Pre prints.org

Review Not peer-reviewed version

Fractional Analytic QCD: The Recent
Results

Anatoly Kotikov i , Inur Gabdrakhmanov , Nikita Gramotkov , Oleg Teryaev , Daria Volkova , lvan Zemlyakov

Posted Date: 16 December 2024
doi: 10.20944/preprints202412.1263.v1

Keywords: fractional analytic; QCD; Bjorken sum rule

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/922181
https://sciprofiles.com/profile/4091567
https://sciprofiles.com/profile/266898

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 December 2024 d0i:10.20944/preprints202412.1263.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Review

Fractional Analytic QCD: The Recent Results

LR. Gabdrakhmanov !, N.A Gramotkov %, A.V. Kotikov V*, O.V. Teryaev !, D.A. Volkova 1 and
LA. Zemlyakov 4

Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Russia
Moscow State University, 119991, Moscow, Russia

Dubna State University, 141980 Dubna, Moscow Region, Russia

Department of Physics, Universidad Tecnica Federico Santa Maria, Avenida Espana 1680, Valparaiso, Chile
Correspondence: kotikov@theorjinr.ru

S N

Abstract: In this work, we present an overview of fractional analytic QCD in the spacelike (Euclidean) and
timelike regions, which significantly improves the coupling constant in perturbative QCD. The obtained results
are applied to the description of the Higgs boson decay into a bottom-antibottom pair and the polarized Bjorken
sum rule. For the latter, an additional modification is proposed to combine the fitting curve with the condition for
photoproduction.We found good agreement between the experimental data obtained for the polarized Bjorken sum
rule and the predictions of analytic QCD, as well as a strong difference between these data and the results obtained
in the framework of perturbative QCD. To satisfy the limit of photoproduction and take into account Gerasimov-
Drell-Hearn and Burkhardt-Cottingham sum rules, we develope new representation of the perturbative part
of the polarized Bjorken sum rule. We present an overview of fractional analytic QCD and its application for
Higgs-boson decay into a bottom-antibottom pair and the description of the polarized Bjorken sum rule. The
results shown here have been recently obtained in Refs. [18,19,21,22]. This study is dedicated to the description
of the polarized Bjorken sum rule, based on recently derived formulas within the analytic QCD approach. To
accommodate the photoproduction limit and incorporate the Gerasimov-Drell-Hearn and Burkhardt-Cottingham
sum rules, we develop a new representation for the twist-2 part of the Bjorken sum rule. The derived results
were applied for processing of experimental data. We observed a good agreement between the experimental data
and the predictions from analytic QCD. In contrast, there is a significant discrepancy between these data and the

fitting curves within the standard perturbative approach.

Keywords:

1. Introduction

According to the general principles of (local) quantum field theory (QFT) [1], observables in
a spacelike region (i.e. in Euclidean space) can have singularities only for negative values of their
argument Q2. However, for large Q? values, these observables are usually represented as power
expansions in the running coupling constant (couplant) a5(Q?), which has a ghostly singularity, the
so-called Landau pole, at Q> = A2. Therefore, to restore the analyticity of the considered expansions,
this pole in the strong couplant should be removed.

The strong couplant a5(Q?) obeys the renormalization group equation

‘Xs(Qz)
47

L=In

Q2 Q) da
m=l g m@=

with some boundary condition and the QCD B-function:

Bla) = — Y palt? = —pow (1+ L bal), b= Pr a(@) = pom(@?), @
i=0 i=1

T
where 5
B 2f _ 38f 2857  5033f = 325f
Bo =11 3,,317102 3,[327 2 18 + 51 3)
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for f active quark flavors. Really now the first fifth coefficients, i.e. B; with i < 4, are exactly known
[2—4]. In our present consideration we will need only 0 < i < 2.

Note that in Eq. (2) we have added the first coefficient of the QCD S-function to the a5 definition,
as is usually done in the case of analytic couplants (see, e.g., Refs. [5-9]).

So, at the leading order (LO), at the next-to-leading order (NLO) and the next-to-next-to-leading
order (NNLO), where ;(Q%) = a;(Q?), a:(Q%) = a”(Q%) = ai"(Q?) +47(Q?) and a,(Q?) =
a®(Q?) = alV(Q?) + 6 (Q2) + 6! (Q?), respectively, we have from Eq. (1)

biInL
=7

,(55(2)((22) _ 55(3)(Q2) = % [b%(anL—lnL—l)-f—bz} , 4)

=

al (@) =

ie. as(,i) (Q?) (i = 1,2,3) contain poles and other singularities at Q> = AZ.

In a timelike region (q> > 0) (i.e., in Minkowski space), the definition of a running couplant
turns out to be quite difficult. The reason for the problem is that, strictly speaking, the expansion
of perturbation theory (PT) in QCD cannot be defined directly in this region. Since the early days
of QCD, much effort has been made to determine the appropriate Minkowski coupling parameter
needed to describe important timelike processes such as, e e~ -annihilation into hadrons, quarkonia
and t-lepton decays into hadrons. Most of the attempts (see, for example, [10]) have been based on
the analytical continuation of strong couplant from the deep Euclidean region, where perturbative
QCD calculations can be performed, to the Minkowski space, where physical measurements are
made. In other developments, analytical expressions for a LO couplant were obtained [11] directly in
Minkowski space, using an integral transformation from the spacelike to the timelike mode from the
Adler D-function.

In Refs. [5,6] an efficient approach was developed to eliminate the Landau singularity without
introducing extraneous infrared controllers, such as the gluon effective mass (see, e.g., [12]). ! This
method is based on a dispersion relation that relates the new analytic couplant Ay (Q?) to the spectral
function 7pt(s) obtained in the PT framework. In LO this gives

1 1 e ds 1 1 .
AR(@) =2 [ G @) () = tmall (s —ie). ©)
The [5,6] approach follows the corresponding results [14] obtained in the framework of Quantum
Electrodynamics. Similarly, the analytical images of a running coupling in the Minkowski space are
defined using another linear operation

—+o00
uph e =~ [ o), ©

So, we repeat once again: the spectral function in the dispersion relations (5) and (6) is taken
directly from PT, and the analytical couplants Aya (Q?) and Uy (Q?) are restored using the corre-
sponding dispersion relations. This approach is usually called the Minimal Approach (MA) (see, e.g.,
[15]) or the Analytical Perturbation Theory (APT) [5,6]. 2

Thus, MA QCD is a very convenient approach that combines the analytical properties of QFT
quantities and the results obtained in the framework of perturbative QCD, leading to the appearance
of the MA couplants Apia (Q?) and Uy (s), which are close to the usual strong couplant a5(Q?) in the
limit of large Q? values and completely different from as(Q?) for small Q? values, i.e. for Q> ~ AZ.

A further APT development is the so-called fractional APT (FAPT) [7-9], which extends the
construction principles described above to PT series, starting from non-integer powers of the couplant.

Numerically, couplands with effective mass are very close to the analytic one (see [13]).

2 An overview of other similar approaches can be found in [16], including approaches [17] that are close to APT.
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In the framework of QFT, such series arise for quantities that have non-zero anomalous dimensions.
Compact expressions for quantities within the FAPT framework were obtained mainly in LO, but this
approach was also used in higher orders, mainly by re-expanding the corresponding couplants in
powers of the LO couplant, as well as using some approximations.

In this review, we show the main properties of MA couplants in the FAPT framework, obtained in
Refs. [18,19] using the so-called 1/ L-expansion. Note that for an ordinary couplant, this expansion is
applicable only for large Q? values, i.e. for Q> >> AZ. However, as shown in [18,19], the situation is
quite different in the case of analytic couplants, and this 1/ L-expansion is applicable for all values of
the argument. This is due to the fact that the non-leading expansion corrections vanish not only at
Q? — oo, but also at Q% — 0, ® which leads only to nonzero (small) corrections in the region Q% ~ A%

Below we consider the representations for the MA couplants and their (fractional) derivatives
obtained in [18,19] (see also [20]) and valid in principle in any PT order. However, in order to avoid
cumbersome formulas, but at the same time to show the main features of the approach obtained in
[18,19], we confine ourselves to considering only the first three PT orders.

Moreover, in this review, we show FAPT applications for the Higgs-boson decay into a bottom-
antibottom pair and the description of the polarized Bjorken sum rule (BSR). The results shown here
have been recently obtained in Refs. [19] and Refs. [21,22], respetively. In contrast to the formulas, the
results for the Higgs boson decay and the polarized Bjorken sum rule will be shown in the first five PT
orders, as was obtained in [19,21,22].

The paper is organized as follows. In Section 2 we firstly review the basic properties of the usual
strong couplant and its 1/ L-expansion. Section 3 contains fractional derivatives (i.e. v-derivatives)
of the usual strong couplant, which 1/ L-expansions can be represented as some operators acting on
the v-derivatives of the LO strong couplant. In Sections 4 and 5 we present the results for the MA
couplands. Section 6 contains formulas conveninet for Q% ~ A2. In Sections 7 and 8 we present the
integrals repsenentations for the MA couplands. Sections 9 and 10 contain applications of this approach
to the Higgs-boson decay into a bottom-antibottom pair and the Bjorken sum rule, respectively. In
conclusion, some final discussions are given. In addition, we have several Appendices, which contain
most complicated expressions.

