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Abstract: This paper presents a physics-informed training framework for projection-based Reduced
Order Models (ROMs). We extend the PROM-ANN architecture [1] by complementing snapshot-based
training with a FEM-based, discrete physics-informed residual loss, bridging the gap between tradi-
tional projection-based ROMs and physics-informed neural networks (PINNs). Unlike conventional
PINNSs that rely on analytical PDEs, our approach leverages FEM residuals to guide the learning
of the ROM approximation manifold. Key contributions include: (1) a parameter-agnostic, discrete
residual loss applicable to non-linear problems, (2) an architectural modification to PROM-ANN im-
proving accuracy for fast-decaying singular values, and (3) an empirical study on the proposed physics
informed training process for ROMs. The method is demonstrated on a non-linear hyperelasticity
problem, simulating a rubber cantilever under multi-axial loads. The main accomplishment in regards
to the proposed residual-based loss is its applicability on non-linear problems by interfacing with FEM
software while maintaining reasonable training times. The modified PROM-ANN outperforms POD
by orders of magnitude in snapshot reconstruction accuracy, while the original formulation is not able
to learn a proper mapping for this use-case. Finally, the application of physics informed training in
ANN-PROM modestly narrows the gap between data reconstruction and ROM accuracy, however
it highlights the untapped potential of the proposed residual-driven optimization for future ROM
development. This work underscores the critical role of FEM residuals in ROM construction and calls
for further exploration on architectures beyond PROM-ANN.

Keywords: reduced order model (ROM); Physics Informed Neural Networks (PINNs); artificial neural
network (ANN); Projection-Based Model Reduction; proper orthogonal decomposition (POD)
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1. Introduction

In recent years, the development of increasingly sophisticated high-fidelity models (HFMs) is
crucial for simulating complex physical phenomena. One of the main computational challenges
in HFMs is the need for very fine spatio-temporal resolutions, which results in extremely high-
dimensional problems that can take weeks to solve, even on numerous parallelized computing cores.
Therefore, it is vital to create methods that significantly reduce the computational time and resources
required to enable the application of these models in time-sensitive scenarios, including real-time
control systems, simulation-driven optimization and digital twins [2,3].

One of the most extended approaches to dimensionality reduction is the use of Projection-Based
Reduced-Order Models (ROMs) [4], which combine data-driven methods with the physics-based
solving process of HFMs. These methods leverage pre-computed results from the HFM to define a
low-dimensional latent space that captures the essential dynamics of the system. A common technique
for generating this latent space is Proper Orthogonal Decomposition (POD) [5,6], which employs
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truncated singular value decomposition (SVD) in sampled data to produce an orthonormal basis that
spans the latent space and also serves as the optimal linear mapping from the full-dimensional to latent
space and back [7]. The process of collecting samples within a defined parametric space and applying
POD constitutes the offline stage—an upfront computational investment. This enables the online stage,
where new solutions within the parametric space can be computed at a fraction of the cost of running
the HFM. During the online stage, solutions are found directly in the latent space by projecting the
full-dimensional optimization problem onto another reduced space of the same dimensions as the
latent space. The choice of projection basis depends on the problem’s properties, with common options
including Galerkin projection [8], Least-Squares Petrov-Galerkin [9-12] projection and other derivates
of Petrov-Galerkin [13].

Despite its utility, the reduction capability of POD is often limited by its linear nature, particularly
in problems with slow decaying Kolmogorov n-width [14], such as advection-dominated problems.
This limitation has encouraged the development of non-linear reduction techniques able to achieve
more compact representations. The formal theory for generic non-linear projection-based ROM was
introduced in [15], and it was specifically demonstrated by using a convolutional neural network
as a mapping between the full and latent spaces. Despite the several limitations of this architecture,
i.e. limited scaling capabilities and requirement of structured meshes, it paved the way for further
non-linear architectures. These include methods based on quadratic manifolds [16] and the PROM-
ANN architecture from [1]; the latter essentially being a non-linear approximation of POD using dense
neural networks.

In this paper, we explore a new factor to take into account when constructing non-linear ROM
operators. While existing projection-based ROMs construct their projection operators based exclusively
on learning the reconstruction of solution snapshots, we propose incorporating the residuals of the
HFM into the training of these operators. The reason being that, since the residual is the quantity to be
be optimized during ROM inference, its more accurate representation will necessarily improve the
solutions of the ROMs.

Our methodology is inspired by Physics-Informed Neural Networks (PINNSs) [17] and their
variants, e.g. [18,19]. PINNs are models based on neural networks that learn the solution function to a
system of partial differential equations (PDEs) in its continuous form. They do so by incorporating
the PDEs into their training loss and taking advantage of the automatic differentiation capabilities
of common machine learning libraries. However, their application in engineering workflows can be
hindered by their difficulties to cope with: irregular or discontinuous domains, complex PDEs due to
spectral bias (which hinders their ability to handle high-frequency terms [20]), discontinuities (such
as shock waves [21]), and plasticity (requiring significant effort to develop workarounds for these
issues [22]).

In contrast, the Finite Element Method (FEM) [23], along with other HFMs like Finite Differences
or Finite Volumes Methods, remains the gold standard for solving complex physical behaviors, par-
ticularly in engineering applications. This has led to recent efforts to bridge FEM and PINNSs. For
example, [24,25] proposed discrete PINNs that use FEM to compute residuals and their derivatives for
backpropagation in linear problems. These approaches predict nodal values using neural networks
that take simulation parameters as the only input. Meanwhile, the spatial discretization and boundary
conditions are implicitly integrated via the FEM residual. While [25] focuses exclusively on structural
mechanics, [24] generalizes the approach but still only for linear PDEs. Another intermediate approach
is presented in [26], which introduces a physics-informed neural operator inference [27] framework
that takes a discretized, variational form of the PDE as the training loss. This variational form is based
on the energy of the system and is closely related to the FEM one, although not generalizable to the
same degree. They remark how traditional PINNs only enforce the strong form of the PDE on the
collocation points, resulting in lack of global smoothness, while a variational approach ensures this
implicitly.
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In this work, we propose integrating concepts from PINNSs into the field of intrusive projection-
based ROMs. Specifically, we propose a method to incorporate physics information into the ROM
non-linear approximation manifold by using the FEM residual as the training loss. This requires two
key components: (1) a flexible ROM architecture capable of accommodating custom loss functions
for the definition of the projection operators, and (2) a framework to integrate FEM residuals into
the training process. For the architecture, we adapt the PROM-ANN framework from [1,28], which
uses neural networks in a scalable manner. We modify this architecture to suit our needs and develop
a framework to integrate FEM residuals into a neural network’s loss, along with their Jacobians for
the back-propagation. Our approach assumes the user has access to a fully functional FEM software
capable of providing these quantities —a reasonable requirement given the need for an HFM to
generate training data and perform intrusive ROM.

Our residual-based loss function differs from previous studies in its generality and flexibility.
Instead of minimizing the FEM residual norm directly, we compute the difference between the obtained
residual and a ground truth, thereby learning the behavior of the residual in non-converged conditions.
We also provide an optimized implementation for computing the gradient of the residual loss, enabling
efficient backpropagation.

To validate our methodology, we apply it to a steady-state structural mechanics problem involving
a cantilever modeled by an unstructured mesh. The FEM software of choice is KratosMultiphysics [29],
which we adapted for this purpose. Our results show that the modified PROM-ANN architecture,
combined with the residual-based loss, achieves slightly but consistently improved accuracy in ROM
simulations. We do acknowledge that training with the residual loss is computationally expensive
compared to the traditional snapshot-based loss. To address this, we propose using residual training
only as a fine-tuning step after initial snapshot-based training, significantly reducing overall training
time.

While adapting the architecture of PROM-ANN to suit our specific needs, we also identified
opportunities to enhance the original design, enabling it to learn effectively across a broader range of
scenarios, even without incorporating the residual-based loss. These improvements are presented as
additional contributions in this paper.

In summary, our contributions are threefold:

1.  Enhanced PROM-ANN Architecture: We modify the PROM-ANN framework to improve its
learning capabilities, particularly in cases with fast singular value decay.

