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College of Engineering, University of Buraimi, Al Buraimi, Sultanate of Oman; osama.m@uob.edu.om 

Abstract: A reduced-order model (ROM) procedure for a one-dimensional steady plug-flow reactor 

(PFR) is developed and used to investigate the performance of a membrane reactor (MR), or 

membrane module (MM), for hydrogen separation from syngas that may be produced in an 

integrated gasification combined cycle (IGCC). A feed syngas enters from one side into a retentate 

zone, while a sweep gas of nitrogen enters from the opposite side into a neighbor permeate zone. The 

two zones are separated by permeable palladium membrane surfaces that are selectively permeable 

to hydrogen. After analyzing the hydrogen permeation profile in a base case (300 °C uniform 

temperature, 40 atm absolute retentate pressure, and 20 atm absolute permeate pressure), the 

temperature of the module, the retentate-side pressure, and the permeate-side pressure were varied 

individually and their influence on the permeation performance is investigated. In all the simulation 

cases, fixed targets of 95% hydrogen recovery and 40% mole-fraction of hydrogen at the permeate 

exit are demanded. The module length is allowed to change in order to satisfy these targets. Other 

dependent permeation-performance variables that are investigated include the logarithmic mean 

pressure-square-root difference, the hydrogen apparent permeance, and the efficiency factor of the 

hydrogen permeation. Various linear and nonlinear regression models are proposed based on the 

obtained results. This work gives general insights into hydrogen permeation via palladium 

membranes in a hydrogen membrane reactor (HMR). For example, the temperature is the most 

effective factor to improve the permeation performance. Increasing the absolute retentate pressure 

from the base value of 40 atm to 120 atm results in a proportional gain in the permeated hydrogen 

mass flux, with about 0.05 kg/m2.hr gained per 1 atm increase in the retentate pressure; while 

decreasing the absolute permeate pressure from the base value of 20 bar to 0.2 bar causes the 

hydrogen mass flux to increase exponentially from 1.15 kg/m2.hr. to 5.11 kg/m2.hr. 

Keywords: hydrogen; palladium; membrane; permeate; retentate; syngas; reduced-order model 

 

1. Introduction 

Gasification is a thermochemical process in which a carbonaceous solid fuel (such as coal or 

biomass) is converted into a synthesis gas, which is known as “syngas” [1–3]. In other words, 

gasification is a partial oxidation (substoichiometric) process consisting of physical processes, such 

as pyrolysis; and chemical reactions, such as gasification using steam [4,5]. Syngas is a mixture of 

gases, primarily carbon monoxide (CO) and hydrogen (H2), with possible additional impurities such 

as carbon dioxide (CO2), methane (CH4), water vapor (H2O), and nitrogen (N2) [6]. Syngas is also 

produced from natural gas or light crude oil fractions through steam reforming [7]. The molar ratio 

of molecular hydrogen (H2) to carbon monoxide increases as the ratio of hydrogen atoms to carbon 

atoms in the feedstock increases. Thus, ideal steam reforming of one mole of carbon gives a molar 

ratio of H2:CO equal to 1:1, given the reaction 

� + ��� → �� + �� (1) 
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which has one mole of hydrogen and one mole of carbon monoxide as the products. On the other 

hand, the ideal steam reforming of one mole of methane (as an approximation for natural gas) gives 

a molar ratio of H2:CO equal to 3:1, given the reaction 

��� + ��� → � �� + �� (2) 

which has three moles of hydrogen and one mole of carbon monoxide as the products [8]. 

Syngas has multiple uses beyond being a gaseous fuel that can be used in gas turbines or boilers 

[9,10]. For example, syngas is also a feedstock for the production of methanol, ammonia, synthetic 

gasoline, and hydrogen [11,12]. Syngas-based hydrogen particularly is of special environmental 

importance, as it enables the production of electricity through fuel cells without harmful carbon 

dioxide emissions [13,14]. Syngas-based hydrogen also can be used as an alternative clean fuel in 

hydrogen vehicles [15], leading to reduced greenhouse gas (GHG) emissions in the transportation 

sector and thus mitigating global warming effects [16,17], and leading also to improving the air 

quality in the built environment [18,19] since the combustion of hydrogen does not lead to carbon 

dioxide or toxic products [20,21] (but undesired nitrogen oxides or NOx “NO and NO2” are still 

possible due to the oxidizing air [22]). In the power sector, nitrogen-diluted syngas-based hydrogen 

can be used in hydrogen-fueled gas turbines, with no harmful carbon dioxide emissions [23,24]. This 

dilution allows for reducing the combustion temperatures, and thus reducing the NOx emissions 

[25]. A nitrogen-diluted hydrogen flame with a fuel mixture having a chemical composition of 60% 

nitrogen and 40% hydrogen (mole fractions) was experimentally studied, and it was shown that this 

nitrogen dilution is effective in adjusting the flame length [26]. Separating hydrogen from syngas 

increases the concentration of carbon dioxide in the remaining content [27], thereby facilitating the 

carbon capture process afterward [28,29], which is similar to how using pure oxygen (rather than air) 

as an oxidizer in oxy-fuel combustion [30–33] causes the combustion products to be rich in carbon 

dioxide and this makes its capture easier [34,35]. The impurity carbon dioxide can be captured from 

the syngas, preventing its release into the atmosphere [36,37]. The captured carbon dioxide may be 

stored underground, and it may be utilized commercially for achieving economic gains in a different 

applications [38–40]. This carbon capture scenario is classified as a pre-combustion capture because 

carbon dioxide is segregated from the fuel stream (syngas in this case) before it is sent to the 

combustion facility [41,42]. 

Hydrogen separation from a hydrogen-containing gas mixture can be accomplished by various 

methods, including membrane separation [43,44]. Palladium-based (Pd-based) membranes allow the 

production of high-purity hydrogen [45–47], which is important for the effective operation of proton 

exchange membrane (PEM) fuel cells [48,49]. Palladium-based membranes are known for selectively 

separating hydrogen from a gas stream [50], which undergoes a dehydrogenation process as 

hydrogen is removed and is made to pass across the membrane. Compared to pressure swing 

adsorption (PSA), where adsorbing the impurities is used for hydrogen separation; membrane-based 

hydrogen separation allows for higher hydrogen recovery [51]. The term ‘hydrogen recovery’ means 

the fraction of hydrogen mass in a gaseous mixture that is extracted from that mixture. Thus, if all 

the hydrogen content in a mixture of gases is extracted, the hydrogen recovery reaches its highest 

value of 100% or 1.0. Pressure swing adsorption is a process used for separating a gas (such as 

hydrogen) from a mixture of gases, which is the same purpose as the palladium membrane in the 

current study, although the mechanism is very different. In PSA, selective adsorption-desorption 

takes place. When PSA is used in separating or purifying hydrogen, a mixture of gases containing 

hydrogen is pressurized, and then it passes through a reactor with an adsorbent material in the form 

of solid particles, which selectively attract the molecules of the impurities (the gases other than 

hydrogen) from the mixture onto their surface, as an adsorption stage, leaving hydrogen atoms at a 

high level of purity. Then, the pressure is decreased, which causes bound molecules of the impurities 

(the adsorbed non-hydrogen gases) to be released from the adsorbent surface, as a desorption stage 

[52]. Compared to cryogenic distillation, where impurities are condensed at low temperatures for 

purifying hydrogen; membrane purification is less energy intensive [53]. Cryogenic separation of 

hydrogen uses a refrigeration system to cool a gaseous mixture containing hydrogen [54]. Because 
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the constituent gases of the mixture typically condense and change from a gaseous state into a liquid 

state at different temperatures (at different boiling points), non-hydrogen gases in the mixture 

condense first, leaving the hydrogen gas alone. Among all elements, hydrogen has the second lowest 

boiling point, which is about 20.3 K at a normal atmospheric pressure [55,56]; while helium has the 

lowest one, which is about 4.2 K at a normal atmospheric pressure [57,58]. Membrane-based 

hydrogen purification here refers to a pressure-driven process, where the selective permeation of 

hydrogen through the palladium membrane is stimulated by a difference in the partial pressure of 

hydrogen as it is transferred from the retentate side (before the hydrogen separation, where hydrogen 

has a higher partial pressure) to the permeate side (after the hydrogen separation, where hydrogen 

has a lower partial pressure). It may be worth mentioning that the carbon capture process (such as 

pre-combustion capture as demonstrated in the current study, or post-combustion-carbon capture 

and oxy-fuel carbon capture) is a retrofitting action to mitigate carbon dioxide (CO2) emissions from 

existing energy systems or other industrial facilities [59,60]. For better environmental aspects, a total 

switch to renewable energy sources (particularly solar energy and wind energy [61]) is preferred 

because, in such scenarios, no carbon dioxide is produced [62–64]. However, such an energy 

transition toward renewable and sustainable resources may not be readily easy for existing 

conventional energy plants, whereas carbon capture strategies may remain suitable solutions for low-

emission energy and process systems [65]. 

This work considers hypothetical membranes that are unsupported (bulk), relatively-thick, 

dense (non-porous) palladium foils for hydrogen separation. Catalytic reactors with dense metallic 

membranes for hydrogen production have shown a potential to overcome limitations on the yield 

that are associated with chemical equilibrium [66]. The mechanism of permeation through the 

membrane involves the dissociation of molecular hydrogen at the surface of the palladium membrane 

as hydrogen atoms, which then diffuse into the palladium membrane [67]. An isothermal hydrogen 

separation module (thus, having a uniform temperature) is adopted here. The spatial variation of the 

chemical composition of the permeate stream and retentate stream is modeled numerically as a plug-

flow reactor. The permeation performance is examined under a reference set of representative 

conditions, as well as when each of the three control (design) variables is changed from the reference 

(base) case. These control variables are: (1) the reactor temperature, (2) the retentate-side pressure, 

and (3) the permeate-side pressure. Our study is based on simplified system-level computational 

modeling using principles of membrane-based hydrogen permeation. The interested reader can find 

some information about modeling a continuous plug-flow reactor in Appendix A. 

The contributions of this work include: (1) the detailed step-by-step numerical model algorithm 

for membrane-based hydrogen permeation, (2) the regression models that qualitatively show the 

impact of three operational conditions on membrane-based hydrogen permeation, and (3) contrasting 

profiles of hydrogen recovery and mole fractions in an isothermal membrane reactor at a base case 

and three other extreme cases. 