2. Strong Couplant

As shown in the Introduction, the strong couplant as(Q?) obeys the renormalized group equation
(1). When Q? >> A?, Eq. (1) can be solved by iterations in the form of a 1/ L-expansion * (we give the
first three terms of the expansion in accordance with the reasoning in the introduction), which can be
represented in the following compact form

1 i ,
(@) = 1o af Q) = (@) + L 0@, (=012, 7)
m=
where )
1_0Q
Ly=Int, ty = — = =. 8
p=Inbe f= o A2 (8)
The corrections JS(ZZ) (Q?) are represented as follows
biInL 1
s = e 58)(Q%) = = |6 L —InLe = 1) + b5 9)
k k

The absence of high-order corrections for Q? — 0 was also discussed in Refs. [5,6].

4 The 1/L-expansion gives a good approximation for the solution of Eq. (2) at Q%> > 10 GeV? (see, for example, [23]).
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As shown in Egs. (7) and (9), in any PT order, the couplant a5(Q?) contains its dimensional
transmutation parameter A, which is related to the normalization of as(M3%) as

1 1 75 (M%) 1 1
"f:MZex"{‘Zlm@””““*M%“/o d”(maﬁazwowm)”’ o

where as(Myz) = 0.1176 in PDG20 [24].

2.1. f-Dependence of the Couplant as(Q?).

The coefficients B; (3) depend on the number f of active quarks that change the couplant a5(Q?)
at thresholds QJ% ~ m%, where some the additional quark comes enters the game Q> > Q}. Here my

is the MS mass of the f quark, e.g., m;, = 4.18 + 0.003 — 0.002 GeV and m, = 1.27 + 0.02 GeV from
PDG20 [24]. ° Thus, the couplant a; depends on f, and this f-dependence can be taken into account in
A, ie. itis Af that contributes to the above Egs. (1) and (7).

Relationships between A{ and A{ !, ie. the so-called matching conditions between a;(f, QJZC)
and as(f — 1, QJZI) are known up to the four-loop order [25] in the MS scheme and usually are used for
Q% = m}, where these relations have the simplest form (see e.g. [26] for a recent review).

Here we will not consider the f-dependence of A{ and as(f, M%), since we mainly consider the
range of small Q? values and therefore use A{ :3(1' =0,1,2,3) taken from the recent Ref. [27]. Further,

since we will consider the H — bb decay as an application, we will use also the results for A{ = taken
also from [27] ©:

A =142 Mev, A[7P =367 MeV, A] " =324 MeV, A[ =328 MeV,
AY =87 MeV, A[ =224 MeV, Aj7" =207 MeV, AJ™ =207 MeV. (D)

We use also A4 = A3, since in highest orders A; values become very similar.
In Figure 1 one can see that the strong couplants ugliﬂ) (Q?) become to be singular at Q* = A?. The

values of Ag and A; (j > 1) are very different (see Eq. (11) below): the values of (Alf :3)2 (i=0,2,4)
are also shown in Figure 1 vertical lines.

Strictly speaking, the quark masses in the MS scheme depend on Q? and m f=m f(Qz = m;) The Q2-dependence is rather
slow and will not be discussed in this paper.

6 The [27] authors used the result of PDG20 as(Mz) = 0.1179(10). Now there is also the result PDG21 a5(Mz) = 0.1179(9)
which contains the same center value. Note that very close numerical relationships between A; were also obtained by [28]
for as(Mz) = 0.1168(19) extracted by the ZEUS collaboration (see [29]).
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Figure 1. The results for uii;_ b (Q?) and (A{ :3)2 (vertical lines) with i = 0,2,4. Here and in the

following figures, the A{ =3 values shown in (11) are used.

3. Fractional Derivatives

Following [30,31], we introduce the derivatives (in the (7)-order of of PT)

e —1)"* g» gl) Q2
a(J)rl(QZ) _ ( n!) ‘(ldL()n ),

(12)

which are very convenient in the case of the analytical QCD (see, e.g., [32]).

The series of derivatives i, (Q?) can successfully replace the corresponding series of as-degrees.
Indeed, each the derivative reduces the as degree, but is accompanied by an additional S-function
~ a2. Thus, each application of a derivative yields an additional a5, and thus indeed possible to use
series of derivatives instead of series of a;-powers.

In LO, the series of derivatives i, (Q?) are exactly the same as a’*. Beyond LO, the relationship
between i, (Q?) and a!* was established in [31,33] and extended to fractional cases, where n — is a
non-integer v, in Ref. [34].

Now consider the 1/ L-expansion of ﬁvk (Q?). We can raise the v-power of the results (7) and (9)
and then restore av (QZ) using the relations between 4, and a; obtained in [34] (see Appendix A) This
operation is carried out in more details in Appendix B to [18] (see also Appendix A to [20]). Here we

present only the final results, which have the form ”:

1 i m
ﬁ](/lg(Qz) — (as(,l())(Qz)) — fg/ ﬁl(/’;rl)(QZ) Q2 _|_ Z Cv+m5 +1 QZ)
- N 1 'iv+
S Q) = R e, G = M (13)

where

d
1221 (v+1)—

Rlzbl[zl(V)‘Fi}, ﬁ2=b2+b2[ v

- + 2+ 1)} (14)

(d)

and Zj(v) (j = 1,2) are combinations of the Euler ¥-functions and their derivatives.

7 The expansion (13) is similar to those used in Refs. [7,8] for the expansion of (a ( (i+1) (Qz)) in terms of powers of a (Qz)
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The representation (13) of the 51(/'?“) (Q?) corrections as R,-operators is very important® and
allows us to similarly present high-order results for the (1/L-expansion) of analytic couplants.

4. MA Couplings

We first show the LO results, and then go beyond LO following our results (13) for the ordinary
strong couplant obtained in the previous section.

4.1. LO
The LO MA couplant Al(\}IZA,V,O has the following form [7]

1 v Lij_y(z 1 Lij_,(z 1 1
Aihap(@) = (8h(@)' - M) L Lol Ly
where
=, " o gt -1
Liy(z m; = V) /0 o —2) (16)
is the Polylogarithm.

The LO MA couplant Ué& o in the Minkowski space has the form [8]

(1) __ sinf(v—1)go(s)]
Uniaio(8) = (v —1)(m2+ LE’O)(V*U/Z (v >0), (17)
where
S Lsi
Ls; =In—, gi(s) = arccos | —— | . (18)

A; s +L§,i

For v = 1 we recover the famous Shirkov-Solovtsov results [5]:

1
M@ = AL (@) = 1 - 2 U@ = Ul ) =52 o)

Note that the result (19) can be taken directly for the integral forms (5) and (6), as it was in Ref. [5].

4.2. Beyond LO

Following Egs. (15) and (17) for the LO analytic couplants, we consider the derivatives of the MA
couplants, as

_1\n Agn 2 B _1\n gn
Aaanin(@) = S TIND) gy, (@) = S TLA), 0)

n!

By analogy with ordinary couplant, using the results (13) we have for MA analytic couplants

Al(\;[j;lz ;and U(IH) the following expressions:

I\;I-Zlvz(Qz) A Zl Cv+m5Amvt1 (Qz)
0006 = B0 + 1 Cimad ), 21)
m=1

The results for Rm—operators contain the transcendental principle [35]: the corresponding functions Zk(v) (k < m) contain
the Polygamma-functions ¥ (v) and their products, such as ¥;_;(v)'¥;(v), and also with a larger number of factors) with
the same total index k. However, the importance of this property is not clear yet.
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where AI(VIQ ,,; and UIEAL ,,; are given in Egs. (15) and (17), respectively, and
1 1 A Li_,_ Zi 1 N ~ (1
@) = (@) - R (M), G0 s) = R (A ) @2

and SETH) (Q?) and Ry, are given in Egs. (13) and (14), respectively.

The relations (15) reflect the fact that the MA procedure (15) and the operation d/(dv) commute.
Thus, to obtain (15) we propose that the form (13) for the usual couplant a; at high orders is exactly
applicable (exactly in the same way) also to the case of the (MA) couplant.

Spacelike case. After some evaluations, we obtain the following expressions without operators

BV = A7) + mZill Coi ™" Rn(zi) (W) (23)
where
Ri(z) = bi[7e = 1+ Ma(2)],
Ra(2) = b + b} [Moym12(2) + 207 = DMoyo11(2) + (76— 1? — o) 4)
and . . .
Lia(9) = (-1 g () = & T M) = 29)

We see that the ¥ (v)-function and its derivatives have completely canceled out. Note that another

form for A(m+1 (Q?) is given in Appendix C.

