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Abstract: This study presents an improved analytical approach for one-dimensional consolidation 
settlement by introducing a revised AJOP (Arc Joint via Optimum Parameters) equation. This 
modified equation integrates both curved and linear segments within a unified framework, 
enhancing accuracy across varying stress levels for normally consolidated clay. Additionally, the 
revised AJOP function, coupled with newly proposed equations for symmetrical and asymmetrical 
hysteresis, improves the modeling of overconsolidated clay. The findings from a comparative 
investigation using conventional methods, including the linear function (LF) and the curved function 
(CF), reveal that LF significantly overestimates settlement, while CF, though accurate at shallow 
depths, introduces slight errors at greater depths. The revised AJOP equation effectively resolves 
these limitations. Furthermore, results highlight the crucial impact of clay layering techniques on 
consolidation settlement predictions. Non-layered models yield lower settlement estimates 
compared to multilayer approaches, emphasizing the significance of the proper 𝑒 − 𝑙𝑜𝑔′௩ 
relationship and layering techniques in enhancing prediction reliability. 

Keywords: consolidation; settlement; one-dimensional; Oedometer; non-linear; analytical solution; 
closed-form; normally consolidated clay; overconsolidated clay 
 

1. Introduction 

Consolidation settlement is a crucial factor in the total settlement of clayey soils. If excessive, it 
can cause structural damage. This type of settlement occurs gradually as pore water dissipates from 
soil voids under applied loads, resulting in time-dependent deformation. It is crucial to predict the 
consolidation settlement with high accuracy, otherwise the error of the calculation can serve a 
considerable post-construction settlement and high maintenance cost. In the literatures, the method 
for calculating the consolidation settlement of clay at any given time after the application of a load 
can be calculated using the formula  = ௧ ∙ 𝑈  where  represents the consolidation settlement at 
any time 𝑡 occurred after the load is applied, ௧ is the total consolidation settlement, and 𝑈 is the 
degree of consolidation. In order to calculate  precisely, accurate values for both ௧  and 𝑈 are 
required.  

For the calculation of 𝑈, the non-linear consolidation theory was first proposed by Davis and 
Raymond [1]. It is predicted on the ideas that the initial effective stress remains constant with depth 
and the permeability is proportional to the compressibility during the consolidation process [2,3]. 
Numerous attempts have been made to create various one-dimensional consolidation models that 
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take into account the non-linear variations in permeability and compressibility [4–20]. Recently, Kim 
et al. (2021) [21] successfully in developing the analytical solution for 𝑈 of multilayered soil under 
time-dependent loading. Based on this information, the calculation of 𝑈 therefore has high accuracy. 
On the other hand, in literature, the calculation of ௧ still relies on an approximation method. This 
method is based on a linear relationship between the void ratio (𝑒) and effective vertical stress 
(𝑙𝑜𝑔ᇱ௩) derived from the one-dimensional consolidation tests conducted in the laboratory. In soil 
mechanics, two types of clay were explained via 𝑒 − 𝑙𝑜𝑔′௩ : Normally Consolidated Clay (NC), 
which is clay where the current stress is the highest it has ever been, and Overconsolidated Clay (OC), 
which is clay that has experienced higher stress in the past than the current stress (e.g., [22–24]). The 
virgin compression line (VCL) is defined as the portion of the graph that represents NC. Additionally, 
in the experiment, there will be parts of the graph showing unloading and reloading portions 
(referred as the hysteresis), both of them represent OC. Although the test results are non-linear, the 
calculation method assumes linear approximation for both the VCL and the hysteresis for simplicity. 
The equations used to calculate consolidation settlement based on this approximation, which applies 
to the difference in void ratio (𝑒) from the experimental result graphs, are presented in Equations 1-
2 (e.g., [25]). This approximation contributes to the ongoing inaccuracy in calculating consolidation 
settlement ௧ and .   