In the next section, the research method is described. Then, details about the geometric and inlet 

parameters are provided. Most of these settings remain fixed throughout the entire study. Then, the 

modeling procedure is described for the hydrogen permeation in the reactor. After this, five 

quantitative scalar quantities are introduced as criteria for evaluating the overall permeation 

performance. This is followed by a presentation of results for a base case, combined with a 

discretization-sensitivity analysis that confirms the adequacy of the spatial resolution utilized. Then, 

the influence of three control variables is explored, with some regression models relating the value 

of each control variable (as an independent or explanatory variable) to the five permeation metrics of 

the hydrogen permeation (as dependent or response variables). Finally, concluding remarks are 

provided. 

2. Research Method 
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The research conducted here is computational in principle, and it relies on the modeling of 

hypothetical units for the permeation of hydrogen from a feedstock (feed) gas stream to a destination 

stream called permeate. 

2.1. Connection to Real-Life Application 

The feed stream is representative of a realistic syngas flow in an integrated gasification combined 

cycle (IGCC), in which coal is converted into syngas [68–70]. This syngas drives gas turbines as the 

first source of power generation, and the heat content in the exhaust gases is partially recovered to 

produce steam as a working fluid for steam turbines, serving as the second source of power 

generation [71]. An IGCC power plant has an efficiency (with respect to the lower heating value, 

LHV) of about 48%, which means it has a higher efficiency (10-15% increase) and lower harmful 

emissions (10-15% reduction) compared to a conventional steam power plant operating by burning 

coal as a fuel [72–75]. 

2.2. Computer Modeling Tool 

We perform the computational modeling through spreadsheets (Microsoft Excel software 

program), where the mathematical equations governing the hydrogen permeation along the 

membrane length are implemented as dependent formulas. The built-in tool “Goal Seek” within the 

Microsoft Excel desktop application (under the Microsoft Windows operating system) was utilized 

for solving the nonlinear algebraic equation relating the unknown membrane length to the specified 

hydrogen recovery target (95%) [76,77]. Obtaining a solution using this nonlinear solver tool is nearly 

immediate on a personal computer. This is a big advantage compared to multi-dimensional detailed 

computational fluid dynamics (CFD) models, which not only take more time and require more 

computing power, but also require advanced skills and specialized software for setting the model 

and running a computer solver [78–84]. While such detailed CFD models allow for more realistic 

solutions (such as three-dimensional flow fields), for a preliminary design stage, a quick and 

convenient tool may be advantageous for exploring the approximated impact of quantities of interest, 

particularly when only system-level operational parameters are desired; and such reduced-order 

modeling allows for rapid preliminary design, benchmarking, optimization and control, and 

parametric sensitivity analysis, and investigating the validity of wide ranges of operating conditions 

[85–88]. 

2.3. Controllable Variables 

The variables that are subject to change in this work as independent parameters are: (1) the 

temperature of the membrane reactor (while keeping the retentate-side pressure and the permeate-

side pressure at reference values of a base case), (2) the retentate-side pressure (while keeping the 

temperature and the permeate-side pressure at reference values of a base case), and (3) the permeate-

side pressure (while keeping the temperature and the retentate-side pressure at reference values of a 

base case). 

For each of the three scenarios listed above, the influence of the isolated design variable on the 

hydrogen permeation and fluid flow is investigated. 

2.4. Some Assumptions 

Some assumptions are made in the present work, which reduces the interaction of factors and 

makes the interpretation of cause-effect dependence more evident. Such assumptions include the 

uniformity of the temperature, and ignoring the effect of permeation on the pressures [89]. It is 

acknowledged that these assumptions limit the generality of the results. However, the study focuses 

on trends and patterns of relational dependence between variables for a simplified configuration. 

Thus, the results presented here can be useful when regarded as broad guides rather than universal 

facts. The assumption of constant temperature (isothermal environment) seems proper since the 
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modeled dehydrogenation process does not involve internal heat sources, combustion, coolants, or 

external heat exchange [90]. 

The detailed steps of the numerical modeling procedure for the proposed palladium-based 

hydrogen separation are presented in Appendix B. 

2.5. Flow Setup 

Figure 1 is a sketch of the stream directions and the compositions of the feed (inlet of the retentate 

side, in the shell) and the sweep (inlet of the permeate side, inside the tubes). Instead of showing all 

eight tubes (which can make the sketch unclear), only the central tube is shown. The coordinate (x) is 

the longitudinal distance measured from the left edge of the membrane reactor. The feed syngas 

enters the shell from the left, and the sweep nitrogen enters the tubes from the right. 

 

Figure 1. Inlet conditions and flow directions for retentate and permeate streams. 

The counter-flow profile used here for the streams (where the two streams enter from the 

opposite ends of the membrane reactor) is preferred over the parallel or co-flow profile (when the 

two streams enter the membrane reactor from the same edge and exit from the same edge). This is 

due to a more even distribution of the driving force for the mass transfer of hydrogen from the 

retentate side to the permeate side. This advantage of counter-flow design over parallel flow (co-

flow) design exists also in the field of heat exchangers, where heat transfer rather than mass transfer 

is sought [91–93]. 

3. General Model Settings 

3.1. Fixing Common Parameters 

This section illustrates various elements of the hydrogen separation modeling that remain 

unchanged for all simulation cases. They may be classified into two groups: (1) geometric parameters, 

and (2) flow parameters. It should be noted that this work is not primarily intended to solve a 

particular problem or recommend a specific design. Instead, more value is provided by examining 

variations of permeation parameters when three operational variables are changed. Thus, any 
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reasonable selection of settings is considered satisfactory here to establish a starting design point in 

the design space. 

3.2. Underlying Geometry 

All the imagined hydrogen separation modules investigated in this study share the same 

presumed geometric configuration except for the length. Such a proposed module is in the form of a 

shell-and-tube reactor, with eight cylindrical tubes placed inside a cylindrical shell. The sum of the 

cross-sectional areas of the tubes is 50% of the cross-sectional area of the outer enclosing cylinder, 

which forms the outer boundary of the shell. In the current work, the term “shell” means the part of 

the outer enclosing cylinder that remains after subtracting the tubes. Thus, it refers to the passage 

available for the gaseous stream to flow around the tubes but within the outer enclosing cylinder. 

This stream is referred to as the shell stream or the retentate. It is the fluid stream where the syngas 

feedstock enters and loses hydrogen during a dehydrogenation process to the other stream located 

inside the tubes. The retentate stream entering the shell is referred to as the feed, which means the 

raw syngas that is supplied before any processing by the hydrogen permeation membranes. 

The other stream located inside the eight tubes is the tube-side stream or the permeate. It is the 

destination of the hydrogen that is transported from the retentate through the palladium membranes. 

At the inlet of the permeate, a non-hydrogen gas of molecular nitrogen (N2) is supplied in the current 

model. This intentionally added nitrogen is referred to as the sweep gas or the sweep. While the use 

of such sweep gas is, strictly speaking, optional, it helps improve the permeation process by ensuring 

that the permeate side can never be saturated with hydrogen, and it increases the difference in the 

hydrogen partial pressures across the membrane, leading to an increased hydrogen permeation flux 

[94–97]. The added sweep gas can play another function of controlling the temperature [98], but this 

is not considered here as we assume the membrane reactor to be isothermal for simplicity. Other 

gases can also be used as a sweep gas, such as argon, Ar [99–102]; steam, H2O [103–106]; helium, He 

[107–110]; or a mixture of gases [111–116]. The use of nitrogen here seems adequate [117,118]. 

The shell-and-tube reactor configuration was used in another study [119] while computationally 

modeling the propane steam reforming process under high temperatures (between 750 K and 900 K). 

In the propane steam reforming process, propane (C3H8) reacts with steam (H2O) to produce 

molecular hydrogen (H2) and carbon dioxide (CO2). This reformation reaction takes place within a 

porous medium acting as a catalyst. Unlike the present study, the model in that external study did 

not include hydrogen separation. The tubes in the reactor were used in that external study to heat the 

surrounding porous shell through passing hot gases. 

Another computational study for propane steam reforming (as a method for producing 

hydrogen from propane) used the shell-and-tube configuration [120–123]. There is a difference 

between the modeled reactor in that study and the modeled reactor in the present work. The reactor 

in the external study was a reformer with a catalytic chemical reaction taking place inside it, while 

here it is a separator with selective permeance (selective mass transport) but without a chemical 

reaction between gaseous species. However, there are some similarities between the two studies. One 

similarity is that both modeling methods assumed a steady flow (no change with time). Also, the flow 

entering the tubes (heating gas) and the flow entering the shell (reactant propane and steam) in the 

other study flow in opposite directions longitudinally, which is the same situation here for the 

retentate stream and the permeating stream. 

Outside the field of hydrogen generation or separation (purification), shell-and-tube reactors can 

be used for heat transfer processes, when the fluid in the tubes is used to heat or change the phase of 

the fluid in the shell (or vice versa) without direct contact. The heat transfer performance can be 

improved by adding baffles of different geometries that alter the path of the fluid in the shell and 

control its level of mixing through intensified turbulence [124–126]. The shell-and-tube configuration 

is also viable in multiphase flows [127,128]. 
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In other research work, a palladium-based membrane reactor of steam methane reforming (MR-

SMR) was optimized with two objectives which are (1) minimum heat exchange, and (2) minimum 

power consumption – through reducing the pressure gradient that should be counteracted by an 

external compressor unit [129,130]. In that reported work, by controlling the exterior wall 

temperature, it was found possible to achieve a saving of 5.1% for the power consumption and a drop 

of 1.4% for the rate of heat exchange. The membrane reactor was tubular (a single tube inside a single 

tube). It was treated as a plug flow reactor, given the high aspect ratio (large length compared to the 

diameter). The outer annular tube is the reaction zone (where methane reacts with steam to produce 

hydrogen), while the inner circular tube is the permeation zone (hydrogen permeates from the outer 

tube to the inner tube through a separating palladium membrane). The outer annular tube has a 

catalyst in the form of particles uniformly filling the outer annular tube, making it a porous ’packed 

bed’. The palladium membrane was dense. 

