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Article 

Ismail’s Ratio Conquers New Horizons the Non-
Stationary 𝑴/𝑮/𝟏 Queue’s State Variable CLOSED 
form Expression 

Ismail A Mageed 

PhD, UK president of ISFSEA; drismail664@gmail.com 

Abstract: This paper investigates the search for an exact analytic solution to the state variable of the  non-

stationary 𝑀/𝐺/1 queue. Currently, the only known solution to this problem is through simulation. However, 

this  study proposes a constant ratio 𝛽 (Ismail’s ratio)  that relates the time-dependent mean arrival and mean 

service rates, offering an exact analytical solution. The stability dynamics of the time-varying 𝑀/𝐺/1 

queueing system are then examined numerically in relation to time, 𝛽, and the queueing parameters. 

Keywords: Time Varying 𝑀/𝐺/1 queueing system; number of customers; mean arrival rate; time; 

The Pointwise Stionary Fluid Flow Approximation(PSFFA); Time Varying queueing 

systems(TVQSs) 

 

1. Introduction 

The field of transient/non-stationary analysis has limited literature, which can be categorized 

into simulation, transient analysis, analysis, and applications techniques. These categories encompass 

various approaches to studying systems that change over time, including simulations, analysing 

transient behaviour, and exploring non-stationary phenomena. In certain cases, mathematical 

transformations are employed to analysing non-stationary queueing systems. However, evaluating 

these expressions can be computationally complex. As a result, there has been a focus on numerically 

determining the transient behaviour of such systems instead of deriving closed form expressions. 

The current exposition contributes to solving for first time ever, the longstanding unsolved 

problem of obtaining the state variable of the time varying 𝑀/𝐺/1 queueing system. 

The following flowchart shows how this paper is organized. 

 

2. PSFFA 

Therefore, the time varying 𝑀/𝐺/1 queueing system’s PSFFA model[2–5] reads: 𝑥 . ൌ −𝜇 ቀሺ௫ା1ሻି√ሺ௫2ା2క௫ା1ሻ
1ିక ቁ ൅ 𝜆, 𝜉 ൌ  𝐶�

2 ൌ squared coefficient of variation              (1) 
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TVQSs’ life example [6] is depicted by  Figure1. 

 

Figure 1. 

3. Solving the non-stationary 𝑴/𝑮/𝟏 queueing system’s PSFFA (c,f., (1))  

Theorem 3.1. Ismail’s ration, 𝛽  solves (2.1), with a  closed form expression to read as: 

(2) 

Proof  

We have  𝑥 . ൌ −𝜇 ቀሺ௫ା1ሻି√ሺ௫2ା2క௫ା1ሻ
1ିక ቁ ൅ 𝜆, 𝜉 ൌ  𝐶�

2             (c.f., (1)) 

This translates to 

��൫ሺ௫ା1ሻି√ሺ௫2ା2క௫ା1ሻ൯ିఉሺ1ିకሻሻ ൌ − ఓௗ௧ሺ1ିకሻ, 𝛽 ൌ  
ఒሺ௧ሻఓሺ௧ሻ ൐ 0                        (2) 

Let 𝑥 ൌ ඥሺ1− 𝜉2ሻ  𝑐𝑠𝑐ℎ𝑦 − 𝜉, then 𝑥 . ൌ −ඥሺ1− 𝜉2ሻ𝑦 . 𝑐𝑜𝑡ℎ𝑦 𝑐𝑠𝑐ℎ𝑦. Thus, we have   −𝑐𝑜𝑡ℎ𝑦 𝑐𝑠𝑐ℎ𝑦𝑑𝑦ሺሺ𝑐𝑠𝑐ℎ𝑦 − 𝑐𝑜𝑡ℎ𝑦ሻ − ሺ1 − 𝛽ሻሺ1− 𝜉ሻඥ1− 𝜉2
ሻ ൌ − 𝜇𝑑𝑡ሺ1 − 𝜉ሻ 

This means  𝑐𝑜𝑠ℎ𝑦𝑑𝑦−ሺ1൅ 𝑠𝑖𝑛ℎ𝑦 − 𝑐𝑜𝑠ℎ𝑦ሻ ൅ ሺ1− 𝛽ሻሺ1 − 𝜉ሻඥ1− 𝜉2
𝑠𝑖𝑛ℎ𝑦ሻ𝑠𝑖𝑛ℎ𝑦 ൌ − 𝜇𝑑𝑡ሺ1− 𝜉ሻ 