Normally Consolidated clay: 

 = 𝐻 ൤ 𝑒1 + 𝑒଴൨ = 𝐻1 + 𝑒଴ ቈ𝐶௖𝑙𝑜𝑔 (′௩଴ + 
′௩଴ )቉ (1)

Overconsolidated clay: 

 = 𝐻 ൤ 𝑒1 + 𝑒଴൨ = 𝐻1 + 𝑒଴ ቈ𝐶௥ 𝑙𝑜𝑔 ቆᇱ௣
ᇱ௩଴ቇ + 𝐶௖𝑙𝑜𝑔 (′௩଴ + 

′௣ )቉ (2)

In Equations 1-2, 𝐻  is the soil layer’s thickness, 𝑒଴  is the initial void ratio, ′௩଴  is the effective 
overburden stress, ′௣ is the maximum past pressure, and  is the stress increment due to surface 
loading. 

To address the inaccuracies in calculating consolidation settlement, it is essential to use 
appropriate equations for the 𝑒 − 𝑙𝑜𝑔′௩  curve rather than relying on linear approximations. In 
literature, the relationship between 𝑒 and 𝑙𝑜𝑔 (𝑝), where 𝑝 represents the mean effective stress, 
from one-dimensional consolidation tests is frequently utilized for modeling soils, including clay 
(e.g., [26–32]) and sand (e.g., [33–39]). A comprehensive review by Kaewhanam and Chaimoon (2023) 
[40] found that linear equations are accurate for high stress levels but tend to be quite inaccurate at 
lower stress levels due to the curved nature of experimental results. In contrast, curved equations in 
the form of power functions, which are commonly used for granular soils, are accurate at lower stress 
levels because the experimental results follow a similar tendency. However, power functions can be 
significantly inaccurate at high stress levels as they cannot accurately represent a straight line. 
Additionally, Kaewhanam and Chaimoon (2023) [40] were the first to introduce an equation that 
combines a curve with a straight line on a semi-logarithmic scale, using only four fitting parameters. 
This approach can significantly reduce errors in calculating the changes in void ratio (𝑒 ) for 
normally consolidated clay (NC). However, for calculations involving overconsolidated clay (OC), a 
non-linear hysteresis equation remains necessary.  

Recent studies suggest that creep and consolidation can occur simultaneously [41–44], 
challenging earlier findings that creep follows consolidation [45–47]. However, these studies rely on 
linear consolidation principles, necessitating a refined framework that separates consolidation from 
creep before integration. Field experiments, such as the Väsby Test Fill in Sweden [48], confirm that 
consolidation and creep settlement occur concurrently, with creep continuing beyond primary 
consolidation. A key concern is the sensitivity of clay, typically defined as 𝑆௧ = 𝑆௨୙୬ୢ୧ୱ୲୳୰ୠୣୢ/𝑆௨ୖ ୣ୫୭୪ୢୣୢ  
which influences stress-strain behavior and can cause discrepancies between lab and field results. 
Leroueil et al. (1985) [49] addressed this issue by incorporating time and strain rate into the 𝑒 − 𝑙𝑜𝑔′௩ 
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relationship, leading to a more consistent stress-strain correlation for sensitive clays. However, for 
non-sensitive clays, traditional methods remain applicable. 

This study develops an analytical solution for consolidation settlement (௧) independent of creep 
for both NC and OC clays. To achieve this, we: (1) refine Kaewhanam and Chaimoon’s (2023) 
equation to better model the 𝑒 − 𝑙𝑜𝑔′௩ relationship for NC clays, and (2) introduce new equations 
to capture hysteresis behavior in OC clays. These refinements establish a closed-form solution for 𝑒 
during loading, eliminating errors in consolidation settlement calculations in Equations 1-2.  

2. Derivation of 𝒆 − 𝒍𝒐𝒈′𝒗 Equations for Laboratory Test Results 

In this section, two advanced equations for arcs representing 𝑒 − 𝑙𝑜𝑔′௩ were developed: one 
for the virgin compression line (VCL) and one for the hysteresis. The specifics are described as the 
following. 