2. Residual-Based Loss Function: We introduce a flexible, residual-based loss function that allows
users to utilize their already-existing FEM infrastructure to perform physics-informed training of
neural networks. We also specify an efficient implementation strategy for it.

3. Exploration of the effects of physics-informed manifold on projection-based ROM: We explore
the impact of training the decoder using a residual-based loss function, both in terms of pure
data reconstruction and of online ROM simulation. We obtain encouraging results, particularly
for the latter one.

Our findings suggest that focusing on residual behavior could unlock further potential in non-
linear ROMs, particularly when combined with architectures specifically designed for this purpose.

The rest of the paper is organized as follows. Section 2 provides a review of the main methods that
form the basis for this work, i.e. PINNs and projection-based ROM with an emphasis on the original
PROM-ANN architecture. In Section 3 we propose a discrete, FEM-based residual loss and develop
an adequate implementation strategy for it. Then, Section 4 provides a series of modifications to the
original PROM-ANN architecture and loss that make it compatible with problems with fast-decaying
singular values. Section 5 effectively merges the developments presented in the two previous sections
to enable physics-informed non-linear ROM. Further on, Section 6 explains the specific FEM problem
in which the developments will be tested, as well as the software of choice and the neural-network
training strategy. Section 7 shows the results of applying the methods developed throughout the paper
onto our specific use-case. Section 8 further discusses the implications of the results from the previous
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section and proposes further research directions for future improvements. Finally, 9 closes the paper
with the most significant conclusions.

2. Background
2.1. Physics-Informed Neural Networks

In this section we introduce PINNs, highlighting the most relevant aspects to our case. Our focus
is on PINNs for forward parametric problems. Comprehensive reviews on the numerous variations of

PINNSs can be found in e.g. [18,30]
Consider a physical problem in the following form

R(u(z;p),u) =0 zeQx(0,T],
Bu(zp),z) =g(zp)  z2€9Qx(0,T], ey
L(u(zip),z) = f(zp)  z€Qx{0},

where Q) C RY represents the spatial domain with boundary 9Q, u : Q x Ry x R? — RNar is the
unknown solution, z is a spatio-temporal coordinates vector, p € P C RP? is the parameters vector
encapsulating geometrical, material, and/or initial and boundary conditions. R (-) is the differential
operator in residual form encapsulating the physics. 5(-) is an operator indicating boundary conditions,
and Z(-) is an operator indicating initial conditions.

In PINNSs one uses a neural network for representing the solution function, as

u~N(z,u,0), )

where N denotes the neural network, and © encapsulates its learnable parameters. The optimal
parameters for the neural network are obtained by minimizing a loss function:

®" = arg min £(0), 3)
(&)

where the loss function £(©) can be splitted into
L(O) = wRLR(O) + wiLy(O). 4

Here, w; and wy are weighting factors that balance the contribution of the data-driven loss £,
and the residual loss L, respectively, to the overall loss function. The data-driven loss £; is related to
ij and the output of the PINN for the same
spatio-temporal and parametric coordinates. This data-driven loss £; reads

the mismatch between mN; ground-truth data points u

1 m Ny 2
Ed — MSEd — m Z Z ZZ/,u]; u?}' 7 (5)
j=1li=1

where N, stands for the number of collocation points considered in the spatio-temporal domain.
Moreover, m represents the number of points considered in the parametric space P.

The residual loss L relates to the substitution in the residual operator, as defined in Eq. (1), of
the unknown solution with its neural network approximation as defined in Eq. (2), and reads

m Ng

L = MSER——;:ZHR (2 1:0), )|
j=1i

7 (6)

where Np represents the number of residual evaluation points, which might be different from the
collocation points used in the data-driven loss. Admittedly, from the substitution of Eq. (2) into Eq. (1),
two more terms could be considered, corresponding to the initial and boundary conditions. However,
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here we assume that the initial and boundary conditions have been embedded into the PINN, as
in [31,32], therefore ensuring their compliance, and not entering in the loss function.

The fact that the PINN itself is a differentiable mapping from spatio-temporal coordinates to the
corresponding solution means that gradients of the solution and temporal derivatives of it are directly
computable within the deep learning software via auto-differentiation. This allows for the internal
computation of the loss and its gradient.

2.2. Projection-Based Reduced Order Models
2.2.1. The Full Order Model (FOM)

In the initial formulation of our problem, we represented the physics using a continuous residual
form, as shown in Eq. (1), revisited here for clarity:

R(u(z;p);p) =0 ze€Qx(0,T]. (7)

To adapt this continuous form for computational analysis, we discretize the domain using FEM.
By applying FEM discretization to Eq. (7) and incorporating initial and boundary conditions, we arrive
at a set of governing equations in the form of a g-parametric operator R : RN x P — RN. This results
in the following discrete representation:

R(w;u) =0, 8)

where u € RV is the FOM solution vector containing the value of the solution on every degree of
freedom of the spatial discretization, and p € P C RP is the parameters vector encapsulating e.g.
geometrical variations, material properties or boundary conditions.

Given an initial guess of the FOM solution at a step ¢, symbolically represented as uY(u)!, the
actual solution corresponding to the step can be obtained via an iterative method (e.g. Newton’s) like

—J(uf (p); p)duf () = R(uf (p); p) (9a)
uf () = uf () + ouf () (9b)

where J = 3—5 is a jacobian matrix (or an approximation thereof), k is the current non-linear iteration,

and duf € RN is the solution state increment.

In practice, the FEM discretization can yield millions of degrees of freedom, making each nonlinear
iteration prohibitively expensive. This challenge grows acute in scenarios demanding rapid solutions
(e.g., design optimization, digital twins). To address this, various surrogate models have emerged,
ranging from intrusive methods that directly manipulate the governing equations to non-intrusive
black-box approaches. This work builds upon an intrusive, projection-based reduced-order model.

2.3. Manifold Projection-Based ROMs

Following the standard procedure introduced in [15] for non-linear projection-based ROMs (also
known as manifold-based ROMs), we begin by approximating the FOM’s solution state variable u*(p)
through a general decoder function defined as:

u*(u) =~ u(pu) = Du(q(p)), (10)

where Dy, : R” — RN maps a reduced solution q(p) in a latent space to a solution u(x) in the full
space, and n < N.
Correspondingly, we introduce its encoder:

E,:RN = R",  u(u)— q(p). (11)

1 For our current discussion can be either a time step, or a loading step following a predefined trajectory
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When Eq. (10) is substituted into Eq. (8), we obtain a residual characterized by:

R(u(p);n) = R(Du(q(p)); 1) (12)

Finding the best reduced solution g involves solving the following minimization problem:

1 )12
Jmin 5 IR (e )

Particular choices of the norm-defining matrix G € RN*N lead to different methods. In particular
setting G := J T leads to the Galerkin method, which we utilize in this work. For the derivation of the
Galerkin method and other methods by particular choices of G, the interested reader is directed to [13].

In this way, given an initial guess for the ROM solution, symbolically represented as u®(u) € RY,
the ROM solution can be obtained using the Galerkin method by solving iteratively the following
system of equations

(aD(qk“‘))) ) D8 s (MW) R ()

oq aq oq
9 (u) = 9 (n) + 9" (w) (14b)
q°(#) = Eu(u’(n)) (14¢)

2.4. Neural Network-Augmented Projection-Based ROM (PROM-ANN)

In this work, we focus on the PROM-ANN proposed by Barnett et al.[1]. This methodology
constructs a nonlinear approximation manifold by augmenting a traditional linear reduced-order basis
ROB with a nonlinear correction obtained via an artificial neural network (ANN). It builds upon earlier
developments in quadratic approximation manifolds[16], addressing limitations inherent to purely
linear ROM approximations, especially regarding problems exhibiting slowly decaying Kolmogorov
n-width.