Equivalently,  
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మሺభషഁሻሺభష഍ሻටభష഍మ (௘య೤ା௘೤)ௗ௬
[௘మ೤ି ೐೤

(భషഁ)(భష഍)ටభష഍మ ା[
మ

⎝⎛(భషഁ)(భష഍)ටభష഍మ ⎠⎞
ିଵ]]

= − ఓௗ௧
(ଵିక)

                         (3) 

Define 
(1ିఉ)(1ିక)ඥ1ିక2

= 𝜁 

ቂ𝑒ଶ௬ +
ଶ௘೤఍ − 1ቃ = 0 ⟹ 𝑒௬ =

൭భഅ±ට(
భഅమିସቀమഅିଵቁ൱ଶ =

൬భഅ±ට(
భഅమିఴഅାସ൰ଶ = 𝑎, 𝑏 

where   

𝑎 =

ቆ1𝜁 + ට(
1𝜁ଶ − 8𝜁 + 4ቇ
2

 

𝑏 =

ቆ1𝜁 − ට(
1𝜁ଶ − 8𝜁 + 4ቇ
2

 

మഅ(௘య೤ା௘೤)ௗ௬
[௘మ೤ି೐೤അ ା[఍ିଵ]][௘మ೤ିଵ]

= − ఓௗ௧
(ଵିక)

                        (4) 

2𝜁 (𝑒ଷ௬ + 𝑒௬)

[𝑒ଶ௬ − 𝑒௬𝜁 + [𝜁 − 1]][𝑒ଶ௬ − 1]
= ൤ 𝐴

(𝑒௬ − 𝑎)
+

𝐵
(𝑒௬ − 𝑏)

+
𝐶

(𝑒௬ − 1)
+

𝐷
(𝑒௬ + 1)

൨ 
Hence, it is implied that: −𝑏𝐴 − 𝑎𝐵 + ൫1 − (𝑎 + 𝑏)൯𝐶 − (𝑎 + 𝑏 + 1)𝐷 = 0                  (5) ∴ 𝐵 =

(ଵି௔)(஼ି஽)ቀమഅା௔ቁ               (6) 

which implies  𝐴 = 
ଶ఍ − ቀଵାమഅቁ஼ቀమഅା௔ቁ − ቀଵାమഅାଶ௔ቁ஽ቀమഅା௔ቁ                  (7) 

which yields 𝐶 =  

రഅቀమഅା௔ቁିቂቀଵାమഅାଶ௔ቁି൫௔௕ି(௔ା௕)൯ቀమഅା௔ቁቃ஽ቀమഅቁା௔ା[௔௕ି(௔ା௕)]ቀమഅା௔ቁ             (8) 

 𝑏𝐴 + 𝑎𝐵 + 𝑎𝑏𝐶 − 𝑎𝑏𝐷 = 0 

𝑏 ൦2𝜁 − ቀ1 +
2𝜁ቁ 𝐶ቀ2𝜁 + 𝑎ቁ − ቀ1 +

2𝜁 + 2𝑎ቁ𝐷ቀ2𝜁 + 𝑎ቁ ൪ + 𝑎 ൦(1 − 𝑎)(𝐶 − 𝐷)ቀ2𝜁 + 𝑎ቁ ൪ + 𝑎𝑏𝐶 − 𝑎𝑏𝐷 = 0 

Therefore, we have 

𝐷 =

2𝑏𝜁 + 𝑎 ൮𝑎𝑏 − 𝑏 ቀ1 +
2𝜁ቁቀ2𝜁 + 𝑎ቁ + 𝑎 ൦(1 − 𝑎)ቀ2𝜁 + 𝑎ቁ൪൲ [

4𝜁 ቀ2𝜁 + 𝑎ቁቀ2𝜁ቁ + 𝑎 + [𝑎𝑏 − (𝑎 + 𝑏)] ቀ2𝜁 + 𝑎ቁ]

