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Article

Applied Category Theory in the Wolfram Language
Using CATEGORICA I: Diagrams, Functors

and Fibrations

Jonathan Gorard

Princeton University, Princeton, NJ, USA; gorard@princeton.edu

Abstract: This article serves as a preliminary introduction to the design of a new, open-source applied and
computational category theory framework, named CATEGORICA, built on top of the Wolfram Language. CAT-
EGORICA allows one to configure and manipulate abstract quivers, categories, groupoids, diagrams, functors
and natural transformations, and to perform a vast array of automated abstract algebraic computations using
(arbitrary combinations of) the above structures; to manipulate and abstractly reason about arbitrary universal
properties, including products, coproducts, pullbacks, pushouts, limits and colimits; and to manipulate, visualize
and compute with strict (symmetric) monoidal categories, including full support for automated string diagram
rewriting and diagrammatic theorem-proving. In so doing, CATEGORICA combines the capabilities of an abstract
computer algebra framework (thus allowing one to compute directly with epimorphisms, monomorphisms, retrac-
tions, sections, spans, cospans, fibrations, etc.) with those of a powerful automated theorem-proving system (thus
allowing one to convert universal properties and other abstract constructions into (higher-order) equational logic
statements that can be reasoned about and proved using standard automated theorem-proving methods, as well
as to prove category-theoretic statements directly using purely diagrammatic methods). Internally, CATEGORICA
relies upon state-of-the-art graph and hypergraph rewriting algorithms for its automated reasoning capabilities,
and is able to convert seamlessly between diagrammatic/combinatorial reasoning on labeled graph representa-
tions and symbolic/abstract reasoning on underlying algebraic representations of all category-theoretic concepts.
In this first of two articles introducing the design of the framework, we shall focus principally upon its handling
of quivers, categories, diagrams, groupoids, functors and natural transformations, including demonstrations of

both its algebraic manipulation and theorem-proving capabilities in each case.

Keywords: applied category theory; monoidal categories; mathematica

1. Introduction

As a field of pure mathematics, category theory emerged in the mid-20th century with the work
of Eilenberg and Mac Lane on group theory and algebraic topology [1,2], as well as the work of Serre
and Grothendieck in the closely related area of homological algebra [3,4]. When conceived as an
alternative foundation for mathematics (as exemplified by work on elementary topos theory within
mathematical logic [5,6]), the shift from set theory to category theory necessitates a certain shift in
philosophical perspective, wherein one transitions away from identifying mathematical objects based
upon their internal structure (such as in Zermelo-Fraenkel set theory, where the axiom of extensionality
defines set equality based purely upon the set membership relation [7]), and towards identifying
mathematical objects based upon their relationships to other objects of the same “type” (as exemplified
by the Yoneda lemma, arguably the most fundamental result in category theory [8]). This more
relational perspective on the nature of structure turns out to be a useful lens through which to view
many fields, including many outside of mathematics altogether. For instance, in the foundations of
quantum mechanics, moving from set-theoretic to category-theoretic foundations inevitably changes
one’s view from quantum systems and their states as being the fundamental objects of study (as in
the traditional Dirac-von Neumann axioms of quantum mechanics, represented in terms of operator
theory on Hilbert space [9,10]) to quantum processes and their compositions as being the fundamental
objects of study (as in the categorical quantum mechanics formalism of Abramsky and Coecke [11,12],
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later developed into a fully diagrammatic theory of quantum information by Coecke and Duncan
[13,14]). Likewise, in computer science, one is able to move from a set-theoretic view in which program
state is treated as fundamental (as in the Turing machine picture of computation, and as exemplified
by the imperative programming paradigm) to a category-theoretic view in which functions and
their compositions are treated as fundamental (as in the A-calculus picture of computation, and as
exemplified by the functional programming paradigm). Such process-theoretic models, in which
processes and their algebra of composition are treated on a fundamentally “higher” footing than states
and their internal structure, have also proved useful and/or instructive for the foundations of natural
language processing [15], cybernetics [16], machine learning [17], complex networks and control theory
[18,19], computational complexity theory [20] (based on prior work on computational irreducibility
[21]), database systems [22], and many other domains of knowledge. This general process of applying
foundational methods and concepts from category theory to fields outside of pure mathematics has
come to be known as applied category theory, [23].

With the advent and maturation of so many fruitful domains of applied category theory, many
software tools have now been developed to facilitate working with category-theoretic data structures
in an automated or semi-automated fashion, such as CATLAB.JL [24], built on top of the Julia program-
ming language, which uses the formalism of generalized algebraic theories and dependent types to
facilitate automated algebraic manipulation of certain fundamental data structures such as operads
and symmetric monoidal categories. There are also many examples of diagrammatic proof assistants,
such as the highly general QUANTOMATIC [25] and CARTOGRAPHER [26] frameworks, or the more
specialized PYZX framework [27], which facilitate the automated rewriting of string diagrams in
symmetric monoidal category theory (with, in the latter case, a particular emphasis on diagrammatic
quantum information theory). There are even projects, such as the ANR COREACT project, which
aim to formalize certain key aspects of applied category theory, such as compositional/categorical
rewriting theory, within existing proof assistant frameworks such as COQ. The aim of the present
article is to introduce another such software framework, known as CATEGORICA, which is written
principally in the Wolfram Language and is designed to be fully integrated into the Mathematica
software system, and which seeks to combine many of the computational algebraic capabilities of
existing frameworks such as CATLAB with many of the diagrammatic theorem-proving capabilities of
frameworks such as QUANTOMATIC. At its core, the CATEGORICA framework consists of a unified
collection of advanced symbolic and diagrammatic algorithms for efficiently converting between
purely algebraic representations of categories, diagrams, functors and other key category-theoretic
constructions (by employing an entirely presentation-theoretic view of categories, with arrows within
an underlying quiver acting as generators, composition acting as the fundamental binary operation,
and algebraic equivalences between objects and morphisms acting as relations) and purely graph-
theoretic/combinatorial representations of the very same structures (by employing a description of
quivers, categories and functors in terms of graphs, hypergraphs and combinatorial rewriting systems).
In this manner, CATEGORICA is able to combine the features of a diagrammatic theorem-prover, a
higher-order (equational) logic theorem prover, a (hyper)graph rewriting framework, and an abstract
computer algebra system, all in an entirely seamless fashion, automatically adopting the most appro-
priate algorithmic approach and most efficient concrete data structures for any particular problem,
and then converting the result back into the desired abstract representation at the end.

The first in this series of two articles introducing the design of CATEGORICA will focus primarily
on the core algebraic structures of the framework (with a particular emphasis on CATEGORICAs
representation and handling of quivers, categories, functors and natural transformations), some
simple diagrammatic theorem-proving capabilities (such as CATEGORICA's ability to derive and prove
necessary and sufficient algebraic conditions for diagrams to commute, for categories to be groupoids,
for functors to be faithful, etc.), as well as some more advanced abstract algebraic capabilities (such
as the computation of retractions and sections, epimorphisms and monomorphisms, initial and
terminal objects, constant and coconstant morphisms, injectivity/surjectivity of functors on both
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objects and morphisms, and even some simple cases of Grothendieck fibrations). The forthcoming
second article in the series will focus upon the extension of these capabilities to the handling of
universal properties (especially products and coproducts, pullbacks and pushouts, and limits and
colimits), including illustrations both of how to prove theorems using them, and of how to perform
algebraic computations involving them, as well as the applications of these methods to the handling
of (strict, symmetric) monoidal categories, including capabilities for string diagram representation,
manipulation and rewriting. CATEGORICA’s core algorithmic framework is based on the hypergraph
rewriting /Wolfram model formalism outlined within [28-30], which may be augmented with basic
techniques from the theory of graph grammars, and algebraic/compositional graph rewriting theory
[31,32] (and, in particular, the theory of double-pushout rewriting [33]) in order to develop a highly
efficient (hyper)graphical/diagrammatic theorem-proving system [34-36]. We begin in Section 2
by introducing the fundamental data structure underlying all abstract category-theoretic objects in
CATEGORICA, namely the abstract quiver (a directed multigraph whose vertices are objects and whose
edges are arrows), and we show how an AbstractQuiver object in CATEGORICA may be used in order
to “freely generate” a corresponding AbstractCategory object by allowing for certain arrows to be
composed (at which point they become morphisms), as well as introducing identity morphisms for each
object, in a manner that is consistent with both associativity and identity axioms. We demonstrate
how CATEGORICA is able to keep track of all necessary algebraic equivalences between morphisms (as
necessitated by the underlying axioms of category theory) automatically, as well as how new algebraic
relations between objects and arrows/morphisms may be introduced, in order to construct more
general examples non-free categories. We also highlight a very simple application of CATEGORICAs
automated theorem-proving capabilities, by proving that certain categorical diagrams commute (i.e. that,
within certain categories, all directed paths yield the same morphism up to algebraic equivalence), and
by automatically computing both necessary and sufficient algebraic conditions to force non-commuting
categorical diagrams to commute, using the AbstractCategory function.

In Section 3, we proceed to show some examples of simple algebraic computations that can
be performed using the AbstractCategory function, such as the computation of monomorphisms,
epimorphisms and bimorphisms (i.e. the category-theoretic generalizations of injective, surjective and
bijective functions in mathematical analysis), and the computation of sections, retractions and isomor-
phisms (i.e. the category-theoretic generalizations of left-invertible, right-invertible and invertible
elements in abstract algebra). We introduce a special kind of category known as a groupoid, in which
all morphisms are isomorphisms, and we show how CATEGORICA’s automated theorem-proving
capabilities can again be used in order to prove that certain AbstractCategory objects are or are not
groupoids, and indeed to compute necessary and sufficient algebraic conditions (whenever they exist)
to force non-groupoidal AbstractCategory objects to become groupoidal. The relationships between
monomorphisms vs. epimorphisms and retractions vs. sections are both examples of a far more general
category-theoretic notion of duality: the dual of a particular construction can be obtained by simply
reversing the direction of morphisms, and therefore reversing the order in which morphisms are
composed. CATEGORICA has in-built functionality (via the “DualCategory” property in particular) for
making the systematic exploration of category-theoretic dualities completely straightforward, and we
illustrate this by investigating some other common examples of dual constructions using CATEGORICA,
including initial vs. terminal objects (i.e. the category-theoretic generalizations of bottom and top
elements in partially ordered sets), strict initial vs. strict terminal objects (i.e. initial and terminal objects
whose incoming/outgoing morphisms are all isomorphisms), and constant vs. coconstant morphisms
(i.e. the category-theoretic generalizations of constant functions and zero-maps in mathematical analy-
sis). In Section 4, we move on to explore functors (i.e. homomorphisms/structure-preserving maps
between categories) using the AbstractFunctor function, demonstrating CATEGORICA's capabilities
for handling both covariant and contravariant functors (i.e. functors in which morphism directions are
preserved and reversed, respectively). We illustrate how CATEGORICA is able to distinguish between
different notions of injectivity, surjectivity and bijectivity for AbstractFunctor objects, including
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injectivity, surjectivity and bijectivity on objects; essential injectivity, essential surjectivity and essential
bijectivity (i.e. injectivity, surjectivity and bijectivity on objects, but only up to isomorphism); and
faithfulness, fullness and full faithfulness (i.e. injectivity, surjectivity and bijectivity on morphisms).
We also show CATEGORICA may be used to investigate an important class of functors known as
Grothendieck fibrations (i.e. the category-theoretic generalizations of fiber bundles in topology) from a
total category to a base category, including special cases such as discrete fibrations (i.e. Grothendieck
fibrations in which the fiber categories are all discrete categories containing only objects and identity
morphisms).

Finally, in Section 5, we introduce the AbstractNaturalTransformation function, allowing one
to represent arbitrary natural transformations between AbstractFunctor objects in CATEGORICA,
and showcase its ability to compute (and prove) both necessary and sufficient algebraic conditions
to force transformations between functors to be natural. We demonstrate furthermore how the
AbstractNaturalTransformation framework may be used to detect natural isomorphisms between
both objects and functors in a highly general way. We also include a short note regarding some
of the internal algorithmic details of the CATEGORICA system, and, in particular, its use of double-
pushout rewriting formalism and compositional graph rewriting theory to reduce abstract algebraic
and diagrammatic reasoning problems to concrete (hyper)graph rewriting problems. We conclude
in Section 6 with a summary of directions for future research and development. The majority of the
core CATEGORICA functionality presented within this article, and its forthcoming companion article,
has been fully documented and exposed via the Wolfram Function Repository, including functions such
as AbstractQuiver, AbstractCategory, AbstractFunctor, AbstractProduct, AbstractCoproduct,
AbstractPullback, AbstractPushout and AbstractStrictMonoidalCategory. However, there is
also a significant amount of functionality that has not yet been documented and/or exposed, but which
is nevertheless available through the CATEGORICA GitHub Repository (with the overall framework
currently consisting of over 20,000 lines of symbolic, high-level Wolfram Language code). All explicit
examples of categories C presented within this article are small, in the sense that the object sets
ob(C) and morphism sets hom(C) are both actually sets, rather than proper classes. Indeed, the only
categories currently supported explicitly by CATEGORICA are strictly finite, which enables us to bypass
any considerations of set-theoretic foundations.

2. Quivers, Categories and Diagrams

Every category represented within the CATEGORICA framework has, as its underlying “skeleton”,
a directed multigraph called a quiver (i.e. a collection of vertices called objects, connected by directed
edges called arrows, which can have arbitrary multiplicity). One important terminological convention
that is enforced consistently throughout the CATEGORICA framework is that the directed edges in a
quiver are always known as arrows, whereas the directed edges in the corresponding category that
is generated by that quiver (potentially freely, potentially with additional algebraic structure) are
always known as morphisms. By and large, most conventions regarding the notation and nomenclature
used within the CATEGORICA framework have been chosen to reflect the conventions set within Mac
Lane’s classic treatise on the subject [38]. If Q is an arbitrary quiver, then we shall denote the set of
objects/nodes in Q by ob(Q), and the set of directed edges/arrows in Q by arr(Q). The rules for how
to generate a category C (whose set of objects is denoted ob(C) and whose set of morphisms is denoted
hom(C), by analogy to sets of homomorphisms in abstract algebra) from the underlying quiver Q are
then very straightforward: firstly, for every object X or arrow f : X — Y in the quiver Q, there is a
corresponding object X or morphism f : X — Y in the category C:

VX € ob(Q), 3X € ob(C), and V(f: X—=Y)€arr(Q), I(f: X —=Y) € hom(C);
(1)
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secondly, for every object X in the quiver Q, there exists a corresponding morphism idyx : X — X in
the category C mapping that object to itself:

VX € ob(Q), J(idx : X = X) € hom(C); (2)

and, thirdly, for every pair of morphisms f : X — Yand g : Y — Z in the category C where the codomain
of the first morphism matches the domain of the second, i.e. codom(f : X — Y) = dom(g:Y — Z) (in
this case, for instance, the domain of the arrow/morphism f : X — Yis X, i.e. dom(f : X = Y) = X,
and its codomain is Y, i.e. codom(f:X — Y) =), there exists a third morphism go f: X — Z
mapping from the domain of the first morphism to the codomain of the second:

V(f: X—=Y),(g:Y—Z) €hom(C), I(gof: X —Z) €hom(C), 3)

or, slightly more abstractly (omitting the arbitrary object labels X, Y and Z):

Vf,g € hom(C), such that codom(f) = dom(g),
3(go f:dom(f) — codom(g)) € hom(C). (4)

The resulting category C is known as the free category generated by the quiver Q (with the arrows of
Q acting as the generators, in the algebraic sense, of the morphisms of C). This construction can be
illustrated diagrammatically by means of the following minimal example:

idy

Q

N e N e

idy O X —— 2P

As shown in Figure 1, the AbstractQuiver and AbstractCategory functions in CATEGORICA allow
one to represent arbitrary (finite) quivers and categories within the language, with both quivers and
free categories being represented internally as lists of objects and associations of arrows/morphisms
between those objects (which are then trivially interconvertible with the corresponding combinatorial
representations of these structures as labeled directed graphs); every AbstractCategory object comes
equipped with an associated AbstractQuiver object representing its underlying “skeletal” structure.
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in[]:= quiver = AbstractQuiver[<|f » {X, Y}, g > {Y, Z}|>] category = AbstractCategory[<If (X, Y}, g (Y, 2)1>]
AbstractCategory| © /7 GHIy T 6]
. Objects: 3
out[ ]= Abstr iver ]
utl+] t aCtQU € Arrows: 2 category ["FulllLabeledGraph"]

In[]:= quiver ["FullLabeledGraph"] 99 Z/)
f /
X Y ) Z Lt

Out[«]=

In[«]:= qu'i ver ["Objects"] category ["Objects"]
X, Y, 2}

outl 1= {X,5 Y5 Z} category ["MorphismAssociation"]

JfaXo Y, goYZ,gofoXnZ, XXX, VoYV, 2522
In[ ]:= quiver ["ArrowAssociation"] category ["Quiver"]

X cts: 3
AbstractQuiver UUES2 ]

out[ J= | f>Xe Y, g>Y e Z)>

Figure 1. On the left, the AbstractQuiver object for a simple (three-object, two-arrow) quiver. On the
right, the AbstractCategory object for the three-object, six-morphism category that is freely generated
by this quiver.