2.4.1. Construction of the Nonlinear Approximation Manifold

The PROM-ANN methodology constructs the solution manifold by leveraging a low-dimensional
primary basis and enhancing it with a nonlinear mapping learned from data. Specifically, POD is
employed by factorizing a snapshot matrix S, € RN*" (containing m high-fidelity solutions) via a
truncated singular value decomposition:

S, =uxvl, (15)

where U € RN*("+7) contains the left singular vectors, and I is the diagonal matrix of singular
values 0;, ordered by magnitude. From this decomposition, we construct the primary ROB & € RN*"
using the first n dominant modes, and a secondary ROB & € RN*" using the next 7 subdominant
modes. Given a full-order solution vector u*(u) € RN, we approximate it with a nonlinear manifold
representation defined as follows:

Dy (q(p)) = uref + ®q(p) + PN (q(n); ©) (16a)
q(p) = Eu(u* () = @7 (u* (4) — uref), (16b)

c
*
&

2
£
=

I

where u,¢ € RN is a suitable reference solution, typically chosen as the mean of the snapshots,
q(u) € R" are the primary reduced coordinates, encoding the dominant features of the solution,
N(q;©) : R" — R" is a neural network with parameters ©, creating a nonlinear mapping from the
primary to the secondary reduced coordinates, thus providing a nonlinear correction to the linear
subspace approximation.
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The ANN acts as a nonlinear map, capturing correlations between dominant (primary) and sub-
dominant (secondary) mode coefficients. Rather than explicitly reconstructing truncated information,
the ANN provides a nonlinear relationship that significantly improves the compactness and accuracy
of the reduced-order representation.

To solve the reduced-order system defined in Eq. (14), it is necessary to explicitly compute
the derivative of the decoder function with respect to the primary reduced coordinates. For the
PROM-ANN architecture defined in Eq. (16), this derivative reads:

DAA) _ g 4 2V (0)0) )

The derivative of the neural network term

9/\/%7((;4);@) can be computed efficiently using automatic

differentiation frameworks typically employed in neural network training.

2.4.2. Training the Neural Network

The ANN is trained using precomputed solution snapshots from the high-fidelity model. For
each training snapshot indexed by j = 1, ..., m, we first compute the primary and secondary reduced
coordinates by projection onto their respective ROBs:

q)T(u;'( (ﬂj) - uref)/ (18a)
& (] () — trer). (18b)

q;(p;)

q; ()

The original PROM-ANN approach [1] defines the training loss function directly on the discrep-
ancy between the secondary coordinates §; and the ANN prediction N'(q;; ©):

1 m
LPROM-ANN = p” ) 19;(#;) —N(q]‘(ﬂj)P@)Hz- (19)
=1

While very computationally efficient, this approach lacks a proper normalization strategy in order
to guarantee that the neural network can be effectively trained. We will study this issue in Section 4.

3. Discrete PINN-like Loss

Our non-linear ROM architecture aims to incorporate the physics of the problem into the ap-
proximation manifold construction. The equivalent effect is accomplished in traditional PINNs by
auto-differentiating the neural network’s output with regard to a given point in continuous space and
time, using the strong form of the PDE system. In contrast, a discrete approach like ours, requires a
numerical approximation by discretization of the PDE, which can be done using a variety of techniques
such as the finite element, or finite volume methods. The integration of these discretized residuals into
neural networks places our approach within the category of informed machine learning, as detailed
by [33].

The proposal to use discrete approximation for substituting the auto-differentiation in PINNs
for residual minimization is introduced almost simultaneously in [24,25]. Both of these approaches
introduce NN architectures for solving forward problems of linear, steady-state simulation and [24]
additionally presents a model for backwards problems of the same nature. Their conceptualization
doesn’t differ too much from classical PINNs in terms of inputs, outputs, and loss definition: they take
the parameters vector for the desired simulation as input, and return the results of the nodal variables
of the system as output. The spatial information that is typically an input in PINNS is intrinsically
defined in the FEM solver at the time of the residual computation.
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In terms of the training loss, both approaches aim to minimize the mean squared L2-norm of the
residual, as determined by the FEM solver. This minimization considers the predicted snapshot (nodal
variables) and the relevant simulation parameters:

i

1NiHR (101 (20)

where © are the trainable parameters of the neural network conforming the PINN, index j specifies
the different samples to be used within the batch, m is the number of samples in the batch and N is the
number of degrees of freedom in our system (and therefore the size of the residual). An important
remark about this loss is that it requires the removal of contributions in the residual R(N/( Wi 0); ;tj) at
the degrees of freedom with Dirichlet conditions, otherwise the norm will not approach zero.

The exact implementation of this loss differs in both approaches. The one in [25] is limited
to static linear cases of structural mechanics and proposes a specific loss scaling strategy for these
cases. They also propose an implementation strategy to perform the loss computation in batches.
Meanwhile, the approach in [24] is more general, but still only applicable to linear PDEs. This limitation
to linear cases significantly simplifies the loss implementation, as the residual becomes of the form
R(u; ) = K(p)u — F(p). So both the stiffness matrix K and the vector of external contributions F are
independent of the current snapshot. Accordingly, the loss becomes:

f

1 m
= — ;HK 1N (1 ©) — F(u;)

where one could have precomputed all K(z;) and F(y;), thus allowing the whole optimization to be
done via auto-differentiation, without calling the FEM software.

Even the approaches in more recent papers like [34,35] are still designed only for linear problems,
with the difference being their specific use cases, the architectures they use for the surrogate model
and the loss being just the norm of the residual, instead of the square of it.

In contrast, our approach differs in two key aspects: (1) the loss function is formulated in a
parameter-agnostic manner, and (2) it is designed to handle both linear and non-linear cases, thereby
enabling a much broader range of applications. As with PINNs, our method also allows for a
combination of physics-based and data-driven losses. The following subsections discuss these three
developments.

3.1. Parameter-Agnostic Loss

One aspect in which our methodology diverges significantly from the original idea of PINNs
is that we are not training a self-contained surrogate model (typically in the form of a single neural
network A/ (,u]-)) but instead, the approximation manifold defined by a trainable encoder-decoder pair
D, (E, (u]*)) As we can see, the latter case does not take the simulation parameters y; as an input,
so it is agnostic to them. This is because the FEM-based ROM software itself will be in charge of
conditioning the simulation with those parameters and then finding the most appropriate solution
within our latent space.

But not only that. Traditionally, for a loss like the one in Eq. (20), we need to specify the exact
parameters p; for the solution we are seeking, as that is the one that will yield a residual of zero
and therefore enable the learning by minimization. Instead, we design a loss function in which the
parameters applied in the FEM software can be arbitrary. In this new loss we are not merely minimizing
the properly parameterized residual of the predicted quantity D, (Eu( ¥)), but the difference between
this quantity and the residual of the target solution u* both with constant parameter pu:

Lr= mlN]i | RO (B ))i10) — RO @)
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In this case, the trainable parameters @ are contained within the encoder and/or decoder of our
ROM, and their specific form depends on the chosen architecture. Strictly speaking, we should write
Dy (E, (u]* ;0);0). However, for clarity and conciseness, we will omit ® from the notation in what
follows.

Our approach aims to minimize the discrepancy in residual behavior when it is non-zero, ensuring
the ROM approximation manifold captures not only the converged solution but also the behavior of
the residual outside of convergence situations. In our approach, the decoder will be readily integrated
into the Newton iterative procedure. Thus, we aim for it to enhance its residual representation near
the convergence space, aiding in achieving an optimal converged solution. On the same line, we no
longer have the restriction that we mentioned for Eq. (20) on the components of the residual associated
to Dirichlet conditions. Meaning that we can leave those components in order to learn them too. The
main caveat of using this approach is that it still requires the original HFM’s snapshots samples u}k
even when training via the residual. In our specific case, the encoder-decoder architecture of choice
will need these snapshots regardless, so it is not a major inconvenient.

Something important to consider is that Dirichlet conditions must be imposed strongly in the
solutions vector whenever we compute the residual. That means that whatever architecture we use as
encoder-decoder pair, it needs to operate on and predict only the degrees of freedom unaffected by
Dirichlet conditions. The fixed ones are given their corresponding value forcefully.