(

So, we have for MA analytic couplants A l+ ) , the following expressions:

I\;Izlvz(Qz) - Msz Q2 + Zl (j1/—~_rr15A1111/+1l (Qz) (26)
m=

where

(1) 2y _ A0 A2y Li—v(zi)

Apni(Q7) =14,/ (Q%) “Tw)

“(mt1) 2y _ xm41) 2y (o Dlovr1-m(Zi)

5A1/1 (Q ) - 5V,i (Q ) Rm(zz) r(]/'i"m) (27)
and 5anf 1 (Q?) are given in Eq. (13).

Timelike case. Using the results (13) for the usual couplant we have

HEAA,(iH)(S) _ ~&A )+ Z Cratm 5(M+1)( ),
m=1

A

SOV (8) = R Uggh o (5), (28)

where ﬂﬁ}x’v(s) is given in Eq. (17).

This approach allows to express the high order corrections in explicit form

“(m+2) B 1 —=(m+2) . s(m+2)
S (s) = AR T {zswm,l(s) sin((v + m)g) + 382 (s)g cos((v + m)g) }

(29)
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where E]Smﬂ) (s) and 3(m+2) (s) are

57(s) = br [2:(v) 6], 87() = b,

5.7(8) = b 1} [22(v) 2621 (1) + G~ ], 87() = 203 [24(v) ~ ]

and

4.3. The Case v = 1

Here we present only the results for the case v = 1:

AVl (@) = Al Q%) = A (@) + X 80 (@Y,

m=1
U ) = Ty 9) = ulh6) + 1 80 00)

where Al(vl[xi( Q?) and U&I)A’i(s) are shown in Eq. (19) and

m =(m Pm, (Zi)
S (@) = 3 D (@) — e

n(nz_'l_)lLZ)l/z{gi cos(gi) — [1 + Gz} sin(gi)},
S,1

4

51(;2,1:1;(5) =

~ 1 . .
51(?,2/:1,1'(5) S 2+ (bz sin(2g;) + b} [Glz - - 1} sm(zgl-))

with
1 2 2 . _
Gi(s) = 5 In(m2 +12), Puy(z) = b1 [TeLi-o(2) + Liva ()], Fe =76 — 1,
PZ,V(Z) =byLi_, 4 (Z) + b% {Li,v,lrz(z) +27gLi_y_11 (Z) + (7% — gz) Li,v,l(z)} ,

Euler constant yg and

n* m z z z
Linm(z) = Y, IW, Li_i(z) = A= Li_p(z) = (§1_+Z)§ .

m=1

Using the results in Eq. (18) and transformation rules for sin(ng) and cos(ng), we have

S(ng) C(ng)

sin(ng) = 21272 cos(ng) = 2122

where

S(g) =m, C(g) =Ls, S(2¢) =2mLs, C(2g) = L2 — 7%, S(3g) = m(3L2 — %),

C(3g) = Ls(L2 —37?).

8 of 37

(30)

(81)

(32)

(33)

(34)

(35)

(36)

(37)
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Using Egs. (36) and (37), the results for o (mH)( ) in (29) can be rewritten in the following form

Uyv=1
- b
5I(J,)v:1<s) = r_@(g@ (1+G)>,
- 1

G
P OES 2 +127 [szs - b%(%(LE — )+ Ls(1+ ¢* — GZ))} / (38)

which is similar to the results for the spectral function rii) (s) done in ref.[36,37] (see also Section 6 in

[18]).
5. The Behaviour of MA Couplings

Here we show the behavious of the MA couplands A&Xlk (Q?) = l\l/izlv) Lk (Q?) and U&Zlk)( ) =

a(k+1)

Ma v—1 £(8) and compare them.

5.1. Coupland A (Qz)

From Figures 2 and 3 we can see differences between A&;l -1, .(Q?) with i = 0,2,4, which are
rather small and have nonzero values around the position Q? = A?. In Figure 2 the values of (A{r 3)
(i =0,2,4) are shown by vertical lines (as in Figure 1).

Figure 4 show the results for Af\& 0 (Q?) and Al(v[ A 1(Q?) and their difference 5 (Qz) which

is essentially less then the couplants theirselves. From Flgure 4 itis clear that for Q> — 0 the asymptotic
behav1ors of AI(VIL 0(Qz) 1\/2[2A 1(@%) and Al(v[zx 2(Qz) coincide, i.e. the differences (5( 1, (@ —
0) and N A _12 ,(Q* = 0) are neghglble Also Figure 5 shows the differences (5 iy (QZ) (i >2)

essentially less then (5&/ 11 (Q7).
Thus, we can conclude that contrary to the case of the usual couplant, considered in Figure 1,
the 1/ L-expansion of the MA couplant is very good approximation at any Q? values. Moreover the

differences between Al(\ﬁ[ —1 (Q?) and AI(VIL L1, 0(@?) are small. So, the expansions of AM A —1 (Q?)

i > 1 through the one Al(\/&% - q O(QZ) done in Refs. [7-9] are very good approximations. Also the
approximation

Aﬁlﬂf —11(Q2) MA _1,0(ki Q), (i=12), (39)

introduced in [38,39] and used in [40] is very convenient, too. Indeed, since the corrections dy, (IH —1; (QZ)

are very small, then for example from Eq. (33) one can see that the MA couplants Al(\?:)o 1 i(QZ) are
very similar to the LO ones taken with the corresponding A;.

10—
r Arjli+\})1 i
I I (1)

0.8 I AMA,v=1,0 ]
I — AR 12

0.6 1
[ === AGhyera

0.4} ]

0.2} ]

Q* [Gev?] ]

0-0 Il L L L Il L L L L Il L L L L Il L L L L Il L L L L Il

0.00 0.05 0.10 0.15 0.20 0.25

Figure 2. The results for A&Zl (Qz) and (Af )2 (vertical lines) with i = 0,2, 4.


https://doi.org/10.20944/preprints202412.1263.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 December 2024 d0i:10.20944/preprints202412.1263.v1

10 of 37

1.0f : 1

0.8F
06k A#\}I,)A,vﬂ,o
i — e Alh 12
0.4]

=== AGheta
0.2}
OO L I L L L L I L L L L I L L L L I L L L L I
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Figure 3. The results for AI(\?:)D _1;(@?) (i = 0,1,2) but with the logarithmic scale.
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Figure 4. The results for Al(vlh)& . :0_5,0(Q2), Al(vﬂ, 051 (Q?) and 52)0 —05,1 (Q%).
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Figure 5. The results for 5Xt1:)1 (Q%) withi =1,2,3,4.

5.2. Coupland CI&E)’,{(Qz)

This subsection provides graphical results of couplant construction. Figures 6 and 7 show the
results for UISI)A -_4(s) with i = 1,3,5 in usual and logarithmic scales (the last one was chosen to
stress the limit U&)A -_4(s = 0) — 1). From Figures 8 and 9 we can see the differences between
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ul(\jI)A, - (Qz) with i = 1,..,5, which are rather small and have nonzero values around the position
Q> = A2

So, Figures 6-9 point out that the difference between U&Xl) _4(s) and UIE?A’ -_4(s) is essentially
less then the couplants themselves. From Figures 7-9 it is clear that for s — 0 the asymptotic behavior
of USA’ - _4(s), USA/ -_4(s)and LIIE/E[’)A’ - _4(s) coincides, i.e. the differences 58) _,(s = 0) are negligible.
Also Figures 8 and 9 show the differences 58“:)1 (s) (i > 2) essentially less then (58 ), _1(s). We note
that general form of the results is exactly the same as in the case of the MA couplants Al(\jagl) ,i(Qz),

which have been studied in the previous subsection.

[ . ‘ ‘ ‘ T ]
1.0 Ul (5) : | ]

1
I M))°\,1 (s)

0.8 c ]
; T Uiih1(s) ]
06" : = === Ugh1(s) ]
[ S ]
0.4F ]
0.2 L
I | s,GeV?]
0'0 | L L L | L L | L L L | L L | L L | L L L L |
000 005 010 015 020 025  0.30

Figure 6. 1,3 and 5 orders of UIS;I)A 1 -The vertical lines indicate (A{ff)z

1.0}

0.8/

06

0_4; == == UA(s) E

0.2 ]
s,GeV?]
00 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L
1072 10720 1071° 10710 107° 1

Figure 7. 1,3 and 5 orders of Ul(\f[)A ,—1 with logarithmic scale of s
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Figure 8. 51821\ ,—q with i = 2,3.The vertical lines indicate (A{fﬁ)z

L (i) ]
0.005 {°1 " % ]
/ L] L — — — —
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Figure 9. 58)1/:1 with i = 4,5. The vertical line indicates (A{;:S)z = Af::“%)2

5.3. Couplands AMA k(QZ) and U ) k(Qz)

On Figure 10 we see that A ZH (Qz) and U&X}i) (Q?) are very close to each other for i = 0 and

i = 2. The differences between the LO and NNLO results are nonzero only for Q> ~ A2.
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Figure 10. The results for AI\T: (Q?%) and UIle-,A—ll (Q?) withi=0,2.