Within the construction of the free category C described above, the morphisms idx : X — X that
were introduced for each object X are known as identity morphisms on X, and the abstract binary
operation:

o :hom(C) x hom(C) — hom(C), (6)

that appears in the definition of the morphism go f : X — Z is known as the composition operation
(such that the resulting morphism g o f : X — Z may be referred to as the composition of morphisms
f:X —=Yandg:Y — Z). The identity morphisms idyx : X — X must satisfy the requisite axioms
to act as both left and right identities under the operation of morphism composition, such that if
f X — Y is a morphism in the category C, then f o idx : X — Y should be the same as f : X — Y (i.e.
idx acts as a right identity on f):

V(f: X —=Y)€hom(C), (foidx: X —=Y)=(f: X—=Y), )

or, illustrated diagrammatically:

f
i X Y o aye x Sy 8)
Y
oidy

and, similarly, idy o f : X — Y should be the same as f : X — Y (i.e. idy acts as a left identity on f):

Y(f: X —=Y) €hom(C), (idyof : X—=Y)=(f: X—=Y), 9)

or, illustrated diagrammatically:

f
X7 vyom o X L7y gy (10)
\'df/,
idyo

Additionally, the operation of morphism composition itself must satisfy the axiom of associativ-
ity, such thatif f: X =Y, ¢:Y = Zand h: Z — W form a set of three composable morphisms in
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the category C, then the composition (ho g)o f : X — W should be the same as the composition
ho(gof): X = W:

Vif:X—=Y),(g:Y—=Z),(h:Z— W) €hom(C),
((hog)of: X = W)= (ho(gof): X—=W), (11)
or, illustrated diagrammatically:

y 2.7 y 2.7

f h f h .
Py N N
\_/

X

W
(hog)of=ho(gof)
ho(gof)

CATEGORICA automatically keeps track of all algebraic equivalences between morphisms that must be
imposed in order to maintain consistency with these identity and associativity axioms, as shown in
Figure 2 for the case of two relatively simple AbstractCategory objects. Note that the CircleDot[ ...
] and OverTilde[ ... ] representations of the composition operation o and the identity morphisms
idy, respectively, are simply the defaults chosen by CATEGORICA, and can be overridden simply by
passing additional arguments to AbstractCategory.

category = AbstractCategory[<If » (X, Y}, g (Y, 2}, h» (Z, W} >] category = AbstractCategory[<|f + (X, ¥}, 8 (¥, Z), hos (Z, W), 1 (4, V) b

Rostracscategory| £ e ST ) B

category ["FullLabeledGraph"]

(hog)of

XCX—I’Q hogh WOV‘V

category ["IdentityEquations"]
{f=foX, gof = (gof) ok, (hog)of = ((hog) of) ok, KeX =X, g = go¥, hog= (hog) oV, YoV =¥, h=hoZ,
20Z=2,WoW=W, f=Yof, g=20g, gof =20 (gof), h=Woh, hog=Wo (hog), (hog)of=Wo ((hog)of)}

category ["AssociativityEquations"]

{ho (gof) = (hog) o f}

Figure 2. On the left, the AbstractCategory object for a simple (four-object, ten-morphism) category,
showing all algebraic equivalences between morphisms that must hold by virtue of the identity and
associativity axioms of category theory. On the right, the AbstractCategory object for a slightly larger
(five-object, fifteen-morphism) category, again showing all algebraic equivalences between morphisms
that must hold by virtue of the identity and associativity axioms of category theory.

Although we have considered only free categories so far, it is also possible to construct non-free
categories which possess additional algebraic structure in the form of additional equivalences between
their objects and morphisms (beyond simply the minimal algebraic equivalences necessitated by the
axioms of category theory). For instance, we could consider imposing the equivalence X = Y between
objects X and Y in the following simple category:

g

Y
/_\

y $ = X=Y z, (13)
XT\Y \g_f/
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or the equivalence (f; : X = Y) = (f2 : X = Y) between morphisms f; : X = Yand f, : X = Yin
the following, slightly different, simple category:

f Y Y
ﬁ & — fi =fz/ x ) (14)
h
X —— Z X —— Z
\gw‘% gofi=gofa
8of
Note that we are only permitted to impose algebraic equivalences between morphisms whose do-

mains and codomains both match, i.e., abstractly, using the functions dom : hom(C) — ob(C) and
codom : hom(C) — ob(C) introduced above, we have:

Vf,g € hom(C), = dom(f) = dom(g), and codom(f) = codom(g).  (15)

Note also that an algebraic equivalence between morphisms, suchas (f; : X = Y) = (f2: X = Y)in
the above, will, in general, automatically imply other algebraic equivalences between morphisms, such
as:

(gofi: X—=>2Z)= (g0 fr: X —=2), (16)

as shown in the corresponding diagram, although in this particular case the converse does not
necessarily hold, as we shall see in more detail later. In Figure 3, we see the AbstractCategory
objects corresponding to the two examples presented above (with object equivalence X =Y and
morphism equivalence (f1 : X — Y) = (f2 : X — Y) specified, respectively), showing the directed
graph representations of the corresponding categories both with and without algebraic equivalences
imposed. One of the general design principles of CATEGORICA is that the keyword “Reduced” within
property names such as “ReducedLabeledGraph” is used to indicate that all known algebraic equivalences
should be applied (as opposed to the keyword “Full” within property names such as “FullLabeledGraph”,
which is used to indicate that no algebraic equivalences should be applied, and that the full, “maximally-
unreduced” algebraic structure should be presented instead). There is also a related keyword “Simple”
(as in the property name “SimpleLabeledGraph”), which can be used to remove all self-loops and multi-
edges from the corresponding directed graph representation of any quiver, category, functor, etc. (for
instance in order to yield a more presentable form of a particular diagrammatic representation, of the
kind that might be shown within an academic paper). Although this automatic simplification feature
is frequently very useful when performing practical diagrammatic manipulations, since the purpose
of the present article is to be completely explicit and to illustrate (in as much detail as necessary) the
underlying design and algorithmic underpinnings of the CATEGORICA framework, we shall not make
use of it here.
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category2 = AbstractCategory[<|f1 - {X, Y}, f2 5 {X, Y}, g > (Y, Z} >, {}, {fl=f2}]
category = AbstractCategory[<|f - {X, Y}, g (Y, Z}|>, {X =Y}, {}]

Commutative Diagram: True
[ Abstractcategory[ v@o “
AbstractCat Commutative Diagram: False
stractCategory UQO Objects: 3 Morphisms: 6

Objects: 3 Morphisms: 8

category2["FullLabeledGraph"]
category ["FulllLabeledGraph"] .

o Z/) g G)O Z/D
g . | /
f Q/ X C/x 4:;/

category2["ReducedLabeledGraph"]

category ["ReducedLabeledGraph"]

z

go Z/.)

S L A
ST ety

Figure 3. On the left, the AbstractCategory object for a simple category with the object equivalence

X =Y specified, showing the labeled graph representations of the category both with and without
algebraic equivalences imposed. On the right, the AbstractCategory object for a simple category
with the morphism equivalence (f; : X — Y) = (f2 : X — Y) specified, showing the labeled graph
representations of the category both with and without algebraic equivalences imposed.

One of the most common applications of non-free categories and algebraic equivalences between
morphisms, occurring throughout many fields of mathematics (and especially in abstract and homolog-
ical algebra), is the formal treatment of commutative diagrams. Indeed, it is often said that commutative
diagrams play the same role in category theory and abstract/homological algebra that equations play
in more elementary algebra. For instance, when one says that the following diagram commutes:

X Y
g‘ li , (17)
Z 4%

one is effectively imposing the following equivalence between morphisms:

_f
_

(hog: X —>W)=(iof : X = W), (18)

or, in diagrammatic form, one has:

X
Z
This condition of commutativity of diagrams may thus be characterized purely combinatorially, namely
as the condition that all directed paths through the labeled graph representation of the associated

category yield the same morphism (up to algebraic equivalence). CATEGORICA is hence able to fall back
to using purely graph-theoretic search algorithms in order to compute the minimum set of morphism

—>

Y X
‘ ‘/ hog lof i (19)
144

Z—>W

T/ {



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 March 2024 d0i:10.20944/preprints202403.1479.v1

10 of 53

equivalences necessary to force this diagram to commute, as well as to prove that these equivalences
are indeed sufficient, as shown in Figure 4. However, although the case of a commutative square is
very straightforward, it does not take long before this method of diagram chasing becomes essentially
unmanageable for a human algebraist to enact in full detail; for instance, even upon considering the
next obvious case, namely a commutative oblong of the form:

Xy f Y, g1 Z
X 7 Y, o Zy

things have already become quite a bit trickier to analyze than they were for the commutative square,
since one not only needs to force the two interior squares to commute:

X4 h Y, 81 Z X, h
iof jogn oh
h i i = h —faoh (21)
fa0h go0i
X Y. V4 X
2 A 2 o) 2 2 5

ie:

(iofl:X1—>Y2):(f2oh:X1—>Y2), and (jogltyl—)ZQ):(gZOilyl—)Zz), (22)

but one must also somehow take care of the commutativity of the outer rectangle:

X3 N Yi it VA X1 h Yi it VA
(jog1)of1 (jog1)of1
L j — L =(820/2)0h i (23
X5 A Y, = Zy X5 A Y, = Zy
i.e:
((jogr)ofi: X1 = Z2) =((g20f2) ol : X4 — Z3). (24)

Nevertheless, despite the additional complexity, CATEGORICA is able to handle this case (and, indeed,
the case of much larger and more complicated diagrams) in much the same way, as demonstrated in
Figure 5. A fully rigorous definition and treatment of categorical diagrams necessitates the introduction
of a certain functor defined over index categories (or schemes), which we shall revisit following our
introduction to CATEGORICA’s handling of abstract functor objects in Section 4. Note that Abstrac-
tQuiver objects in CATEGORICA may also carry algebraic equivalence information on both objects
and arrows: these equivalences are then translated into corresponding algebraic equivalences on
objects and morphisms upon promotion of the quiver to a full AbstractCategory object via the pipeline
outlined above.
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category = AbstractCategory[<|f - {X, Y}, g = {X, Z}, h= {Z, W}, i > {V, W}]>]

Commutative Diagram: False

AbstractCategory| f@v Objects: 4

Morphisms: 10
category ["ReducedLabeledGraph"]
iof
og
% W
xZ9 ., _h WQ
G,

category ["CommutativeDiagramQ"]

False

category ["ReducedCommutativityEquations"]

{ief=hog}

category2 = AbstractCategory[<|f » (X, Y}, g~ (X, Z}, h= (Z, W}, i (Y, W}]>, {}, (iof=hog}]

Commutative Diagram: True
AbstractCategory[ n@e g Morphisms: 10

category2["ReducedLabeledGraph"]

hog

category2["CommutativeDiagramQ"]
True
category2["ReducedCommutativityEquations"]

{3

Figure 4. On the left, the AbstractCategory object corresponding to a simple (not yet commutative)
square diagram, illustrating that the diagram is not commutative and showing that the morphism

equivalence i o f = h o g is the minimal algebraic condition necessary to force the diagram to commute.
On the right, the AbstractCategory object for the commutative case of this same square diagram,
with the morphism equivalence i o f = I o g imposed, demonstrating that this equivalence is indeed

sufficient to force the diagram to commute.

category = AbstractCategory[<| 1+ (X1, Y1}, g1 (Y1, Z1), 2 (X2, ¥2), g2 (Y2, 22}, h=» (X1, X2}, 1+ (Y1, ¥2), § =+ (21, 22) )

soseracecatogory| 1§ S M-

category ["ReducedLabeledGraph"]

category ["ConnutativeDiagrang"]
False
category ["ReducedCommutat ivityEquations"]

{101 f20h, jogl = g201, (JOgL) 0f1 = (g201) 0f1, (Jogl) Ol = (§20f2) Oh)

(), (10f1= f20h, 0l = §201, (JOg1) Of1 = (§201) OF1, (JOE) OF1 = (g202) Oh}]

category2["ReducedLabeledGrapht]

20f2)0h
xtge)e

category2("CommutativeDiagrang"]

True

category2["ReducedConnutativi tyEquations"]

«

Figure 5. On the left, the AbstractCategory object corresponding to a slightly more complex (not yet
commutative) oblong diagram, illustrating that the diagram is not yet commutative and computing
the minimum set of morphism equivalences necessary to force the diagram to commute. On the

right, the AbstractCategory object for the commutative case of this same oblong diagram, with the
aforementioned morphism equivalences imposed, demonstrating that these equivalences are indeed

sufficient to force the diagram to commute.

d0i:10.20944/preprints202403.1479.v1

category2 = AbstractCategory[ <l f1+ (X1, Y1}, g1+ (Y1, Z1}, 2+ (X2, Y2}, 82+ (Y2, 22), h= (X1, X2}, 1 » (Y1, Y2}, § + (21, 22} b,
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3. Monos, Epis, Retractions and Sections: The Case of Groupoids

The category-theoretic analog of an injective function in mathematical analysis is a monomor-
phism [39,40]: a left-cancellative morphism. Specifically, if the morphism f : X — Y in the category
C is such that, for all objects Z and all pairs of morphisms g; : Z = X and ¢ : Z — X such that
(fog1:Z—=Y)=(fogr:Z—Y), one is able to “cancel on the left” by f: X — Y to obtain that
(g1:Z—=X)=(g2:Z— X), then f : X — Y is a monomorphism:

V(f: X —=Y) €hom(C), (f : X = Y) is a monomorphism
= VZ € ob(C), V(g1:Z— X),(g2:Z— X) € hom(C),
(fog1:Z—=Y)=(fogn:Z—=Y) = (@1:Z—=X)=(g2:Z—X), (25

or, illustrated diagrammatically, one has that if:

/ — Y

/ ——'Y
\fo_g% f°g1:f032
fog2

then one also necessarily has:

X

1= foo (27)
2N

Z
fog1=fog>

The corresponding dual notion to that of a monomorphism (i.e. the construction obtained by reversing
the direction of the morphisms, and hence reversing the order of morphism composition, in the
diagrams shown above) is that of an epimorphism: a right-cancellative morphism, and hence the
category-theoretic analog of a surjective function in analysis. Specifically, if the morphism f : X — Y
in the category C is such that, for all objects Z and all pairs of morphisms g1 : Y =+ Zand g»: Y — Z
such that (g0 f: X = Z) = (g20 f: X = Z), one is able to “cancel on the right” by f: X — Y to
obtainthat (¢1: Y = Z) = (g2: Y — Z), then f : X — Y is an epimorphism:

V(f: X —Y) €hom(C), (f : X = Y) is an epimorphism
= VZ € ob(C), V(g1:Y—=Z),(g2:Y = Z) €hom(C),
(grof: X—=Z)=(gof: X—2) = (1 Y=Z)=(2:Y—=Z), (28)

or, illustrated diagrammatically, one has that if:

Y

f Yx — y x (29)
X — =7

X —— Z
~aef_~ siof =]

g20f

then one also necessarily has:

d0i:10.20944/preprints202403.1479.v1
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Y

f §1=8 (30)
X / \ Z

g10f=g20f

Figure 6 illustrates the basic diagrammatic setup for both monomorphisms and epimorphisms (com-
monly abbreviated simply to monos and epis in the category-theoretic literature) in CATEGORICA, and
demonstrates in these two cases that all morphisms initially, i.e. in the absence of any further algebraic
equivalences, correspond to monomorphisms and epimorphisms, respectively. Figure 7 shows that,
by imposing the algebraic equivalence (fog1:Z = Y) = (fogy: Z — Y) in the former case and
(g10f: X —=Z)=(g20f:X — Z) in the latter case, one is able to force the morphism f: X — Y
to cease to be a monomorphism in the former example, and to cease to be an epimorphism in the
latter example. Finally, Figure 8 demonstrates that one is able to restore the status of morphism
f: X — Y as a monomorphism (in the former case) or an epimorphism (in the latter case) by impos-
ing the additional algebraic equivalence (g1 : Z — X) = (g2 : Z — X) (for the monomorphism case)
or(g1: Y —Z)=(g2:Y — Z) (for the epimorphism case). Note that any morphism that is both a
monomorphism and an epimorphism is known as a bimorphism (the category-theoretic analog of a
bijective function), and CATEGORICA contains in-built functionality for detecting and manipulating
bimorphisms in much the same way.

category = AbstractCategory[<|gl - {Z, X}, 82 {Z, X}, f = {X, Y} |>] category2 = AbstractCategory[<|f - (X, Y}, gl » (Y, Z}, g2~ (Y, Z}>]
Commutative Diagram: False e Diagram: False
Absr'athateg°ry[ ﬁo Objects: 3 Morphisms: 8 ] AbS"“tcateg“Y[ Morphisms: 8
category ["ReducedLabeledGraph"] category2["ReducedLabeledGraph"]
Y
[0]
f
a1
. 7592~ x
z
category ["ReducedMonomorphisms"] category2["ReducedEpimorphisms"]
(|gl-True, g2 True, f-True, fogl > True, fog2 - True, Z- True, X > True, V- True|) (|f-True, gl > True, g2 True, glof > True, g2 f - True, X > True, ¥ > True, Z - True|)

Figure 6. On the left, the AbstractCategory object corresponding to the basic diagrammatic setup
of a monomorphism, showing that all morphisms are initially monomorphisms. On the right, the
AbstractCategory object corresponding to the basic diagrammatic setup of an epimorphism, showing
that all morphisms are initially epimorphisms.
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category = AbstractCategory[<|gl -~ {Z, X}, 82 {Z, X}, = (X, Y}|>, {}, {(fogl = fog2)]
AbstractCategory| & o

category ["ReducedLabeledGraph"]

ative Diagram: False

category ["ReducedMonomorphisms"]

(|gl~True, g2 True, f - False, fog2 - True, Z- True, X > True, ¥ > True|)

category2 = AbstractCategory[<|f » {X, Y}, gl (Y, Z}, g2 {Y, Z} >, {}, {glof =g20f}]
Co

category2["ReducedLabeledGraph"]
g2 ZO

f

/e Diagram: False

Abstractcategory[

(X Q

category2["ReducedEpimorphisns"]

(| f > False, gl - True, g2 - True, g2 f - True, X > True, ¥ > True, Z > True|)

d0i:10.20944/preprints202403.1479.v1

Figure 7. On the left, the AbstractCategory object corresponding to the basic diagrammatic setup of
a monomorphism, with the additional algebraic equivalence f o g = f o g» imposed, showing that
morphism f has now ceased to be a monomorphism. On the right, the AbstractCategory object
corresponding to the basic diagrammatic setup of an epimorphism, with the additional algebraic
equivalence g1 o f = g7 o f imposed, showing that morphism f has now ceased to be an epimorphism.

category = AbstractCategory[<|gl - {Z, X}, 82 {Z, X}, > (X, Y} >, {}, {fogl=fog2, gl =g2}] category2 = AbstractCategory[<|f - (X, Y}, gl (Y, Z}, g2 (Y, Z} >, ()}, (glOf = g20f, gl = g2})

L7 ovjec:3 Morphisms: 8

category2["ReducedLabeledGraph"]

Abs:rac:Ca:egery[

category2["ReducedEpimorphisms"]

category ["ReducedMonomorphisms" ]

¢<|g2 > True, f-True, fog2-True, Z- True, X > True, ¥ - True|) (| f>True, g2 True, g20f > True, X True, ¥ > True, Z - True|)

Figure 8. On the left, the AbstractCategory object corresponding to the basic diagrammatic setup
of a monomorphism, with the additional algebraic equivalences f o g = f o g and g1 = g» both
imposed, showing that morphism f has now returned to being a monomorphism. On the right, the
AbstractCategory object corresponding to the basic diagrammatic setup of an epimorphism, with the
additional algebraic equivalences g1 o f = g2 o f and g1 = g» both imposed, showing that morphism f
has now returned to being an epimorphism.

An important special case of monomorphisms are sections [38,41]: morphisms that possess left
inverses (and hence which are, themselves, right inverses of some other morphism). Likewise, an
important special case of epimorphisms are retractions: dual to sections, these are morphisms that
possess right inverses (and hence which are, themselves, left inverses of some other morphism).
Specifically, if the morphisms f : X — Y and g : Y — X in the category C aresuch that fog:Y — Y
is the identity morphismon Y (i.e. (fog:Y —Y) = (idy : Y — Y)), then f : X — Y is a retraction of
g:Y—=X,andg:Y — Xisasectionof f: X — Y:

V(f: X —=Y) €hom(C), (f : X = Y) is a retraction

= 3(g: Y = X) € hom(C), such that (fog:Y—=Y)=(idy:Y—Y) (31)

or, illustrated diagrammatically, a retraction is a morphism f : X — Y such that one has:
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idy idy idy ;
N N N
x~ Ty s x~ Ty = fog=idy . (32)
U1 (-
gof fog gof

Similarly, if go f : X — X is the identity morphism on X (i.e. (¢o f: X = X) = (idx : X — X)) then
f: X —>Yisasectionof g: Y — X,and g: Y — X isaretractionof f : X — Y

V(f: X —=Y) €hom(C), (f : X = Y) is a section
— 3(g:Y = X) € hom(C), such that (gof: X —=X)=(idx: X — X), (33)

or, illustrated diagrammatically, a section is a morphism f : X — Y such that one has:

idx idy idy
(1 (1 Al
X~ Ty o gy X Yy (34)
gof fog fog

These category-theoretic notions of retractions and sections are so-named because they naturally
generalize the corresponding notions in topology, wherein one considers retractions of topological
spaces into subspaces to be continuous maps that preserve all points in the subspace (and for which
the corresponding inclusion maps of the subspaces into the original spaces, such that the compositions
of the two maps always reduce to the identity maps on the subspaces, would be sections) [42,43].
Figure 9 illustrates the basic diagrammatic setup for both retractions and sections in CATEGORICA,
and demonstrates that initially (in the absence of any further algebraic equivalences) no morphisms,
with the exception of identity morphisms, are either retractions or sections, and therefore that no
morphisms, with the exception of identity morphisms, possess either left or right inverses. However, by
imposing the algebraic equivalence (fog:Y — Y) = (idy : Y — Y), one is able to force the morphism
f : X — Y to be a retraction (and hence to possess the morphism g : Y — X as its right inverse), as well
as to force the morphism g : Y — X to be a section (and hence to possess the morphism f : X — Y as
its left inverse). It is therefore straightforward to prove, using CATEGORICA’s diagrammatic theorem-
proving capabilities, that every section is necessarily a monomorphism (i.e. that the existence of a left
inverse necessarily implies left-cancellativity) and that every retraction is necessarily an epimorphism
(i.e. that the existence of a right inverse necessarily implies right-cancellativity).
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[ = category = AbstractCategory[<|f > {X, Y}, g {Y, X} |>]

in[ ]= category ["ReducedLabeledGraph"]

Commutative Diagram: False

out[«]= Abstractcategcry[ Objects: 2

Morphisms: 6 }

fog

Y

®,

oul J- (| f > False, g > False, gof - False, fog - False, X > True, ¥ True|)

out[+]=
out+]

X
QN

/\
X 9
ggfj

in[ ]:= category ["ReducedRetractions"]

= category ["ReducedSections"]

ouf J- ¢|f > False, g > False, gof > False, fog- False, X > True, Y- True|)

in[ ]:= category ["ReducedLeftInverses"]

oul 1= <[ £ (), g~ (}, g8oF > (}, fog- (), X» (X}, V> (V) >

inl-]:= category ["ReducedRightInverses"]

ouf-J- ¢|f>{}, 8> {}, gof>{}, fog-{}, K> (X}, Y5 (V1]

inl = category2 = AbstractCategory[<|f » {X, Y}, g {Y, X} >, {}, {fog= \7}]

in[ ]= category2["ReducedLabeledGraph"]

Commutative Diagram: False

outf-]= AbstractCategory[ s

Morphisms: 6 ]

In[ ]= category2["ReducedRetractions"]

outl J= (|f - True, g - False, gof - False, Y- True, X > True|)

In[ ] category2["ReducedSections"]

outl J- (| f - False, g True, gof - False, Y- True, X True|)

In[ ]:= category2["ReducedLeftInverses"]

outl 1= (| f>{}, g (f}, gof-> (), Yo (¥}, X> (X} ]

In[ = category2["ReducedRightInverses"]

outl-J= (| f> (g}, g~ {}, gof-{}, Vo (¥}, X5 (X} ]

d0i:10.20944/preprints202403.1479.v1

Figure 9. On the left, the AbstractCategory object corresponding to the basic diagrammatic setup of
a retraction/section, showing that initially no morphisms (except for identity morphisms) are either
retractions or sections, and therefore that no morphisms (except for identity morphisms) possess
either left or right inverses. On the right, the AbstractCategory object corresponding to the basic
diagrammatic setup of a retraction/section, with the additional algebraic equivalence f o g = idy
imposed, showing that morphism f has now become a retraction, and morphism g has now become a
section, with f being the left inverse of ¢ and g being the right inverse of f.

A morphism that acts as both a retraction and a section (and therefore which both is, and
also possesses, a left and right inverse) is known as an isomorphism. Specifically, if the morphism
f X = Y in the category C is such that there exists another morphism g : Y — X such that both
go f: X — Xis the identity morphismon X (ie. (o f: X — X) = (idx : X - X))and fog: Y —» Y
is the identity morphismon Y (i.e. (fog:Y = Y) = (idy : Y — Y), then f : X — Y is an isomorphism
(as, correspondingly, is g : Y — X):

V(f: X —=Y) € hom(C), (f : X = Y) is an isomorphism

= 3(g:Y = X) € hom(C), such that (gof: X —=X)=(idx: X — X)
and (fog:Y—=Y)=(idy:Y—=Y), (35
or, illustrated diagrammatically, an isomorphism is a morphism f : X — Y such that one has:
id id
n_L_.q Ay
X Y — gof=idx & X Y D fog=idy . (36)
V1 ;
gof fog

A category in which all morphisms are isomorphisms is known as a groupoid, since the morphisms
of a groupoid consisting of a single object trivially form a group under the operation of morphism
composition [44] (with the associativity and identity axioms deriving from the underlying axioms of
category theory, and the inverse axiom deriving from the existence of both left and right inverses for
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each morphism), and therefore the morphisms of a groupoid consisting of multiple objects may be
thought of as forming an abstract generalization of a group in which the group operation is partial,
i.e. only well-defined for particular pairs of elements. Groupoids are particularly widely-studied
in algebraic topology and homotopy theory, wherein the fundamental groupoid of a topological space
generalizes the more traditional fundamental group to the case where one does not necessarily fix
a single distinguished base point [45]. Much like in the case of commutative diagrams discussed
previously, CATEGORICA is able to use purely graph-theoretic algorithms to compute the minimum set
of morphism equivalences necessary to force the category shown above to be a groupoid, as well as to
prove that these equivalences are indeed sufficient to do so, as shown in Figure 10. However, once
the initial category is even marginally more complex than this, the task of determining the minimum
set of algebraic conditions necessary for the category to be groupoidal quickly evolves to be highly
non-trivial; for instance, for the case of a three-object category of the form:

f Y gt
N @
f g
one must consider not only the conditions necessary to force the morphisms f : X — Yand g:Y — Z
(and hence also the morphisms f~1: Y — X and ¢~! : Z — Y) to be isomorphisms, namely:

fof ™ fof t=idy
Al Al
f—l Y g—l f—l Y g—l
ﬁf PAPN SN
idx C X Z flof=idy C X V4
v
flof
i.e:
(f*lof:X—>X):(idX:X—>X), and (foffle%Y):(idy:Y%Y), (39)
and:
g log g log=idy
(1 (1
£l Y ¢! £ Y ¢!
— , 40
VZ2 0\ VN @
X Z Didz X Z D gog~l=idy
U
gog™?
ie:

(s7'og:Y = Y)=(idy:Y>Y), and (gog':Z—Z)=(idz:Z—~7), (1)

respectively, but also the conditions necessary to force the resulting pair of composite morphisms
gof:X— Zand f~1og™':Z — X to be isomorphisms as well, namely to collapse:

d0i:10.20944/preprints202403.1479.v1
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f—l Y Xl
, (42)

VRN
(flogM)o(gef) & X ——————— Z D (gof)o(fTog™)
v — U
idx f og idy
down to:

= ﬁ \ , (@3)

gof

(flog Vo(gof)=idy & X ————— Z D (gof)o(f log~")=idz

flog™!

in addition to any relevant permutations thereof. Nevertheless, the generality of CATEGORICAs
algebraic reasoning algorithms ensures that it is able to handle such cases in exactly the same way, as
demonstrated in Figure 11.

category = AbstractCategory[<|f - {X, Y}, g~ (Y, X}|>]

Commutative Diagram: False
F=8 ovjects:2

Abstractcategory[ Morphisms: 6

inl = category2 = AbstractCategory[<|f » {X, Y}, g~ {Y, X} >, {}, {gof = X, fog= \7}]

Commutative Diagram: True
808 Objects: 2

category ["ReducedLabeledGraph"]

_ outf] Abstractcategory[ Morphisms: & ]

QO_ 0O

category2["ReducedLabeledGraph"]
X Y

S S T==110

in[ = category2["ReducedIsomorphisms"]
category ["ReducedIsomorphisms"]

Q

- . outl J- (| f > True, g True, X > True, ¥ True|)
(| f - False, g False, gof - False, fog- False, X True, Y- True|)

[+]:= " "
category ["ReducedInverses"] il J= category2["ReducedInverses"]

(f->1), 8> (), g0f> (), fog- (1, X> (X}, V> (V1]

category ["GroupoidQ"]
False
category ["ReducedGroupoidEquations™]

(gof =%, fog=7Y)

= (| Fog), g (f}, X (X}, Y (V3>

J:= category2["GroupoidQ"]

il J- True

[ ]= category2["ReducedGroupoidEquations"]

= {}

Figure 10. On the left, the AbstractCategory object corresponding to a simple (not yet groupoidal)
category, showing that initially no morphisms (except for identity morphisms) are isomorphisms, and
therefore that no morphisms (except for identity isomorphisms) possess inverses, hence illustrating
that the category is not a groupoid and showing that the morphism equivalences go f = idx and
fog=
the right, the AbstractCategory object for the groupoidal case of the same category, with the morphism
equivalences go f = idx and f o ¢ = idy imposed, showing that the morphisms f and g have now
become isomorphisms, with f being the inverse of g and g being the inverse of f, hence demonstrating
that these equivalences are indeed sufficient to force the category to be groupoidal.

idy are the minimal algebraic conditions necessary to force the category to be groupoidal. On
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category2 = AbstractCategory[<|f » (X, Y}, g (Y, Z}, f2 (Y, X}, 82 (Z, Y} 1>, (),

category = AbstractCategory[<If = (X, Y}, g (Ys Z), f2 (¥s X)s g2+ (Zs V3 1) {(g20p)0f =, (gof)0f2 =g, (f20g2) O = f2, (fOf2) 082 = g2, (f2082) © (g0 ) = f20f, f20f =X, fof2=g20g,
: — (fof2) 0 (g208) = g20g, (g20g) © (fOf2) = g20g, g20g =¥, (g0f) 0 (f20g2) = gog2, g0g2 = 7}]

AbstractCategory| 13 Rt Sy O e nl

Avstractcategory| 1 Rt * omname:21 |

x 9092 category2("ReducedLabeledGraph™]
f2092) f) f2092) X 7
(209 )Ogy gof \gg%b( 0g92) X gof z
—_—
x 2092 z Cx 2092 ZO
Aotk

ol X7

o9

Y

(9209)8(f @g fof2 Q
(fof2)elg209)

Y
category ["Groupoida"]

category ! edLabeledGraph"]

category2["GroupoidQ"
False
True

dGroupoidequations”]
category2["ReducedGroupoidEquations"]

820 , (gof)of2=g, (f2082)0g=f2, (fof2)og2= g2, (f2082) 0 (gof) = f20f, f20f =X,
fof2=g20g, (fof2) o (g208) = 208, (B208) © (FOF2) = 208, g20g =V, (E0F) © (F2082) = gOE2, EOE2 = 2} 13

Figure 11. On the left, the AbstractCategory object corresponding to a slightly more complex (not yet
groupoidal) category, illustrating that the category is not a groupoid and computing the minimum
set of morphism equivalences necessary to force the category to be groupoidal. On the right, the
AbstractCategory object for the groupoidal case of the same category, with the aforementioned
morphism equivalences imposed, demonstrating that these equivalences are indeed sufficient to force
the category to be groupoidal.