Figure 2 shows a proposed cross-section of the membrane reactor, indicating the areas of the 

eight tubes (yellow color) and the area of the shell (white color). To obtain more uniform gaps 

between walls, one of the tubes is placed exactly at the center of the shell. The remaining seven tubes 

are arranged with equal circumferential spacing. It should be mentioned that the plug-flow reactor 

modeling conducted here utilizes the details about the layout of tubes when calculating the total 

perimeter of the palladium membranes (but the shell outer diameter is not utilized in the permeation 

calculation). In addition, such a layout provides justification for the adopted membrane perimeter, 

and also helps the reader envision how the membrane reactor looks in a real situation. 

 

Figure 2. Proposed cross-section of the shell-and-tube membrane reactor (all dimensions are in cm). 

Table 1 shows some details about the shell-and-tube geometry. The tubes and shell are assumed 

to have zero thickness, and the palladium membranes cover the entire surface of each tube. Being a 

reduced-order one-dimensional model, there are no baffles in the membrane reactor [131–133]. 
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Table 1. Some fixed geometric details about the proposed shell-and-tube membrane reactor. 

Geometric feature Value 

Shell diameter 5.000 cm (1.969 in) 

Tube diameter  1.250 cm (0.4921 in) 

Number of tubes  8 

Shell cross-section area (excluding tubes) 9.817 cm2 (1.522 in2) 

Tubes cross-section area (all 8 tubes) 9.817 cm2 (1.522 in2) 

Shell-to-tubes area ratio 1: 1 

Tube cross-section area (single tube) 1.227 cm2 (0.1902 in2) 

3.3. Fixed Conditions 

Table 2 shows some details about the retentate stream, whose inlet conditions correspond to the 

raw syngas (the feed) supplied to the membrane reactor. The temperature and pressure are 

considered uniform in that stream. The temperature and pressure values are not specified because 

they are not common in all simulation cases, but are varied and their influences later are studied in 

multiple simulations. 

Table 2. Some common fixed properties of the retentate stream. 

Condition Value 

Inlet mole fraction, H2  30% [134] 

Inlet mole fraction, CO 50% [135] 

Inlet mole fraction, CO2 20% [136,137] 

Molecular weight, H2  2.01588 kg/kmol [138] 

Molecular weight, CO 28.0101 kg/kmol [139] 

Molecular weight, CO2 44.0095 kg/kmol [140] 

Molecular weight, mixture 23.412 kg/kmol 

Inlet mass fraction, H2  0.025832 

Inlet mass fraction, CO 0.598207 

Inlet mass fraction, CO2 0.375961 

Inlet mass flow rate  60 kg/hr (132.28 lbm/hr) 

Inlet standard volume flow rate 970,068 sccm (standard cubic centimeters per minute) 

Target hydrogen recovery  95% (by mass, by mole, or by standard volume - identical) 

The mixture molecular weight of the feed (MWmix) is calculated from the mole fractions and 

molecular weights of the constituent gases as follows [141,142]: 

����� = ���� ��� + ���� ��� + ����� ���� (3) 

where (MW) refers to the molecular weight, (X) refers to the mole fraction, and the subscripts refer 

to the individual gases. 

The mass fraction (Y) for each constituent gas in the feed is dependent upon its mole fraction (X) 

according to [143] 

�� =
��� ��

�����
 (4) 

where the subscript (i) refers to any gas of the constituent gases in the feed. 
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The standard volume flow rate is the virtual volume flow if the temperature and pressure are at 

standard values, which are taken here as Tstnd = 0 °C (32 °F, 273.15 K) and Pstnd (absolute pressure) = 

105 Pa (0.9869 atm, 14.504 psi). These two standard values of temperature and pressure are based on 

the International Union of Pure and Applied Chemistry, IUPAC [144]. 

An ideal gas is a gas that obeys the ideal-gas equation of state, which can be expressed as 

� � = � �� � (5) 

where (P) is the pressure, (V) is the volume, (N) is the number of moles, (R�) is the universal gas 

constant, and (T) is the absolute temperature, expressed in kelvins. For an ideal gas, each mole 

occupies a volume of 22,711 cm3 (22.711 liters) at the standard pressure and temperature mentioned 

earlier. Thus, the standard volume is directly proportional to the number of moles, which in turn 

(and assuming no change occurs in the chemical composition of the gas) is directly proportional to 

the mass. This value can be obtained from the ideal-gas equation of state by solving for the standard 

volume per mole (Vstnd/N) as: 
�����

�
= ��

����

�����
= (���) ��. ����

�

���.�
� �

���.�� �

��� ��
� = ��, ���

���

���
 (6) 

where the multiplier (106) is inserted to convert the volume unit from cubic meters (m3) to cubic 

centimeters (cm3), and the value of the universal gas constant (R�) is a physical constant taken from 

the U.S. National Institute of Standards and Technology [145]. The shown value in the above equation 

is a truncated version of the published one used in the computation, which is 8.314462618 J/mol.K. 

Table 3 shows some details about the permeate stream, whose inlet conditions correspond to the 

sweep gas supplied to the membrane reactor. The temperature and pressure are considered uniform 

in that stream. 

Table 3. Some common fixed properties of the permeate stream. 

Condition Value 

Inlet gas  100% N2 

Molecular weight, N2  28.0134 kg/kmol [146] 

Inlet mass flow rate  30.692 kg/hr (67.664 lbm/hr) 

Inlet standard volume flow rate 
414,704 sccm (standard cubic centimeters per 

minute) 

Target outlet mole fraction of H2  40% 

The flow rate of the sweep gas is decided based on the target mole fraction of hydrogen in the 

permeate outlet (XH2,per-out), the mass flow rate of hydrogen in the syngas (ṁH2,feed), and the target 

hydrogen recovery (β) according to: 

�̇����� =
���� (�� ���,�������)

���� ���,������� 
 � �̇��,���� (7) 

The above relation can be used under the condition that there is only nitrogen in the sweep gas 

(which is true in all the simulations in the present work). It is a special relation and should not be 

used in other configurations, such as when the sweep gas is a mixture. 

In the present work, β = 0.95, XH2,per-out = 0.4, and ṁH2,feed = 1.5499 kg/hr (this is the product of the 

feed mass flow: 60 kg/hr, and the mass fraction of hydrogen in the feed: 0.025832). With the 

previously mentioned molecular weights of hydrogen (Table 2) and nitrogen (Table 3), we get ṁsweep 

= 30.692 kg/hr as mentioned in Table 3. 

The mass flow rates (and the standard volume flow rates) and the chemical compositions of the 

sweep gas and the feed gas are fixed in all the simulations of this work. 
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4. Hydrogen Permeation Metrics 

After performing a complete steady-state simulation for the palladium membrane permeation 

of hydrogen in a segmented plug-flow reactor, assessment of the overall permeation process is 

facilitated using a number of quantitative scalar quantities (referred to here as performance metrics 

or permeation metrics), that are convenient to utilize for comparing the performance of different 

simulations. In this section, five performance metrics for hydrogen separation are discussed. 

4.1. Membrane Length 

The first permeation performance metric adopted here is the needed membrane length to 

achieve the target hydrogen recovery (β = 95%). This is designated by the symbol (L). 

A smaller membrane length is desired, because it means a shorter membrane reactor, which is a 

better design due to reduced cost and space. 

4.2. Average Hydrogen Permeation Mass Flux 

The second permeation performance metric adopted here is the average mass flux (mass flow 

rate per unit area) of the permeated hydrogen through the membrane. It is designated by the symbol 

(M� H2). Since the local mass flux of the permeated hydrogen is subject to variation from one segment 

to another in the membrane reactor model, the average of all segmental values is used. This metric is 

related to the corrected (second-iteration) segment-level molar flux of permeating hydrogen through 

the palladium membrane (JH2,i) as 

�� �� = �. � ����
�

�
∑ ���,�

�
���   (8) 

where (MWH2 = 2.01588 kg/kmol) is the molecular weight of the molecular hydrogen, and the factor 

(3.6) appears to enable unit conversion such that the average mass flux is expressed in (kg/m2.hr) 

when the segmental mole flux (JH2,i) is expressed in (mol/m2.s). 

A higher average mass flux is desired, as it shows more intense utilization of the membrane 

surface (better use of each unit area). 

In the present study, because the total permeated hydrogen is fixed (by fixing the inlet mass flow 

of hydrogen in the syngas feed and fixing the target hydrogen recovery), and the membrane 

perimeter is also fixed, then the average hydrogen mass flux (M� H2) and the membrane length (L) are 

not independent. Instead, they are inversely proportional to each other, and their product should be 

invariant. 

4.3. Log Mean Pressure-Square-Root Difference 

The third permeation performance metric adopted here is a global (membrane-level, not a 

segment-level) pressure-square-root difference, which is a membrane-level difference of the 

hydrogen partial pressure raised to the power of 0.5, between the retentate stream (higher value) and 

the permeate stream (lower value). It is designated here by the symbol (LMPsrD), or simply (LMPD), 

and is called log (or logarithmic) mean pressure-square-root difference. This difference in the square 

root of the hydrogen partial pressure (PsrD) stimulates the permeation through the palladium 

membrane. Because this stimulus driving force can vary along the membrane segments, an average 

value is sought. Instead of a simple arithmetic average over all segments, a logarithm-based average 

is used, which takes into account the differences at the left end and at the right end of the entire 

membrane reactor (where the flow inlets and outlets are located). Unlike computing a simple average 

of the driving force (the difference in the square root of the hydrogen partial pressure, or PsrD) along 

the membrane, the LMPD is related to the change in this driving force between the two ends of the 

hydrogen separation modules only, and this makes this metric simpler to compute without the need 

to know the details of the driving force between the two side ends of the hydrogen separation 

module. This resembles an approach of calculating an overall temperature difference in the field of 
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heat transfer within heat exchangers, which is called log mean temperature difference, or LMTD 

[147]. The global log mean pressure-square-root difference is calculated as follows: 

���� =
�����

�.��
���,�

 � �����
�.��

���,�

��������
�.��

���,�
� � ��������

�.��
���,�

�
  (9) 

where (ΔPH20.5)LHS,1 is the driving force at the left end of the membrane reactor (at x = 0), (ΔPH20.5)RHS,n 

is the driving force at the right end of the membrane reactor (at x = L), and the (ln) function is the 

natural logarithm. The LMPD should lie between (ΔPH20.5)LHS,1 and (ΔPH20.5)RHS,n, regardless of which 

of them is larger than the other. 

