823 x 10~° 0.0754697868  2.877889 x 10~*

0.18 0.0735294118  0.0735319927  2.580946 x 10° 0.0729424482  5.869635 x 10~*

0.20 0.0714285714  0.0714253477  3.223769 x 10~° 0.0703165993  1.111972 x 103

d-curve d-curve

-0.5

25 3

35

y(z,t)

-20

-30 -

-40

Figure 2. The d-curve of Ys5(x, t) solution with different x and ¢ for Example 2 case 1

Example 3. Consider Bratu’s first boundary value problem [9,20,64]

2

dx?

Y eV =0,

0<x<1,

(47)
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with the boundary conditions

y(0)=0, y(0)=1. (48)

This problem comes originally from a simplification of the solid fuel ignition model in thermal combustion theory.
The exact solution of Eq. (47) and Eq. (48) is

cosh (2(x2))>1 )

where 0 satisfies 0 = v/2A cosh(§).

In order to solve Eq. (47) with the boundary condition Eq. (48), we expand e¥ into a Taylor series as

ey:2~‘/f:1+y+-‘/7 ]% (50)

Now, we construct the following homotopy:

P\ [d?w  dyo d*w Ao A4
_ = _— _— — — = U. 1
( 5>[dx2 a2 | TP e TAT AT put e =0 Gb)
Equivalently,
w  d*y 4 d?w  d*yg d*w A A
FIZ o [dxz_dxz}_p{d2+/\+/\w+2w+6w} 52)

Substituting Eq. (7) into Eq. (52) and setting the identical powers of p equal to each other, we obtain

0 L Py

dxz - de = 0/ 0(0) - 01 wo(l) = Or
d>w 1 2w 142 A
o . 1_(2_ 0_14Yo _ A2 A _
p Lo ((5 1) 52 5 A — Awyg zwo 6w0, w1(0) =0, wi(1) =0,
2w 1 2w A
2) . 2 _ 1 2 _ _
2w 1 d>w At Ao &
pi L (5 _ 1) L I Z Y- Wittt
= m=0k=0
w:(0)=0, w,(1)=0, r=2,34,---.

Py _ % = 0 with boundary conditions wy(0) = 0 and wy(1) = 0, we have wy(x) =

yo(x) = 0. From Eq. (53), we obtain the following recurrence relations

wl(x):/x/x—/\dCdC+C1x+C’, w1 (0) =0, wy(1) =0,

/ / { ( ) dzwégzl €) — Aw,1(8) — /Z\r:io Wi (§)wr—m—1(¢) (54)
1

i E)wp_i( )wrml({,‘)} d¢dé + Cox +C,, w,(0) =0, w,(1) =0, r=2,3,---,


https://doi.org/10.20944/preprints202401.0685.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 January 2024 do0i:10.20944/preprints202401.0685.v1

12 of 16

where Cq, C{, C,, and C; are the integration constants to be determined. The components of the J-HPM
solution are obtained from Eq. (54) as follows:

wo(x) = 0,
A 2
wi(x) = E(x—x ),
Ax? 5 Ax
w(x) = 3= (r6® — 2207 +126 - 12) + 5 (16 -125+12),
_ M 8A25%x* + 240262x3 — 15025222 — 10A28%x — 120182x2
ws(x) = 144052(7 x* + x> — x°— X — x
+ 240A8%x + 120A8x2% — 240A6x — 72062 + 14406 — 720)
Ax
A252 — 120062 + 1206 + 7206% — 14406 + 72
+144052(9 0AG% + 120A8 + 720 06 + 0) (55)
wi(x) = o f 6’; = (235%3 — 3786%A2 + 25200%A — 100806°
+ 3786212 — 504062\ + 3024062 + 25205\ — 3024068 + 10080)
LA (25205(/\x2 —2Ax +12) — 426%(8A%x* — 247223
2016053

+ 150 (A + 8)x2 + 10(A — 24)Ax + 720) — 10080)
+ 83 (17A3x% — 68A3x% + 7AZ(11A + 48)x* + 7(A — 144)A%x3
~ 351 (A2~ 181~ 72) % — 21A(A? — 201 + 240)x + 10080) )

The (A + 1) term approximate solution for the boundary value problem (47)-(48) is
A
Ya(x;0) = Z w,(x)8" = wo + w1 + W% + w3d + - + wpd. (56)
r=0

Setting 6 = 1 in Eq. (56) with reference to Eq. (55), we have

2 3
Yi(x;1) = %(x —x%) + ;\—4(351 —2x% +x) + 12—40( — 8x° +24x° — 15x* — 10x° + 9x)
4
+ 2(;\1 ) (1728 — 68x7 + 77x% + 7x° — 35x* — 21x° + 23x), (57)

which is precisely the same solution obtained by Feng et al. [20] using HPM.

Remark 4. From Table 3, we can observe that the result with the present modification called 5-HPM is more
accurate than the result of HPM (6-HPM with 6 = 1) and PIA [9]. PIA represents perturbation—iteration
algorithms.
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Table 3. The comparative study of Y3, Y5 of 6-HPM, HPM, PIA [9] and the exact solution with A =1
for Example 3

Approx. Approx. Approx.
x Exact Y5(0=115) Ys(0=1) Y3(6 =1.125) Y3(6=1) PIA(1,1)[9] PIA(1,2)[9]

0.1 0.04985 0.04985 0.04984 0.04985 0.04970 0.04949 0.04983
0.2 0.08919 0.08919 0.08918 0.08918 0.08892 0.08851 0.08915
0.3 0.11761 0.11761 0.11759 0.11759 0.11723 0.11665 0.11756
04 0.13479 0.13479 0.13477 0.13476 0.13434 0.13365 0.13473
0.5 0.14054 0.14054 0.14052 0.14051 0.14006 0.13934 0.14048
0.6 0.13479 0.13479 0.13477 0.13476 0.13434 0.13365 0.13473
0.7 0.11761 0.11761 0.11759 0.11759 0.11723 0.11665 0.11756
0.8 0.08919 0.08919 0.08918 0.08918 0.08892 0.08851 0.08915
0.9 0.04985 0.04985 0.04984 0.04985 0.04970 0.04949 0.04983
d-curve

Figure 3. The J-curve of Y5(x) solution with different x for Example 3
4. Concluding remarks

In this present paper, we introduced a generalization of the homotopy perturbation method,
(HPM) proposed by He [29]. We call the generalization the 6-homotopy perturbation method (6-HPM).
We compared the 6-HPM and the HPM through some models arising from engineering and physics.
It is verified in these examples that HPM is actually a special case of 6-HPM for § = 1. As stated by
Liao [52], “the homotopy perturbation method had to use a good enough initial guess,” but this is not
the case for 6-HPM because of the use of the J-curve that provides us some range for J that guarantee
a convergent series solution. The parameter J provides us the flexibility to adjust and control the
convergence region including the rate of series solution. Hence, by using J-HPM, one can overcome
a divergent result produced by HPM. A high level of accuracy reveals the complete efficiency and
reliability of the proposed method.
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