2.1. Equation for the Virgin Compression Line (VCL) 

As mentioned above, the equations for VCL found in the literature include both linear functions 
(LF) e.g., [26–28] and curved functions (CF) e.g., [33–39], as well as functions that combine both 
curved and linear segments in a single equation proposed by Kaewhanam and Chaimoon (2023) [40], 
referred to here as the Arc Joint via Optimum Parameters (AJOP). All these functions represent the 
relationship between the void ratio 𝑒 and the mean effective stress 𝑝 = (′௩ + 2′௛)/3 where ′௩ 
and ′௛ are the effective vertical and horizontal stress, respectively. The equations for LF, CF, and 
AJOP are given in Equations 3-5, respectively, and a comparison of these three graph lines is depicted 
in Figure 1.  𝑒 =  −  ∙ 𝑙𝑛 𝑝′ (3)

𝑒 =  −  ∙ ቆ 𝑝′𝑝′௔ቇ (4)

𝑒 =  −  ∙ 𝑙𝑛 ቆ 𝑝ᇱ𝑝ᇱ௥௘௙ቇ − ඨ + ( ∙ 𝑙𝑛 ቆ 𝑝ᇱ𝑝ᇱ௥௘௙ቇ)ଶ (5)

From the comparison, the AJOP equation provides the most accurate results in both low and 
high stress levels. In this study, the AJOP equation is adopted, and it will be revised such that the 
independent variable (the variable on the horizontal axis of the graph) is made compatible with the 
consolidation test results. This aims to simplify and streamline the calculation process. Thus, 𝑝 is 
changed to ′௩ , the reference pressure 𝑝ᇱ௥௘௙ is changed to a reference positive value 𝑅, and the log 
is changed to the natural logarithm ln. 
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Figure 1. Comparison of the consolidation test with the best-fit LF, CF, and AJOP equations. 

𝑒 =  −  ∙ 𝑙𝑜𝑔 ቆ′௩𝑅 ቇ − ඨ + ( ∙ 𝑙𝑜𝑔 ቆ′௩𝑅 ቇ)ଶ (6)

𝐶̅௖ = − ∆𝑒∆𝑙𝑜𝑔′௩ =   + ቐඨ + ቆ 𝑙𝑜𝑔 ቆ′௩ଶ𝑅 ቇቇଶ − ඨ + ቆ 𝑙𝑜𝑔 ቆ′௩ଵ𝑅 ቇቇଶቑ /𝑙𝑜𝑔 ቆ′௩ଶ
′௩ଵቇ (7)

The revised AJOP equation is shown in Equation 6. The new fitting parameters of AJOP equation 
become , 𝑅,  and . According to the explanation in [40],  and 𝑅 control the vertical shift and 
the horizontal shift of the graph, respectively. While   controls the slope of the linear portion,  
control the curvature of the curved portion. The secant slope 𝐶௖തതത  of the AJOP function can be 
determined using Equation 7. This equation provides an accurate calculation of 𝑒 between two 
points on VCL for normally consolidated clay without the estimation. Figure 2 shows the AJOP graph 
for the effects of various fitting parameters. 

In Equation 7, ′௩ଵ and ′௩ଶ represent the vertical effective stresses at the initial point of stress 
interval (lower value) and the final point of interval (higher value), respectively, and ′௩ଶ >  ′௩ଵ. The 
changes in 𝑒  between these two points can be calculated by multiplying 𝐶௖തതത in Equation 7 by 𝑙𝑜𝑔 (′௩ଶ/′௩ଵ).  

The application of the AJOP equation and its secant slope for calculating settlement in normally 
consolidated clays is straightforward. By substituting 𝐶௖ in Equation 1 with 𝐶௖തതത in Equation 7, the 
errors in the calculation can be effectively eliminated across all soil depths. It is worth to note that the 
traditional method, which relies on linear approximation and a constant 𝐶௖, often results in 
significant calculation errors, particularly for shallow soils near the ground surface and these errors 
tend to decrease with depth. This discrepancy arises because the initial stress near the surface is 
relatively low, resulting in the initial stress point, located on the curved portion of the 𝑒 − 𝑙𝑜𝑔′௩ 
rather than on the straight portion. In addition, the stress induced by the surface loads is 
comparatively higher when compared to deeper soil layers. Therefore, application of the LF causes 
dramatic error of 𝑒. When comparing the capabilities of the AJOP and CF equations, it becomes 
evident that CF can address the aforementioned issues similarly to AJOP. However, the use of CF 
introduces significant computational errors at greater depths due to the absence of a linear segment 
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in its graph. At these greater depths, the stress induced by surface loads is relatively minor, it implies 
that the resulting errors have less impact compared to those of LF at shallower depths. 