(𝑎𝑏 + 𝑏 ൦ቀ1 +
2𝜁 + 2𝑎ቁቀ2𝜁 + 𝑎ቁ ൪ + 𝑎 ൦(1 − 𝑎)ቀ2𝜁 + 𝑎ቁ൪) +  𝑎൮𝑎𝑏 − 𝑏 ቀ1 +

2𝜁ቁቀ2𝜁 + 𝑎ቁ + 𝑎 ൦(1 − 𝑎)ቀ2𝜁 + 𝑎ቁ൪൲ [
ቂቀ1 +

2𝜁 + 2𝑎ቁ − ൫𝑎𝑏 − (𝑎 + 𝑏)൯ ቀ2𝜁 + 𝑎ቁቃቀ2𝜁ቁ+ 𝑎 + [𝑎𝑏 − (𝑎 + 𝑏)] ቀ2𝜁 + 𝑎ቁ
 

(9) 
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𝐶 =

రഅቀమഅା௔ቁିቂቀଵାమഅାଶ௔ቁି൫௔௕ି(௔ା௕)൯ቀమഅା௔ቁቃ஽ቀమഅቁା௔ା[௔௕ି(௔ା௕)]ቀమഅା௔ቁ                   (10) 

𝐴 = 
ଶ఍ − ቀଵାమഅቁ஼ቀమഅା௔ቁ − ቀଵାమഅାଶ௔ቁ஽ቀమഅା௔ቁ , 𝐵 =

(ଵି௔)(஼ି஽)ቀమഅା௔ቁ                (11) 

This finally solves the complicated mathematical computations  to  ൤ 𝐴
(𝑒௬ − 𝑎)

+
𝐵

(𝑒௬ − 𝑏)
+

𝐶
(𝑒௬ − 1)

+
𝐷

(𝑒௬ + 1)
൨ 𝑑𝑦 = − 𝜇𝑑𝑡

(1− 𝜉)
 

Integrating both sides   

[𝑨𝑙𝑛 |(1− 𝑎𝑒ି௬)| + 𝑩𝑙𝑛 |(1 − 𝑏𝑒ି௬)| + 𝐶𝑙𝑛|(1− 𝑒ି௬)|− 𝐷𝑙𝑛(1 + 𝑒ି௬)] = − 1

(1− 𝜉)
∫ 𝜇𝑑𝑡 + 𝑙𝑛𝜂 

for some non− negative real constant parameter 𝜂  

Or  

|(1− 𝑎𝑒ି௬)|஺|(1− 𝑏𝑒ି௬)|𝑩|(1− 𝑒ି௬)|஼
(1 + 𝑒ି௬)஽ = 𝜂𝑒ି∫ ఓௗ௧ 

This transforms to the final required closed form solution: 

|ቆ1− 𝑎𝑒ି௖௦௖௛షభ(
௫ାక√(ଵିకమ)

))ቇ |஺|ቆ1− 𝑏𝑒ି௖௦௖௛షభ(
௫ାక√(ଵିకమ)

))ቇ |𝑩|ቆ1− 𝑒ି௖௦௖௛షభ(
௫ାక√(ଵିకమ)

))ቇ |஼
ቆ1 + 𝑒ି௖௦௖௛షభ(

௫ାక√(ଵିకమ)
))ቇ஽ = 𝜂𝑒ି ଵ

(ଵିక)
∫ ఓௗ௧

 

By mathematical analysis, it is well known that 𝑐𝑠𝑐ℎିଵ(
௫ାక√(ଵିకమ)

) = 𝑙𝑛 (
√(ଵିకమ)ା√((ଵିకమ)ା[௫ାక]మ)௫ାక ) , 𝑥 ≠ −𝜉(we are allowed to assign 𝜉 ∈ [0,∞)) 

Thus, one gets 

(| ቆ1 − 𝑎(𝑥 + 𝜉)√(1 − 𝜉ଶ) + √((1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶ)
ቇ |)𝑨 ቆ| ቆ1 − 𝑏(𝑥 + 𝜉)√(1 − 𝜉ଶ) + √((1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶ)

ቇ |ቇ஻ (| ቆ1 − (𝑥 + 𝜉)√(1 − 𝜉ଶ) + √((1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶ)
ቇ |)஼

ቆ1 +
(𝑥 + 𝜉)√(1 − 𝜉ଶ) + √((1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶ)