Dual constructions of this general kind, such as monomorphisms vs. epimorphisms, retractions
vs. sections, etc., are ubiquitous throughout category theory, and can be investigated systematically
using the “DualCategory” property of AbstractCategory objects in the CATEGORICA framework (e.g. a
morphism that registers as a monomorphism within a particular AbstractCategory object will register
as an epimorphism in the corresponding AbstractCategory object returned by the “DualCategory”
property, etc.). A very straightforward example of a dual construction is that of initial vs. terminal
objects; an initial object X in the category C is an object such that, for every object P (including X itself)
in C, there exists a unique outgoing morphism f : X — P:

VX € ob(C), X is an initial object = VP € ob(C), 3(f: X - P) € hom(C),
(44)
or, illustrated diagrammatically:

X -l WP (45)

Dually, a terminal object X in the category C is an object such that, for every object P (including X
itself) in C, there exists a unique incoming morphism f : P — X:

VX € ob(C), X is a terminal object
= VP € ob(C), A(f:P— X) € hom(C), (46)

or, illustrated diagrammatically:

vp ---- y X . (47)

Initial and terminal objects generalize many key construction in pure mathematics [38,46], such as the
bottom /minimal and top/maximal elements | and T of partially-ordered sets (since, if one considers a
category C constructed from a given poset P whose objects are elements of P and where the morphism
f: X = Yexistsin C if and only if X <Y in P, then the bottom/minimal element L is an initial object
and the top/maximal element T is a terminal object in the category C), and the empty and point
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spaces & and * in topology (since, if one considers the category Top whose objects are topological
spaces and whose morphisms are continuous functions between them, then the empty space @ is an
initial object in Top because there exists a unique continuous function mapping the empty space to
any other topological space, and the point space * is a terminal object in Top because there exists a
unique continuous function mapping any topological space to the point space). If we take the simple
triangular diagram case that we have investigated previously:

idy
(1
Y

N -

idXC X T Z DidZ

then it is easy to see that X here is an initial object, and, dually, that Z is a final object, as illustrated by
the elementary CATEGORICA implementation shown in Figure 12. However, a slightly more subtle
refinement of the concept of an ordinary initial object is that of a strict initial object, namely an initial
object X for which all incoming morphisms f : Q — X (where Q is an arbitrary object in the category
C) must be isomorphisms:

VX € ob(C), X is a strict initial object
= VP € ob(C), 3(f : X = P) € hom(C), and

YQ e ob(C),  V(g:Q — X) € hom(C), a(gfl X o Q) € hom(C),  such that,
(gog_lzX%X) = (idx:X = X),  and (g_log:Q%Q) = (ido: Q— Q), (49)

or, illustrated diagrammatically:

vg 88 Y=idyx
Y (\ 3
togida C VQ *X ey v (50)
-

Dually, a strict terminal object is a terminal object X for which all outgoing morphisms f : X — Q
(where Q is again an arbitrary object in the category C) must be isomorphisms:

VX € ob(C), X is a strict terminal object ,
= VP € ob(C), 3(f: P — X) € hom(C), and

VQ € ob(C), V(g: X — Q) € hom(C), El(gf1 Q- X) € hom(C), such that
(gog_le%Q) = (idg:Q—Q), and (g_log:X%X) = (idx : X = X), (51)

or, illustrated diagrammatically:

! e
VP ----"-me-- + X VQ D gog=idg . (52)

d0i:10.20944/preprints202403.1479.v1
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inl = category = AbstractCategory[<|f » {X, Y}, g~ {Y, Z}|>] In[ = category2 = AbstractCategory[<|f » {X, Y}, g~ {Y, Z}|>]
Commutative Diagram: True o= Commutative Diagram: True
Out[«]= AbStrathategorY[ Objects: 3 Morphisms: 6 outl-] AbStrathategory[ Objects: 3 Morphisms: 6
In[ ]= category ["ReducedLabeledGraph"] In[ ]= category2["ReducedLabeledGraph"]
V4 V4
ZO
909 Z/D 99
g g9

Out[«]=
f f
(Y i

In[ ]= category2["ReducedTerminalObjects"]

out]-]=

In[ ]= category ["ReducedInitialObjects"]

out[ ]= <|X > True, Y » False, Z > False|> out[ ]= <|X > False, Y > False, Z > True|>

Figure 12. On the left, the AbstractCategory object corresponding to a simple triangular diagram,
showing that object X is an initial object. On the right, the same AbstractCategory object correspond-
ing to the same simple triangular diagram, showing that object Z is a terminal object.

Returning again to the simple triangular diagram above, and introducing either a new incoming
morphism & : Q — X to the initial object X, or a new outgoing morphism  : Z — Q from the terminal
object Z (along with corresponding morphisms k=1 : X — Qor k™! : Q — Z in the reverse directions,
respectively), i.e:

, (53)

or:

, (54)

idx C X

(hog)of

respectively, we see that, in the first case, X ceases to be a strict initial object (since the incoming
morphism h : Q — X is not an isomorphism), and in the second case, Z ceases to be a strict terminal
object (since the outgoing morphism 4 : Z — Q is also not an isomorphism), as demonstrated in Figure
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13. Indeed, X and Z are no longer initial/terminal objects even in the non-strict sense, due to the
existence of multiple (currently algebraically inequivalent) outgoing morphisms:

(F:X—>Y)# ((foh)ohil:X—>Y),
and  (gof:X = Z) £ ((gof)o (hoh—l) :X%Z), (55)

from X to Y and from X to Z in the former case, and multiple (currently algebraically inequivalent)
incoming morphisms:

(§:Y — Z) ((hiloh)og:Y%Z)
and  (gof:X > Z) # ((h*l oh) o(gof): X — z), (56)
from Y to Z and from X to Z in the latter case. However, if we now impose the pair of algebraic
equivalences:
(hoh™':X = X) =(idx:X—>X), and (h'oh:Q—Q)=(idg:Q—Q), (7

thereby ensuring that:

(Fomyon™:X—Y)=(f: X—Y),
and  ((gof)o(hoh™):X—2)=(gof: X ~7), (9

in the former case, and the pair of algebraic equivalences:

(h‘loh:Z—>Z):(idZ:Z—>Z), and (hoh_l:QéQ):(idQ:Q%Q), (59)

thereby ensuring that:

((h_loh) og:Y—)Z) =(g:Y—2),
and ((h*loh) o(g0f): X — z) —(gof:X—=7Z), (60)
in the latter case, then morphisms i : Q — X and I : Z — Q (as well as their corresponding reverse

morphisms 4! : X — Qand h™! : Q — Z, respectively) now become isomorphisms, collapsing the
above diagrams to:
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§ , (61)
hloh=idp /_\ X Z id
1= h y ene(rrT)=gef o
hoh—1=idy
(§of)oh
and:
f , (62)
idy C X Z Q D hohl=idg

(hfloh)o(gof):gof U h
hloh=idy

(hog)of

respectively, and therefore causing X and Z to be strict initial and terminal objects, respectively, as
illustrated in Figure 14. Any object that is both an initial object and a terminal object simultaneously is
known as a zero object (and, by extension, any object that is both a strict initial object and a strict terminal
object simultaneously is known as a strict zero object), and shares certain structural features in common
with the point space object * in the category Top. of pointed topological spaces (i.e. topological spaces
with a distinguished base point). Categories that contain zero objects are consequently referred to as
pointed categories. CATEGORICA also has specialized functionality for handling zero objects, strict zero
objects and pointed categories built into the AbstractCategory function.
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category = AbstractCategory[<|f - {X, Y}, g {Y, Z}, 1 - {Q, X}, j > {X, Q}|>]
Commutative Diagram: False
3@" Obijects: 4

category ["ReducedLabeledGraph"]

(gof)oi

Abstractcategory[ Morphisms: 16

Xt

/_;'__Q/ 2 gof

X __(gohe(ie))

fei)ej
oi

- category ["ReducedInitialObjects"]

z:)z

<|X -» False, Y » False, Z - False, Q » False|>

category ["ReducedStrictInitialObjects"]

<X~ False, Y- False, Z - False, Q- False|>

category2 = AbstractCategory[<|f » {X, Y}, g > {Y, Z}, i~ {Z, Q}, j » {Q, Z} ]
Commutative Diagram: False
@ Objects: 4

category2["ReducedLabeledGraph"]

(ieog)of

AbstractCategory[ Morphisms: 16 ]

category2["ReducedTerminalobjects"]

<X False, Y- False, Z - False, Q- False|>

category2["ReducedStrictTerminalObjects"]

<X False, Y- False, Z - False, Q- Falsel>

d0i:10.20944/preprints202403.1479.v1

Figure 13. On the left, the AbstractCategory object corresponding to the simple triangular diagram
from before, with new incoming and outgoing morphisms i and j added between the objects X and
Q, showing that X has now ceased to be a (strict) initial object. On the right, the AbstractCategory
object corresponding to the simple triangular diagram from before, with new incoming and outgoing
morphisms i and j added between the objects Z and Q, showing that Z has now ceased to be a (strict)
terminal object.

category = AbstractCategory[(lf-v {X, Y}, g (Y, Z}, 1 {Q, X}, 3 {X, Q} >, {},
{iej=%,joi=Qq, (gof)ok=gof, (foi)oj=f}]

C tative Di True
AbstractCategory| [ & UL 2T

category2 = AbstractCategory[<|f - {X, Y}, 8- (Y, Z}, i~ (Z, Q}, 3 = {Q, Z} >, {},
{iej=q, joi=2, Zog=g, Zo (g0f) =gof}]

Commutative Diagram: True
Morphisms: 16 ] AbSVaCtCatEEOFY[ “@3 Objects: 4 Morphisms: 15 ]

category ["ReducedLabeledGraph"]

(gof)ei

category2["ReducedLabeledGraph"]

(iog)of

category ["ReducedInitialobjects"]

category2["ReducedTerminalobjects"]

<X - True, Y - False, Z - False, Q - True|> <X~ False, Y- False, Z - True, Q- True|>

category ["ReducedStrictInitialObjects"] category2["ReducedStrictTerminalObjects"]

X -True, Y- False, Z - False, Q- Truel>

<X - False, Y False, Z- True, Q- True|>

Figure 14. On the left, the AbstractCategory object corresponding to the simple triangular diagram
from before, with new incoming and outgoing morphisms i and j added between the objects X and Q,
along with the morphism equivalences i o j = idx and jo i = idg (as well as their corollaries), showing
that X is now a strict initial object. On the right, the AbstractCategory object corresponding to the
simple triangular diagram from before, with incoming and outgoing morphisms i and j added between
the objects Z and Q, along with the morphism equivalences i o j = idg and j o i = idz (as well as their
corollaries), showing that Z is now a strict terminal object.

The final example of a dual construction that we shall discuss within the context of the present
section, due to its close relationship with the monomorphism vs. epimorphism duality discussed
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previously, is that of constant vs. coconstant morphisms. If the morphism f : X — Y in the category C is
such that, for all objects Z and all pairs of morphisms g; : Z — X and g, : Z — X, one necessarily has
that (fog1:Z = Y)=(fog:Z —Y),then f: X — Y is a constant morphism:

V(f: X —=Y) € hom(C), (f : X = Y) is a constant morphism,
= VZ € ob(C), V(g1:Z— X),(g2:Z— X) € hom(C),
one has (fogq1:Z—=Y)=(fog:Z—Y), (63

or, illustrated diagrammatically, one has:

787N
— Y

Z / — 'Y
W fog1=fog2
foga

Note that this is identical to the diagram that appears in the hypothesis of the definition of a monomor-
phism (and therefore we may say, slightly loosely, that a monomorphism is a constant morphism for
which one necessarily has that (g1 : Z — X) = (g2 : Z — X)). Dually, if the morphism f : X — Y in
the category C is such that, for all objects Z and all pairs of morphisms g1 : Y = Zand g : Y — Z, one
necessarily has that (g0 f: X = Z) = (gpo f : X — Z), then f : X — Y is a coconstant morphism:

V(f: X —=Y) €hom(C), (f : X = Y) is a coconstant morphism,
= VZ € ob(C), V(g1:Y—=Z),(g2:Y = Z) €hom(C),
one has (g1of: X—=2Z)=(gof: X—Z), (65

or, illustrated diagrammatically, one has:

Y 82 Y 82
)2 x - 1 x . (66)
81 81
X ~_ §ef ‘ X g10f=g20f z
820f

Note that this is, likewise, identical to the diagram that appears in the hypothesis of the definition of an
epimorphism (and therefore we may also say, again slightly loosely, that an epimorphism is a coconstant
morphism for which one necessarily has that (g1 : Y — Z) = (g2 : Y — Z)). Constant morphisms are
so-named because they generalize the notion of constant functions in mathematical analysis (and,
accordingly, coconstant morphisms may be thought of as generalizing the notion of zero-maps in
analysis); any morphism that is both a constant morphism and a coconstant morphism is known
as a zero morphism, since such morphisms share certain key algebraic properties with morphisms
mapping into and out of zero objects (by the same token, constant morphisms share certain algebraic
properties with morphisms mapping into terminal objects, and coconstant morphisms share certain
algebraic properties with morphisms mapping out of initial objects) [47]. Figure 15 illustrates the basic
diagrammatic setup for both constant and coconstant morphisms in CATEGORICA, and demonstrates
that initially (in the absence of any further algebraic equivalences) the morphism f : X — Y isnota
constant morphism (in the former case), or not a coconstant morphism (in the latter case), and hence
also not a zero morphism (in either case). Figure 16 shows that, by imposing the algebraic equivalence
(fog1:Z—=Y)=(fog:Z—Y)intheformercaseand (g10f: X = Z) = (g20f: X = Z) inthe
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latter case, one is able to force the morphism f : X — Y to be a constant morphism in the former
example, and to be a coconstant morphism in the latter example, and therefore a zero morphism in
both examples.