(a) (b) 

(c) (d) 

Figure 2. Demonstration of the characteristics of the graphs for equation 6 with different parameters: (a) graphs 
varying parameter ; (b) graphs varying parameter 𝑅; (c) graphs varying parameter ; (d) graphs varying 
parameter 𝛼. 

2.2. Equations for the Hysteresis 

Hysteresis refers to a loop involving unloading followed by reloading in the consolidation test 
result of all clays due to the requirements in the experimental standard. This is to observe the 
reversible and irreversible deformation of clays during loading. In some clays, the unloading and 
reloading curves may overlap or closely align, allowing the hysteresis can be simplified using a 
straight line with a constant slope 𝐶௥. In such a situation, calculations using the linear approximation 
can provide accuracy for overconsolidated clays. However, some clays exhibited differently such as 
clays in [22–24] which is evident that the unloading and reloading curves deviate significantly. For 
these clays, the secant slope between two points on the unloading or reloading curves differed to the 
value of the average value 𝐶௥. Therefore, the existing linear approximation method cannot provide 
high accuracy for these clays. To address this, adopting an equation capable of representing both 
types of hysteresis behavior could improve the accuracy of settlement calculations in 
overconsolidated clays. This approach enhances the precision of modeling soil compression and 
helps in predicting deformation under varying loading conditions more reliably. 

Additionally, it was found that some hysteresis can be both symmetric and asymmetric. 
Symmetric hysteresis refers to cases where the reloading curve returns a point close to the starting 
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point of the unloading curve on VCL. However, certain clays exhibit different characteristics, 
specifically asymmetric hysteresis, where the reloading curve bends below the starting point of the 
unloading curve on VCL. This behavior contributes to the increased occurrence of irreversible strain 
in overconsolidated clays, which tend to experience greater water expulsion than usual.  𝑒 = (𝑙𝑜𝑔′௩ − ℎ)ଶ4𝐶 + 𝑘 (8)

It is necessary to consider both accuracy and ease of use in order to create equations that correctly 
depict the unloading-reloading part. In this study, parabolic equations are employed. Generally, 
three fitting parameters are used for a parabola, as shown in Equation 8. An upward-facing parabolic 
equation represents the unloading phase (with parameters 𝐶, ℎ and 𝑘), while a downward-facing 
parabolic equation represents the reloading phase of the experimental results (with different 
parameters 𝐶ଵ, ℎଵ and 𝑘ଵ). It should be noted that Equation 8 can be valid for the unloading only if 
′௩ is less than or equal to the stress at the unloading point ′ on VCL. Figure 3 illustrates the 
concept of using parabolas to describe the unloading-reloading graphs.  

 

Figure 3. Schematic of using parabolic equations for unloading and reloading lines. 

It is crucial to first formulate an equation to represent symmetric hysteresis behavior. Once this 
foundational equation is established, it can be further revised to accommodate asymmetric hysteresis. 
This approach ensures systematic progression from simpler to more complex representations of 
hysteresis, enhancing the ability to accurately model and predict soil behavior under varying 
conditions. 

2.2.1. Equations for the Symetric Hysteresis 

For symmetric hysteresis, three parameters (𝐶 , ℎ  and 𝑘 ) should be applicable to both the 
upward-facing and downward-facing parabolas for simplicity. Therefore, it is necessary to derive the 
values of 𝐶ଵ, ℎଵ and 𝑘ଵ for the downward-facing parabola based on the values of 𝐶, ℎ and 𝑘 of 
the upward-facing parabola.  

Based on Equation 8, which is the equation for the unloading curve, the change in void ratio 𝑒 
and the secant slope 𝐶௥തതത(𝑈𝑛) between the starting point of unloading (′) and any point on the 
symmetrical unloading (′௩) can be calculated using Equations 9-10, respectively. 
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𝑒 = 𝑒 − 𝑒 = (𝑙𝑜𝑔′௩)ଶ − (𝑙𝑜𝑔′)ଶ − 2ℎ ∙ 𝑙𝑜𝑔 (′௩/′)4𝐶  (9)

𝐶௥തതത(𝑈𝑛) = − 𝑒
𝑙𝑜𝑔′௩ = 2ℎ − 𝑙𝑜𝑔(′ ∙ ′௩)4𝐶  (10)