A higher log mean pressure-square-root difference (LMPD) is desired, as it is an indicator of the 

average driving force for hydrogen permeation between the left end and the right end of the 

membrane reactor, and is interpreted in a similar way to the LMTD in heat exchanges, being the 

driving force for heat transfer [148]. 

4.4. Global Apparent Permeance 

The fourth permeation performance metric adopted here is the global apparent permeance 

(k’app), which is a solution-dependent variable that represents the effective permeance based on the 

obtained profile of hydrogen permeation in the membrane reactor. It has the same unit of the actual 

(ideal) permeance (k’), which is an input parameter that depends on the temperature and the 

membrane length, and thus can be computed prior to the numerical simulation of the plug-flow 

reactor. To explain the usefulness and significance of the global apparent permeance (k’app), it should 

be noted that the actual permeance (k’) is a local value, corresponding to a specific segment (or even 

a specific point), and it depends on the temperature and the membrane thickness, as in Equation 

(B.14). However, the apparent permeance is computed based on the overall performance of the 

membrane reactor as a whole, as follows: 

����
� =

�

�
∑ ���,�

�
���

����
  (10) 

Therefore, two dehydrogenation palladium membrane reactors may have the same actual 

permeance because they have the same uniform temperature and the same uniform thickness, but 

due to variations in the dehydrogenation performance, they can have different global apparent 

permeance values. This makes the global apparent permeance a good metric for assessing the 

dehydrogenation process. 

The numerator in the above equation is the arithmetic average of the molar flux of permeating 

hydrogen through the palladium membrane (average of the n segmental values), while the 

denominator is the log mean pressure-square-root difference (LMPD). 

A higher apparent permeance is desired, as it shows that the membrane reactor yields a higher 

useful output (hydrogen molar flux) for a given average input (hydrogen pressure driving force). 

4.5. Efficiency Factor 

The fifth and last permeation performance metric adopted here is the efficiency factor (ηk), which 

is simply the ratio of the global apparent permeance to the local actual permeance, expressed as a 

percentage. Therefore, 

�� =
����

�

��     (11) 

The efficiency factor is the only permeation metric presented here that is non-dimensional, 

which makes it unambiguous and identical in any system of units. 

The “efficiency factor” is not strictly an efficiency as used in energy conversion by a heat engine 

[149], being an output useful energy that is a fraction of an input heat energy, thus limited to a ceiling 

value of 100% [150]. Instead, the “efficiency factor” is a ratio between two quantities that have the 

same dimensional units but have different meanings, and either of them is allowed to exceed the 

other. Thus, the “efficiency factor” used here can exceed 100%. This is somehow similar to the concept 
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of Octane number or the Research Octane Number (RON) as quality scale for gasoline (petrol) 

automotive fuels, where this rating does not strictly to be bound by a limit of 100 [151,152]. 

A higher efficiency factor is desired, as it is directly proportional to the global apparent 

permeance, thus it is related to the goodness of the membrane reactor operation with regard to 

hydrogen permeation. 

5. Results 

5.1. Base Case and Spatial Resolution Test 

The first implementation of the plug-flow membrane reactor model is referred to as the base case 

or reference simulation. To run a simulation, three thermodynamic properties that describe the two 

flowing streams in the reactor are needed. These three properties are: (1) temperature (assumed 

uniform in the entire reactor), (2) retentate pressure (assumed uniform in the retentate stream), and 

(3) permeate pressure (assumed uniform in the permeate stream). 

The uniform-temperature assumption avoids ambiguity when computing the actual (ideal) 

permeance of the palladium membrane, which is temperature-dependent. Thus, the actual 

permeance is also uniform in the entire membrane, and this eliminates an undesirable distracting 

influence from varying permeance. 

The three aforementioned thermodynamic properties are to be varied individually later, 

deviating from their base values. The influence of each of them on the hydrogen permeation is 

examined. 

The base case is considered to have representative (realistic) values of the membrane streams 

[153–155], which are summarized in Table 4. 

Table 4. Temperature and pressures of the base case (reference simulation). 

Fluid property  Value 

Temperature 300 °C (572.00 °F) 

Absolute retentate pressure 40.0 atm (587.84 psia) 

Absolute permeate pressure 20.0 atm (293.92 psia) 

The local actual hydrogen permeance (k’) for the base temperature of (300 °C, 573.15 K) is 10.263 

 10–4 mol/m2.s.Pa0.5. 

Table 5 gives numerical results for the base case after a complete simulation of the segmented 

plug-flow reactor for it. The normal resolution of 200 segments is compared with another resolution 

with twice the number of segments (400 segments) having the same membrane length found 

necessary for the 200-segment case. 

Table 5. Some results obtained for the base case with 200 segments (normal resolution) and 400 segments 

(refined resolution for testing only). 

Result  

Value 
Absolute percentage 

change  

 n = 200 

segments 

n = 400 

segments 

|Value(200)–  Value(400)|

Value(200)
 

Membrane length (cm) 407.359  407.359 0% (identical) 

Average hydrogen permeation 

mass flux (kg/m2.hr) 
1.151  1.150 0.01% 
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Pressure-square-root difference 

at the left end (Pa0.5) 
202.345  202.345 0% (identical) 

Pressure-square-root difference 

at the right end (Pa0.5) 
260.655  268.896 3.16% 

Log mean pressure-square-root 

difference (Pa0.5) 
230.271  234.05 1.64% 

Global apparent hydrogen 

permeance (mol/m2.s.Pa0.5) 
6.8849  10–4  6.7732  10–4 1.62% 

Efficiency factor (%) 67.09% 66.00% 1.62% 

Hydrogen recovery (%) 95.000% 94.991% 0.01% 

Also, the absolute percentage deviations of these results between the two resolutions are shown 

in the table. Such comparison reveals small deviations not exceeding 2% in all four permeation 

performance metrics other than the membrane length, which was forced to be identical in the two 

simulations. Namely, these metrics are: (1) average hydrogen permeation mass flux, (2) log mean 

pressure-square-root difference, (3) global apparent hydrogen permeance, and (4) efficiency factor. 

For the hydrogen recovery, it was a specified input in the case of using 200 segments, where the 

membrane length was a computed output. In the case of using 400 segments, the membrane length 

was the specified input (to ensure geometric consistency between the two simulations), while the 

hydrogen recovery was computed from the segmented plug-flow reactor model, in an inverse 

simulation mode. There is an insignificant difference (0.01% absolute change) in the two values of the 

hydrogen recovery. 

In addition to the demonstrated quantitative agreement between the normal-resolution 

simulation with 200 segments and the high-resolution validation simulation with 400 segments, the 

qualitative agreement can also be observed in Figure 3. This figure compares the cumulative 

hydrogen recovery along the base-case plug-flow reactor model, for the 200-segment resolution and 

the 400-segment resolution. The profiles under both resolutions are visually indistinguishable. 
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Figure 3. Commutative hydrogen recovery for the base case, with two spatial resolutions (the 200 segments 

represent the normal resolution adopted in the study; the 400 segments represent the finer resolution for testing 

the resolution insensitivity). 

Figure 4 shows the segmental hydrogen recovery profile (contribution of each reactor segment 

to the total hydrogen recovery). The normal resolution (200 segments) corresponds to nearly twice 

the values of the high resolution (400 segments). Although this may indicate a mismatch between the 

two simulations, it is actually appropriate because each segment under the normal resolution has 

twice the membrane area of a segment under the high resolution. For a meaningful visual 

comparison, a third curve was added to the figure by doubling the segmental hydrogen recovery 

obtained under high resolution (because each data point, in this case, represents only half of what a 

data point represents in the case of normal resolution). When the added curve (the adjusted high-

resolution curve) is compared with the normal resolution curve, it is seen that both curves are visually 

identical. 

 

Figure 4. Segmental hydrogen recovery for the base case, with two spatial resolutions (the 200 segments 

represent the normal resolution). There is a third curve added, with the segmental recovery values in the case of 

400 segments being doubled. 

The nonlinear profile of the segmental recovery is attributed to the underlying variation in the 

driving force for the segmental hydrogen permeation (the segmental pressure-square-root 

difference), which is a nonlinear function of the hydrogen mole fraction in the permeate stream and 

the hydrogen mole fraction in the retentate stream. 

The variations of the hydrogen mole fraction in the retentate stream as the retentate gas traverses 

the membrane reactor from the left to the right are shown in Figure 5. It decreases from 30% at the 

left end corresponding to x/L = 0 to 2.10% at the right end corresponding to x/L = 1. The variation is 

weekly nonlinear with the distance. The exit mole fraction is not exactly zero, but this is consistent 

with the target hydrogen recovery of 95%. The value of the exit mole fraction of hydrogen (2.10%) 

and the longitudinal pattern of that mole fraction for the normal resolution (200 segments) are 

consistent with those for the validation resolution (400 segments). 
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Figure 5. Hydrogen mole fraction in the retentate stream for the base case, with two spatial resolutions (the 200 

segments represent the normal resolution). 

The variations of the hydrogen mole fraction in the permeate stream as the permeate gas 

traverses the membrane reactor from the right to the left are shown in Figure 6. It increases from 0% 

at the right end corresponding to x = L (a normalized variable x/L = 1 is used in the figure) to the 

target 40% at the left end corresponding to x = 0. The variation is weekly nonlinear with the distance, 

as in the case of the retentate stream. Comparing the mole fraction patterns with 200 segments and 

with 400 segments suggests independence of the results on the spatial resolution. Thus, using 200 

segments is adequate and there is no need to use a higher resolution. 

 

Figure 6. Hydrogen mole fraction in the permeate stream for the base case, with two spatial resolutions (the 200 

segments represent the normal resolution). 
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With such observed good agreement between the normal spatial resolutions and the testing high 

resolution, the choice of 200 segments (normal resolution) is considered satisfactory, and is adopted 

in all remaining simulations. 

5.2. Influence of Temperature 

After completing the segmented flow reactor under a set of representative operational 

conditions, the temperature of the flows in the membrane reactor is varied in a discrete manner, 

leading to a number of temperatures that are higher than the base value of 300 °C. The base value 

and the six additional temperatures are: 

1. 300 °C (base) 

2. 350 °C 

3. 400 °C 

4. 500 °C 

5. 600 °C 

6. 700 °C 

7. 800 °C 

It is understood that high temperatures may pose practical challenges for the materials and the 

process feasibility. Despite this, the model allows exploring the change in the permeation 

performance due to elevated temperatures. This is achieved by monitoring the changes in the five 

performance metrics due to the changes in the temperature alone. The other two design variables 

(retentate pressure and permeate pressure) are kept at their base values (40 atm absolute and 20 atm 

absolute, respectively). 