3.2. In-Training Integration of FEM Software

The obstacle impeding going from linear to non-linear cases in other FEM-based residual losses [24,
25] is not a theoretical or mathematical difficulty in generating the residuals themselves or their
derivatives. We have extensive FEM software at our disposal that already does precisely this. The
difficulty is in dynamically integrating this information in an effective way during the training of the
decoder.

Let us study the loss we proposed in Eq. (22) in more detail to identify our needs during training.
The loss itself needs the values for two residuals: R(Dy(E, (u;k)) ;p) and R(u]’.‘ ;#). The latter can be
pre-computed, as it will be constant for sample j during the whole training. The first one, however,
has to be computed within the FEM software with an updated snapshot value at each training step.

Now, the actual training of the model happens during the backpropagation of the loss, which
necessitates calculating the gradient of the loss with respect to @. This is typically done automatically
thanks to the auto-differentiation capabilities of deep learning frameworks. However, as we take part
of the loss computation onto external software, we are unable to do this and we have to code the
gradient manually. The derivative of the loss function Lg can be decomposed using the chain rule:

oLg 2 ToR(uj; ) ou;

m
30~ mN & (Rewiw) —ROwi2m) =50 78

(23)

where u; = Dy, (Ey (uj)) is the current prediction for the nodal values of the solution.

IR (uj;)
The factor —5/

is the Jacobian matrix of the residual function with respect to the predicted
solution vector u;. This Jacobian is computed and assembled entirely in the FEM software, given the
current snapshot and arbitrary simulation parameter. Within the context of FEM, it is expressed as:

JR(u;;
Jr(uj;p) = éu]]”)

. (24)
The final factor a—‘(:)’ represents another Jacobian, this time of the predicted snapshot with respect
to the trainable parameters. We can express it as:

oY
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This latter derivative is applied only on the computations performed in the trainable encoder-
decoder pair D, (E, (u]*)) As such, this factor is self-contained within the deep learning framework
and does not require additional external data. Such a Jacobian could be obtained by using the
tf.GradientTape.batch_jacobian() method in TensorFlow, or equivalent methodologies in other
deep learning frameworks.

To compute the loss gradient as it is defined explicitly in Eq. (23), we just need to collect the factors
coming from the FEM software into the deep learning framework. However, this computation would
be unnecessarily inefficient because of two main reasons described next. For each of these, we propose
a corresponding implementation strategy:

1. First, take into account that Jr(uj; p) is typically a high-dimensional and highly sparse matrix.
So, moving it directly from one software to another could be costly, especially if it cannot be
treated as a sparse structure in all computations. FEM software is typically designed to cope with
these kinds of matrices and to perform sparse vector-matrix multiplications. Therefore, for each
snapshot we precompute the quantities:

er; = (R(u;in) ~R(uj;p)

VR, = egJr(uj;p)

(26)

within the FEM software. Now both of these are vectorial quantities, making the transfer to
the deep learning framework more efficient. eg; is the error used to compute the loss, as
Lr =5 Yt |er, H2 And vg ; will be used to compute the gradient of the loss.

2. Then, the main bottleneck comes from needing to compute m full Jacobian matrices {Jp (u;; u) }}":1
via auto-differentiation, instead of just the gradient of a single scalar Lr. Avoiding this is
straightforward when reformulating the gradient of the loss with vectors vg ;. We realize that, to
the deep learning framework, externally-computed vg ; is no longer seen as a function depending
on the model parameters @, but as a constant instead. This means that we can treat it as such
during the computation and get:

oLR 2 Z du; ) 2 Z

30 ~mN ="Mige ~ a6 | mN & VR @7)
j= j=

Therefore, we compute a single gradient of a scalar value for the whole batch, via auto-

differentiation.

Particularly in our case, we take KratosMultiphysics as our choice of FEM software. As it is
open-source, it enables us to develop all the custom functionalities needed to take a given set of
snapshots {u; }}”:1 (those of the current batch), and for each one apply it as the current solution to then
output eg j and v ;.

3.3. Data-Based Loss Term

Even when training with the residual loss, it might be beneficial to introduce a data-related loss
simultaneously. This is common in traditional PINNs in two ways: specifically on the boundary
and initial conditions, to try to enforce Dirichlet conditions [17] (unless a special approach is used
to establish them strongly [32]), and on collocation points sampled inside the simulation space, as a
regularization that can help the overall loss converge faster [18].

In our case the Dirichlet conditions are enforced strongly and managed by the FEM software for
their effect on the residual. But we could still introduce such a loss term for regularization purposes.
Thus, the total loss function would be defined by two components:

L=wrLlr+wiLly. (28)


https://doi.org/10.20944/preprints202504.0645.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 April 2025

11 of 27

where wr and wy are tunable hyper-parameters to balance both terms as needed, and the data-
related loss £ is defined simply as the mean squared error between the currently predicted snapshot

= Du(Eu( ¥)) and the ground-truth one u’:

o= =il @

Then, the implementation of the total loss £ and its gradient starts by defining the following vectors as
constants: .
esj =va; = (uj—uj),

T
eR, ‘= (R(uj;y) - R(uf;y)) , (30)
vRj = er,;Jr(ujp),
and then using these to compute the loss as

m

1 2
- = z(wR|\eR,]-H2+wdHed,jH ) @1

And finally its gradient via auto-differentiation:

oL d 2 &
% = % (mN E ((,(JRVR/]' + a)dvd,j) 11]> . (32)
j=1

4. Modifications to the PROM-ANN Architecture

We adopt the PROM-ANN architecture from [1] as the foundation for developing our physics-
informed ROM model, which introduces the use of neural networks while ensuring scalability and
avoiding the requirement of a structured mesh for the underlying simulation. The architecture was
introduced in Section 2.4, where we noted that it can be interpreted as a non-linear extension of classical
POD that introduces additional effective modes without increasing the size of the latent space.

However, we find that the architecture, as originally proposed, is difficult to train—at least in our
case, where the underlying problem exhibits a rapidly decaying singular value spectrum. To address
this, we first revise both the architecture and the data-driven loss formulation to improve training
capability. Later, in the following section, we will then incorporate our residual-based loss into the
framework.

The modifications we propose in this section are as follows: (1) scaling of reduced coefficients, (2)
changing the data-based loss for one that takes the full snapshot into account and (3) properly scaling
the loss

4.1. Scaling of Reducedcoefficients

The main concern for us from the original architecture is that there is no normalization or scaling
of the reduced coefficients prior to using them in the neural network. Ideally, neural networks are
designed to operate on inputs that are approximately independent and identically distributed (i.i.d.),
as this assumption facilitates more effective learning and optimization [36,37]. This can rarely be
guaranteed, but it is still common practice to perform some sort of normalization or scaling on the
inputs so that they all operate in a similar range of values. Otherwise, serious issues may arise during
training, mainly because of some of the inputs being ignored.

In the case of PROM-ANN, the inputs and outputs of the neural network are the coefficients for
a given snapshot (remember from Section 2.4 that we train a network such that N/ (<I>Tu;f) ~ <i>Tu]’-‘).

These coefficients qF = <I>Tu]’f and q}‘ = &' u* will scale similarly to the singular value decay observed
when performing SVD on the training data. Essentially, for a fast-decaying singular value profile, each
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coefficient will result in a considerably smaller range of coefficients than the previous one, causing the
neural network to learn only from a few of the first ones.

In order to correct this issue, we modify the architecture of the encoder and the decoder themselves
to include a pair of scaling matrices:

(33)

where both the projection matrices ®, ® and the scaling matrices E, & come from the SVD decomposi-
tion of the snapshots matrix:

SVD(Sy) = UzvT
@ = [Uy]..]Un], @ = [Upy1]..|Us]

(%] On+1 (34)
1 ) 1 On+2

]
— (e —
— —

(o On

1

and o; are the singular values found in the diagonal of the X matrix. Finally, M is the total number of
samples in Sy,.

This procedure effectively re-scales each coefficient to have a roughly equivalent range. In the
ideal case where all rows of the training snapshot matrix S, have zero mean, multiplying by the matrix
&' scales the quantity Q = £'UTS,, such that the covariance matrix between its rows becomes the
identity. In other words, the modes in Q are uncorrelated—already ensured by the projection onto
®—and have unit variance.