In the case of symmetric hysteresis, the size of the upward parabolas used to represent the 
unloading and reloading curves is identical. Consequently, the parameter 𝐶ଵ can be expressed in 
terms of 𝐶. Next, to determine the formulas for ℎଵ and 𝑘ଵ, it is necessary to set up two additional 
conditions. From Figure 3, it can be observed that the reloading line intersects two key points i.e., the 
point where unloading begins (𝜎ᇱణ , 𝑒ణ) and the point where reloading begins (𝜎ᇱ

 , 𝑒). We use the 
coordinates of these two points to find ℎଵ and 𝑘ଵ. First, determine the void ratio 𝑒 at both points by 
substituting the stress 𝜎ᇱణ  into the VCL equation (Equation 6) to obtain 𝑒ణ = 𝑓(, 𝑅,, ). Then, 
substitute the stress value at the reloading start point 𝜎ᇱ

 into the unloading equation (Equation 8) 
to obtain 𝑒. Using the condition that 𝐶ଵ = −𝐶 for both calculations, by solving the simultaneous 
equations, we can derive formulas for ℎଵ and 𝑘ଵ that depend on the four parameters of the newly 
proposed VCL (, 𝑅,, ), as well as 𝐶, ℎ, and 𝑘. The equations for 𝐶ଵ, ℎଵ and 𝑘ଵ of the downward-
facing parabola are shown in Equations 11 - 13, respectively.  𝐶ଵ = −𝐶 (11)

ℎଵ  = 4𝐶ଵ(𝑒 − 𝑒ణ)  −  (𝑙𝑜𝑔𝜎ᇱ
)ଶ  + (𝑙𝑜𝑔𝜎ᇱణ)ଶ2(𝑙𝑜𝑔𝜎ᇱణ − 𝑙𝑜𝑔𝜎ᇱ

)  (12)

𝑘ଵ  = 𝑒  − 14𝐶ଵ (𝑙𝑜𝑔𝜎ᇱ
 −  ℎଵ)ଶ (13)

where 𝑒ణ = 𝑓(, 𝑅,, ) =  −  ∙ 𝑙𝑜𝑔 ቀఙᇲഛோ ቁ − ට + (𝑙𝑜𝑔 ቀఙᇲഛோ ቁ)ଶ and 𝑒 = ൫௟௢௚ఙᇲ
ି௛൯మସ஼ + 𝑘. 

At this step of the optimum parameter technique, a complete symmetric hysteresis (both 
unloading and reloading phases) can be evaluated using only three parameters (𝐶 , ℎ  and 𝑘 ). 
Furthermore, the tangent slope 𝜅  of the unloading portion in Equation 8 can be expressed in 
Equation 14. At the starting point of unloading (and on VCL) the tangent slope 𝜅 is usually assumed 
to be a constant ଴ for each type of soil. Therefore, ଴ can be determined by substituting 𝜎′௩ in 
Equation 14 with 𝜎ᇱణ as shown in Equation 15. 

 = 𝑑𝑒𝑑𝑙𝑜𝑔𝜎′௩ = (𝑙𝑜𝑔𝜎′௩  − ℎ)2𝐶  (14)

଴ = (𝑙𝑜𝑔𝜎ᇱణ  − ℎ)2𝐶  (15)

To calculate the 𝜅 and ଴ for the reloading of the symmetric hysteresis, substitute 𝐶ଵ, ℎଵ and 𝑘ଵ  from Equations 11-13 in place of 𝐶 , ℎ  and 𝑘 , and 𝜎ᇱ
  in place of 𝜎ᇱణ  in Equations 14-15, 

respectively. It should be noted that for the symmetric hysteresis, ଴ at 𝜎ᇱణ on unloading curve is 
equal to ଴ at 𝜎ᇱ

 on reloading curve. 
It is important to note that the reloading equation (Equation 14) is applicable only for 𝜎′௩ ≥ 𝜎′ 

and is limited by the stress on the VCL. Additionally, when 𝛹 = 0 , the asymmetric hysteresis 
becomes a symmetric hysteresis. 