Indeed, the similarity is shown in Figures 11 and 12. In Figure 11 the results for UlS[)A - _4(s)
and AI(\;I) A c 1 (Q?) (i = 1,3,5) are shown in the so-called mirror form, which is in accordance with
the similar one presented earlier in [8]. Figure 12 contains U&Ao _4(s), A(lg (@), U ZI)X _1(s)
and AI@% -_,(Q?) which are very close to each others but have different limit values when Q? —

0. Moreover, the differences 5&2) _,(Q% and (SI(JZ _,(Q?) are almost the same although correction

of the spacelike couplant decreases more rapidly. The direct relation between AM A _1(@?) and

UI(\?A _,(Q?) gives an interesting picture (see Figure 13). Obviously we have %ﬁgz? =1 for
any order and the second similar point
(i) 3\2
A, 1 (@ = (A {m » w0
Upps, 1@ = (A7)

for i = 1. Higher order corrections break the identity (40), shifting the second point from (A{ :3)2.
As we can see in Figure 13, the shift is quite small. As can be seen from Figure 13, the ratio (40)
asymptotically approaches 1 when Q? — 0.
In Figures 6, 8, 9 and 13 the values of (A{ :3)2 (i = 0,2,4) are shown by vertical lines with color
matching in each order. Note that Figure 9 contains only one vertical line since (Af;:‘%)2 = (AJ5(:3)2.
Thus, we can conclude that contrary to the case of the usual couplant, the 1/L-expansion of
the MA couplant is very good approximation at any Q?(s) values. Moreover, the differences be-

tween UI(\Z;” _4(s) and UlsA)A _,(s) become smaller with the increase of order. So, the expansions of

U&Xl) _,(s) i > 1 through the Ul&/[)&, - _1(s) done in Refs. [7-9] are very good approximations.
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Figure 12. 1 and 2 orders of UIEZ\,v:l/ AI(\fI) Ay—1 and 51(\,2[3&,1/:1 in Euclidean and Minkowki spaces.
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6. MA Coupling A(k+$)k(Q2) The Form Is Convenient for Q* ~ A% .

The results (26) for analytic couplant Al(vl A, k(Qz) is very convenient at the range at large and at
small Q? values. For Q* ~ A? the both parts, the standard strong couplant and the additional term,
have singularities, which are cancelled in its sum. So, some numerical applications of the results (26)
can be complicated. So, here we present another form, which is very useful at Q% ~ A% and can be
used also for any Q? values, excepting the ranges of very large and very small Q? values. As in the
previous section, we will present firstly LO results taken from [7] and later to extend them beyond LO.

6.1. LO
The LO minimal analytic coupling Al(vl A (Q?) [5,6] have also the another form [7]

Ly

1) & _
(@) = 57 Laa-v-n S8 w<om, @)
where Euler functions {(v) are
tw)y=1Y % =Liy(z=1) (42)
m=1

The result (41) has been obtained in Ref. [7] considering the property of the Lerch function, which
can be considered as a generalization of Polylogarithms (16). The form (41) is very convenient at low L
values, t.e. at Q> ~ A2. Moreover, we can use the relation between {(1 — v — r) and {(v + r) functions

g(lvr):WSz [5(1*1/*7)]5(‘“”) (43)
For v = 1 we have
A0 == T S )
with B
{(=r) = (=1 L5 (45

and B, are Bernoulli numbers.
Using the properties of Bernoulli numbers (49, is Kronecker symbol), we have for even r = 2m
and for odd r = 1 + 2I values

_ % _ By
(-2m) =, g(-(1+20) = — 555 (46)
Thus, we have for AI(\B,‘ (Q?) the following results
(1) 2y 1 Z By (—L)PHY 1 & Bos (—L)*7!
AMA(Q)‘z(”EJ 1 @) 2\t hT @) “7)

withs =1 +1.

6.2. Beyond LO
(1)

Now we consider the derivatives of (minimal) analytic couplants Ay, A, sShown in Eq.(20), as in
Eq. (20), i.e.

Ay (@) = Ah . (QP) + 2 Clima ) (Q?) (48)
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where AI(\}[)A’V, i = Al(vl&,v is given above in (41) with L — L; and
1) 1
5&:1/ Z(Q2) - Rm Al(\/lzx 4m,i’ (49)
where operators Ry, are given above in (14).
After come calculations we have
mi1) (p2y _ (1) o5 (—Lg)"
MAvk(Q ) = Tt m) ;}Rm(V‘H) i (50)
where (in an agreement with (34))
Ri(v+7r) = b [Feg(—v—r) + & (-v—1)],
Ro(v+7) =byl(—v—r—1)+b? [@2(—1/ —r—1)+ 290 (—v—r—1)
+[7 - G)o(—v—r-1)], (51)
and —_
. n" m
In(v) =Liyy(z=1) = Z ol (52)
m=1

Strictly speaking, the series representation (52) for the functions {,(—m — v —r — k) is not a
good definition for large r values and we can replace them by {,,(m + v + r + k) using the result (43).
However, the results are long and presented in Appendix B.

6.3. The Casev =1

For the case v = 1 we immediately have

A (@) = A (@) + 1 B (@), (53)

r

s (L) = 80 (%) =

D v 5 (=Li)
- r;ORm(Hr) = (54)

where Al(vl[L,i(Qz) is given above in (44) (with the replacement (L — L;) and the coefficients R, (1 + )
can be found in (51) when v = 1.

The results (54) can be expressed in terms of the functions {, (m + v 4 r + k). Using the results in
Appendix D and taking the even part (r = 2m) and the odd part (r = 2s — 1) (see equation (B2)), we
have

Sua(QD) =

[ 2m+1)(—1)"Qua(2m + 2)LF" — 7 Y s(=1)°Qqp(2s + DHLF |,

m=0 s=1

Sk L (Q) = o [7‘( i 2m + 1) (m + 1) (—1)"Qop (2m + 3) 12"
m=0
i (25 +1)(—1)°Qaq(2s +2) L1 (55)

where
Ly

21
and the function Q,;, and Q,,; are given in Appendix B.

L= (56)
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At the point Ly = 0, i.e. Q2 A%, we have
M _1 o _ 2 _
A =5 8= 5 Q) = —5 5 (60 +12@),
G ___7 _ b _
8 = — s @) = 5 (63 + (21 - 1)2@)), 57)
where (. (v) are given in Eq. (52) and
I =1In(2m). (58)

7. Integral Representations for Al(\f[)[,"e (Q?)

As already discussed in Introduction, the MA couplant AS&(QZ) is constructed as follows: the
LO spectral function is taken directly from perturbation theory but the MA couplant Al(vl& (Q?) itself

was built using the correct integration counter. Thus, at LO, the MA couplant AI(\}[L(QZ) obeys Eq. (5)
presented in Introduction.

For the v-derivative of Al(vl[% (Q?), i.e. Al(vl&, - (Q?), there is the following equation [34]:

A0 o2y~ (5D % ds
AMA," (Q ) - 1—-(1/) /0 P pt ( )Lll v( SZ)' (59)
where r;) (s) is the LO spectral function defined in Eq. (5) and Li;_,(—sz) is the Polylogarithmic

function presented in (16).
Beyond LO, Eq. (59) can be extended in two ways, which will be shown in following subsections.

7.1. Modification of Spectral Functions

The first possibility to extend the result (59) beyond LO is related to the modification of the
spectral function. The extension is simple and the final result looks like this:

—1) [*ds :
I\;I+Alvk(Q2) ((V))/o ?rl(atJrl)(s)LllfV(_szk) , (60)
i.e. it is similar to (59) with the replacement the LO spectral function r( )( ) by i 4+ 1-order one r}(;:r )( ):
. i
o 8 =l () + L o) (61)
m=1
and (see [17])
_ Wy 1 @ — by 22
y=tns )= s 800 = o [WAW + (P =R @)
with 1 1 1
fily) = 3 In(y* + %), foly) = — ;arctan(%) (63)
For the couplant itself, we have
o dsrll +1)(s)
z+1 2 z+1 2 +
(Q ) MAV 1k(Q ) A (S+tk) . (64)

Numerical evaluations of the integrals in (64) can be done following to discussions in Section 4 in
Ref. [36].
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7.2. Modification of Polylogaritms

Beyond LO, the results (59) can be extended also by using the R, operators shown in (14). This is
the path already used in Sections 4 and 5 to obtain other A&le .(Q?) results.
Here, the application of the operators R, for Eq. (59) leads to the following result:

i ©d i
MZlvz(Qz) /0 SS pt ( )A +1 ’ (65)

where the results for A(ZH) can be found in Egs. (23) and (24) and also in Eq. (34).

For MA couplant 1tse1f we have beyond LO
1) 1) teods (it
AP @) = A0 @) = [ TRl @B, (66)

where the results for A( 1) are given in Egs. (23) and (24) withv =1, i.e.