In our case, the condition that all row means in S, are exactly zero does not hold. Nevertheless,
as we will show in Section 6, the resulting scaling still leads to reduced coefficients with similar
magnitudes in our particular use case.

We intentionally avoid enforcing zero-mean values, as we do not wish to apply any offset to the
projected values. This design choice is crucial because it enables a neural network architecture without
biases, thereby ensuring that D, (E,(0)) = 0 holds. Additionally, the proposed scaling procedure
preserves the orthogonality of the projection matrices, so we still have E, (D, (q)) = q.

Finally, no additional computation is required to obtain the scaling factors, since the SVD is
already performed as part of the original methodology. In this sense, the approach is highly efficient.

4.2. Corrected Data-Based Loss

Now we have an architecture that provides appropriately-scaled features for the neural network.
But at the same time, this scaling may not be the best if we want to apply the training loss as in the
original paper[1]. That is, measuring the error on the predicted q; coefficients themselves. This loss
would translate like this to our architecture:

2 1 & gy T+ m—1gT
Y |vETeTw) - &8 (35)

- j
mN =

1 & ——
cgz—ZHN(q*)—E & ut
mNj:1 ] ]

The rationale behind dividing by N is to ensure consistency with the loss formulations introduced in
Section 3.

Such a loss will give the same importance to all of the output features, or reduced coefficients in
this case. We know from the nature of POD that this is not desirable, as lower modes should be given
more importance than higher ones. In fact what we have to do is to reverse, within the loss, the scaling
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that we applied to the reduced coefficients. We can do so by applying & on the contents of the norm in

Eq. (35):
'Cd,compact N Z (

But we could also achieve the same effect by just enforcing the whole reconstructed full-order

[1]|
[1]|

o)

snapshot to approximate the ground-truth one. That is, using exactly the same data-based loss that we
had defined in Section 3.3:

e bl e coevr

This second loss is more intuitive, as we make it explicit to achieve the final goal for our ROM
approximation manifold: learning the full snapshot itself. However, it is not difficult to prove that
both Eq. (36) and Eq. (37) are equivalent up to a constant offset. That is, assuming that all snapshots
{u}K }]T”:l were included in the set S, to which we performed the SVD.

Proof. By developing from £;:

l m
£a= o Xl =i

2 1
=
By developing u; = (pzz o7 + dEE '®T + ﬁ)ﬁéfléT)u;. Where & is the orthonormal basis
containing the singular vectors from SVD(S,) that were not included in neither ® or ®, and E is
analog but for the singular values matrix. Then applying it:

1 - = = - = mm—1xT s pa—1aT 2
Ed—mN]gthnq +<I>:.N(q)—(<l>~q*+d>.::. <I>u}‘+<l>.:.: <I>u]’-‘)‘
I las s—1&T s T L2
ZW'Z;H@:.(N‘(q*)f:. @ u]*) — ®P uj
j=

3 = * =a—1zT 2 & 2
BE(N(q) -2 0Tu) [ + |6

T 4|2
u])

By acknowledging that the L2 norm is invariant to right-multiplication of an orthonormal matrix and
A aT
that the terms H fodod u]*

cd_mlNzZl 2(N(q) ~ & 0T}) [ +C = Locompaet + €

O

If the user does not intend on applying physics-informed training, then choosing £ compact would
make most sense because of its reduced complexity. However, the fact that £; takes the snapshots to
the full space within the computation makes it most appropriate to be paired with a physics-based
loss, which will require the full vector of nodal solutions anyways. In any of the two cases, the ideal
would be to pre-compute q]’f for all samples to improve efficiency.
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4.3. Scaling of the Data-Based Loss

As written in Eq. (37), £; would exhibit high variability depending on the number of modes
included in the primary ROB. That is because, by including more modes in ® while following their

2
importance order, we are heavily limiting the possible error Hu]- - u}‘ H that we can have .
In order to correct this issue, we propose to use a pre-computed scaling factor that will be applied

globally to the loss:
L= L1 iH“““*HZ (38)
4~ mN epop = I
With the new factor epop 4 defined as:
1 M T, *x * 2

This quantity corresponds to the mean squared reconstruction error of the standard POD approach
when only the primary modes are retained. It is averaged over all the samples in the training set, not
only those in the batch, in order to make it representative for any choice of samples during the training,
and thus, only having to compute it once at the beginning.

This choice of scaling also gives a much more interpretable value to the loss, as it will become an
indicator to how much better the current model is compared to just using POD for the same size of
latent space. In this sense, it is helpful when troubleshooting, as a value over 1 would clearly indicate
that we are losing accuracy compared to POD.

4.4. Online Phase of Non-Linear ROM

In order to perform the online ROM simulation, we need to adapt the nonlinear iteration problem
to the new architecture. Essentially, we substitute our decoder into the Galerkin-based non-linear
iteration formulation for non-linear manifolds (as seen in Eq. (14)). The result would be:

T
<<I> ros?t (qk)> () (m +ez (qk)>5qk<u> - (m +ezV(d)

T
3q > R(u(p);p)

9 (w) = q"(u) + 59" ()
(40)

[z
[z1

dq dq

J— k
Meaning that at each non-linear iteration we have to recompute ®= a/\g%q ),

The online ROM simulation is done entirely within the FEM software, KratosMultiphysics, as
going back between this and the deep learning software would be unnecessarily expensive. Therefore,
we made custom methods within KratosMultiphysics to compute both the forward pass of the neural
network, N (q), and the jacobian of its outputs with respect to the inputs, a/\a/%. The other quantities
are defined at initialization from the training results and are kept constant.

5. Integration of Physics-Based Loss into PROM-ANN

Here we take the developments done in the two last sections and join them in order to finally
obtain a method to perform physics-informed non-linear projection-based ROM. Essentially, we will
take the total £ loss developed in Section 3 and apply it on the PROM-ANN formulation developed
in Section 4, while keeping in mind the adaptations to the loss that we also performed in this latter
section.

The full discrete PINN-like loss £/, as formulated in Section 3 is:

2

L' = wrly + wall = n(:;\{]]iHR(uj;y) - R(u]’.‘;y)Hz n n‘méﬂuj - u;fH (41)

2 This is true for snapshots within the set Sy, and should reflect in new samples if they are properly represented by the POD
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In Section 4.3 we already determined that a full-snapshot data-based loss like £/, in Eq. (41) is
appropriate to use once scaled by factor 1/epop 4. So that is the only modification we have to do on £/,

But now, in order to still be able to use the residual-based loss term Lj appropriately, we should
also scale it in a similar way to £/;. We propose modifying it as follows:

Lr = mNePODR ZHR wji ) ]'F)H ’ 42)

With epop r defined as the mean square error compared to the traditional POD, but this time in
terms of the residual and not the snapshot itself:

1 M 2
ePOD,R:m;HR( @@ u;p) — R( f;ﬂ)H : (43)

With this small modification, the full loss becomes:

Wy 1 i 2
e ents-ront= 2w 2 ]
WRER T Waka mNePODRZ ey wjik) +mN€POD,d ]; R e
And the practical implementation of the loss itself and its gradient is:
1 1 < WR 2 wy 2
L=— eR, +7He H /
mN = ePOD,RH R epop,a Il
(45)

oL d 2 & ( WR wy )
E_ 2y VR, i
20 ~ 90 (mNj_l eropr " epopa )"

where all vector quantities eg j, e;;, Vg, and v, are exactly as defined in Eq. (30) and treated as
constants. And the definitions of the encoder and decoder are taken from Eq. (33).

As we only modified the loss for the offline stage of ROM, the online stage stays untouched.
Therefore, once the decoder is trained, we would proceed exactly as in Section 4.4 with new cases to
simulate.

6. Use-Case and Evaluation Methodology

The evaluation of our method is done on a quasi-static structural mechanics case, specifically a
non-linear case of hyperelasticity. It simulates the deformation in a 2D rubber cantilever that is fixed at
its left wall and which has two different and perpendicularly-oriented line loads, Py and Py, applied
to its right end. The cantilever is defined by an unstructured mesh with 797 nodes, and the nodal
variables to compute are the displacements in components X and Y. Therefore, our FOM system is of
dimension N = 1594. Figure 1 shows a schematic of the described setup.