ቇ஽
= 𝜂𝑒ି ଵ

(ଵିక)
∫ ఓௗ௧

 

where 𝑎 =
൬భഅାට(

భഅమିఴഅାସ൰ଶ ,𝑏 =
൬భഅିට(

భഅమିఴഅାସ൰ଶ , 
(ଵିఉ)(ଵିక)ඥଵିకమ = 𝜁 

𝐴 = 
ଶ఍ − ቀଵାమഅቁ஼ቀమഅା௔ቁ − ቀଵାమഅାଶ௔ቁ஽ቀమഅା௔ቁ , 𝐵 =

(ଵି௔)(஼ି஽)ቀమഅା௔ቁ  

𝐶 =

4𝜁 ቀ2𝜁 + 𝑎ቁ − ቂቀ1 +
2𝜁 + 2𝑎ቁ − ൫𝑎𝑏 − (𝑎 + 𝑏)൯ ቀ2𝜁 + 𝑎ቁቃ𝐷ቀ2𝜁ቁ+ 𝑎 + [𝑎𝑏 − (𝑎 + 𝑏)] ቀ2𝜁 + 𝑎ቁ  

 𝐷 =

2𝑏𝜁 + 𝑎൮𝑎𝑏 − 𝑏 ቀ1 +
2𝜁ቁቀ2𝜁 + 𝑎ቁ + 𝑎 ൦(1 − 𝑎)ቀ2𝜁 + 𝑎ቁ൪൲ [

4𝜁 ቀ2𝜁 + 𝑎ቁቀ2𝜁ቁ+ 𝑎 + [𝑎𝑏 − (𝑎 + 𝑏)] ቀ2𝜁 + 𝑎ቁ]

(𝑎𝑏 + 𝑏 ൦ቀ1 +
2𝜁 + 2𝑎ቁቀ2𝜁 + 𝑎ቁ ൪ + 𝑎 ൦(1 − 𝑎)ቀ2𝜁 + 𝑎ቁ൪) +  𝑎 ൮𝑎𝑏 − 𝑏 ቀ1 +

2𝜁ቁቀ2𝜁 + 𝑎ቁ + 𝑎 ൦(1 − 𝑎)ቀ2𝜁 + 𝑎ቁ൪൲ [
ቂቀ1 +

2𝜁 + 2𝑎ቁ − ൫𝑎𝑏 − (𝑎 + 𝑏)൯ ቀ2𝜁 + 𝑎ቁቃቀ2𝜁ቁ + 𝑎 + [𝑎𝑏 − (𝑎 + 𝑏)] ቀ2𝜁 + 𝑎ቁ
 

As required. 

If 𝜉 = 0, the derived solution reduces to the closed form solution of Time Varying 𝑀/𝐺/1 queueing 

system. 
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Numerical experiment 

ቆቤቆ1 − 𝑎(𝑥 + 𝜉)ඥ1 − 𝜉ଶ + ඥ(1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶቇቤቇ𝑨 ቆቤቆ1 − 𝑏(𝑥 + 𝜉)ඥ1 − 𝜉ଶ + ඥ(1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶቇቤቇ஻ ቆቤቆ1 − (𝑥 + 𝜉)ඥ1 − 𝜉ଶ + ඥ(1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶቇቤቇ஼ቆ1 +
(𝑥 + 𝜉)ඥ1 − 𝜉ଶ + ඥ(1 − 𝜉ଶ) + [𝑥 + 𝜉]ଶቇ஽  

= 𝜂𝑒ି భ
(భష഍)

∫ ఓௗ௧
                                (c.f., Theorem(3.1)) 

Let β = 2,ξ = 0.5(instability phase for stable M/G/1 queueuing system),η = 1, µ(t) =  
1

t
 . Hence, ζ =

0.2886751346,a =2.834830673 , b = -6.298932288 

A = 7.270191782, B = −31.89121954, C =  107.0377732, D = −62.65366597 

(|ቆ1− 2.834830673(x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)
ቇ |)଻.ଶ଻଴ଵଽଵ଻଼ଶ(|ቆ1− (x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)

ቇ |) ଵ଴଻.଴ଷ଻଻଻ଷଶ
ቆ1 +

(x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)
ቇି଺ଶ.଺ହଷ଺଺ହଽ଻ ቆ|ቆ1 +

6.298932288(x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)
ቇ |ቇଷଵ.଼ଽଵଶଵଽହସ  

=
1𝑡ଶ 

Hence,  

t = √[

ቆ|ቆ1 +
6.298932288(x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)