Figure 7 shows the influence of the temperature on the first hydrogen permeation metric, which 

is the membrane length. The figure shows a monotonic nonlinear decline in the needed membrane 

length as the temperature increases. This dependence can be described by a nonlinear power-type 

regression model, which is also shown in the figure. In the equation shown within the figure, (x) 

refers to the temperature in degrees Celsius, T(°C), while (y) refers to the membrane length in meters, 

L(cm). Therefore, 

�(��) = �. ���� × ��� �(°�)��.����  (12) 

Thus, the temperature is an instrumental variable in limiting the membrane length (for a given 

target hydrogen recovery) to less than 25% of its base value. Thus, it is equally instrumental to 

increase the hydrogen recovery for a given geometric length. 
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Figure 7. Membrane length as a function of the temperature in the membrane reactor. 

Figure 8 shows the influence of the temperature on the second hydrogen permeation metric, 

which is the average hydrogen permeation mass flux. There is an almost linear increase with 

temperature, which can be described by the following linear regression model: 

�� ��(�� ��. ��⁄ ) = −�. ���� + �. ������� �(°�)  (13) 

with an (R2) value of 0.9990. This value that accompanies the linear regression equation is called the 

coefficient of determination. It helps in evaluating the goodness of the regression fit, with a perfect 

fit having a value of 1.0 [156,157]. Therefore, the provided regression model is almost perfect within 

the examined range of temperatures. 
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Figure 8. Average hydrogen permeation mass flux as a function of the temperature in the membrane reactor. 

Thus, the temperature is an instrumental variable to improve the permeation flux. This is 

justified by the increase in the actual local permeance when the temperature increases, following an 

Arrhenius-type dependence; which actually appears in different fields other than the current 

application of hydrogen permeation (such as chemical reaction rates [158]). 

The third hydrogen permeation metric, which is the logarithmic mean pressure-square-root 

difference (LMPD) maintains its base values due to fixed inlet and outlet pressures. Therefore, its 

implicit dependence on the temperature is not manifested. Similarly, the left-end pressure-square-

root difference, (ΔPH20.5)LHS,1, and the right-end pressure-square-root difference, (ΔPH20.5)RHS,n remain 

the same when the temperature of the membrane reactor is varied while fixing the inlet and outlet 

pressures. Thus, they maintain their base values. Therefore, there is no need to visualize these three 

variables in a dedicated figure with the temperature being the independent variable (because they 

would simply appear as three straight horizontal lines in such a figure). 

The lack of influence of temperature on this permeation metric is valid, due to fixing the 

pressures in all the cases while changing only the temperatures. 

Figure 9 shows how the fourth and fifth hydrogen permeation metrics change as the temperature 

increases. These metrics are the global apparent permeance and the efficiency factor, respectively. In 

addition, the figure also includes the actual local permeance. While both the actual (local) permeance 

and the global apparent permeance increase nonlinearly with the temperature, their ratio remains 

constant at the base value of 67.09%. Because their ratio is, by definition, the efficiency factor; the 

efficiency factor remains constant at its base value when the operational temperature of the palladium 

membrane reactor module increases. The increase of the permeance values follows exactly an 

exponential function of the form 

���� ��
������� ��. �. ���.�⁄ � ∝  ��� ( �(°�)����.��⁄ )  (14) 

where (μ) is a constant, being the activation energy divided by the universal gas constant (E/R�). 

 

Figure 9. Local actual permeance, global apparent permeance, and efficiency factor as functions of the 

temperature in the membrane reactor. 

Therefore, while increasing the temperature leads to better permeance, it is useless for 

improving the efficiency factor. 

5.3. Influence of Retentate Pressure 
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After exploring the role of the temperature as a design variable to improve permeation in a 

membrane reactor, this subsection explores the similar role of the retentate pressure. The retentate 

pressure is varied in a discrete manner, leading to a number of pressures higher than the base value 

of 40 atm (absolute). The base value and seven additional absolute retentate pressures are: 

1. 40 atm (base) 

2. 45 atm 

3. 50 atm 

4. 60 atm 

5. 70 atm 

6. 80 atm 

7. 100 atm 

8. 120 atm 

The goal here is to investigate the relation between this retentate pressure and the five 

performance metrics. The other two design variables (temperature and permeate pressure) are kept 

at their base values (300 °C and 20 atm absolute, respectively). 

Figure 10 shows the influence of the retentate pressure on the first hydrogen permeation metric, 

which is the membrane length. Similar to the observed relation with the temperature, there is a 

favorable nonlinear decline in the membrane length as the retentate pressure increases. This relation 

can be described by the following fifth-order polynomial: 

(��) =  �. ����� × ���� ��– �. ������ �� +  �. ���� ��– ���. �� � + ����. �  (15) 

where (r) refers to the retentate absolute pressure, expressed in atm, PRet(atm, absolute). The retentate 

pressure was found to be an instrumental variable in limiting the membrane length (for a given target 

hydrogen recovery) to less than 25% of its base value at about 110 atm(absolute). In other words, it 

can be utilized to increase the hydrogen recovery for a given geometric length. 

 

Figure 10. Membrane length as a function of the retentate pressure in the membrane reactor. 

Figure 11 shows the influence of the retentate pressure on the second hydrogen permeation 

metric, which is the average hydrogen permeation mass flux. There is an approximate linear increase 

with pressure, which can be described by the following linear regression model: 
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�� ��(�� ��. ��⁄ ) = −�. ����� + �. ������ ����(���, ��������)  (16) 

with an (R2) value of 0.9931, which is close to the perfect value of 1.0. Thus, the retentate pressure is 

useful for improving the permeation flux. This is justified by the increase in the driving force for 

permeation when the retentate pressure increases, due to the resulting proportional increase in the 

hydrogen partial pressure in the retentate stream. 

 

Figure 11. Average hydrogen permeation mass flux as a function of the retentate pressure in the membrane 

reactor. 

Figure 12 shows that the third hydrogen permeation metric (log mean pressure-square-root 

difference - LMPD) increases logarithmically with the retentate pressure. The relation between the 

log mean pressure-square-root difference and the absolute pressure of the retentate stream over the 

range of considered pressures can be approximated as the following logarithmic function: 

��������.�� = ���. �� ��(����(���, ��������)) − �, ���. �  (17) 

At an absolute retentate pressure of about 47 atm, the left-end pressure-square-root difference 

and the right-end pressure-square-root difference are equal, and become matching with the log mean 

pressure-square-root difference. The gap between the left-end and right-end pressure-square-root 

difference becomes larger as the retentate pressure increases. 
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Figure 12. Pressure-square-root difference at the left end of the membrane reactor (x = 0), pressure-square-root 

difference at the right end of the membrane reactor (x = L), and log mean pressure-square-root difference (LMPD) 

as functions of the retentate pressure in the membrane reactor. 

Figure 13 shows how the global apparent permeance and the efficiency factor change as the 

retentate pressure increases. The actual local permeance is fixed at its base value of 10.263  10–4 

mol/m2.s.Pa0.5, but the apparent global permeance increases slightly as the retentate pressure 

increases, and it approaches the actual local permeance at high retentate pressure. The efficiency 

factor increases from its base value of 67.09% at 40 atm(absolute) to 98.71% at 120 atm(absolute). 

 

Figure 13. Local actual permeance, global apparent permeance, and efficiency factor as functions of the retentate 

pressure in the membrane reactor. 

5.4. Influence of Permeate Pressure 
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In this subsection, the impact of the permeate pressure (the last design variable considered in 

this study) on the permeation metrics is discussed. Seven additional simulations with different values 

of the absolute permeate pressure were conducted with the aim of capturing the trend of the 

permeation performance when the permeate pressure decreases from the base value of 20 atm 

(absolute) to a small value near the absolute vacuum (0 atm absolute) [159,160]. The base value and 

seven additional absolute permeate pressures are: 

1. 20 atm (base) 

2. 17.5 atm 

3. 15 atm 

4. 10 atm 

5. 5 atm 

6. 1 atm 

7. 0.5 atm 

8. 0.2 atm 

The other two design variables (temperature and retentate pressure) are kept at their base values 

(300 °C and 40 atm absolute, respectively). Unlike the temperature and the retentate pressure, where 

larger values than the base values were investigated, smaller values of permeate pressures are 

investigated here for seeking better permeation, since this permeation pressure has a resistive effect 

for permeation (not a supportive effect as the temperature and the retentate pressure). 

Figure 14 shows the influence of the permeate pressure on the first hydrogen permeation metric, 

which is the membrane length. There is a nonlinear (nearly exponential) increase in the membrane 

length as the retentate pressure increases. This relation can be described by the following regression 

model: 

�(��) =  ��. ��� ��.����� ����(���,��������)  (18) 

Although manipulating the permeate pressure can reduce the membrane length (for a given 

target hydrogen recovery) to less than 25% of its base value (which was also achievable by 

manipulating the temperature or the retentate pressure), a partial vacuum is needed to achieve this, 

with pressures below the normal atmospheric pressure of 1 atm. This imposes complications and 

expense, and may not be acceptable. However, the reduction in the permeate pressure within more 

realistic values (like 10 atm, absolute) has still a favorable effect, and the membrane length can 

decrease to less than half of its base value by halving the absolute permeate pressure. 
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Figure 14. Membrane length as a function of the permeate pressure in the membrane reactor. 

Figure 15 shows the influence of the permeate pressure on the second hydrogen permeation 

metric, which is the average hydrogen permeation mass flux. There is approximately an exponential 

decline in the average hydrogen permeation mass flux as the permeate pressure increases. This can 

be described by the following nonlinear regression model: 

�� ��(�� ��. ��⁄ ) = �. ���� ���.����� ����(���,��������)  (19) 

If the absolute permeate pressure can be reduced to half of its base value, the average hydrogen 

permeation mass flux can be intensified to more than twice its base value. At the base case (with the 

base absolute permeate pressure of 20 bar), the average hydrogen permeation mass flux is 1.15054 

kg/m2.hr. This increases to 2.48568 kg/m2.hr at an absolute permeate pressure of 10 bar (which is an 

increase by a multiplicative factor of 2.160 compared to the base case), and increases further to 5.10756 

kg/m2.hr at an absolute permeate pressure of 0.2 bar (which is an increase by a multiplicative factor 

of 4.439 compared to the base case). 
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Figure 15. Average hydrogen permeation mass flux as a function of the permeate pressure in the membrane 

reactor. 