(67)

i i
~ +1 ~ 1 P
AS 1i = A Z :Ag,i)+ )3
m=1 m=1
where Agli) = Lip(z;) and Py, 1(z;) are given in Eq. (34).

7.3. Discussions

We have considered 1/L-expansions of v-derivatives of the strong couplant as expressed as
combinations of operators R,, (14) applied to the LO couplant agl). Applying the same operators to
the v-derivatives of the LO MA couplant AN&, we obtained four different representations for the
v-derivatives of the MA couplants, i.e. Al(\il) A, - » in each i-order of perturbation theory: one form contains
a combination of Polylogariths; the other contains an expansion of the generalized Euler {-function,
and the third is based on dispersion integrals containing the LO spectral function. We also obtained a
fourth representation based on the dispersion integral containing the i-order spectral function. All
results are presented up to the 5th order of perturbation theory, where the corresponding coefficients
of the QCD B-function are well known (see [2,3]).

The high-order corrections are negligible in the Q2 — 0 and Q? — oo asymptotics and are nonzero
in the V1c1n1ty of the point Q? = AZ. Thus, in fact, they are really only small corrections to the LOMA
couplant AM A . (Q?). This proves the possibility of expansions of high-order couplants AM A - (Q%)

via the LO couplants Al(v[ A (Q?%), which was done in Ref. [9], as well as the possibility of various

approximations used in [28,38—40].

8. Integral Representations for flﬁko (s)

As it was abovementioned in Introduction, the MA couplants AI(\B\ . (Q?) and UI(\}[L . (s) are

constructed as follows the LO spectral function is taken directly from perturbation theory but the
MA couplants AM A (Q?) and Uﬁ,& (s) themselves were obtained using the correct integration
contours. Thus, at LO, the MA couplants AM A . (Q?) and UM A . (s) obey Egs. (5) and (6) presented in

Introduction.
To check Egs. (29) and (30) we compare them with an integral form

ul(s / 49,0 o (68)
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For LO, we can take the integral form from [8]
1 Tdo
uls) = — [ V), (69)
S
where il ¢(5)]
1), N sinv g(s (1)
W e (70)
Using our approach to obtain high-order terms from LO (69), we can extend the LO integral (69)
to the one .
- 1 do (i)
- / “r o), 71)
where obviously
n)(s) = v (s). 72)
The spectral function r%i) (s) has the form
. i
rgz)(s) = rgl)(s) + Z 5§m+1)(s) (73)
m=1
where
r(s) =uiM(s), 6" (s) = (m+1)5"5V(s). (74)

In the explicit form:

(,_ sin(g) 1
n(s)= n(m2+ L)V2 ~ m2 412

T le)(m+1>/z {8 (s)sin((m+1)g) + 8"V (s)gcos((m+1)g) b, (75)

where anmﬂ) (s) and gl (s) can be obtained from the results in (30) with v = 2. They are

352) (S) = -G blr 5\%2) (S) = bl ’
35(s) = b+ b} [GP - =G —1], &7(s) =} [1-26]. (76)

Using the results (36) and (37) for cos(ng) and sin(ng) (n < 4), we see that with the results [36,37]
(see also Section 6 in [18]) give more compact results for rgi) (s). We think that Egs. (75) and (76) give
apparently very compact results for rgi) (s).

Note that the results (71) for l:l,gi) (s) are exactly the same as the results in Eq. (28) done in the
form of trigonometric factions. However the results (71) should be very handy in case of non-minimal
versions of analytic couplants (see Refs. [30,31,33]).

9. H — bb Decay

In Ref. [18] we used the polarized Bjorken sum rule [62] as an example for the application of the
MA couplant Aya(Q?), which is a popular object of study in the framework of analytic QCD (see
[38,40,60,61]). Here we consider the decay of the Higgs boson into a bottom-antibottom pair, which is
also a popular application of the MA couplant Uy A(Qz) (see, e.g., [8] and reviews in Ref. [16]).


https://doi.org/10.20944/preprints202412.1263.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 December 2024 d0i:10.20944/preprints202412.1263.v1

20 of 37

The Higgs-boson decay into a bottom-antibottom pair can be expressed in QCD by means of the
correlator '
T(Q?) = (4% [ dxe™ < O[T[J§ (x)§(0)]0 > 77)

of two quark scalar (S) currents in terms of the discontinuity of its imaginary part, i.e., Rs(s) =
ImII(—s —ie)/(27s), so that the width reads

- Gr 2( A2 2
I'(H — bb) = Mpmy(Mi;)Rs(s = M) . 78
( )4ﬁﬂHb(H)S( #) (78)
Direct multi-loop calculations were performed in the Euclidean (spacelike) domain for the corre-
sponding Adler function Dg (see Refs. [41-44]). Hence, we write (Ds; — D, and R; — R, because the
additional factor m%)

D(Q?) = 3m}(Q*)[1+ ¥ dua(Q?)], (79)
n>1
where for f = 5 the coefficients d, are

dp =296, dy =11.44, dy = 50.17, dy = 260.24, (80)

Taking the imagine part, one has

Rs(s) = 3mi(s) [1+ X rua"(s)], (81)
n>1
and for f = 5 [43,45]
11 =296, 1y =793, r3 =593, r, = —61.84, (82)

Here ﬁ% (Q?) has the form (see Appendix C):

k=4
5(Q) = igal (Q%) |1+ 1 eka’;(Qz)] : (83)
k=1
where s
_ k
e = (84)
k(Bo)*
and ¢ are done in Eq. (C8). For f = 5 we have
e1 =1.23, e =1.20, e3 =055, e, =0.54. (85)

The normalization constant 1, cab be obtained as (see, e.g., [16])

k=4 -1/2
iy, = 7y (Q* = m3)ag *(m3) |1+ Y & a’é(Qz)] =10.814 GeV?, (86)
k=1
since 1,(Q* = m3) = m;, = 4.18 GeV.
So, we have
m
Ri(s) = R"V(s), R (s) =3 al(s) |1+ zrka';<s>>], 87)
k=0
where
k—1
Tk ="1r+e+ 2 T1€k_] - (88)

=1
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For f = 5 we have
71 =418, 7, =12.76, 73 =19.76, 74 = —42.25. (89)
We can express all results through derivatives 4, (see Appendix A):
R _ p(m=5) pUntl) o\ _ nn2|~ LN
Rs(s) = Rs (s), Rs (s) =3y |a; + Z Prdgik|, (90)
k=0
where
Fe=Te+ke(d)+ Y Pk (d+1), (91)
I=1
where k;(v) are given in Appendix A.
Ford =24/23 and f = 5, we have
71 =417, 7, =986, 73 =129, 7y = —71.21. (92)
Performing the same analysis for the Adler function we have
m
~ ~(m=5) ~(m+1 . 5
Ds = D", D" = 3#2ad(Q?) |1+ Y dka’s‘(Qz))], (93)
k=0
where
B k=1
dp =rr+e+ Z dieg_;. (94)
=1
For f = 5 we have
dy =418, dy =1627, d; = 68.30, 74 = 337.66. (95)
We express all results through derivatives @, k:
m
D= D", D" =3} |ay(Q) + ) didan(Q) |, %)
k=0
where
dp = dy + ki(d) + Zdlkk,l(d-f—l). 97)
=1
For f =5and d = 24/23, we have
dy =417, dy =13.37, d3 = 43.90, d, = 178.18. (98)
As it was discussed earlier in [8] in FAPT there are the following representation for Rs
m
Re(s) = RU"™(s), RV (s) =32 |G (s) + L de U7V (s) (99)
k=0

The results for Rg’”“) (s) are shown in Figure 14. We see that the FAPT results (99) are lower
than those (90) based on the conventional PT. This is in full agreement with arguments given in [16].
But the difference becomes less notable as the PT order increases. Indeed, for N°LO the difference
is very small, which proves the assumption about the possibility of using R§m+1) (s) expression for

D" (Q2) with AI(\?A(QZ) — Uﬁ&(s), which was done in Ref. [8].
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Figure 14. The results for Rﬁ’”“) (s) with m = 2 and 4 in the framework of the usual PT and FAPT.

The results for T(") (H — bb) in the N""LO approximation using Rim+Y (s) from Egs. (87) and
(90) are exactly same and have the following form:

r® =176 Mev, TV =227 MeV, T? =237 MeV,
r® =238MeV, I'® =238 MeV. (100)

The corresponding results for I'") (H — bb) with R{" ™" (s) form Eq. (99) are very similar to ones in
(100). They are:

r® =174 Mev, T =223 MeV, T? = 2.34 MeV,
r® =237MeV, T =238 MeV. (101)

So, we see a good agreement between the results obtained in FAPT and in the framework of the
usual PT.

It is clearly seen that the results of FAPT are very also close to the results [46] obtained in the
framework of the now very popular Principle of Maximum Conformality [47] (for the recent review,
see [48]). Indeed, our results are within the band obtained by varying the renormalization scale.