category = AbstractCategory[<|gl= {Z, X}, 82 (Z, X}, f= (X, Y} ]
co
L2 o

category ["ReducedLabeledGraph"]

n: False

Abstrectcategory[

category ["ReducedConstantMorphisms"]

¢|gl-True, g2 > True, f - False, fogl-True, fog2 - True, Z- True, X - False, ¥ - False |)

category ["ReducedZeroMorphisms"]

¢|gl - True, g2 > True, f - False, fogl - True, fog2- True, Z- False, X - False, ¥ - False|)

category2 = AbstractCategory[<|f - {X, Y}, gl (Y, Z}, g2 (Y, Z} )
AbstractCategory| 2 s

category2["ReducedLabeledGraph"]

ram: False

(X

category2["ReducedCoconstanthorphisns"]

(| f > False, gl - True, g2 > True, glof - True, g2of - True, X - False, ¥ > False, Z - True|)

category2["ReducedZeroMorphisns"]

(| f > False, gl - True, g2 > True, glof - True, g2o f - True, X - False, ¥ - False, Z - False|)

Figure 15. On the left, the AbstractCategory object corresponding to the basic diagrammatic setup of a
constant morphism, showing that initially morphism f is not a constant morphism, and hence also not
a zero morphism. On the right, the AbstractCategory object corresponding to the basic diagrammatic
setup of a coconstant morphism, showing that initially morphism f is not a coconstant morphism, and
hence also not a zero morphism.

category = AbstractCategory[<|gl - {Z, X}, g2 {Z, X}, = (X, Y} >, {}, {fogl = fog2}]

Commutative Diagram: False
ﬁ Objects: 3 Morphisms: 8

category2 = AbstractCategory[<|f - (X, Y}, g1~ (Y, Z}, 82 {Y, Z} |>, {}, {g1Of = g20}]
Ahs:rac:c:ategory[ ﬂ s

category2["ReducedLabeledGraph]

tive Diagram: False

AhstractCategory[

category ["ReducedLabeledGraph"]

Y

z
fo Y/D g2 Zi)

f

g1l
= z 92> x o X Y
z X O
category2["ReducedCoconstantMorphisms"]

category ["ReducedConstantMorphisms"]

(|gl-True, g2 - True, f - True, fog2 > True, Z - True, X - False, ¥ - True|) ¢|f>True, gl True, g2 > True, g20f - True, X > True, ¥ - False, Z - True|)

category ["ReducedZeroMorphisms"] category2["ReducedZeroMorphisms"]

(| f>True, gl True, g2 True, g20 f - True, X - True, ¥ > False, Z - False|)

(|gl - True, g2 > True, f - True, fog2 - True, Z- False, X - False, Y > True|)

Figure 16. On the left, the AbstractCategory object corresponding to the basic diagrammatic setup of
a constant morphism, with the additional algebraic equivalence f o g; = f o go imposed, showing that
morphism f has now become a constant morphism, and hence also a zero morphism. On the right, the
AbstractCategory object corresponding to the basic diagrammatic setup of a coconstant morphism,
with the additional algebraic equivalence g; o f = g» o f imposed, showing that morphism f has now
become a coconstant morphism, and hence also a zero morphism.

The AbstractCategory function in CATEGORICA also contains functionality for detecting and
manipulating many other special types of morphism, including endomorphisms (i.e. morphisms
mapping an object X to itself) through the “Endomorphisms” property and its variants, automorphisms (i.e.
isomorphisms between an object X and itself) through the “Automorphisms” property and its variants,
etc. There are also many other special types of category (beyond simply the groupoids and commutative
diagrams discussed thus far) that can be automatically detected and represented using CATEGORICA,
with AbstractCategory in many cases including specialized functionality for manipulating them,
including discrete categories (i.e. categories in which the only morphisms are identity morphisms)
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through the “DiscreteCategoryQ” property, indiscrete categories (i.e. categories in which there exists a
unique morphism between every pair of objects) through the “IndiscreteCategoryQ” property, balanced
categories (i.e. categories in which every bimorphism is also necessarily an isomorphism) through the
“BalancedCategoryQ” property, etc. Needless to say, many additional properties and capabilities are also
planned for future development. In many cases these properties have rather elegant mathematical
interpretations; for instance, discrete categories may be thought as being a natural category-theoretic
generalization of discrete topological spaces (i.e. topological spaces equipped with a discrete topology,
in which every subset is open), since in a discrete topological space the only allowable paths are the
identity paths from a point to itself, etc. However, in the interests of brevity, we will not cover these
additional capabilities in any detail here.

4. Functors and Fibrations

A homomorphism (i.e. a structure-preserving map) between two categories is known as a functor
[38,48] . More precisely, the map F : C — D from a category C to a category D is a functor if and only
if it associates every object X in category C to a corresponding object F(X) in category D, i.e:

VX € ob(C), JF(X) € ob(D), (67)
and every morphism f : X — Y in category C to a corresponding morphism F(f) : F(X) — F(Y) in
category D, i.e:

Y(f: X —Y) €hom(C), A(F(f) : F(X) = F(Y)) € hom(D), (68)
in such a way that the identity morphisms are all preserved, such that the identity morphism
idy : X — X onobject X in category C is always mapped to the identity morphismidx) : F(X) — F(X)
on object F(X) in category D, i.e:

VX €ob(C),  (F(idy) : F(X) = F(X)) = (idF(X) L F(X) — F(X)), (69)

and the composition of morphisms is also preserved, such that the composite morphism go f : X — Z
in category C (where f : X = Y and g : Y — Z are also morphisms in C) is always mapped to the
composite morphism F(g) o F(f) : F(X) — F(Z) in category D, i.e:

V(f: X—=Y),(g:Y—Z) €hom(C),
(F(gof): F(X) = F(Z)) = (F(g) o F(f) : F(X) = F(Z)). (70)

The functor construction may be illustrated diagrammatically by means of the following minimal
example:

idy id&”
9 F(Y)
NG e A &
F(X) e F(2)

.U gof U N (§)oF(f 1

idF(X) Z.dl:(Z)

(71)

Functoriality turns out to be an extremely powerful algebraic condition, and functors may consequently
be thought of as generalizing many central constructions in pure mathematics, including group actions
in the context of group theory (wherein one considers functors from single-object groupoids, i.e.
groups, to the category Set whose objects are sets and whose morphisms are set-valued functions),
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group representations in the context of representation theory (wherein one again considers functors
from groups/single-object groupoids, but now to the category Vect whose objects are vector spaces
and whose morphisms are linear maps), and tangent bundles in differential geometry (wherein one
considers functors from the category Man” whose objects are differentiable manifolds of smooth-
ness class C” and whose morphisms are p-times continuously differentiable maps, to the category
Vect(Man?) whose objects are vector bundles over the manifolds in Man” and whose morphisms
are vector bundle homomorphisms). Indeed, as mentioned previously, even categorical diagrams
themselves may be formalized as functors D : J — C from some index category/scheme J to an
arbitrary category C. Power sets in set theory (i.e. functors from the category Set of sets and set-valued
functions to itself) and fundamental groups in algebraic topology (i.e. functors from the category
Top. of pointed topological spaces and continuous functions between them, to the category Grp
of groups and group homomorphisms) constitute further examples of key functorial constructions
in mathematics that have previously been alluded to within this article. Figure 17 shows the im-
plementation of the minimal example presented above, along with a slightly larger example, in the
CATEGORICA framework using the AbstractFunctor function; much like with the AbstractCategory
objects themselves, CATEGORICA automatically keeps track of, and enforces, all necessary algebraic
equivalences between objects and morphisms within the codomain category of an AbstractFunctor
object that must be imposed in order to maintain consistency with the functor axioms described above.

functor = Abstractfunctor [ [AbstractCategory[<|f» (X, ¥}, g~ (¥, 2} 11] functor2 = AbstractFunctor [F [AbstractCategory[<|f - (X, Y}, €~ (Y, Z}, h~ (Z, W} >]1]

AbstractFunctor| B 7+ /7% Giss  opnensas vstractrunctor | 0 e+ o DT o]
functor ["FulllLabeledGraph"] functor2 ["FulllabeledGraph"]
Fiz) (F(h)©F(g)) OF(f)
3 ZfL) (hog)of (\9]
Flg)o (
99 Z/D F(f) o F(h)oF(g) (w)

g F X 1) _hog Ny PR FOpy FROFD 2

T G RV
(Y) 2)

functor2 ["Objectappings"]

functor ["ObjectMappings"]
AXSFIX), Yo FIY], ZF(Z], Wo FIW]

AXF(X], Yo F(Y], Z5F(Z] )

functor2 ["MorphismMappings"]

functor ["MorphismMappings"] <|f>F(fl, g>Flgl, h>F[h], gof>F(gl oF(f], hog-F[hloF(g],

(|f>F(f], g~>Flgl, gof>F(gloF(f], X>F(X], V>F(Y], Z5F(Z]|» (hog)of- (F[h]oF[g]) oF[f], X F[X], Y>F[Y], 25> F[Z], Wo F[W] |)

Figure 17. On the left, the AbstractFunctor object for a simple (three object, six-morphism) domain
category, showing the explicit mappings between objects and morphisms in the domain and codomain
categories. On the right, the AbstractFunctor object for a slightly larger (four-object, ten-morphism)
domain category, showing the explicit mappings between objects and morphisms in the domain and
codomain categories.

Although the formal definition presented above corresponds to the case of covariant functors
(namely functors which preserve the directions of morphisms, and hence which also preserve the
order of composition of morphisms), there also exists a dual notion of contravariant functors, which
obey analogous axioms but which reverse the directions of morphisms, and hence also reverse the
order of morphism composition. The definition of the mapping on objects remains unchanged from
the covariant case, but now every morphism f : X — Y in category C is mapped to a corresponding
morphism F(f) : F(Y) — F(X) in category D, i.e:

Y(f:X —Y)€hom(C),  3I(F(f):F(Y) = F(X)) € hom(D). (72)

The condition on identity morphisms is also unchanged from the covariant case, but now the composite
morphism go f : X — Z in category C (where f : X = Y and g : Y — Z are also morphisms in C) is
always mapped to the composite morphism F(f) o F(g) : F(Z) — F(X) in category D, i.e:
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V(f:X—=Y),(g:Y—Z)echom(C),
(F(go f): F(Z) = F(X)) = (F(f) o F(g) : F(Z) = F(X)). (73)

The contravariant functor construction may, just as before, be illustrated diagrammatically by means
of the following minimal example:

‘ idp(y)
ldy

n ol
Y

F(Y)
f 8 — F(g) F(f) . 74
X— 57 F(Z) F(X)
gof F(f)oF(g)
U U U 9
i iz idg(z) idp(x)

Just as covariant functors from the category Man” of differentiable manifolds and differentiable
maps to the category Vect(Man?) of vector bundles and vector bundle homomorphisms may be
used to generalize the construction of tangent bundles in differential geometry, the construction of
cotangent bundles may correspondingly be generalized using the corresponding contravariant functor
from Man? (or, more precisely, from its dual/opposite category (Man?)?) to Vect(Man’). Likewise,
the operation of taking dual spaces in linear algebra corresponds to the application of a certain
contravariant functor from the category Vect(K) of vector spaces and linear maps over some fixed
field K (or, more precisely, from its dual/opposite category (Vect(K))°F), to itself. Indeed, the power
set construction in set theory may in fact be formalized as either a covariant functor P : Set — Set
(as above), or as a contravariant functor P : Set’” — Set. The notion of presheaves on a space X
in algebraic topology may be formalized as a functor from the dual/opposite category C°7 of the
category C whose objects are open sets U C X and whose morphisms are inclusion maps U C V, to
Set; when appropriately extended to the case where the category C (and hence the domain category
C°P of the contravariant functor) is arbitrary, this yields the corresponding category-theoretic notion of
a presheaf, which is far more general. Figure 18 demonstrates a CATEGORICA implementation of the
corresponding contravariant versions of the two functors previously shown in Figure 17, obtained in
each case by setting the first argument of AbstractFunctor (i.e. the covariance argument) to False.
At any time, the dual version of any AbstractFunctor object may be computed directly using the
“SwapVariance” property (analogous to the “DualCategory” property of AbstractCategory objects), with
CATEGORICA automatically making any required modifications to the order of morphism composition
within all morphism equivalence lists, etc.
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functor2 ["0bjectMappings"]

AXSFIX], Y FIY], ZF(Z], W FW] D>

functor2 ["MorphismMappings"]
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functor = AbstractFunctor [False, F[AbstractCategory[<f - (X, Y}, g+ (Y, 2}P11] functor2 = AbstractFunctor [False, F[AbstractCategory[<|f - {X, Y}, g~ (¥, Z}, h- {Z, W}|>]]]
AbstractFunctor | £ /7 5 OO\, o ana T verine 66 AbstractRunctor | £ om o oEn PO
functor ["FulllLabeledGraph"] functor2 ["FullLabeledGraph"]

Fiz) (F(OF@)oFh)
5 (hog)of @
sor—7) T TR ; ;
X f Q hog W FWy R nFt) x5 FNOF@E) & o~

e}
)

«|f-F(f), g>F(g), h>F(h), gof>F(floF(g)], hog~F(g)oF(h),
(hog)of > (F(floF(g]) oF(h], X>F(X], Y>F(Y], Z>F(Z], W F(W] >

(|f>F(f], g>Flgl, gof>F[floF(g]l, X>F(X], Y>F(Y], ZoF(2] )

Figure 18. On the left, the contravariant AbstractFunctor object for a simple (three-object, six-
morphism) domain category, showing the explicit mappings between objects and morphisms in
the (dual) domain and codomain categories, illustrating reversal of the order of morphism composition.
On the left, the contravariant AbstractFunctor object for a slightly larger (four-object, ten-morphism)
domain category, showing the explicit mappings between objects and morphisms in the (dual) domain
and codomain categories, illustrating reversal of the order of morphism composition.