Figure 16 shows that the third hydrogen permeation metric (log mean pressure-square-root 

difference) increases logarithmically with retentate pressure. The relation between the pressure-

square-root (LMPD) and the absolute pressure of the permeate stream over the range of considered 

pressures can be approximated as an exponential function as 

��������.�� = ���. �� ���.����� ����(���,��������)  (20) 

Below the absolute permeate pressure of about 17.5 atm, the left-end pressure-square-root 

difference is larger than the right-end pressure-square-root difference, which is reversed at higher 

permeate pressures. 
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Figure 16. Pressure-square-root difference at the left end of the membrane reactor (x = 0), pressure-square-root 

difference at the right end of the membrane reactor (x = L), and log mean pressure-square-root difference (LMPD) 

as functions of the permeate pressure in the membrane reactor. 

Figure 17 shows how the global apparent permeance and the efficiency factor decrease as the 

permeate pressure increases. The actual local permeance is fixed at its base value of 10.263  10–4 

mol/m2.s.Pa0.5, but the apparent global permeance decreases from a value higher than the actual local 

permeance (thus, an efficiency factor above 100%) at very low permeate pressures to a value smaller 

than the actual local permeance as the permeate pressure increases (thus, an efficiency factor below 

100%) as the absolute permeate pressure is increases beyond about 5 atm. Specifically, the efficiency 

factor reaches 102.53% and 118.43% at absolute permeate pressures of 5 atm and 0.2 atm, respectively 

(compared to the base value of 67.09% at 20 atm, absolute). 
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Figure 17. Local actual permeance, global apparent permeance, and efficiency factor as functions of the permeate 

pressure in the membrane reactor. 

5.5. Profiles with Extreme Design Variables 

The final method to highlight the general impacts of the three design variables (temperature, 

retentate pressure, and permeate pressure) on the hydrogen permeation within a generic palladium 

membrane reactor is by contrasting some longitudinal profiles when the membrane reactor operates 

at the extreme values assigned to each design variable while keeping the other two design variables 

at their base values. 

This means contrasting results from three different simulations with the following conditions in 

Table 6: 

Table 6. Some details about the base case (reference simulation). 

Extreme case 

number  
Temperature  

Absolute retentate 

pressure 

Absolute permeate 

pressure 

1 800 °C (1,472.00 °F) 40.0 atm (587.84 psia) 20.0 atm (293.92 psia) 

2 300 °C (572.00 °F) 120.0 atm (1,763.5 psia) 20.0 atm (293.92 psia) 

3 300 °C (572.00 °F) 40.0 atm (587.84 psia) 0.20 atm (2.9392 psia) 

The cumulative hydrogen recovery profiles for the three extreme cases are contrasted in Figure 

18. The left-end value (0%) and the right-end value (95%) are implicitly imposed by the enforced inlet 

or outlet conditions. Thus, all profiles should coincide at both the left and right edges of the 

membrane reactor, but they can deviate in the intermediate zone. The cumulative hydrogen recovery 

for the extreme temperature shows more linearity than the other two profiles, with the extreme 

permeate pressure corresponding to a curved profile, resembling a second-order function of the 

normalized membrane coordinate (x/L), with a gradually declining slope as x/L increases. The 

extreme retentate pressure simulation shows an intermediate behavior between the other two 

extreme cases, in terms of the cumulative hydrogen recovery profiles. 

 

Figure 18. Commutative hydrogen recovery with the extreme values considered for the temperature, absolute 

retentate pressure, and absolute permeate pressure. 
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This behavior is better explained by visualizing the segmental contribution to the total hydrogen 

recovery for these three extreme cases in Figure 19. While the profile for the extreme temperature is 

not horizontal, it first decreases and then increases, making it behave as if changing around a uniform 

mean value. Thus, the cumulative value (integration of the profile) should be close to a straight 

upward line as shown earlier. On the other hand, the extreme permeate pressure causes a nearly 

linear declining profile for the segmental hydrogen recovery, which when integrated, gives a nearly 

quadratic profile as shown before. The extreme retentate pressure simulation shows an intermediate 

behavior between the other two extreme cases, as noted earlier. 

 

Figure 19. Segmental hydrogen recovery with the extreme values considered for the temperature, absolute 

retentate pressure, and absolute permeate pressure. 

The hydrogen mole fractions in the retentate stream and in the permeate stream for the three 

extreme cases are contrasted in Figures 20 and 21, respectively. The simulation with the extreme 

permeate pressure shows a regular variation for both streams. The simulation with the extreme 

temperature shows an accelerated decline in the hydrogen mole fractions in both streams as the 

coordinate x approaches the right end (permeate inlet, retentate exit). This can be attributed to the 

rapidly elevated segmental hydrogen recovery in this region, after steadily declining in the left part 

of the membrane reactor. Again, the extreme retentate pressure simulation shows an intermediate 

behavior between the other two extreme cases. 
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Figure 20. Hydrogen mole fraction in the retentate stream with the extreme values considered for the 

temperature, absolute retentate pressure, and absolute permeate pressure. 

 

Figure 21. Hydrogen mole fraction in the permeate stream with the extreme values considered for the 

temperature, absolute retentate pressure, and absolute permeate pressure. 

6. Discussion 

This section addresses two topics. First, it briefly discusses how some of the presented 

components in this study can add new insight to the literature and fill a potential gap in it. Second, it 

addresses the question of whether or not the results are limited to ideal gases. 

The contribution of this work to the fields of energy systems, computational modeling, hydrogen 

production, and carbon capture includes presenting a simple plug-flow reactor computational model 

for the membrane-based hydrogen separation, which takes a short time to give rough predictions as 

a precursor of time-consuming three-dimensional computational fluid dynamics (CFD) models. The 

simple plug-flow reactor model developed here can be automated using spreadsheet software 

without resorting to complicated computer programming or expensive simulation packages. The 
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model was checked by comparing cases with different spatial resolutions. The model uses a 

predictor-corrector approach in the computation, where an initial value (in a predictor step) is refined 

(in a corrector step) to yield the final value at each segment of the segmented reactor. An apparent 

lack of such a model in the literature is one of the motivations for disseminating this study. The 

present study also demonstrates examples of consolidated metrics for comparing and judging the 

permeation performance of hydrogen. This can guide researchers when analyzing or interpreting 

similar problems. In addition, the study describes the impact of three different design variables on 

the hydrogen permeation performance, accompanied by good-fit regression models. This step helps 

in having a broad estimation of the advantage of manipulating each of these variables, which can be 

weighed against the expenses or practical difficulty in a realistic setting, thus helping in selecting 

optimum operational conditions. 

While inspecting the steps of the proposed numerical membrane-based permeation model for 

hydrogen, confusion may arise regarding any restriction of applicability to gases that obey the ideal-

gas law (ideal-gas equation of state). This can be caused because the proposed model has steps (steps 

e and j) where the molar flux of permeating hydrogen through the palladium membrane (with the 

unit: mol/m2.s, which is moles per square meter per second) was expressed as a standard-

temperature-pressure volume flow rate (with the unit: scc/min or sccm, which is standard cubic 

centimeters per minute). In particular, in step e, the conversion constant (22,711 scc/mol) was 

explicitly utilized, and it was derived earlier in Equation (6) using the ideal-gas equation of state. 

However, such restriction does not exist. The standard cubic centimeter (scc) for a gas is simply 

another unit of the amount of substance, like the mole (mol) unit and the kilomole (kmol) unit. All 

the numerical values used to derive the conversion constant (22,711 scc/mol) represent universal 

constants themselves. These values are: the universal gas constant (R� = 8.3145 J/mol.K), the units 

multiplier (106 cm3/m3), the standard absolute temperature (273.15 K), and the standard pressure (105 

Pa). Therefore, the unit (scc) is always linearly related to the unit (mol) through a fixed multiplication 

factor, that is independent of the type of gas, the operating temperature, and the operating pressure. 

The use of scc in the model (rather than mol for example) can be viewed as an arbitrary choice for 

compliance with others who use this unit for gaseous flow rates in academic, commercial, or 

governmental sectors [161–164], and for convenience due to dealing with larger numbers having 

many significant digits before the decimal point. 

Some studies may adopt slightly different values for the standard temperature and standard 

pressure than those adopted here. For example, the pressure value of 1 atm (101,325 Pa) may be 

considered the standard pressure instead of 105 Pa [165–169]. In such a case, the conversion constant 

(22,711 scc/mol) derived here consequently should change slightly to 22,414 scc/mol (after 

multiplying 22,711 by 105 and dividing it by 101,325), but this does not invalidate the fact that the scc 

and the mol are two related units. 

In relation to the aforementioned remark, Table 2 in the present study provides the inlet 

standard volume flow rate (in sccm) for the retentate stream. This value is what is needed as a 

boundary condition to start using the proposed numerical hydrogen permeation model. The same 

table provides also the equivalent mass flow rate (in kg/hr and lbm/hr). This mass flow rate is 

auxiliary information. It is not directly utilized in the proposed permeation model. 

The deviation from the ideal gas condition (which is utilized in the current study) is expressed 

in terms of a non-dimensional number called compressibility factor or deviation factor, Z [170–176], 

defined as 

� =
�

� � �
=

� �

� �
    (21) 

where (P) is the absolute pressure, (ρ) is the density, (R) is the specific gas constant, (T) is the absolute 

temperature, and (v) is the specific volume (the reciprocal of the density). 

For ideal gases, the compressibility factor is exactly 1 [177,178]. The more the deviation from the 

unity compressibility factor, the more the error resulting from using the ideal-gas law. The 

compressibility factor depends on the type of the gas, its temperature, and its pressure. Each gas has 
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a characteristic temperature called the critical temperature or Tc [179–184], above which a vapor-

liquid phase change becomes no longer observable. When the temperature of the gas is well above 

its critical point, this gas generally does not deviate significantly from being ideal, over a wide range 

of pressure [185,186]. All the simulations presented in the current study are at relatively high 

temperatures (from 300 °C to 800 °C, or 573.15 K to 1,073.15 K), which are much more than the critical 

temperature of all the four gases (H2, CO, CO2, N2) included in all the simulations in the current study. 