We define the parametric space as the range of loads that can be applied in each direction:
P = [—3000,3000] x [—3000,3000] N/m. And the displacements are computed in reference to the
unperturbed position of each node u(Py = 0, P, = 0). Figure 2 shows the deformation on the cantilever
for a random set of lineload combinations within the parametric space.

In order to build the snapshot matrix for the training, we perform the ROM simulations of 5000
different cases with parameters defined by a 2D Halton pseudo-random number generator. From
each of these simulations, we store both the full snapshot u]’f € RN and the corresponding residual
R(u;-‘ ;#) € RN, For the validation set we generate 1250 different samples using the same strategy, and
we generate 300 more for the test set. We perform all evaluations over the test dataset; the training and
the validation ones being used exclusively during the training process.
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Figure 1. Mesh of the cantilever with line loads
3000 1 2 3
®*6
2000 +
2
L ]
— 1000
E 3.
z
>
k=] 0
s 4
g ° 4 5 6
= 1000
5 [ ]
—2000 +
1
[ ]
—3000 T T T T T
—-3000 -2000 -1000 0 1000 2000 3000
Line load x [N/m]

Figure 2. Examples of deformation in the cantilever for six different random combinations of line loads

®, d, & and E are obtained from the SVD of the snapshots dataset for training. Figure 3 shows the
decay of the singular values’ energy for the first 200 modes of the SVD. The number of modes in each
projection matrix is chosen by taking into account the accuracy obtained via traditional POD-based
ROM using the same amount of modes. We establish two limit cases: one in which we select a value
of n = 6, that would lead to a ~ 0.1% error on the displacements snapshot using POD, and one with
n = 20, which would achieve a relative error of ~ 10~°. Then, we take a series of n values in between
these to compare in our experiments. The secondary ROM basis contains a variable amount of modes
so that n + 71 = 60 always.
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Figure 3. Singular values’ energies for the first 200 modes of S,.

Two different error metrics are defined:
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*  Relative error on snapshot:

i =]

= exp Z In

(46)

ul
]

This is the geometric mean of the relative errors of each ROM sample u; compared to the FOM

one u]’-‘.

. Relative error on residual:

[t Risn)|
o]

Again, the geometric mean of the samples’ relative errors, but this time comparing the residual.

eR = exp Z In (47)

We will use these metrics in the next section, in order to compare the behavior of our models both
in reconstruction and online ROM.

In terms of software, we use KratosMultiphysics [29] as our FEM framework, as it is open-
source and lets us implement the required methods and interfaces in Python. For the neural network
framework we choose TensorFlow.

All neural networks presented contain two hidden layers of 200 neurons each and with no bias.
We use Exponential Linear Unit (ELU) as our activation, and use a learning rate scheduling strategy
where the initial learning rate is decreased following a sinusoidal curve until a value of 10~°. We select
AdamW as the network optimizer, with the default values from TensorFlow. Finally, all trainings are
done with batches of size m = 16.

7. Results

In this section we will go over the evaluation of the methods we have proposed throughout the
paper. The first subsection will study the modifications to the original PROM-ANN [1] that were
explained in Section 4. After that, we study the effect of training the architecture with the novel
residual loss, as developed within Section 5. Finally we do a performance assessment.

7.1. Modifications on the Original PROM-ANN

In this section, we examine the modifications introduced to the original PROM-ANN architecture
during Section 4. The modification involved first the incorporation of scaling matrices & and & within
the encoder-decoder pair and within the loss. Then we added a global, scalar scaling 1/epop 4 to the
data-based loss. The main effects of these should be (1) achieving a similar range of values for all the
neural network’s inputs and (2) to make the loss and its gradients invariant to the choice of size for the
latent space.

In order to confirm effect (1), we apply the encoder E,, on all snapshots from our training set, with
fixed latent size n = 60. We do so with the encoder as defined in the original POD-ANN paper [1]
(specified in Eq. (16)) and also with ours (specified in Eq (33)). Thus, obtaining qorig,; = <I>Tu]’~‘ € R0
and q; = .'E’l(DTu]’f € R, respectively, for all the snapshots. Then, in Figure 4 we plot the statistics
of the obtained values for each component or mode in qqrig; and qj, side by side. For the original
implementation (Figure 4a) only the first few modes have similarly large coefficients, then they become
too small to differentiate. In contrast, by incorporating the singular values matrix, we obtain the result
in Figure 4b, where all ranges are similarly large. These are, in fact, the range of values that would go
into the neural network in each architecture.
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Figure 4. Boxplots showing the spread of the values for each mode of q, for all the samples in our training dataset.
(a) shows the case where q = ®Tu* and (b) the case where q= 2~ 1®Tu*. The ranges are much more uniform in
the latter case, which should be beneficial when training the neural network.

Moving on to effect (2), we do a similar study but on the range of the mean of the gradients
obtained during back-propagation in the training routine. We compute the mean gradient for
each batch, and then take the mean for all batches in the training epoch. Thus, collecting a single mean
gradient value per epoch. We compare the trainings with and without scaling factors 1/epop 4 and
1/epop,r (otherwise as £ in Eq. (44)). And for each of these two cases, we run four different training
routines:
®  56: 6 primary modes (1 = 6). Trained only on the data-based loss (w; = 1, wgr = 0).

e 520: 20 primary modes (1 = 20). Trained only on the data-based loss (w; = 1, wg = 0).

®  Ré6: 6 primary modes (1 = 6). Trained only on the residual loss (w; = 0, wr = 1).

®  R20: 20 primary modes (1 = 20). Trained only on the residual loss (w; = 0, wr = 1).

all of them for 800 epochs. We can see in Figure 5 the comparison of the statistics of these gradients
for the different training modalities without the scalings (Figure 5a) and with the scalings (Figure 5b).
While the former presents orders of magnitude in difference for these values depending on the size of

the latent space, the latter one provides very uniform results.
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Figure 5. Boxplots showing the spread of the mean value per epoch of the applied gradients during training, four
different training strategies. (a) Shows the results when no rescaling of the loss is applied. (b) Shows the results
when the rescaling factors epop 4 and epop,r are applied. The latter case is invariant to the choice of latent space
size, contrary to the first one.

The final step in the evaluation is to examine how do these modifications altogether affect the
resulting decoders after training. That is, the capacity for the trained decoders to reconstruct the
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original snapshots, and also to serve as the approximation manifolds within ROM simulations. For
this we compare three architectures and training losses:

®  s-loss: Using the encoder-decoder pair introduced by us in Eq. (33). Train via the data-based loss
L; as defined in 38 for 800 epochs. Learning rate starting at le-3.

e g-loss: Using the original PROM-ANN encoder-decoder pair, as in Eq. (16). Train via the original
loss Lprom-aNN as defined in Eq. (19) for 800 epochs. Learning rate starting at le-3.

e  POD: Using the fully linear POD encoder-decoder pair. Involves no training apart from the SVD
computation.

We compare the relative snapshot error (e, from Eq. (46)) applied on the reconstructed snapshots
u; = Dy(E, (u]*)) for the whole test dataset. We do so for the three models specified above, and for all
the q; sizes specified in Section 6. Then we do the same but taking u; as the result of the online ROM
simulation with each architecture. The results are illustrated in Figure 6.

For the data reconstruction, the error for our proposed methodology, in s-loss, is several orders of
magnitude lower than both POD and g-loss. While the error for g-loss is marginally better than POD
only for the lowest sizes of q. We attribute this to the bad conditioning of the NN input, at least for
problems with fast-decaying singular values like our use-case. Without proper training, the secondary
term of the PROM-ANN decoder will just add noise to the final snapshot, making it behave even
worse than traditional POD.