ቇ |ቇଷଵ.଼ଽଵଶଵଽହସ ቆ1 +
(x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)

ቇି଺ଶ.଺ହଷ଺଺ହଽ଻
(|ቆ1 − 2.834830673(x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)

ቇ |)଻.ଶ଻଴ଵଽଵ଻଼ଶ(|ቆ1 − (x + 0.5)√(0.75) + √(0.75 + [x + 0.5]ଶ)
ቇ |) ଵ଴଻.଴ଷ଻଻଻ଷଶ] 

It is observed analytically that the assigned time increasing mean service rate, 𝜇(𝑡) =   
ଵ௧   and for 

sufficiently large number in the time varying 𝑀/𝐺/1  queueing system, time will be increasing 

ultimately to approach infinity. This can be seen by Figures 2–4. 

 

Figure 2. 
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Figure 3. 

 

Figure 4. 

Mathematically speaking , we have 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 February 2024                   doi:10.20944/preprints202402.0548.v1

https://doi.org/10.20944/preprints202402.0548.v1


 7 

 

𝑙𝑖𝑚௫(௧)→ஶ√[

ቆ|ቆ1 +
6.298932288(𝑥 + 0.5)√(0.75) + √(0.75 + [𝑥 + 0.5]ଶ)

ቇ |ቇଷଵ.଼ଽଵଶଵଽହସ ቆ1 +
(𝑥 + 0.5)√(0.75) + √(0.75 + [𝑥 + 0.5]ଶ)

ቇି଺ଶ.଺ହଷ଺଺ହଽ଻
(|ቆ1− 2.834830673(𝑥 + 0.5)√(0.75) + √(0.75 + [𝑥 + 0.5]ଶ)

ቇ |)଻.ଶ଻଴ଵଽଵ଻଼ଶ(|ቆ1− (𝑥 + 0.5)√(0.75) + √(0.75 + [𝑥 + 0.5]ଶ)
ቇ |) ଵ଴଻.଴ଷ଻଻଻ଷଶ] 

= √[
(଻.ଶଽ଼ଽଷଶଶ଼଼)యభ.ఴవభమభవఱర(ଶ)షలమ.లఱయలలఱవళ
(ଵ.଼ଷସ଼ଷ଴଺଻ଷ)ళ.మళబభవభళఴమ(଴) భబళ.బయళళళయమ ] = ∞ 

4. Closing remarks with next phase of research 

In this work, a challenging topic in queueing theory is examined; more precisely, the underlying 

queue’s state variable is determined. The article offers a solution to this issue by utilizing the non-

stationary 𝑀/𝐺/1 queue’s PSFFA analytic solution. Future work will concentrate on resolving open 

research issues and investigating applications of non-stationary queues in other scientific areas. The 

study also examines the effects of time and  queueing parameters on the underlying queue’s 

performance.  

References 

1. x. Zhao et al, “A Queuing Network Model of a Multi-Airport System Based on Point-Wise Stationary 

Approximation,”, Aerospace, 2022, vol. 9, no. 7. 

2. V.B.Iversen, “ITU Teletraffic Engineering Handbook,”, Technical University of Denmark, 2021. 

3. I. A. Mageed, and Q. Zhang, “Solving the open problem for 𝐺𝐼/𝑀/1 pointwise stationary fluid flow 

approximation model (PSFFA) of the non-stationary D/M/1 queueing system,” electronic Journal of 

Computer Science and Information Technology, vol. 1, no. 9,p. 1-6, 2023. 

4. A Mageed, D.I. Upper and Lower Bounds of the State Variable of 𝑀/𝐺/1 PSFFA Model of the Non-

Stationary M/ 𝐸௞ /1 Queueing System. Preprints 2024, 2024012243. 

https://doi.org/10.20944/preprints202401.2243.v1 

5. Hu, L., Zhao, B., Zhu, J., & Jiang, Y. (2019). Two time-varying and state-dependent fluid queuing models 

for traffic circulation systems. European Journal of Operational Research, 275(3), 997-1019. 

6. Roubos, A., Bhulai, S., & Koole, G. (2017). Flexible staffing for call centers with non-stationary arrival 

rates. Markov decision processes in practice, 487-503. 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those 

of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) 

disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or 

products referred to in the content. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 February 2024                   doi:10.20944/preprints202402.0548.v1

https://doi.org/10.20944/preprints202402.0548.v1