In its full form, and in the absence of any additional variance information, an AbstractFunctor
object is specified by the AbstractCategory object for its domain category, an association of object
mappings, an association of morphism (or, more precisely, arrow) mappings, a list of new objects in
the codomain category, a list of new morphisms (or, more precisely, arrows) in the codomain category,
a list of new object equivalences in the codomain category, and a list of new morphism equivalences in
the codomain category (as well as optional additional information regarding choices of composition
and identity symbols, as with AbstractCategory). Note, in particular, that all mappings take place at
the level of the underlying AbstractQuiver object, rather than on the AbstractCategory object itself,
so as to guarantee consistency with the composition/functoriality axioms. All algebraic equivalences
between objects and arrows/morphisms in the domain AbstractCategory object (or its underlying
AbstractQuiver object) are automatically translated into corresponding algebraic equivalences in the
codomain AbstractCategory object. We may therefore regard a functor F : C — D as corresponding
to a pair of (set-valued, since we are dealing here with small categories) functions, F,, and Fy,,,, with
the former mapping the set of objects in category C to the set of objects in category D and the latter
mapping the set of morphisms in category C to the set of morphisms in category D:

Fyp : ob(C) — ob(D), and Fiom : hom(C) — hom(D). (75)

This, in turn, presents (at least) two distinct ways in which functors may be classified as either
injective, surjective or bijective; namely, functors may be injective/surjective/bijective on objects,
or on morphisms, or on both, or on neither (depending upon the injectivity/surjectivity /bijectivity
properties of the functions F,; and Fy,,,). A simple way in which a functor may fail to be injective on
objects is by having two objects in the codomain category be equivalent which were not previously
equivalent in the domain category; for instance, consider the functor:
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. idp(y)
ldy

0 0l
Y F(Y)

f/ & - PW \F%’) , (76)

Xz F(X) F(2)
O gof @ U F(g)oF(f) U
i iz id(x) id(z)

plus the additional algebraic condition that F(X) = F(Y), imposed on the objects in the codomain
category D, such that one instead has:

7 & — F(X) = F(Y) F(Z) _ Didrz). (77)

Such a functor would no longer be injective, and hence also no longer bijective, on objects, although
its injectivity (and therefore bijectivity) on objects could nevertheless be restored by introducing a
corresponding algebraic condition X =Y on the objects in the domain category C, such that one
instead has:

idy—idy . idwﬁm F(g)
Q /\

X = Y/_\ Z Didy — F(X) = F(Y) F(Z) _ Didrz . (78)
f 8 E(f)  F(8)oF(f)

Figure 19 implements this basic example in CATEGORICA, demonstrating how functor injectivity on ob-
jects may be removed (by imposing the algebraic equivalence F(X) = F(Y) on objects in the codomain
category) and then subsequently reinstated (by imposing the additional algebraic equivalence X =Y
on objects in the domain category). Dual to this construction, a simple way in which a functor may fail
to be surjective on objects is by having a new object be introduced in the codomain category that did
not previously exist in the domain category; for instance, consider now the functor:

. idg(y) id

idy tap
N () n
Y P

E(Y)
N - ) )
FX) o F@)

.U gof U N (8)oF(f 1

ZdF(X) ZdF(Z)

(79)

Such a functor would no longer be surjective, and hence also no longer bijective, on objects, although
its surjectivity (and therefore bijectivity) on objects could nevertheless be restored by introducing a
new algebraic condition P = F(X) on the objects in the codomain category D, such that one instead

has:
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. idp(y)
ldy
n (1
Y V F(Y)
f/ x . F F(3) (80)
X — 7 F(X)=P F(Z)
D gof U N F(g)oF(f) 1)
idx idz idp(x)=idp idp(z)

Figure 20 implements this dual example in CATEGORICA, demonstrating now how functor surjectivity
on objects may be removed (by introducing the new object P in the codomain category) and then
subsequently reinstated (by imposing the algebraic equivalence P = F(X) on objects in the codomain
category), in much the same way.

functor = AbstractFunctor [AbstractCategory (<l f = (X, Y}, §= (Y, Z) 1], dX=FIX], Y= FIY], Z+F(Z1 b, £+ FIf], g+ FIg1 1>,
05 db, (FIX) = FIYD), 01
functor2 = AbstractFunctor [AbstractCategory[ <l f » (X, Y}, 8+ (Y, Z} b, (X= Y}, ()1, dXFIXI, Y= F[Y],
AbstractFunctor (7~ LT sy o0 ZoFIZIb, dF-FIfl, g2 FIBID, (s dbs (5 ()

nestractrunctor| /7o L LTS L

F(Y) functor2 ["ReducedLabeledoraph"]

z
o (),
> /-(g)\§ (z
/ / Fn Fgorn - Fa ) TO
A ()

F{Y)
F

g z. __fa__ F(z)
—gbr=z )% A FeoFn - F(Z‘D @

Q

|OFOh

functor ["InjectiveOnObjectsQ"] functor2 ["InjectiveonobjectsQr]

False True

functor ["BijectiveOnObjectsQ"] functor2 ["8ijectiveOnObjectsQ"]

False True

Figure 19. On the left, an AbstractFunctor object which is not injective, and hence not bijective, on
objects because of the additional algebraic equivalence F(X) = F(Y) being imposed on the objects of
the codomain category. On the right, the corresponding AbstractFunctor object with injectivity, and
hence bijectivity, on objects restored, by imposing the additional algebraic equivalence X = Y on the
objects of the domain category.

functor2 = AbstractFunctor [AbstractCategory[<|f = (X, Y}, g= (Y, Z} ), <X+ F[X], Y+ F[Y], ZaF[Z]]>, <|f+F[f], g+ Flgl ],
functor = AbstractFunctor [AbstractCategory[<|f = (X, Y}, g= (¥, Z)>], <X = F[X], Y= F[Y], Z=F(Z] 1>, <If=F(f], g=FIgl D>, {P}y <>y (P=F[X]}, (}]

s )
Abstractrunctor | 11 /7" + 4 LI Comn

344 Mophisms: 67

SCWZ g

tedaraph®) functor2 ["ReducedLabeledGrapht]

Fi2) F(2)

Flo1oFh—E() . D
z F z F(g) F(Z
f/_/ ~ F(X@ég N/ ” /W}/

. )
e

A '
ot XX Fif)
S o5 Fix @X)—~F‘(\Y>
" Y
P 7]

functor2 ["surjectiveonObjectsq"]
functor ["surjectiveonobjectsq") e
False

functor ["81jectiveonobjectsq") functor2 ["Bijectiveonobjectse"]

False True

Figure 20. On the left, an AbstractFunctor object which is not surjective, and hence not bijective, on
objects because of the additional object P being introduced within the codomain category. On the right,
the corresponding AbstractFunctor object with surjectivity, and hence bijectivity, on objects restored,
by imposing the additional algebraic equivalence P = F(X) on the objects of the codomain category.

However, there may nevertheless be cases in which a functor is only injective, surjective or
bijective on objects up to isomorphism, which in turn motivates the concepts of essential injectivity,
essential surjectivity and essential bijectivity. For instance, consider again the example presented above, in
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which a functor fails to be injective on objects because of an additional algebraic condition F(X) = F(Y)
that has been imposed on the objects in the codomain category D:

ldy
(1 idpx)=idpy)y
Y

y & > F(X) = F(Y) F(Z) _ Didrz) . (81)
) ~_

Now, rather than imposing the strict algebraic equality X = Y on the objects in the domain category C,
suppose instead that one introduces a new inverse morphism f~! : Y — X in C, such that:

(foffl:Y—m) = (idy:Y—=Y), and (f*lof;X—>X) = (idx: X = X),  (82)
and therefore the objects X and Y become isomorphic, thus yielding:

fof =idy
o=
\:J , (83)
f
X —>go 7 Z
U U
flof=idy idz

in the domain category, which maps to:

idpc)=idrcy)  p(g)

Q Y
— F(f1) C F(X)=F(Y) F(Z) [ Didrz), (84)
U \_/
F(f) F(g)oF(f)
in the codomain category. Then, the resulting functor would still not be strictly injective, nor strictly
bijective, on objects, but it would be essentially injective, and hence essentially bijective (i.e. injec-
tive/bijective up to isomorphism). Figure 21 implements this example in CATEGORICA, showing how
essential injectivity may be reinstated by imposing the isomorphism X = Y on objects in the domain
category. Dually, consider again the previous example of a functor that fails to be surjective on objects
because of a new object P that has been introduced in the codomain category:

, idg(y) id

ldy ap
N () n
Y P

f/ & - FV o \F@ : (85)

X 37 F(X) F(Z)
) F(g)oF
Y gof N U (8)oF(f) U
idx idz id id
F(X) F(z)

Similarly, rather than imposing the strict algebraic equality P = F(X) on the objects in the codomain
category D, we can instead introduce a new pair of morphisms i : P — F(X) and j : F(X) — P, such
that:
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(ioj: E(X) — E(X)) = (idF(X) L F(X) — F(X)),
and (joi:P— P)=(idp:P — P), (86)

and therefore force the objects P and F(X) to be isomorphic, hence yielding:

(87)

in:idp(X) ldp(z)

Now, the resulting functor is still not strictly surjective, nor strictly bijective, on objects, but it is
essentially surjective, and hence essentially bijective (i.e. surjective/bijective up to isomorphism). Figure
22 implements this dual example in CATEGORICA, showing how essential surjectivity may be reinstated
by imposing the isomorphism P = F(X) on objects in the codomain category.

functor2 = AbstractFunctor [AbstractCategory[<|f » (X, Y}, g+ (¥, 2}, f2+ (Y, X} D>, (), {f20f =X, fof2=7}],
X FIX1, Yo FIY), ZFIZID, Af+FIF1, g FlED, f2FIf211, (s db, (FIX) =FOVI), 0]

Abstractfunctor | 0 77 + o7 DILENN
unctor = AbstractFunctor [AbstractCategory[d|f = (X, ¥), £ (¥, Z} 1, X FIX], Yo FIY], Z F(Z]1s, df = FIF], g Flg] D>,
0, db, (FIX = FIYD), 0
functor2 ["ReducedLabelederapht]

soseraccrunceor| & /7 P S F(Y)
O (961 2 O
z g (2 7 3
o (), O o SR )
C Ny o8 Fiz) o~y X
I ) “F@loFu) - F@) v —
xex e
(&
F(i )

functor ["EssentiallyInjectiveFunctorg] unctor2 ["EssentiallyInjectiveFunctorQ"]

False

functor ["EssentiallyBijectiveFunctorQ") unctor2 ["EssentiallyBijectiveFunctorq"]

False

Figure 21. On the left, an AbstractFunctor object which is not essentially injective, and hence not
essentially bijective, because of the additional algebraic equivalence F(X) = F(Y) being imposed on
the objects of the codomain category. On the right, the corresponding AbstractFunctor object with
essential injectivity, and hence essential bijectivity, restored, by introducing a new isomorphism X = Y
between objects of the domain category.
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tCategory [<If + (X, V), g+ (Y, Z) b1, X+ FIX], Y2 FIV], Z+FIZ) b, Af+FIf], g Flglb,

X1, Y+ FIY), Z+FIZ]1, df+Ff], g+ FlEl D,

(F@)oF(f)oi

)]o) éD =
5 ?f )
z
of —7)  FgFoi e 5 ; () __FaoFn "
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Qi
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Figure 22. On the left, an AbstractFunctor object which is not essentially surjective, and hence not
essentially bijective, because of the additional object P being introduced within the codomain category.
On the right, the corresponding AbstractFunctor object with essential sujrectivity, and hence essential
bijectivity, restored, by introducing a new isomorphism P = F(X) between objects of the codomain
category.

On the other hand, shifting now from considering the properties of the F,, function to those of
the F,,,, function, functors that are injective, surjective or bijective on morphisms are known as faithful
functors, full functors or fully faithful functors, respectively. A simple way in which a functor may fail
to be faithful (i.e. fail to be injective on morphisms) is by having two morphisms in the codomain
category be equivalent which were not previously equivalent in the domain category; for instance,
consider the functor:

. idF(y)
idy
n 0
Y o ) F(Y) F(g2)
f \ o F(f \ , -
/ 81 / F(gk (%)
X giof z F(X) F(81)oF(f) Fz)
U \ng/ U U~
ix idz idp(x) F(g2)oF(f) idp(z)
plus the additional algebraic condition that:
(F(1) 0 F(f) : F(X) = F(2)) = (F(82) o F(f) : F(X) = F(Z)), (89)

on the morphisms in the codomain category D, such that one instead has:

. idp(y)
ldy

0 0l
Y F(Y)

F(g2)
E(f) \\ _ 90)
> P(%

F(X F
%) ) F(g1)oF(f)=F(82)°F(f)

idp(x) idp(z)

f
X/—>
[V

g20f i

N
1

U

z

Such a functor would no longer be faithful (i.e. no longer injective on morphisms), and hence also no
longer fully faithful (i.e. no longer bijective on morphisms), although its faithfulness, and therefore
full faithfulness, could nevertheless be restored by introducing a corresponding algebraic condition:
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(g1of: X —=2Z)=(pof:X—2), 91)
on the morphisms in the domain category C, such that one now has:
P gory
. idp(y)
ldy
n (1
Y " E(Y) F(s2)
f \ — E(f \ : 92
/ & e F(% 2
X —m —— 7 F(X F(zZ
7 g10f=g0f 1 %) ) F(g1)oF(f)=F(82)°F(f) ((-) )
ix i idp(z) idr(z)

Figure 23 implements this elementary example in CATEGORICA, illustrating how the faithfulness of
a functor may be removed (by imposing the algebraic equivalence F(g1) o F(f) = F(g2) o F(f) on
morphisms in the codomain category) and then subsequently reinstated (by imposing the additional
algebraic equivalence g; o f = g2 o f on morphisms in the domain category). Dual to this construction,
a simple way in which a functor may fail to be full (i.e. fail to be surjective on morphisms) is by having
a new morphism be introduced in the codomain category that did not previously exist in the domain
category; for instance, consider now the functor:

id}:( Y)

F(Y X
SN N

X Z F(X)
U U U~ U
ldX le ldp( X) hOP f) ld]:( Z)

Such a functor would no longer be full (i.e. no longer surjective on morphisms), and hence also no
longer fully faithful (i.e. no longer bijective on morphisms), although its fullness, and hence full
faithfulness, could nevertheless be restored by introducing a new algebraic condition:

(F(g): E(Y) = F(2)) = (h: F(Y) = F(Z)), (94)

on morphisms in the codomain category D, such that one now has:

idy idr(y)
n (1
Y F(Y)

SN N e

Y gof U U F(g)oF(f)=hoF(f)

idp(x) idp(z)

Figure 24 implements this dual example in CATEGORICA, illustrating how the fullness of a functor
may be removed (by introducing the new morphism / : F(Y) — F(Z) in the codomain category) and
then subsequently reinstated (by imposing the algebraic equivalence F(g) = h on morphisms in the
codomain category).
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functor = AbstractFunctor [AbstractCategory[<|f =+ (X, Y}, gl (Y, Z}, g2+ (Y, Z}p], <X+ F[X], Y+ F[Y],
24 FLZ1, <If = FLF1, g1vFLGL15 g2+ FIE21 s (3s <| Iy {}; (FLEL1 OFLF] = Fg2] OF (]3] functor2 = AbstractFunctor [AbstractCategory[<|f » (X, Y}, g1+ (Y, 2}, 82+ (¥, Z} b, (}, (gl0f = g20f)], o
X F[X], Y>F[Y], Z>F[Z]]>, <|f=>F[f], gl F[gl], g2 F[82] 1>, {}, <IP, {}, (}]
AbstractFunctor - o e, P——
(87~ LF a3 woonamsaa mostractrunceor| 6 /2P + /7 DS e
functor ["ReducedLabeledGraph"]
functor2 ["ReducedLabeledGraph"]
F(2) v
. . Fia
gl Z/D F(g2) F(g2) F(.
g2 z
g Flgt g F(
. . ¢
f [ f
x C/X —Y D ey % C/X — Y FG—F ey
FiX) Q Fix)
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functor ["FaithfulFunctorQ"] functor2 ["FaithfulFunctorQ"]
False Tru
functor ["FullyFaithfulFunctorQ"] functor2 ["FullyFaithful FunctorQ"]
False Tru

Figure 23. On the left, an AbstractFunctor object which is not faithful, and hence not fully faithful,
because of the additional algebraic equivalence F(g7) o F(f) = F(g2) o F(f) being imposed on the
morphisms of the codomain category. On the right, the corresponding AbstractFunctor object with
faithfulness, and hence full faithfulness, restored, by imposing the additional algebraic equivalence
g1 0 f = g2 o f on the morphisms of the domain category.

functor = AbstractFunctor [AbstractCategory[<|f - {X, Y}, 8= (Y, Z} D], <IX=+ F[X], Y= F[Y], Z=F[Z] >, <If>FIf], g FlE] D,
Qv dh= (FIYL, FLZI DY functor2 = AbstractFunctor [AbstractCategory[<|f = (X, Y}, g= (Y, Z} ], <IX=F[X], Y+ F[Y], Z=F[Z] >, < f=F[f], g+ Flgl]>,
AbstractFunctor | LG~ LT vy Moptisnss 48 0y <h = (FIV], FIZ1} D, (), (F(g) = h}]
Mvstractsunctor| 7 4 /7 LSO
functor ["ReducedLabeledGraph"] -
F2) functor ["ReducedLabeledGrapht]
5 z Flalo rn) , Fi)
99 z oF hoF (Z/D
b 99 7)
B h
)?Cx_f' Y P py gx“ 1ty 7 F(f)
Q rol_"] Q G F(X@X)—'Ft(;:)
(Y) Y)

functor ("FultFunctorq"] PR —
Fatse True
funcor ("FullyFathfulFunceorat] functor2 (vFutlyFaiehfutFuncorat]
Fatse True

Figure 24. On the left, an AbstractFunctor object which is not full, and hence not fully faithful,
because of the additional morphism & being introduced within the codomain category. On the right,
the corresponding AbstractFunctor object with fullness, and hence full faithfulness, restored, by
imposing the additional algebraic equivalence F(g) = h on the morphisms of the codomain category.