The Standard Model expectation is [49]

oM (Mp = 125.1GeV) = 2.38MeV . (102)
The ratios of the measured events yield to the Standard Model expectations are 1.01 & 0.12(stat.) +
0.16 — 0.15(syst.) [50] in ATLAS Collaboration and 1.04 £ 0.14(stat.) & 0.14(syst.) [51] in SMC Collab-
oration (see also [52]).

Thus, our results obtained in both approaches, in the standard perturbation theory and in
analytical QCD, are in good agreement both with the Standard Model expectations [49] and with the
experimental data [50,51].

10. Bjorken Sum Rule

The polarized BSR [53] (see also [54,55]) is defined as the difference between the proton and
neutron polarized SFs, integrated over the entire interval x

1
I = [ dx 876 Q) — 8 (x, @) (103)
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Theoretically, the quantity can be written in the OPE form (see Ref. [56,57])
2
I77(Q%) = 54 (1 - Dys(Q?) )+Z”Q‘21 2), (104)

where g4=1.2762 + 0.0005 [24] is the nucleon axial charge, (1 — Dps(Q?)) is the leading-twist (or
twist-two) contribution, and pp;/ Q%2 (i > 1) are the higher-twist (HT) contributions.’

Since we plan to consider in particular very small Q? values here, the representation (104) of the
HT a number of infinite terms. To avoid that, it is preferable to use the so-called "massive" twist-four

representation, which includes a part of the HT contributions of (104) (see Refs. [58,59]): '°
- 14 M?
702 — LA 1-D 2 Ha 1

where the values of fI; and M? have been fitted in Refs. [60,61] in the different analytic QCD models.
In the case of MA QCD, from [61] one can see that in (105)

M? = 0.439 £ 0.012 4 0.463 fimas = —0.173 £ 0.002 &= 0.666, (106)

where the statistical (small) and systematic (large) uncertainties are presented.
Up to the k-th PT order, the twist-two part has the form

k—1
DiJ (@) = ;Oblgl)/ Dy (Q?) = %aﬁ )<1 + ; dy (aﬁk))’"> , (107)

where d1, dy and d3 are known from exact calculations (see, for example, [62]). The exact ds value is
not known, but it was estimated in Ref. [63].
Converting the couplant powers into its derivatives, we have

4 4 koo
Dgg (Q?) = % ", D) = % ( © 4 szm_la,%)), (108)
m=
where
N - - 5 5,
dy =dy, dy =dy—bidy, d3 =d3— Eble — (b — Ebl) dy,
. 13 28 22 28
dy = dy — —brds — (30 gb%) dy— (b3 — T hib2 + ?bi’) d1 (109)
and b; = B;/ ™.

In MA QCD, the results (105) become as follows (some analyses based on other approaches can
be found in [64-66])
fiva aM?

Mt (@) = % (1= Daaps(@) + 525 5 - (110)

6

9 Below, in our analysis, the so-called elastic contribution will always be excluded.

10" Note that Ref. [59] also contains a more complicated form for the "massive" twist-four part. It was included in our previous
analysis in [21], but will not be considered here.
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where the perturbative part Dpg va (Q?) takes the same form, however, with analytic couplant AI(\],BA .

(the corresponding expressions are taken from [18])

k
Dl(\/l[,)A,Bs(Qz) = ;Al(vl[iy DIK/[ZAZIBs(QZ) = i <A1(v1[3a + Z A Al(\l/&ﬁ:m) : (111)
0 ﬁO m=2

We would like to note the coefficients ; depend on the number f of active quarks, which changes
at thresholds QJZ[ ~ m}, where some additional quark comes to play at Q% > sz,. Here my is the MS
mass of f quark. So, the coupling constant 4 is f-dependent and the f-dependence can be taken into

the corresponding QCD parameter A. , i.e. A/ contribute to above Egs. (107), (108) and (111).
The relations between A{ and A{ “are coming from the decoupling relations, i.e. the relations
between as(f, QJ%) and as(f — 1, QJ%) In the MS scheme, the decoupling relations are known up to

four-loop order [25] and they are usually used at QJ% = mj%, where the relations are simplified (for a
recent review, see e.g. [67]).
Here we will not consider the f-dependence of A{ and as(f, M2). Since we will mainly consider

the region of low Qz, we will use the results for A{ :3, which we need to construct the analytic couplant
for small Q2 values.

For the k-th order of PT, we use the results (11) for A{:ff (k=1,2,3,4) taken from the recent Ref.
[27], which corresponds to the middle value of the world average as(M2) = 0.1179 4 0.0009 [24]. We
use also A4 = Ag, since in highest orders A; values become very similar. Moreover, since the results for
as(M?2) and for A{ff are taken from the range of Q? values where the difference between the analytic
and usual couplants is small, we use the values (11) also in the case of anaytic QCD.

For the case of 3 active quark flavors (f = 3), which is accepted in this paper, we have

di =159, dy =399, d3 =1542 ds = 63.76,
dp =159, dy =273, d3 =8.61, dy =2152, (112)

i.e., the coefficients in the series of derivatives are slightly smaller.

10.1. Results

The fitting results of experimental data (see [68—74]) obtained only with statistical uncertainties
are presented in Table 1 and shown in Figures 15 and 16. For the fits we use Q?-independent M? and
fis and the two-twist part shown in Eqs. (108), (111) for regular PT and APT, respectively.

As it can be seen in Figure 15, with the exception of LO, the results obtained using conventional
couplant are very poor. Moreover, the discrepancy in this case increases with the order of PT (see also
[38,39,60,61] for similar analyses). The LO results describe experimental points relatively well, since
the value of Ay is quite small compared to other A;, and disagreement with the data begins at lower
values of Q? (see Figure 4 below). Thus, using the “massive” twist-four form (105) does not improve
these results, since with Q> — A? conventional couplants become singular, which leads to large and
negative results for the twist-two part (107). So, as the PT order increases, ordinary couplants become
singular for ever larger Q? values, while BSR tends to negative values for ever larger Q2 values.
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Figure 15. The results for I} " (Q?) in the first four orders of PT.
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Figure 16. The results for I} " (Q?) in the first four orders of APT.

In contrast, our results obtained for different APT orders are practically equivalent: the corre-
sponding curves become indistinguishable when Q? approaches 0 and slightly different everywhere
else. As can be seen in Figure 16, the fit quality is pretty high, which is demonstrated by the values of
the corresponding x?/(d.o.f.) (see Table 1).
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Table 1. The values of the fit parameters in (110).

M? [GeV?] for Q* < 5GeV? | fimas for Q2 < 5GeV? | x%/(d.of.) for Q* < 5 GeV?
(for Q2 < 0.6 GeV?) (for Q% < 0.6 GeV?) (for Q2 < 0.6 GeV?)

LO 0.472 + 0.035 -0.212 4+ 0.006 0.667
(1.631 £ 0.301) (-0.166 + 0.001) (0.789)

NLO 0.414 £ 0.035 -0.206 £+ 0.008 0.728
(1.545 £ 0.287) (-0.155 + 0.001) (0.757)

NZLO 0.397 + 0.034 -0.208+ 0.008 0.746
(1.417 + 0.241) (-0.156 + 0.002) (0.728)

N°LO 0.394 £ 0.034 -0.209 £+ 0.008 0.754
(1.429 + 0.248) (-0.157 + 0.002) (0.747)

N*LO 0.397 £ 0.035 -0.208 £+ 0.007 0.753
(1.462 + 0.259) (-0.157 + 0.001) (0.754)

10.2. Low Q2 Values

The full picture, however, is more complex than shown in Figure 16. The APT fitting curves

become negative (see Figure 17) when we move to very low values of Q?: Q% <0.1 GeV?. So, the good
quality of the fits shown in Table 1 was obtained due to good agreement with experimenatl data at
Q? >0.2 GeV?. The picture improves significantly when we compare our result with experimental
data for Q% <0.6 GeV? (see Figure 18 and Ref. [21]).

02 - Pn ! ! T T T ! ! L L
' % JabEcs 5 JLab EG4/E97110 o -
0.15 - 1 JLab EG1-DVCS JLab. Neutron from D . T_—
"L 3 Jlab.Neutonfrom®He  §  JLabEGH o _
 — APTLOfi —— APTNLOfit ]
04— — APTNALOfi =i APTNLOfit _
[ = APTN'LOfit === Burkert- loffe h
= LFHQCD .
0.05 _
O_a..-u-.-.r--i-;""{"+'+lv.-th. ]
0.05 , o , Q2 [gevl]z -

107"

Figure 17. Same as in Figure 16 but for Q% <0.6 GeV?2.

Figure 18 also shows contributions from conventional PT in the first two orders: the LO and NLO
predictions have nothing in common with experimental data. As we mentioned above, higher orders
lead to even worse agreement, and they are not shown. The purple curve emphasizes the key role of
the twist-four contribution (see also [39,75]) and the discussions therein). Excluding this contribution,
the value of Ff “"(Q?) is about 0.16, which is very far from the experimental data.