The critical temperature of these gases ranges from 33.2 K for H2 to 304.2 K for CO2 [187–191]. 

Therefore, these gases are not expected to deviate largely from the ideal gas behavior in the 

performed simulations. For example, experiments showed that the compressibility factor for 

hydrogen at 75 °C (348.15 K) varies from 1.0024 at an absolute pressure of 4.5400 atm to 1.0455 at an 

absolute pressure of 85.269 atm [192]. As another example to support the ideal-gas assumption 

adopted in the current study, reported calculations based on the Reference Fluid Thermodynamic 

and Transport Properties Database (REFPROP) [60] of the United States National Institute of 

Standards and Technology (NIST) [193] showed that the compressibility factor for hydrogen at 125 

°C (398.15 K) varies from 1.0005 at an absolute pressure of 0.9869 atm to 1.0481 at an absolute pressure 

of 98.69 atm [194]. 

7. Conclusions 

A discrete plug-flow reactor model was established for simulating the one-dimensional 

isothermal permeation of hydrogen through palladium membranes, and was applied for separating 

hydrogen from a pressurized hot syngas stream. The model assumed a shell-and-tube cross-section 

for estimating the exact membranes area. A set of inlet conditions for the feed syngas and an inlet 

sweep nitrogen were established. Also, a target hydrogen recovery of 95% and a target hydrogen 

mole fraction of 40% at the permeate exit were enforced. The required membrane length was 

computed to achieve these targets. The model consisted of 200 segments, with each segment having 

a length of about 2 cm. After a validity test, it was found that this spatial segmentation is adequate. 

Then, the impact of three operational variables was investigated, when varied individually 

starting from the reference values such that better hydrogen permeation can be obtained. These 

design variables are the temperature, retentate-side pressure, and permeate-side pressure. For 

quantitative evaluation of the hydrogen permeation improvement, five assessment metrics were 

discussed, including the apparent global permeance and the efficiency factor. Linear or nonlinear 

regression models were provided for the membrane length, the average permeation mass flux, and 

the log mean pressure-square-root difference. In addition, the one-dimensional profiles of some 

permeation-related quantities (such as the segmental hydrogen recovery) at the extreme value of each 

design variable were contrasted. The present study can serve as a rough guide for palladium-based 

hydrogen separation, showing designers some potential gains in hydrogen permeation by 

manipulating some operational conditions. The designers may then seek an optimum compromise 

between the expected gain and the incurred complications or implementation costs. 

Considering the relative changes in the three investigated design variables and the dependent 

hydrogen permeation metrics in 21 simulations (one reference simulation and 20 additional ones), 

temperature is the most effective variable for improving the permeation performance. The retentate 

pressure comes in the second place. The permeate pressure is the least powerful way to improve 

hydrogen permeation. 
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Appendix A. Continuous Plug-Flow Reactor Modeling 

This appendix gives a brief description of modelling a continuous plug-flow reactor (PFR). 

The Center for Chemical Process Safety (CCPS) within the American Institute of Chemical 

Engineers (AIChE) defines a plug-flow reactor (PFR) as “A tubular reactor where the feed is 

continuously introduced at one end and the products continuously removed from the other end. The 

concentration / temperature in the reactor is not uniform” [195]. This definition is commended for 

being generic enough to cover different varieties of the PFR model, based on specific sets of 

assumptions implied. It can be added that in a plug-flow reactor, the plug-like flow of substance does 

not have any mixing along the axial direction (no axial mixing between different ‘plugs’ of material) 

[196]. 

If the axial (longitudinal) axis is denoted by (�), the concentration of the ith species is denoted 

by (��), the volumetric reaction rate is denoted by (�), the linear velocity is denoted by (�), and the 

stoichiometric coefficient of the ith species is denoted by (��), then the following partial differential 

equation governs the temporal and spatial evolution of the concentration along the PFR [197]: 
���

��
+

���

��
=

�

�
 �� �    (A.1) 

If the flow is assumed to be steady, the above partial differential equation (PDE) is reduced to 

an ordinary differential equation (ODE) as: 
���

��
=

�

�
 �� �    (A.2) 

Furthermore, if the reaction is first order, which means that the reaction rate depends linearly 

on the concentration of only one reactant [198], then the axial gradient of the concentration (�) of that 

reacting species in the PFR becomes 
��

��
= −

�

�
 � �    (A.3) 

where (�) is the rate coefficient of the reaction, which can depend on the absolute temperature (�) 

following an exponential profile [199], such that 

� = �� ��� �    (A.4) 

where (��) and (�) are constants. 

Appendix B. Modelling Hydrogen Permeation 

Appendix B.1. Segmental Plug-Flow Reactor 

Hydrogen permeation through a palladium membrane is a nonlinear phenomenon [200], which 

can be understood and investigated through numerical simulations rather than simple symbolic 

expressions [201]. For simulating the hydrogen permeation in the simplified hydrogen membrane 

reactor (HMR), piece-wise constant profiles are utilized to replace the continuous distributions along 

the membrane reactor; and no partial differential equations or sources of unsteadiness are involved. 

The membrane reactor is divided into (n) segments, having a small thickness and a constant cross-

section. Each segment is assumed to have a uniform gas composition in either the permeate stream 

or in the retentate stream, and a uniform permeation flux. The flow is steady (time-independent), 

with a feed syngas entering the reactor from the left end (and leaving the reactor from the right end 

after losing 95% of its hydrogen moles), and a sweep gas entering the reactor from the right end (and 

leaving the reactor from the left end after gaining the same amount of hydrogen lost from the syngas, 

reaching a composition of 40% hydrogen and 60% nitrogen, by mole or volume). Such a segmental 

approach for handling the one-dimensional evolution of the permeation process along the membrane 

reactor resembles a discretized version of a plug-flow reactor, PFR [202]. Instead of having infinitely 

small segments (or plugs) in a true PFR, these segments here are finite. Also, instead of solving 

ordinary differential equations to find the composition distribution as a function of the longitudinal 

coordinate as in true PFR problems [203], a numerical approach based on a nonlinear mathematical 

framework involving scalar algebraic equations only, without a need to solve vector equations or to 

process matrices [204] is used to describe that composition in adjacent segments, by ensuring 
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continuity of the permeate flow and the retentate flow at the interfaces of each pair of adjacent 

segments. The hydrogen permeation occurs through the palladium membranes from the retentate to 

the permeate, with the permeation rate approximated as being uniform (having the same value) 

within each segment, but it can change from one segment to another. In other words, the smoothly 

changing permeation rate is discretized and approximated as a piecewise-constant function. 

Similarly, the driving force for hydrogen permeation (which stems from the partial pressures of 

hydrogen in the retentate and the permeate sides) is also approximated as a piecewise-constant 

function. 

Appendix B.2. Modeling Algorithm 

Figure A1 explains the segmentation of the hypothetical hydrogen membrane reactor (HMR). It 

shows a portion of its left end, with the two most-left segments. The left end of the membrane reactor 

is where the coordinate (x) is assigned the value zero. Because the segmental plug-flow reactor (PFR) 

model is aimed to capture the hydrogen permeation with no consideration of the flow pattern, only 

the membrane surface is of concern here, because it is where permeation occurs. No gradients are 

allowed in the direction perpendicular to the longitudinal axis (thus, no gradients perpendicular to 

the membrane surface). The membrane is simplified in the figure as a cylindrical surface, separating 

the permeate stream (inside) from the retentate stream (outside). 

The left-hand side (LHS) of the first segment is the left end of the entire membrane (where x = 

0). 

The LHS of other segments (all segments except the first one) is the right-hand side (RHS) of the 

previous segment located to its left. 

 

Figure A1. Illustration of the segments of the membrane reactor near its left end. 
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The index number (i) for a segment can take the value from (1) for the first segment at the left 

edge of the membrane reactor to (n) for the last segment at the right edge of the membrane reactor. 

The algorithm for calculating the segment-wise composition in the permeate and the retentate 

streams for a generic segment is provided below. 

a) Start with a known hydrogen mole fraction in the retentate at the LHS (XH2,Ret-LHS,i), standard 

volume flow rate of retentate at the LHS (QRet-LHS,i), hydrogen mole fraction of permeate at the 

LHS (XH2,Per-LHS,i), and standard volume flow rate of permeate at the LHS (QPer-LHS,i) of the 

segment (say segment number i). 

For this step, there are two routes of calculations 

For the first segment (i = 1), implement the inlet conditions and the target mole fraction as 

follows: 

���,�������,� =  ��% (��������� ����� ���������)  (B.1) 

��������,� =  ���, ��� ���� (��������� ����� ���������)  (B.2) 

���,�������,� = ���,�������,� ��������,�  (B.3) 

In the last equation, the product (XH2,Ret-LHS,1 QRet-LHS,1) gives the standard volume flow rate of the 

hydrogen content in the feed syngas. 

���,�������,� =  ��% (��������� ������)  (B.4) 

��������,� =
� ���,�������,�

���,�������,�
  (B.5) 

In the last equation, multiplying the standard volume flow rate of the hydrogen content in the 

feed syngas (QH2,Ret-LHS,1) by the target hydrogen recovery (β) gives the target standard volume flow 

rate of the hydrogen content in the permeate stream as it exits the membrane reactor from its left end. 

Dividing this value further by the target mole fraction of the exiting permeate stream (XH2,Per-LHS,1) 

gives the target standard volume flow of the exiting permeate stream (QPer-LHS,1), which is composed 

of molecular hydrogen and molecular nitrogen. Performing these calculations gives QPer-LHS,1 = 691,173 

sccm. 