The final example of a functorial construction that we shall cover within this section, due to its
rather foundational significance in the fields of algebraic geometry, algebraic topology and (higher)
homotopy theory, is that of a (Grothendieck) fibration [49,50]. This purely category-theoretic notion of
a fibration is effectively a grand generalization of the notion of a fiber bundle (or topological fibration)
in topology, wherein one considers a functor of the general form F : £ — B, with the domain category
& being the total category of the fibration (thus playing an analogous role to that of the total space of
a fiber bundle) and the codomain category B being the base category (thus playing an analogous role
to that of the base space of the same fiber bundle). For each object X in the base category B, one can
consider the fiber category Fx at X, which is a category whose object set ob(Fx) is the set of objects in
the total category £ that map to X under the functor F (i.e. the preimage of X under the function F,;,)
and whose morphism set hom(Fy) is the set of morphisms in the total category £ that map to the
identity morphism idyx : X — X on X under F (i.e. the preimage of idx : X — X under the function

Fhom), i-€:
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VX € ob(B), Fx is the fiber category of functor F : £ — B at X
<= ob(Fx) ={U €ob(&): F(U) = X}, and
hom(Fx) ={(f: U — V) ehom(&): (F(f): F(U) = F(V)) = (idx : X = X)}. (96)

In order to qualify as a valid Grothendieck fibration, however, the functor F : £ — B must satisfy an
additional, and rather technical, condition known as contravariant pseudofunctoriality (for the corresponding
dual construction, known as a Grothendieck opfibration, the relevant condition is covariant pseudofunctorial-
ity), which is typically expressed in terms of Cartesian morphisms. The formal definition of a Cartesian
morphism is unfortunately a little opaque; specifically, if the morphism f : X — Y in the total category £
is such that, for all objects Z and all morphisms /1 : Z — Y in £, and all morphisms u : F(Z) — F(X) in
the base category B such that (F(f) ou: F(Z) — F(Y)) = (F(h) : F(Z) — F(Y)), there necessarily exists
a unique morphism v : Z — X in the total category £ such that (fov:Z —-Y)=(h:Z—Y)in€ and
(u:F(Z) — F(X)) = (F(v) : F(X) — F(Y)) in B, then f : X — Y is Cartesian:

V(f: X —=Y) €hom(E), (f : X = Y) is a Cartesian morphism
= VZeob(€), VY(h:Z—-Y)ehom(E), V(u:F(Z) — F(X)) € hom(B),
(F(f)ou:F(Z) — F(Y)) = (F(h) : F(Z) — F(Y)) = d(v:Z — X) € hom(E),
such that (fov:Z—=Y)=(h:Z—=Y), and
(u:F(Z) — F(X)) = (F(v) : F(Z2) = F(X)), (97)

or, illustrated diagrammatically, one has the following basic setup:

F(Vz

V}Z fou ( ) F(f)ou

o] > y , 98
I, v ‘ mj (98)

X Y

— F(X) g EF(Y)
which then collapses down to:
vZ F(vZ)
3!0% fov=Yh s M_P(E!U)l F(f)ou=F(vh) (99)
X —Y F(X) ———— F(Y)
f E(f)

The contravariant pseudofunctoriality condition that characterizes Grothendieck fibrations is then the
condition that, for every object Y in the total category £, and every morphism fj : Xo — F(Y) mapping
to the image F(Y) of Y in the base category B, there must exist some Cartesian morphism f : X — Y
in the total category £ such that the morphism fj : Xg — F(Y) is the image of the Cartesian morphism
f : X — Y in the base category B, i.e. (F(f): F(X) = F(Y)) = (fo : Xo — F(Y)) (and therefore also
F(X) = Xp):

VY € ob(€), VXp € ob(B), Y(fo: Xo — F(Y)) € hom(B),
dX € ob(€), I(f: X—=Y), such that (f : X = Y) is Cartesian, and
F(X) = Xo, and (F(f): Xo = F(Y)) = (fo: Xo — F(Y)). (100)
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There exist many notable specializations of this highly abstract Grothendieck fibration definition,
including the case of discrete fibrations (in which every fiber category Fy is a discrete category, consisting
solely of objects and their identity morphisms) and groupoidal fibrations (in which every fiber category
Fx is a groupoid). CATEGORICA does not yet possess the functionality to detect and characterize all
cases of Grothendieck fibrations with complete generality, although important special cases (such as
discrete fibrations, via the “DiscreteFibrationQ” property, etc.) have indeed been implemented fully.

For instance, if we consider the following simple functor from a three-object, six-morphism fotal
category £ to another three-object, six-morphism base category B:

) idpy)
ldy

n Q
Y

f/ \:J > FV \ , (101)

X— 7 F(X) (2)
o F(g)oF
Y gof 7 N (8)°F(f) U
idx idz id id
F(X) F(Z)

or, alternatively, the following slightly more complex functor from a four-object, ten-morphism total
category £ to another four-object, ten-morphism base category B:

\

then we see that these functors both constitute more-or-less trivial cases of (discrete) fibrations. In
the former case, there are three (discrete) fiber categories, one for each object F(X), F(Y) and F(Z)
in the base category B, and each consisting of the single object X, Y or Z from the total category £
(along with the corresponding identity morphism in each case), respectively; in the latter case, there
are instead four (discrete) fiber categories, one for each object F(X), F(Y), F(Z) and F(W) in the base
category B, and each consisting of the single object X, Y, Z or W from the total category £ (along with
the corresponding identity morphism in each case), respectively. This is illustrated in Figure 25, in
which CATEGORICA correctly identifies that the relevant AbstractFunctor objects are both discrete
fibrations, and proceeds to compute the relevant fiber categories (represented as an association of
AbstractCategory objects - one for each object in the codomain/base category of the fibration). In the
first instance, imposing the additional algebraic equivalence F(Y) = F(Z) on objects in the codomain
category now yields a fibration over a two-object, five-morphism base category:

)

a
)
W
=

24

CPTe——=<DE
1

(102)

N DX

N
N
=
=

f/ \zl — idroo) C F(X) E(Y)=F(2), (103)
~_
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while, in the second instance, imposing the additional algebraic equivalences F(W) = F(Z) and
F(Y) = F(Z) on objects in the codomain category yields instead a fibration over a two-object, eight-
morphism base category:

idy idy F(h)
1 Nl Q
hog /F(g)\) E(Y)
8 i = i) F(X) 0 =E(W) :DF@ (104)
iof F(i)oF(f) =F(2)
Z— W F(h)oF(g)
v
idy idy dp(yy=tdpw)=idr(z)

These fibrations are still discrete, but now in the former case there are only two discrete fiber categories:
one for object F(X) in the base category B, consisting of the single object X from the total category £
(along with its identity morphism idx : X — X), and one for object F(Y) = F(Z) in the base category 5,
consisting of the pair of objects Y and Z from the total category £ (along with their respective identity
morphisms idy : Y — Y and idz : Z — Z). In the latter case there are now also only two discrete fiber
categories: one for object F(X) in the base category B, consisting of the single object X from the total
category £ (along with its identity morphism idx : X — X), and one for object F(Y) = F(W) = F(Z)
in the base category B, consisting of the triple of objects Y, Z and W from the total category £ (along
with their respective identity morphisms idy : Y — Y, idz : Z — Z and idy : W — W). Once again,
these discrete fiber categories can be computed automatically, directly from the AbstractFunctor
objects in CATEGORICA, as shown in Figure 26. Finally, we may consider applying, in the first instance,
the additional algebraic equivalence (F(g) : F(Y) — F(Z)) = (idF(Z) :F(Z) — F(Z)) on morphisms
in the codomain category, thus yielding the following fibration over a two-object, four-morphism base
category:

y \i — idra) (2 F(X) F(Y)=F(Z) , (105)

gof F(g)oF(f)
V) U F(g)=idpyy=idp(z)

or alternatively, in the second instance, the additional algebraic equivalences:

(E(h) : F(Z) — F(W)) = (idp(z) F(Z) — F(Z)),
and  (E(i): F(Y) = F(W)) = (idF(Z) L F(Z) = P(Z)), (106)

on morphisms in the codomain category, thus yielding the following fibration over a two-object,
six-morphism base category:
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ldX ldy
(1 () F(f)
X —> Y
F(g) F(Y)
g - CCFX) T =KW (107)
F(ioF(f) = HZ)
Z — 2% (h)oE(g)
v v
idy idy F()=F(i

The resulting fibrations are no longer discrete, since in the former case the fiber category for ob-
ject F(Y) = F(Z) in the base category B now contains a morphism g : Y — Z connecting the pair
of objects Y and Z from the total category £, and in the latter case the fiber category for object
F(Y) = F(W) = F(Z) in the base category B now contains a pair of morphisms /:Z — W and
i:Y — W connecting the triple of objects Y, Z and W from the total category &, as seen in the explicit
CATEGORICA implementation in Figure 27. These examples make manifest the precise relationship
between category-theoretic fibrations and topological ones: if one considers categories whose objects
are points and whose morphisms are paths between those points, then the abstract definition of a
Grothendieck fibration reduces concretely to the classical definition a fiber bundle, with the total
category & being the total space, the base category B being the base space, and the fiber categories Fx
being the fibers for each point X in the base.

functor = AbstractFunctor AbstractCategary [l (X, 1), £ (Y, 211, <X+ FIX1, Y+ FIY], 2+ F121 b, £ F[F1, g FLgl b)
L ot
Mvstractfunctor| & /7~ /77 LS o]

functor ("ReducedLabeledGraph®)

Fi2) Fl)oF(f)
Ff )

z Flg)o @) /.nm‘rw\
90f %) F icﬁmw'ﬂx F(x;{%;ﬁ};(;?ﬁ- i

f

xQ _’k‘.?// @x;mi (F:) \@/

(|13 = Abstractcategory| @ o e Dson: e

ST rutatie igran: T e e
FIV) » Abstractcategory| & o (IS 1 ]s Fiz) - abstractcategory| ©1 o ol orphomec | ) F(2) » AbstractCategory @ + - 1 |+ FiM) » Abstractcategory[ @ o 3

Figure 25. On the left, an AbstractFunctor object corresponding to a discrete fibration of a simple
three-object, six-morphism total category over a three-object, six-morphism base category, showing the
three discrete (single-object) fiber categories. On the right, an AbstractFunctor object corresponding
to a discrete fibration of a slightly larger four-object, ten-morphism total category over a four-object,
ten-morphism base category, showing the four discrete (single-object) fiber categories.
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functor « AbstractFunctor (AbstractCategory[d £+ (X, Y), g (¥, Z) b1, X+ FIX], Y= FIY], 2 F(Z] b, df+FIf], 8+ Flgl s functor2 = AbstractFunctor [AbstractCategory (<l f =+ (X, Y}, g (X, Z), hos (Z, W), ¥ (¥, W), dX FIX], Y+ F[¥],
NI, A+ FLf), 8 FIg), o FIRL, 2 F1D, O, db, (FIN] = FIZ), FIY) = F(21), O)

7 Flg)

9ot —7) 0 - O

A FX)E@IOFINF(2)
sexte

G (e

functor ["ReducedF iberCategories®]

functor ("ReducedLabeledGraph”]

(|F1x1 + Abstractcategory| &1 o G LI 4 F12) » AbstractCategory| & ° Gy P e )
Otjocts 1 st orpnisms; 2

;;;;;
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Figure 26. On the left, an AbstractFunctor object corresponding to a more general fibration of a simple
three-object, six-morphism total category over a two-object, five-morphism base category, obtained
by imposing the additional object equivalence F(Y) = F(Z) in the codomain category, showing the
two resulting discrete fiber categories. On the right, an AbstractFunctor object corresponding to a
more general fibration of a slightly larger four-object, ten-morphism total category over a two-object,
eight-morphism base category, obtained by impoosing the additional object equivalences F(W) = F(Z)
and F(Y) = F(Z) in the codomain category, showing the two resulting discrete fiber categories.

functor = AbstractFunctor [AbstractCategory[<If + (X, Y}, £~ (¥, Z} b1, X FIX], Y FIY], Z=FIZ1]>, < f+Ffl, g+ Flgll,
5 b, (FIY] =FIZ]}, (Flg] = OverTilde[F(Z]1}]

Type: Covaiant
Abstractfunctor| & /7% o 7 SIS L 2
s

functor ["ReducedLabeledGraph"]

2
gof —~7) . _F(f) -
//7 R Crrzerm e )
XX—
(8

functor ["ReducedF iberCategories"]

BOry LI f o+ (X, Y1, B (X, 20, hw (2, W), T+ (Y, WY1, X+ FIX], Y2 FIV),
< FLh), S FLEL D, O by (FIN) = FI2), FIV) = FL2DD,
teF(211)]

(| Fx1 - Abstractcategory.

F(Z] » AbstractCategory| & O——<) 5 B s

#["ReducedLabeledGraph"] & /0% a(Re
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- - ~ (|Foa - x SRz )
(|Fix - X % ,F‘z‘aYCy_g-zDZ) chv\iny'«

Figure 27. On the left, an AbstractFunctor object corresponding to a more general fibration of a simple

three-object, six-morphism total category over a two-object, four-morphism base category, obtained
by imposing the additional object equivalence F(Y) = F(Z) and additional morphism equivalence
F(g) = idp(z) in the codomain category, showing the two resulting non-discrete fiber categories. On
the right, an AbstractFunctor object corresponding to a more general fibration of a slightly larger
four-object, ten-morphism total category over a two-object, six-morphism base category, obtained by
imposing the additional object equivalences F(W) = F(Z) and F(Y) = F(Z), and additional morphism
equivalences F() = idp(z) and F(i) = idp z), in the codomain category, showing the two resulting
non-discrete fiber categories.

There exist many other standard features and properties of functors that are currently supported
within CATEGORICA, and that can be computed automatically using the AbstractFunctor function,
including several that can be effectively assembled as “composites” of the various features/properties
already discussed above. For instance, a functor yielding an equivalence of categories (detectable
through the “EquivalenceFunctorQ” property) is one that is simultaneously fully faithful and essentially
surjective; an embedding functor (detectable through the “EmbeddingFunctorQ” property) is one that
is simultaneously faithful and injective on objects; and a full embedding functor (detectable through
the “FullEmbeddingFunctorQ” property) is one that is both fully faithful and injective on objects. An
embedding of a category C into a category D via the embedding functor F : C — D may be thought
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of as being a weaker/more lax version of an inclusion of a subcategory C into a supercategory D, i.e. a
functor F : C — D such that the object and morphism sets of the domain category C form (potentially
improper) subsets of the respective object and morphism sets of the codomain category D:

ob(C) C ob(D), and hom(C) C hom(D), (108)

just as an equivalence between categories C and D may be thought of as being a weaker/more lax
version of a strict equality of categories (wherein the object and morphism sets of categories C and D
are required to be strictly identical). Indeed, strict inclusions of subcategories into supercategories
are also detectable, by means of the “InclusionFunctorQ” property in AbstractFunctor (along with
the slightly stronger case in which the inclusion functor is also required to be full, detectable through
the “FulllnclusionFunctorQ” property). Other common types of functors that CATEGORICA contains
specialized functionality for handling as part of the AbstractFunctor framework include endofunctors
(i.e. functors mapping a domain category C to itself) via the “EndofunctorQ” property, identity functors
(i.e. a trivial, much stronger case of an endofunctor in which every object and morphism in the domain
category C is mapped to itself) via the “IdentityFunctorQ” property, constant functors (i.e. functors
mapping every object in the domain category C to some fixed object X in the codomain category
D, and mapping every morphism in C to the identity morphism idx : X — X on that object) via
the “ConstantFunctorQ” property, and conservative functors (i.e. functors for which a given morphism
F(f) : F(X) — F(Y) in the codomain category D being an isomorphism necessarily implies that the
corresponding morphism f : X — Y in the domain category C must also have been an isomorphism)
via the “ConservativeFunctorQ” property, etc.