At Q? < 0.3GeV?, we also see the good agreement with the phenomenological models: LFHQCD
[76] and the correct IR limit of Burkert-loffe model [77].For larger values of Q?, our results are lower
than the results of phenomenological models, and for Q? > 0.5GeV? below the experimental data.

Nevertheless, even in this case where very good agreement with experimental data with Q> <0.6
GeV? is demonstrated, our results for nggﬁl (Q?) take negative unphysical values when Q? <0.02
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GeV2. The reason for this phenomenon can be shown by considering photoproduction within APT,
which is the topic of the next subsection.
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Figure 18. The results for l"f*” (Q?) in the first four orders of APT from fits of experimental data with
Q% <0.6 GeV?

10.3. Photoproduction

To understand the problem Ff/xl (Q? — 0) < 0, demonstrated above, we consider the photopro-
duction case. In the k-th order of MA QCD

k = (k = (k
AR(@=0)= A%, (@ =0)=1, A}, =0, when m >1 (113)
and, so, we have
2 4 p—n 2 8A 4 ~
Dyvaps(Q* =0) = B and, hence, I};,' (Q* =0) = o (1- %) + ivas - (114)
The finitness of cross-section in the real photon limit leads to [58]
7" (O = 0) = 0 and, thus, p/", = 84 (1 _ 2 115
Ma1(Q° =0) =0 and, thus, VMA,4—*?( *%)‘ (115)
For f = 3, we have
~ph ~ph ~
ARia4 = —0.118 and, hence, |figeh 4| < |fimasl, (116)

shown in (106) and in Table 1.

So, as can be seen from Table 1, the finiteness of the cross section in the real photon limit is
violated in our approaches. !! This violation leads to negative values of Ff/;‘,jl (Q* — 0). Note that this
violation is less for experimental data sets with Q? < 0.6GeV?, where the obtained values for | fima 4l

1 Note that the results for fiya 4 Were obtained taking into account only statistical uncertainties. When adding systematic

uncertainties, the results for ﬁﬂ’ K 4 and fiva 4 are completely consistent with each other, but the predictive power of such an
analysis is small.
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are essentially less then those obtained in the case of experimental data with Q? < 5GeV?. Smaller
values of |fipa 4| lead to negative values of Ff,lxl (Q* — 0), when Q? < 0.02GeV? (see Figure 4).

10.4. Gerasimov-Drell-Hearn and Burkhardt-Cottingham Sum Rules

Now we plan to improve this analysis by involving the result (110) at low Q? values and also
taking into account the “massive” twist-six term, similar to the twist-four shown in Eq. (105).
Moreover, we take into account also the GDH and BC sum rules, which lead to (see [58,59,78,79])

d pn i — (up — 1)
a0 Pai(@=0 =G, G="1—tb Y 0.0631, (117)
where j1, = —1.91 and ), = 2.79 are proton and neutron magnetic moments, respectively, and M, =
0.938 GeV is a nucleon mass. Note that the value of G is small.
In agreement with the definition (12), we have that
2 1 5(QY) ~ A 2 118
QTQZ n(Q%) ~ A (Q7). (118)
Then, for Q> — 0 we obtain at any # value, that
2 4300 =0 119
Q TQZ n(Q%) =0, (119)
but very slowly, that the derivative
4 A.(Q% >0 120
107 n(Q” = 0) — . (120)

Thus, after application the derivative d/dQ? for Ff/lxl (Q?%), every term in Dy A,BS(QZ) becomes
to be divergent at Q> — 0. To produce finitness at Q> — 0 for the Lh.s. of (117), we can assume the
relation between twist-two and twist-four terms, that leads to the appearance of a new contribution

. 2
AmaaM

071 3 Pans(Q), (121)

- ‘%A Dyiaps(Q?) +

which can be done to be regular at Q* — 0.
The form (121) suggests the following idea about a modification of F&Xl (Q?) in (110):

QZ
) 02 + M2

fina e M? fina,eM*

6

)+ (122)

where we added the “massive” twist-six term and introduced different masses in both higher-twist
terms and into the modification factor Q?/(Q? + M?).
The finitness of cross-section in the real photon limit leads now to [58]

FIF\J/I_A’TI(Q2 =0)=0= (‘%A + fimas + AMae (123)

and, thus, we have
fniag + fivas = 52 ~ 021205 (124)

From Eq. (122) and condition (117), we obtain

*‘%A - Dpmaps(Q* = 0) — fimaas — 2fimas = GM?, (125)
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where Dy s(Q? = 0) = 4/ (see Eq. (114)).
Using f = 3 (i.e. Bo = 9), we have
2 2
fvad +2fimag = —GM2 — 84 — _G M2 — 84 o G M2 — 0.0945 (126)
' / 380 27
Taking the results (123) and (126) together, we have at the end the following results:
fivas = —G M + 5;2‘ = —GM?*+0.1182,
N . 7
fivas = —%A — fviag = G M? — % — G M2 —0.3309. (127)

Since the value of G is small, so fiya s < 0and fipa g = —0.36fipa 4 > 0.

The fitting results of theoretical predictions based on Eq. (122) with fiya 4 and fipma ¢ done in
(127), are presented in Table 2 and on Figures 19 and 20.

As one can see in Table 2, the obtained results for M? are different if we take the full data set and
the limited one with Q? <0.6 GeV2. However, the difference is significantly less than it was in Table 1.
Moreover, the results obtained in the fits using the full data set and shown in Tables 1 and 2 are quite
similar, too.

We also see some similarities between the results shown in Figures 16 and 19. The difference
appears only at small Q? values, as can be seen in Figures 17 and 20.

Table 2. The values of the fit parameters.

M? [GeV?] for Q%> < 5GeV? | x%/(d.o.f.) for Q% < 5 GeV?
(for Q2 < 0.6 GeV?) (for Q2 < 0.6 GeV?)
LO 0.383 + 0.014 (0.576 + 0.046) 0.572 (0.575)
NLO 0.394 + 0.013 (0.464 + 0.039) 0.586 (0.590)
NZLO | 0.328 + 0.014 (0.459 =+ 0.038) 0.617 (0.584)
N3LO | 0.330 + 0.014 (0.464 + 0.039) 0.629 (0.582)
NZLO | 0.331 + 0.013 (0.465 =+ 0.039) 0.625 (0.584)

Figure 20 also shows that the results of fitting the full set of experimental data are in better
agreement with the data at Q? > 0.55GeV?, as it should be, since these data are involved in the
analyses of the full set of experimental data.
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Figure 19. The results for Ff_n (Q?) (122) in the first four orders of APT.
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Figure 20. As in Figure 19 but for Q% <0.6 GeV?

The results shown in Tables 1 and 2 are not changes practically when heavy quark contributions
[80] were added in consideration (see [81]).

11. Conclusions

In this paper we presented an overview of fractional analytic QCD and its application for Higgs-
boson decay into a bottom-antibottom pair and for the polarized Bjorken sum rule.
We have considered 1/L-expansions of v-derivatives of the strong couplant as expressed as

combinations of operators R,, (14) applied to the LO couplant agl). Applying the same operators to

the v-derivatives of the LO MA couplant AI(\}[L, we obtained four different representations for the
v-derivatives of the MA couplants, i.e. Al(\i[) A -, in each i-order of perturbation theory: one form contains
a combination of Polylogariths; the other contains an expansion of the generalized Euler {-function,
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and the third is based on dispersion integrals containing the LO spectral function. We also obtained a
fourth representation based on the dispersion integral containing the i-order spectral function. All
results are presented up to the 5th order of perturbation theory, where the corresponding coefficients
of the QCD B-function are well known (see [2,3]).

The high-order corrections are negligible in the Q> — 0 and Q? — oo asymptotics and are nonzero
in the vicinity of the point Q%> = A2. Thus, in fact, they are really only small corrections to the LO MA
couplant Al(vl&,a (Q?). This proves the possibility of expansions of high-order couplants Al(\j[) A (Q?)

via the LO couplants Al(vl& - (Q?), which was done in Ref. [9], as well as the possibility of various

approximations used in [28,38—40].

As can be clearly seen, all our results (up to the 5th order of perturbation theory) have a compact
form and do not contain complicated special functions, such as the Lambert W-function [82], which
already appears at the two-loop order as an exact solution to the usual couplant and which was used
to evaluate MA couplants in [83].

Applying the same operators to the v-derivatives of the LO MA couplant U&L, we obtained
two different representations (see Eqgs. (29) and (71)) for the v-derivatives of the MA couplants, i.e.
Z:II(\Z)A . introduced for timelike processes, in each i-order of perturbation theory: one form contains a
combinations of trigonometric functions, and the other is based on dispersion integrals containing the
i-order spectral function. All results are presented up to the 5th order of perturbation theory, where
the corresponding coefficients of the QCD S-function are well known (see [2,3]).