For other segments except the first one (i = 2, 3, … n), the connectivity condition of the segments 

(interfacing condition) can be used as follows: 

���,�������,� =  ���,�������,���   (B.6) 

��������,� = ��������,���  (B.7) 

���,�������,� = ���,�������,���   (B.8) 

���,�������,� =  ���,�������,���   (B.9) 

��������,� = ��������,���   (B.10) 

where the values of (XH2,Ret-RHS,i–1), (QRet-RHS,i–1), (QH2,Ret-RHS,i–1), (XH2,Per-RHS,i–1), and (QRet-RHS,i–1) should 

be available from the analysis of the previous segment (numbered i–1). 

b) Compute (QH2,Per-LHS,i), which is the standard volume flow rate of the hydrogen content in the 

permeate stream at the LHS of the current segment being analyzed (say segment i), as follows: 

���,�������,� = ���,�������,� ��������,�  (B.11) 

c) Compute (ΔPH20.5)LHS,i, which is the difference in the partial pressures of hydrogen raised to the 

power of 0.5 (this difference is the driving force for hydrogen permeation through the 

palladium membrane) at the LHS of the current segment being analyzed (say segment i), as 

follows: 

�����
�.��

���,�
= ����,�������,� �����

�.�
− ����,�������,� �����

�.�
  (B.12) 

where (PRet) is the absolute pressure of the retentate stream, and (PPer) is the absolute pressure of the 

permeate stream. Since the retentate stream is assumed to have a constant pressure, there is no need 

to add details (a subscript index) about the location for its value to be used in the above equation. 

The same reason justifies not specifying a particular location for the permeate pressure. 
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d) Compute (JH2,i), which is a predicted (first-iteration) segment-level molar flux of permeating 

hydrogen through the palladium membrane based on the conditions at LHS of the current 

segment being analyzed (say segment i), as follows: 

���,� = �������
�.��

���,�
    (B.13) 

This predicted flux value is an initial estimation, based on LHS conditions only. In a subsequent 

step of the present algorithm, it is refined by including the effects of RHS conditions of the segment. 

The above equation is referred to as the Richardson equation [205,206]. It is based on applying 

both Fick’s law for diffusion of hydrogen atoms across the metal membrane, and Sieverts’ law 

relating the concentration of the hydrogen atoms in the metal membrane (equilibrium between 

gaseous hydrogen molecules next to the metal membrane and dissociated hydrogen atoms in the 

metal membrane) to the square root of the partial pressure of the adjacent molecular hydrogen gas 

[207–209]. The factor (k’) is an ideal (or local, or actual) permeance for hydrogen permeation. It is the 

product of the Fick’s diffusion coefficient (for the hydrogen atoms’ diffusion across the metal 

membrane) and the Sieverts’ solubility constant (the Sieverts’ law constant for the dissociation of an 

H2 molecule into two H atoms), and divided by the thickness of the metal membrane. In the current 

model, the factor (k’) is calculated as 

�� =
�

�
 ��� (�� �⁄ )    (B.14) 

where (A) is a pre-exponential factor for hydrogen permeation, (δ) is the thickness of the palladium 

membrane, (E) is an activation energy for hydrogen permeation, and (T) is the absolute temperature 

(in kelvins). The values of (A) and (E) used here are [210,211] 

A = 2.2  10–7 mol/m/s/Pa0.5 

E = 15,670 J/mol 

with �� = 8.3145 J/mol.K, the value of (E/��) in the above equation becomes 1,884.7 K. 

The thickness of the palladium membrane is set to 80 μm, which is considered a reasonable value 

[212,213]. 

e) Convert the LHS-based first-iteration molar flux (JH2,i) to a predicted (first-iteration) segment-

level standard volume flow rate of permeating hydrogen (QH2,i) for the current segment being 

analyzed (say segment i). 

This temporary standard volume flow rate value is an initial estimation, based on LHS 

conditions only. In a subsequent step of the present algorithm, it is refined by including effects of 

RHS conditions. It is computed as follows: 

���,� = � ���,� ����   (B.15) 

where (Aseg) is the membrane surface area in one segment, and (λ) is a constant that arises from a 

necessary unit conversion, as follows: 

� = ��, ���
���

���
 ��

�

���
    (B.16) 

where (scc) stands for (standard cubic centimeters). This gives λ = 1.36266  106 scc.s/mol.min. 

When computing the segmental membrane area, the envisioned tubes layout in the shell-and-

tube design and its specified dimensions become necessary. 

If the tube diameter is designated by the symbol (d), and the length of the entire membrane 

reactor is designated by the symbol (L), then for eight tubes and (n) segments, the length of a single 

segment is 

�� =
�

�
    (B.17) 

and the membrane area within a single segment is 

���� = � �� � �   (B.18) 

where (π = 3.14159) is the traditional mathematical constant. 

f) Compute (XH2,Ret-RHS,i) and (XH2,Per-RHS,i), which are predicted (first-iteration) mole fractions of 

hydrogen in the retentate stream and the permeate stream, respectively at the RHS of the 

current segment being analyzed (say segment i), as follows: 
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���,�������,�  =
���,�������,� � ���,�

��������,� � ���,�
   (B.19) 

���,�������,�  =
���,�������,� � ���,�

��������,� � ���,�
   (B.20) 

g) Compute (ΔPH20.5)RHS,I, which is the difference in the partial pressures of hydrogen raised to the 

power of 0.5 (as the driving force for hydrogen permeation) at the RHS of the current segment 

being analyzed (say segment i), as follows: 

�����
�.��

���,�
= ����,�������,� �����

�.�
− ����,�������,� �����

�.�
    (B.21) 

h) Compute (ΔPH20.5)i, which is the difference in the partial pressures of hydrogen raised to the 

power of 0.5 assigned to the current segment being analyzed (say segment i). It is taken as the 

arithmetic average of the LHS value and the RHS value, as follows: 

�����
�.��

�
= �. � ������

�.��
���,�

+ �����
�.��

���,�
�    (B.22) 

i) Compute (JH2,i), which is a corrected (second-iteration) segment-level molar flux of permeating 

hydrogen through the palladium membrane, which includes driving forces for permeation at 

both sides of the current segment being analyzed (say segment i), as follows: 

���,� = �������
�.��

�
     (B.23) 

j) Convert the corrected, segment-level molar flux (JH2,i) to a corresponding updated (refined) 

segment-level standard volume flow rate of permeating hydrogen (QH2,i) for the current 

segment being analyzed (say segment i), as follows: 

���,� = � ���,� ����   (B.24) 

This is considered the final representation of the segment-level permeation of hydrogen. 

k) Compute (RH2,i), which is the hydrogen recovery due to the current segment being analyzed 

(say segment i), as follows: 

���,� = ���,� ���,�������,�⁄      (B.25) 

The denominator (QH2,Ret-LHS,1) in the previous equation is basically the standard volume flow 

rate of hydrogen in the inlet feed syngas. Thus, it is the standard volume flow of hydrogen available 

for permeation. 

The segmental contribution to the overall recovery (RH2,i) can help in studying the distribution of the 

permeation, and thus identifying portions of the membrane reactor that are more effective than 

others. 

l) Optional: Compute (R�H2,i), which is the cumulative hydrogen recovery, due to all previous 

segments of the membrane reactor in addition to the current segment being analyzed (say 

segment i), as follows: 

����,� = ∑ ���,�
�
���     (B.26) 

While this value is not necessary for continuing the calculation process, it is part of the data 

visualization of results here. It is thus beneficial to explain how it is obtained. 

m) Compute (QRet-RHS,i) and (QH2,Ret-RHS,i), which are the standard volume flow rate of the retentate 

stream and the hydrogen content in that retentate stream, respectively at the RHS of the 

current segment being analyzed (say segment i), as follows: 

��������,� = ��������,� − ���,�    (B.27) 

���,�������,� = ���,�������,� − ���,�    (B.28) 

n) Compute (XH2,Ret-RHS,i), which is the corrected (second-iteration) mole fraction of hydrogen in 

the retentate stream at the RHS of the current segment being analyzed (say segment i), as 

follows: 

���,�������,� = ���,�������,� ��������,�⁄      (B.29) 
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o) Compute (QPer-RHS,i) and (QH2,Per-RHS,i), which are the standard volume flow rate of the permeate 

stream and the hydrogen content in that permeate stream, respectively at the RHS of the 

current segment being analyzed (say segment i), as follows: 

��������,� = ��������,� − ���,�    (B.30) 

���,�������,� = ���,�������,� − ���,�   (B.31) 

p) Compute (XH2,Per-RHS,i), which is the corrected (second-iteration) mole fraction of hydrogen in 

the permeate stream at the RHS of the current segment being analyzed (say segment i), as 

follows: 

���,�������,� = ���,�������,� ��������,�⁄     (B.32) 

q) Set the obtained RHS conditions of the current segment being analyzed (say segment i) as LHS 

conditions at the next adjacent segment to be analyzed (segment i+1), and repeat the 

computation procedure sequentially for all remaining segments until the last membrane 

segment (segment n). 

The following values should be obtained for each segment: 

 (ΔPH20.5)LHS,i 

 JH2,i 

 QH2,i 

 XH2,Ret-RHS,i and XH2,Per-RHS,i 

 (ΔPH20.5)RHS,i 

 (ΔPH20.5)i 

 JH2,i 

 QH2,i 

 RH2,i 

 Optional: R�H2,i 

 QRet-RHS,i and QH2,Ret-RHS,i 

 XH2,Ret-RHS,i 

 QPer-RHS,i and QH2,Per-RHS,i 

 XH2,Per-RHS,i 

r) Compute (R�H2,n), which is the cumulative hydrogen recovery at the last segment. It is the 

overall hydrogen recovery by the entire membrane reactor, and it is obtained by simply adding 

the segment-level hydrogen recovery (RH2,i) for all the (n) segments of the membrane reactor. 

The total cumulative value is itself the target hydrogen recovery (β). Therefore 

� �� ����,� = ∑ ���,�
�
���      (B.33) 

The hydrogen recovery is an important success criterion not only from the chemical perspective, 

but also from an economic perspective. A higher hydrogen recovery leads to a lower cost per unit 

mass of hydrogen produced [214,215]. 

In the presented algorithm, the length of the entire membrane (L) is a nonlinear function of the 

overall hydrogen recovery (β). Since (β) is fixed at a desired value of 95% (in all the simulation cases 

of this study), a matching membrane length (L) should be obtained. Solving such a non-linear system 

of equations is achieved here using the (Goal Seek) tool in the Microsoft Excel software program. This 

tool is useful only when the equation or system of equations relates a single independent variable to 

a single dependent variable [216]. This condition is satisfied in the segmented plug-flow reactor 

problems here, with the independent variable being the membrane length, and the dependent 

variable being the hydrogen recovery. 
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