These observations translate to a similar behavior in the ROM simulations. All the ROM simula-
tions lose some accuracy compared to the data reconstruction, but this gap is even larger for the g-loss

case.
0
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—e- qg-loss, data recons.
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Figure 6. Comparison of the error in the snapshot, e, over three different architectures: (1) s-loss with our modified
PROM-ANN method, (2) g-loss with the original PROM-ANN method in [1]and (3) POD with the traditional POD
method. All of them for different dimensions of latent space. Dotted lines represent error on data reconstruction
alone, while full lines represent error on online ROM simulation. s-loss consistently performs several orders of
magnitude better than POD, while g-loss is not able to keep up with POD in most cases.

7.2. Comparison of Snapshot and Residual Losses

The next step is to make a comparison of the effect of training based purely on data versus training
on residuals. Like the subsection before, we compare models with q size ranging from 6 to 20.

Figure 7 compares errors on snapshots (e, from Eq. (46)). On the one hand, we check for the
encoder-decoder data reconstruction and, on the other hand, for the results of the intrusive ROM
execution. Meanwhile, Figure 8 compares the errors on residuals (eg from Eq. (47)) only for the
encoder-decoder reconstruction.

In both figures we compare two models trained differently:

®  s-Joss: Train using only the snapshot loss (£ from Eq. (44) with w; = 1, wr = 0) for 800 epochs.
Learning rate starting at 1le-3. (Same as in the previous sub-section)
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e  r-loss: Start weights on the ones resulting from s-loss. Then train for 800 epochs with only the
residual loss (£ from Eq. (44) with w; = 0, wg = 1). Learning rate starting at le-4.

1074 4 -e- s-loss, data recons.
—e— s-loss, ROM simulation
—-e- r-loss, data recons.
10-5 - r-loss, ROM simulation
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Figure 7. Comparison of the error in the snapshot, e, for models trained on loss £ from Eq. (44) with two different
configurations: (1) s-loss with (w; = 1, wg = 0), from randomly initialized weights and (2) r-loss with (w; = 0,
wgr = 1) but starting from the weights of its s-loss counterpart. Both of them for different dimensions of latent
space. Dotted lines represent error on data reconstruction alone, while full lines represent error on online ROM
simulation. r-loss consistently gets slightly worse accuracy in the data reconstruction, while its ROM simulation
solutions are slightly better than s-loss.
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Figure 8. Comparison of the error in the residual, eg, for models s-loss and r-loss as described in Figure 7. Both of
them for different dimensions of latent space. The error is computed only for the case of data reconstruction. r-loss
consistently gets lower error than s-loss.

The behavior represented in Figure 7 is quite interesting. Although the final result of the ROM
simulation using the r-loss model is not substantially better than its s-loss counterpart, it consistently
achieves a higher accuracy. This is in total opposition to the results for the encoder-decoder recon-
struction of the snapshots, in which s-loss gets the highest accuracy for all q sizes. This seemingly
contradictory phenomenon is clarified when looking at the reconstruction residuals in Figure 8 which
shows the r-loss performing consistently better. These results hint that the behavior of the intrusive
ROM may be more influenced by the correctness of the residual representation for the snapshots in
our ROM approximation manifold than by the accuracy of the snapshots per se.

7.3. Comparison of Training and Online ROM Runtimes

For the training time, we check the mean time spent to train a single batch, measured over an
entire epoch. As stted in Section 6, all cases share the same architecture (two hidden layer of size 200)
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and train with batches of size 16. Computation is done on a single thread of an AMD Ryzen 7 5800x3d
processor.
The description for the cases to compare is the following:

*  Snapshot: Using loss £ from Eq. (44) with w; = 1, wg = 0. No interaction with FEM software.

®  Residual (optimised): £ from Eq. (44) with wy; = 0, wg = 1. Implementing the gradients
computation using the optimizations detailed in Eq. (45).

*  Residual (non-optimised): £ from Eq. (44) with w; = 0, wr = 1. Implementing the gradients com-

putation in a naive way by computing first A; = (R(u;) — R(u}))T9® in KratosMultiphysics and

1
then computing B; = g—g via the tf.GradientTape.batch_jacobian() method in TensorFlow,

then performing matrix multiplication in:

aLg 2 1 Y

00 ey r Nm l; P

(48)

The results are printed in Table 1. We see that training via the residual with the naive implementa-
tion is not feasible, as the time for a single batch is in the order of seconds. Thanks to the optimizations
described in Section 3.2 we avoid computing entire Jacobian matrices, which reduces the time to the
order of 10 milliseconds. Still, as we expected, training the neural network via the residual loss takes
considerably longer than training via the snapshot loss (around 40x longer). That is why in Section 7.2
we perform a finetuning on the residual loss, instead of training from random weights.

Table 1. Comparison of training time for a single batch, among different losses.

Loss type Mean batch training time (s)
Snapshot 9.20e-4
Residual (optimised) 3.87e-2
Residual (non-optimised) 741

Next, we want to make a performance assessment for the online ROM execution. For that,
we measure the time that the FEM software takes to solve the reduced linear system of equations.
Specifically, we take the mean resolution time for all the non-linear iterations while solving 9 different
cases from our test set. This is performed for two different configurations of the architecture proposed
in this paper, two cases of traditional POD that achieve similar accuracies to the former pair, and the
FOM simulation. Again, these evaluations have been performed using a single thread from an AMD
Ryzen 7 5800x3d processor.

The results for different models can be seen in Table 2.

Table 2. Comparison of computation times for various tasks within the online ROM routine, over a set of different

models.
Model q size ey System solve time (s)
Modified PROM-ANN (Eq. (33)) 6 7.67e-5 1.42e-6
Modified PROM-ANN (Eq. (33)) 20 6.12e-8 5.55e-6
POD 18 | 2.39e-5 4.84-6
POD 40 1.32e-7 1.99e-5
FOM - - 2.11e-3

As expected, the main computational advantage of our method (and of the original PROM-
ANN [1], as both architectures are equivalent in terms of computational complexity) comes from
the achieving smaller linear systems to solve for the same precision. It is noteworthy to point out
that the biggest gains in computation time for the online process come with a further step in the


https://doi.org/10.20944/preprints202504.0645.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 April 2025

22 of 27

ROM workflow called Hyper-Reduction, in which the amount of elements to take into account for
the generation of the system at each step is greatly reduced. The number of reduced elements to use
is directly related to the latent space dimension. Therefore, the reduction in modes that we achieve
is also beneficial in this regard. This study focuses on the offline part of the ROM process, so there
is no further development on the online procedure compared to the original PROM-ANN method.
The implementation of Hyper-Reduction is described for this type of architecture in their paper [1], so
interested readers are encouraged to check their performance assessments, which should be applicable
to our case aswell.

8. Discussion and Future Work

Once we have assessed the performance of our proposed architecture and losses, we will further
discuss the implications of these results and the impact of our contributions.

We comment first on the discrete FEM residual-based loss that we developed throughout Section 3,
and its proposed implementation strategy. These developments pose a step-up from recent initiatives
to design discrete PINN-like losses [24,25,34,35] that limit themselves to linear problems of different
natures. By taking advantage of open-source FEM software like KratosMultiphysics [29], we can
access all the FEM methodology needed to obtain residuals and Jacobians for non-linear cases in a
wide range of state-of-the-art FEM formulations. The cost for this is a loss in time efficiency during
training, compared to the classic data-based approach, because of the required dynamic interaction
between the FEM software and the neural network framework during training. And also because of
the manual computation of the gradient loss. It is in this sense that our implementation proposal makes
a huge difference, taking the training time from being prohibitive to being just an order of magnitude
higher than the data-based one. These comparisons are shown in Section 7.3. We believe that the main
computational bottleneck after our proposed methodology is the fact that the FEM software currently
runs the computations in series for each sample in the batch. Some future work on parallelizing these
procedures could potentially unlock training times much closer to the data-based ones. Another key
characteristic of the proposed loss is being parameter-agnostic. This makes it more versatile in various
ways: in terms of efficiency the FEM software does not need to re-configure the simulation for each
specific sample, and in terms of use-case it can be applied to cases in which not only the minimization
of the residual itself is important, but also its behavior while being non-zero. This latter aspect is key
in using this loss for our particular setting of intrusive ROM. One unexplored advantage of this loss
formulation would be the possibility to perform partial physics-based learning, where only specific
components of the total residual are used for the training. For example one could train only on the
steady-state component of the residual of a dynamic case in order to avoid the inconveniences from
the dependency on previous time-steps. This is not addressed in this paper, but left as possible future
contributions. There are further options that the residual loss could open up and that we haven’t
fully explored, e.g. the possibility of training on the residual with noisy data in order to achieve data
augmentation.