5. Natural Transformations and Algorithmic Details

Having considered above the case of homomorphisms/structure-preserving maps between
categories, in the form of functors, it is now possible to consider the case of homomorphisms/structure-
preserving maps between functors, in the form of natural transformations. More precisely, if F : C — D
and G : C — D are both functors mapping between the same pair of domain/codomain categories C
and D, then the map 7 : F = G is a natural transformation if and only if it associates every object X in
category C to a corresponding morphism #x : F(X) — G(X) in category D:

VX € ob(C), (nx : F(X) = G(X)) € hom(D), (109)

known as the component of the natural transformation # at X, in such a way that, for every morphism
f:X — Y in category C, one has that the composition 7y o F(f) yields the same morphism as the
composition G(f) o x in category D, i.e:

V(f:X - Y)ehom(C),  (pyoF(f): F(X) = G(Y)) = (G(f) onx : F(X) = G(Y)),  (110)

which can be illustrated simply by means of the following commutative diagram (which therefore
commutes in category D):

nx nx

F(X) ———— G(X) F(X) ——— G(X)
G(f)en RS
E(f) ey m g OV Gy (111)
1yoF(f)
F(Y) ——— G(Y) F(Y) ——— G(Y)

Natural transformations abstract and generalize many powerful results and constructions in math-
ematics, especially in algebraic topology, perhaps most notably the Hurewicz theorem/Hurewicz
homomorphism relating homotopy groups and homology groups of spaces: both the construction of
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homotopy groups and the construction of homology groups over a (pointed) topological space may be
formalized as functors from the category Top. of pointed topological spaces and continuous functions
between them, to the category Grp of groups and group homomorphisms, with the Hurewicz homo-
morphism being elegantly represented as a natural transformation between these two functors (and
the Hurewicz theorem corresponding to the statement that such a natural transformation necessarily
exists). In linear algebra and functional analysis, the relationship between the double-dual V** of a
vector space V and the original space constitutes another familiar example of a commonplace natural
transformation in mathematics; the double-dual operation may be formalized as an endofunctor on the
category Vect of vector spaces and linear maps (i.e. a functor from Vect to itself), and there necessarily
exists a natural transformation between this double-dual functor and the identity functor on Vect. For
the case of finite-dimensional vector spaces, this natural transformation becomes a natural isomorphism
(a stronger case, to be defined momentarily).

CATEGORICA is able to represent arbitrary natural transformations between AbstractFunctor
objects using the AbstractNaturalTransformation function. In particular, it is able to compute the
minimum set of algebraic equivalences between component morphisms that is necessary in order for
a particular transformation between AbstractFunctor objects to be natural, and to represent these
equivalences in both equational and (commutative) diagrammatic form, as illustrated in Figure 28 for
the minimal case presented above, in which one considers a natural transformation between a pair
of functors F : C — D and G : C — D acting on a common domain category C consisting of a pair of
objects X and Y and a single morphism f : X — Y, i.e. one has:

i X oy Dty e i 2 EX) 2L PY) i, (112)

and:

i X Loy oy e e 6X) I GY) TDidery,  (113)

respectively, in which the minimum algebraic condition for naturality is precisely the one given above:

(v o E(f) : E(X) = G(Y)) = (G(f) onyx : F(X) = G(Y)), (114)

plus a couple of corollary conditions on the identity morphisms. However, although this particular
example is especially simple, one does not need to increase the size or complexity of the underlying
categories and functors involved very much before the resulting naturality conditions become rather
unwieldy to manipulate by hand. For instance, let us consider the next most obvious example, in
which the common domain category C of the functors F : C — D and G : C — D consists instead of
three objects X, Y and Z, along with a pair of composable morphisms f : X = Yand g:Y — Z, i.e.
one now has:

id[:(y)

1'8 n
Y

y \:J - F W o \F%” , (115)
F(X) ——

Xz F(Z)
x iz id(x) id(z)

and:
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f/ x - GV \G(f’) , (116)

X ——— Z G(X G(Z

Y gof Y (%) G(8)oG(f) (2)

ldX le U U
ldG(X) IdG(Z)

respectively. In this case, the relevant commutative diagram characterizing the natural transformation
1 : F = G becomes instead the commutative oblong:

F(x) — D pyy — 19 pz)

WX‘ ‘W Nz s (117)

G(X) ——— G(Y) ———— G(2)

G(f) G(g)

wherein the two interior squares must both commute:

Fo) — 2 R — s k2) Fx) — " pry 9 pg)
1yoF(f) 1zoF(g) :ﬂyoF(g‘) :ﬂzoF(;g)
x Y Iy z . . i (f)onx iy G(g)ony .
G(f)onx G(g)ony
G(X G(Y G(Z G(X G(Y c(7
(%) G(f) (¥) G(3) (2) ()T()T()
(118)
ie:

(1 o F(f) : F(X) = G(Y)) = (G(f) enyx : F(X) — G(Y)),
and  (yzoF(g): F(Y) = G(2)) = (G(g) ompy : F(Y) = G(Z)), (119)

in addition to the outer rectangle:

((nz o F(g)) o F(f) : F(X) = G(Z2)) = ((G(g) o G(f)) o x : F(X) = G(Z)), (121)

plus all corresponding conditions on the identity morphisms. As shown in Figure 29, CATEGORICA is
nevertheless easily able to represent, and to perform automatic computations involving, these more
complex cases of natural transformations too.



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 March 2024 d0i:10.20944/preprints202403.1479.v1

46 of 53

natural2 = [F[Abstr el (X, YIPIY,
AbstractFunctor [G[AbstractCategory[<|f - (X, Y}>]]1]]
natural = ™ t [F[AbstractCategory[<|f -+ (X, Y} >111, Sa——
AbstractFunctor [G[AbstractCategory[<|f » {X, Y}|>]]1]] Abstracwz!urleransfurman‘on[ @ 7m 154 Morphisms: 10
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F(Y)
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<nx = F[X] = G[X], ny > F[Y] > G[Y] >

natural ["ReducedNaturalTransformationEquations"] natural2 ["ReducedNaturalIsomorphisms"]
{vOF (] = G[f] ©nx, nx@F(X] = 6[X] ©nx, nyoF[V] = G[V] ony} <Inx - False, ny - False >

Figure 28. On the left, the AbstractNaturalTransformation object for a pair of functors F,G : C — D
between two very simple (two-object, three-morphism) categories, showing the minimum set of
algebraic equivalences on the component morphisms necessary for the natural transformation to
be valid. On the right, the same AbstractNaturalTransformation object for the pair of functors
F,G : C — D between the same two very simple (two-object, three-morphism) categories, showing the
labeled graph representation with the aforementioned algebraic equivalences imposed, as well as the
association of component morphisms, showing that neither component is a natural isomorphism.

natural2 = i ¢ [FL tegory[<|f - (X, Y}, g (Y, 2} 1),
AbstractFunctor [G[AbstractCategory[<|f = (X, Y}, g (Y, Z}>]]1]]

natural = AbstractNaturalTransfor [F[AbstractCategory[<|f = {X, Y}, g+ (Y, Z} 111,
AbstractFunctor [G[AbstractCategory[<|f - (X, Y}, g (¥, Z} 1111
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natural ["FullLabeledGraph"]

. / . (Z)
FlX@( v (Z)
natural2 ["ReducedConponentAssociation"]
natural( 1 i 1 Anx = FIX] = GIX], ny > FIY] = GIY], nz» F(2] - 61Z] >
a
(v OF(£] = 6[f] one, nzoFlg] = 6lg) ony, nz0 (FIg] OF (f]) = (G[g] 06 f]) o, natural2 ["ReducedNaturalIsomorphisns"]
MO F[X] = 6[X] 0nx, ny@F[Y] = G{¥] @ny, nzoF(Z] = 6(Z] onz} dnx > False, ny - False, nz » False s

Figure 29. On the left, the AbstractNaturalTransformation object for a pair of functors F,G : C — D
between two slightly more complex (three-object, six-morphism) categories, showing the minimum
set of algebraic equivalences on the component morphisms necessary for the natural transformation
to be valid. On the right, the same AbstractNaturalTransformation objects for the pair of functors
F,G : C — D between the same two slightly more complex (three-object, six-morphism) categories,
showing the labeled graph representation with the aforementioned algebraic equivalences imposed, as
well as the association of component morphisms, showing that none of the components is a natural
isomorphism.

Figures 28 and 29 also demonstrate CATEGORICA’s ability to detect natural isomorphisms: com-
ponents 7x : F(X) — G(X) of the natural transformation # : F = G that are also isomorphismes, i.e.
where the inverse morphism 7' : G(X) — F(X) also exists in the codomain category D, such that
fx ' onx : F(X) — F(X) is the identity morphism on F(X) and 17x o 7" : G(X) — G(X) is the identity
morphism on G(X):
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idp ) " i) "
F(X) G(X) F(X) G(x) (122)
—1 -1
nxtonx X nxonyg’ nx onx=idpx) X yxonx=idgx)

i.e:

VX € ob(C), component #7x : F(X) = G(X) of n:(F:C—=D)=(G:C—=D),
is a natural isomorphism = 3(17)}1 1 G(X) — F(X)) € hom(D),
such that (;7;(1 onx : F(X) — P(X)) = (idF(X) L E(X) — P(X)),

and (nx oyt G(X) = G(X)) = (idG(X) L G(X) — G(X)). (123)

In addition to individual objects in the codomain category D being naturally isomorphic, one can also
speak of a pair of functors F : C — D and G : C — D themselves as being naturally isomorphic: if all
components #7x : F(X) — G(X) are natural isomorphisms (for every object X in the domain category
C), then the natural transformation 7 : F = G itself is known as a natural isomorphism between
functors:

n:(F:C— D)= (G:C — D) is anatural isomorphism = VX € ob(C),
component 7% : F(X) — G(X) is a natural isomorphism. (124)

The intuition underlying the concept of natural isomorphisms between functors can be precisely
formalized by considering the functor category D° (assuming that C and D are arbitrary small cate-
gories), whose objects are given by the functors F : C — D and whose morphisms are given by the
natural transformations # : F = G between such functors, wherein all isomorphisms between objects
represent natural isomorphisms between functors. To determine whether a given AbstractNatural-
Transformation object in CATEGORICA represents a natural isomorphism between functors, one can
use the “NaturallsomorphismQ” property. CATEGORICA is also able to determine whether the codomain
categories D between the two functors actually match (via the “MatchingCodomainsQ” property), and
therefore whether the AbstractNaturalTransformation object does indeed represent a valid natural
transformation (via the “ValidNaturalTransformationQ” property), meaning both that the two codomain
categories match and that the defining algebraic conditions of a natural transformation hold within
those codomain categories.

Finally, it is worth noting that all of CATEGORICA's core algebraic and diagrammatic reasoning
algorithms are represented internally in terms of (hyper)graph rewriting systems over labeled graph
representations of quivers and categories, whereby one formalizes (hyper)graph rewriting rules as
spans of monomorphisms [31,32]:

L+« K_-"4R, (125)

i.e. pairs of monomorphisms which share a common domain object K. Here, the ambient category
C in which these monomorphisms exist is the category whose objects are (hyper)graphs and whose
morphisms are (hyper)graph inclusion relations. In the above, object L represents the (hyper)graph
pattern appearing on the left-hand/input side of the rule, object R represents the (hyper)graph pattern
appearing on the right-hand /output side of the rule (i.e. the pattern intended to replace pattern L
wherever it appears), and object K represents the “residual” sub(hyper)graph pattern shared by both
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patterns L and R that remains invariant after the left-hand-side L pattern has been “extracted”, but
before the right-hand-side pattern R has been “injected”. Such a rewriting rule may then be said to
match a given (hyper)graph object G if there exists a morphism m : L — G in the category C. The
resulting (hyper)graph H obtained via application of the rewriting rule at this particular match may
consequently be computed explicitly by completing the following double-pushout diagram [33]:

L ! K r R L ! K r R
gon por _mol por
m n p — m| S n =hon P (126)
mol hon
G 2 D p H G 2 D p H

i.e. one must proceed to find objects D and H, and morphisms #, p, g and k, in the category C, such
that the diagram above commutes:

dD,H € ob(C), dmn:L—D),(p:R—H),(§:D—G),(h: D — H) € hom(C),
such that (mol:K—G)=(gon:K—G),
and (por:K—H)=(hon:K— H). (127)

Furthermore, these objects and morphisms (and therefore, in particular, the object H representing
the resulting (hyper)graph) are guaranteed to be unique, up to natural isomorphism, by virtue of the
following universal property of the double-pushout diagram:

, (128)

L ! K s
_mol
m 7g071 n
Vm*=uiom
= G D . (129)

Vg*=uj0g Vh*=uyoh

i.e. for any other objects G* and H*, and morphisms m*, g*, p* and h*, in the category C, such that the
resulting squares commute:
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VG*,H" € ob(C), Y(m*:L—G"),(g":D—G"),(p*:R— H"),(h* : D— H*) € hom(C)
such that (m*ol:K—G")=(¢"on:K— G"),
and (pfor:G—H")=(h"on:K— H"), (130)

there necessarily exists a pair of unique morphisms u; : G — G* and u; : H — H* such that the
diagram above commutes, i.e:

(u; : G — G"), such that (m*:L— G*)=(ugom:L— G¥),
and (§:D—=G")=(umog:D—G"), (131)

and:

A(up : H— HY), such that (p":R—H")=(upop:R— H"),
and (h*:D — H*) = (upoh:D — H*). (132)

CATEGORICA is able to exploit the formalism of double-pushout (hyper)graph rewriting in order to
convert automatically between potentially slow, tedious algebraic computations and fast, explicit
diagrammatic ones. To this end, the core of CATEGORICA’s hypergraph rewriting system has been built
on top of the GRAVITAS computational general relativity framework [51,52] (which has previously
been applied to the study of black hole physics [53-55] and algebraic quantum field theory [56]), which
employs a bespoke suite of highly optimized, and massively parallelized, algorithms for rewriting
large hypergraphs subject to generic algebraic constraints. We note also that such rewriting systems,
especially in the multiway /non-deterministic case, admit an elegant mathematical description in terms
of higher categories and (higher) homotopy types [57,58].

6. Concluding Remarks

In this article, we have intended to provide a reasonably comprehensive overview of several
of the core data structures of the CATEGORICA framework, especially the foundational Abstrac-
tQuiver, AbstractCategory, AbstractFunctor and AbstractNaturalTransformation constructions,
as well as a number of its core design principles; in particular, it is hoped that this overview will lay
the groundwork for the forthcoming second article in this series, which will showcase and outline
CATEGORICA’s more advanced functionality for handling algebraic computations and automated
theorem-proving for abstract universal properties (e.g. products, coproducts, pullbacks, pushouts,
limits and colimits), support for monoidal categories and computations involving string diagrams,
preliminary support for elementary toposes, and initial support for higher categories. There exist
many planned directions for future research and development involving the CATEGORICA framework,
including the extension of the AbstractFunctor function to support the detection and handling of
Grothendieck fibrations in complete generality, the inclusion of adjoint functor relationships between
AbstractFunctor objects (and therefore support for weak equivalences between AbstractCategory
objects), and the incorporation of full support for both strict and weak 2-categories (i.e. bicategories) by
extending the current support for single-object bicategories via the AbstractStrictMonoidalCategory
functionality [59]. Similarly, all instances of AbstractCategory objects in the CATEGORICA framework
are currently assumed by default to be enriched over Set (since the object sets and morphism sets are
assumed to be pure Wolfram Language list structures); it would therefore be instructive to extend
the present functionality to accommodate AbstractCategory objects enriched directly over arbitrary
AbstractStrictMonoidalCategory objects [60,61] . Indeed, although there exists much preliminary
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infrastructural support for general monoidal categories, there are also many important cases and
constructions (including braided monoidal categories [62,63], monoidal functors [64], etc.) which
are used throughout the field of applied category, and which are not currently supported, although
appropriate functionality for many of these is presently under active development.
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