As in the case of Al(\? A - [18] applied in the Euclidean space, high-order corrections for HIEZ)A . are
negligible in the s — 0 ana s — oo limits and are nonzero in the vicinity of the point s = AZ. Thus,

in fact, there are actually only small corrections to the LO MA couplant Uﬁ[)% - (s). In particular, this

proves the possibility of expansions of high-order couplants UIE;[)A . (s) via the LO couplants U&L - (s),
which was done in Ref. [9]. ’ ,

As an example, we examined the Higgs boson decay into a bb pair and obtained results are in good
agreement with the Standard Model expectations [49] and with the experimental data [50,51]. Moreover,
our results also in good agreement with studies based on the Principle Maximum Conformality [47].

As a second application, we considered the Bjorken sum rule Ffﬁn(QZ) in the framework of
MA and perturbative QCD and obtained results similar to those obtained in previous studies [21,
38,39,60,61] for the first 4 orders of PT. The results based on the conventional PT do not agree with
the experimental data. For some Q? values, the PT results become negative, since the high-order
corrections are large and enter the twist-two term with a minus sign. APT in the minimal version
leads to a good agreement with experimental data when we used the “massive” version (110) for the
twist-four contributions.

Examining low Q? behaviour, we found that there is a disagreement between the results obtained
in the fits and application of MA QCD to photoproduction. The results of fits extented to low Q>
lead to the negative values for Bjorken sum rule F&xl (Q%): Fmﬂ (Q%* — 0) < 0 that contrary to the

finitness of cross-section in the real photon limit, which leads to F&Xl (Q*> — 0) = 0. Note that fits
of experimental data at low Q? values (we used Q% < 0.6 GeV?) lead to less magnitudes of negative
values for fiypa 4 (see Tables 1 and 2).

To solve the problem we considered low Q? modifications of OPE formula for FII\?Ath (Q?). Consid-
ering carefully one of them, Eq. (122), we find good agreement with full sets of experimental data for
Bjorken sum rule FK/{XZ (Q?) and also with its Q> — 0 limit, i.e. with photoproduction. We see also
good agreement with llohenomenological modeles [77-79], especially with LFHQCD [76].
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Appendix A. Details of Evaluation of the Fractional Derivatives

Taking the results (7) of the couplant a5(Q?) we have the following results for the 1/ L-expansion
of its v-powers:

(ﬂg,lo)(Qz))szlg, (0@ = (e (@) + 2 3@, (i=01,2,.)  (A])

where L is defined in Eq. (8) and

bivinL v+1
o5 (QY) = _%’ 5@ = Lv+2 {b2< y I LIl - 1) i bz] o
k

which is consistent with the expansions made in Refs. [7,8].
The (v — 1)-derivative d,(Q?) is related with the v +1 (I = 0,1,2, ...) powers as follows

iy (Q%) = al(Q*) + k1 (v)ay T (Q?) + ka(v)al T*(Q%) + O(al ), (A3)
where (see [34])
k1 (v) = vby By(v), ka(v) = v(v +1) <b2 By(v) + bj BM(V)>, (A4)
with
Bi(v) = $1(v) — 1, By(v) = Z(VV‘;I) Bi(v) = Zo(v+1)—25,(v) +1, ,  (A5)
and

Zi(v) =51(v) =¥ (1+v) + 95, S2(v) =0~ ¥ (1+v), Zo(v) =SH(v) = S2(v),  (A6)

with Euler constant g and Euler function {,. The expression for Z;(v) with arbitrary k can be found
in [34].
After some calculations, we have

~ 1 ~(i m
10(Q%) = gz A (Q) =) (@) + Zlc”’”é( ey, (A7)
m=
where 1
5(Q?) = Ryg T (A8)
and

Rix = by [Zl(v) - lnLk}, Ry = by + b2 [m2 Ly — 221 (v+1)InLy + Zo(v + 1)} (A9)
and CY,"™ is given in Eq. (13) and
R ko (—1)m i
Zi(v) =), mi(k —m)! Z_m(v), Zo(v) =1, (A10)

with
Z1(v) = Z1(v) =1, Za(v) = Za(v) =2Z1(v) +1, (A11)
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where Z;(v) are defined in Eq. (A6).

It is convenient to introduce the operators R; (13), which can be obtained as R; = R; (InLg —
—d/ (dv)). In this case, we proceed to the results (13) and (14) of the main text.

It is convenient to express also a} through d,4,,. Considering Ref. [34] we have

u1s/ =ay+ E Tcm (V) Gytm , (A12)
m>1
where
ki(v) = —vbiBi(v),
2
ka(v) =v(v+1) (bzgz(v) + %131,1 (V)> ’” (A13)
where
Biv) = 24(v) — 1, Balv) = g5, Bua(v) = Zafv) —2Z1(v+ 1)+
(A14)
and

Z1(v) = S1(v), Zo(v) = Si(v) + Sa(v),

For arbitrary v values, S;(v) are expressed through Polygamma-functions (see (A6)). In the case
of integer v =1,

n
Z (A15)
Appendix B. Alternative Form for the Couplants Al(\gl) i (Q%)

Using the series representation (52), the functions {(n, —v — r — k) in (51) are not so good defined
at large r values and by (1, v + r + k) and we will replace them the using the result (43) as

{(v—r)= —Wf(v—kr—kl), lv+r+1)= sin[%(v—kr)} (v+r+1). (B1)

After come calculations we have

(—Ly)"

r!

slm+1) (Q?) = i T(v+r+m)

MA,v k T(v+m) o e 1Qm(1/—|—1’—|-m)

(B2)
r=0

where

Q(v+r+1) —bl[ (v+7)C (v+r+1)+§1(v—|—r+1)}
Qv+r+2)=0b Z(v—f—r—i—Z)—|—b2{Cz(1/+r+2)+221(v+r+1)§1(v+r+2)

+Zl(v+r+1)é(v+r+2)}, (B3)

with (see also (A6)

Zi(v) =S1(v) =Y(A+v)+9e—In(27m), S(v) =0 —¥Y' (1 +v), (B4)
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and (see also (A11))

Z1(v) = Z1(v) =1, Zo(v) = Zo(v) —2Z1(v) +1, Z3(v) = Z3(v) —3Z>(v) +3Z1(v) — 1,

Zy(v) = Zy(v) —4Z3(v) + 6Z(v) —4Z1(v) + 1. (B5)
Moreover we use here P
Gv) = 7). (Be)

Using the definition of {;(v) in (B1), we have

Lv+r+1)= sin[g(v+r)] GOv+r+1) +§ cos[g(thr)] (v+r+1),
O+r+1) = sin[%(v%—r)] (gz(v+r+1) - f@(v%—r%—l))
+§ cos{g(v—f—r)} Glv+r+1), (B7)

where (i (v) are given in Eq. (52) of the main text.
So, we can rewrite the results (B2) with

Qum(v+r+m) :sin[g(v—l—r—i—m—1)}Qma(v+r—|—m)

—|—§ cos[%(v—kr—km—1)]me(v+r+m), (B8)

where

Quv+r+1)=b {Zl(v—i-r)é(v—i-r%—l) +§1(1,1/+r+1)},
Quv+r+1)=bl(v+r+1),

Qua(v+r+2) :bzg(v+r+2)+b§[§2(v+r+2)+221(v+r+1)§1(v+r+2)

+<Zl(v+r+l)rf>§(v+r+2)},

Qu(v+7+2) =2b%[zl(v+r+1)g(u+r+2) +C1(v+r+2)] . (B9)

Appendix C. 7115 (Q?)

Here we present evaluation of 72 (Q?), which has the form

5(Q%) 2
Q) = T (Q2) exp [z Lo Z"(ff))]  a(gh = 90, )

where

(@) = = ¥ pdt = —q0a(14 Y 5"), & = &,
k=0

k=1 70
Bla)=—-Y Bra2 = —Boa* (1 + ) ckuk), = & (C2)
k=0 k=1 Bo

Evaluating the integral in (C1) we have the following results (see, e.g., also Refs. [8,84])

fd@z) T(as(Q?)) (C3)

72(02%) = m2(02) %
@) =TS T Q)
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where
L —— e i
d= "=, T(as) = exp[) — @] (C4)
Po =k
and
e1 =dAy, ey =d(Ay —c1Aq), e3 =d(Az — 18y — GA),
€4 — d(A4 — C]Ag — 52A2 — 53A1) , (C5)
with
N =06;i—cj, Cr=cy— C%, C3 =c3 —2c10p + C:l3 (Ce6)
The result for T(a@;) can be rewritten as
k=4 ~k
T(d) =1+ ?ﬁ’;, (C7)
k=1
where
~ o~ 2 ~ 3 1 3
é1=e, & =ext+e], &3 =e3+ §e1e2 + Eel’
4 1 1
&3 =e4+ e% + 56163 + Ee? + e%ez + ge‘ll, (C8)
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