Next, we comment on the modification to the PROM-ANN architecture itself and the data-based
loss £ with the scaling matrices &, & and the global scaling 1/epop 4. The scaling matrices are an
inexpensive way to normalize the input ranges for the neural network with the direct results from the
SVD, so we avoid extra statistical studies of the dataset. The global scaling is a single scalar computed
inexpensively via POD, only once for the whole training. The effect of these modifications is apparent
in the results in Section 7.1, where both the reconstruction and ROM results from our architecture
are several orders of magnitude better than the simpler, original approach described in [1]. Now,
there is a very plausible explanation for the lack of performance of the original PROM-ANN, mostly
when comparing with the good results that they obtain in their paper. The use case that they use for
evaluation is a 2D inviscid Burgers problem, which has a much flatter decay in the SVD’s singular
values compared to ours. Thus, the range of their inputs to the neural network should naturally be
more uniform. Another possibility is that they apply some normalization routine prior to the neural
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network without mentioning it explicitly. In any case, we can say that our modification makes the
architecture generalizable to any kind of problem in terms of their singular value decay. Additionally,
the global scaling 1/epop 4 is key in order to stabilize the scale of the loss and the backpropagation
gradients, making the neural network optimizer perform equally whatever the choice of latent size. It
also has an interpretational purpose, which is to make the loss a direct indicator of how much better
the results are relative to the simple POD version. Something to explore in the future would be better
methodologies to choose the modes included in the primary and secondary ROBs. Right now this is
done in a greedy way, selecting as many modes are needed to achieve a certain accuracy in POD, but it
is not clear how different modes are related to one another (especially since they are uncorrelated in
the linear sense). The implementation of our version of ANN-PROM (only with the data-based loss) is
readily available within the ROM Application of KratosMultiphysics [29].

Finally, we enter the discussion about the effect of training our modified ANN-PROM architecture
on the residual loss. Other than the increased duration of the training routine, it was also difficult for
us to prevent the model from falling in non-optimal local minima during training with the residual
loss. That is why the chosen approach was to train first with the data-based approach and only then
finetune with a purely physics-based loss. The intuition for proposing this physics-based training is
that the intrusive ROM accuracy is not only given by the snapshot-reconstruction capabilities of the
approximation manifold (which would work more like a lower limit in terms of error), but should
also be dependant on how well the residuals are represented within these solutions in the manifold.
Essentially because the residual is the quantity being optimized during the intrusive ROM simulation.
The general discrepancy between ROM and reconstruction is clearly demonstrated within our use-case
in Section 7.1, with the error in ROM simulation being approximately one order of magnitude higher
than the reconstruction one for both our proposed architecture with the data-based loss and traditional
POD. Further on we look at the results in Section 7.2 to specifically understand the effect of the
residual-based training. The observations are encouraging, even if not spectacular. We say this in the
sense that performing ROM with the model trained on the residual provided slightly but consistently
better results than the one trained with the snapshot. It can also be interpreted as achieving a slightly
lower discrepancy between reconstruction and ROM simulation, which is what we were aiming for.
But the most important insight is that this phenomenon coincides with a consistently lower error in
the representation of the residual by the models trained on physics. We are aware that, as it is right
now, the significantly higher training time with the residual loss renders the proposed method not
attractive, taking into account the marginal increase in ROM accuracy, but we are optimistic that future
research can enable more meaningful improvements.

We make the observation, in retrospective, that choosing the ANN-PROM architecture for imple-
menting the residual loss limited the achievable accuracy. That is because, even if the neural network
allows us to introduce the loss of our choosing, we still depend entirely on the modes that we gathered
via SVD on our snapshots dataset, without any regard for the residual accuracy. The fact that even
with this caveat we were able to achieve slightly better results makes us very optimistic for the future
where we could explore new architectures (or variants of this one) that put the residual in the focus
point from the beginning, or that allow more freedom to correct the residual on top of the modes for
the snapshot.

Allin all, the three main contributions of the paper work together to complement each other and
obtain a physics-informed intrusive ROM framework, but also hold value by themselves: the residual
loss could be applied for other purposes like non-intrusive ROM, the modifications to the ANN-PROM
architecture make it more versatile in terms of the types of problems it can handle, and the study of
the effect of the residual in intrusive ROM provides a seed for a new path of research in this discipline
for us and for the rest of the community in numerical methods.
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9. Conclusions

In this paper, we extend the PROM-ANN architecture proposed in [1] by incorporating a training
approach based on the finite element method (FEM) residual, rather than relying solely on snap-
shot data. This establishes a connection between non-linear reduced-order models (ROMs) and
physics-informed neural networks (PINNs). While traditional PINNs use analytical partial differential
equations (PDEs) to train continuous, non-intrusive models, our approach leverages discrete FEM
residuals as the loss function for backpropagation, guiding the learning of the ROM approximation
manifold. This development allows us to investigate the impact of improving the residual of the
snapshots on the overall performance of projection based ROMs.

The path to achieve this final goal enables us to present three independently significant contribu-
tions: (1) a loss based on the FEM residual and which is parameter-agnostic and, most importantly,
applicable to non-linear problems; (2) A modification on the original PROM-ANN architecture in
[1] that makes it applicable to cases with fast-decaying singular values, and (3) a study on the effect
of the residual-based training on ROM simulation. We demonstrate our approach in the context of
static structural mechanics with non-linear hyperelasticity, specifically in the deformation of a rubber
cantilever subjected to two orthogonal variable loads.

In terms of the residual loss, the fact that it is based on existing FEM software makes it applicable
to a high range of problems. The proposed implementation strategy makes the interaction between
the neural network and the FEM software viable in reasonable training time, around 40ms per batch.
Finally, the enhancement of the resulting residuals via this loss is demonstrated by applying it on
our proposed PROM-ANN-based architecture and performing data reconstruction. This results in a
consistently lower residual representation compared to the cases trained on snapshot data alone.

About the modifications to the original ANN-PROM architecture, we observe how our method
lowers the snapshot error by several orders of magnitude compared to POD, in both the data re-
construction and the ROM simulation results. This improvement is consistent for latent space sizes
ranging from n = 6 to n = 20. In contrast, the original PROM-ANN formulation struggles to train
the neural network, resulting in errors higher than POD in most cases. This enhancement from our
methodology comes from a proper scaling strategy on both the architecture itself and the loss to be
used.

Finally, for the effect of applying the FEM residual loss on the approximation manifold for
projection-based ROM, our results show a modest but consistent reduction of the gap between the
accuracy for snapshot reconstruction and the accuracy for projection-based ROM. While not being
useful in practice as of now, this observation makes us optimistic that better results for projection-
based ROM could be unlocked in the future by taking care of the residual representations within the
approximation manifold. In the future, alternative non-linear ROM architectures that enable more
control over the resulting solutions’ residuals can greatly improve the results presented in this work.
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Nomenclature

HFM high-fidelity model

ROM reduced order model

POD proper orthogonal decomposition
SVD singular value decomposition

PINN Physics Informed Neural Network
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PDE partial differential equation
FEM finite elements method
N :(a;0)— b aneural Network parametrized by ©
u nodal solution of FEM problem
q FEM solution representation in a given reduced space
D:g—u a decoder function
E:u—gqg an encoder function
2 parameters vector for a FEM simulation
R(u; p) FEM residual, given nodal solution u# and simulation parameters u
L£(0) loss function used to optimize parameters set ©
NeN number of degrees of freedom in the FOM
neN number of degrees of freedom in ROM. Number of POD modes. Latent space dimensions
MeN number of samples in the training dataset
meN number of samples in a given batch when training a neural network
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