The change in void ratio 𝑒  and the secant slope 𝐶௥തതത(𝑅𝑒𝑆)  between the starting point of 
reloading (𝜎ᇱ

) and any point on the symmetrical reloading (′௩) of Equation 8 can be calculated 
using Equations 16-17, respectively. 
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𝑒 = 𝑒 − 𝑒 = (𝑙𝑜𝑔′௩)ଶ − (𝑙𝑜𝑔𝜎ᇱ
)ଶ − 2ℎଵ ∙ 𝑙𝑜𝑔 (′௩/𝜎ᇱ

)4𝐶ଵ  (16)

𝐶௥തതത(𝑅𝑒𝑆) = − 𝑒
𝑙𝑜𝑔′௩ = 𝑙𝑜𝑔(𝜎ᇱ

 ∙ ′௩) − 2ℎଵ4𝐶ଵ  (17)

For overconsolidated clays exhibiting symmetrical hysteresis, the application of 𝐶௥തതത  in the 
settlement calculations can be achieved by substituting 𝐶௥ with 𝐶௥തതത(as defined in Equation 17) and 
replacing 𝐶௖ with 𝐶௖തതത (as defined in Equation 7) simultaneously into Equation 2. 

2.2.2. Equations for the Asymetric Hysteresis 

The general characteristics of asymmetric hysteresis are illustrated in Figure 4. While the 
unloading portion is still the same as the symmetric hysteresis, the reloading curve distinctly slopes 
downward at the end compared to the symmetric hysteresis case. In this study, we introduce only 
one additional variable 𝛹 to the equation of symmetric hysteresis to become asymmetric hysteresis.  

 

Figure 4. Effect of parameter 𝛹 for the asymmetric hysteresis. 

𝑒 =  ቈ(𝑙𝑜𝑔𝜎′௩ − ℎଵ)ଶ4𝐶ଵ + 𝑘ଵ቉ ൥1 − 𝛹 ൭𝑙𝑜𝑔 ቆ𝜎′௩ 𝜎ᇱ


ቇ଺൱൩ (18)

Equation 18 shows the relationship used to represent the reloading curve for both symmetric 
(𝛹 = 0) and asymmetric (𝛹 > 0) hysteresis which is valid only for stress that does not exceed the 
stress value on the AJOP line. Notably, the value of term ቂ1 − 𝛹 ቀ𝑙𝑜𝑔൫𝜎′௩ /ఙᇲ


൯଺ቁቃ  in Equation 18 will 

be equal to 1 when stress point is on the starting point of reloading. This results in the slope at this 
point remaining the same as ଴ for the symmetric reloading curves. 

The change in void ratio 𝑒  and the secant slope 𝐶௥തതത(𝑅𝑒𝐴)  between the starting point of 
reloading (𝜎ᇱ

) and any point on the asymmetrical reloading (′௩) of Equation 18 can be calculated 
using Equations 19-20, respectively. 

𝑒 = 𝑒 − 𝑒 = ቈ(𝑙𝑜𝑔𝜎′௩ − ℎଵ)ଶ4𝐶ଵ + 𝑘ଵ቉ ൥1 − 𝛹 ൭𝑙𝑜𝑔 ቆ𝜎′௩ 𝜎ᇱ


ቇ଺൱൩  
− ቈ(𝑙𝑜𝑔𝜎′ − ℎଵ)ଶ4𝐶ଵ + 𝑘ଵ቉ 

(19)
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𝐶௥തതത(𝑅𝑒𝐴) = − 𝑒
𝑙𝑜𝑔′௩

= ൤(𝑙𝑜𝑔𝜎′௩ − ℎଵ)ଶ4𝐶ଵ + 𝑘ଵ൨ ቈ1 − 𝛹 ቆ𝑙𝑜𝑔 ൬𝜎′௩ 𝜎ᇱ


൰଺ቇ቉ − ൤(𝑙𝑜𝑔𝜎′ − ℎଵ)ଶ4𝐶ଵ + 𝑘ଵ൨𝑙𝑜𝑔 ൬𝜎′௩ 𝜎ᇱ


൰  
(20)

It is important to note that the loading behavior of overconsolidated clay from the initial stress 𝜎′  to the final stress 𝜎′௙ can be divided into two cases: 1) when 𝜎′𝑓 < 𝜎′𝑝 , 𝜎′௙ remains on the 
reloading curve as shown in Figure 5a, therefore settlement can be directly calculated using 𝑒 in 
Equation 19; and 2) when  𝜎′𝑓 > 𝜎′𝑝 , 𝜎′௙ thus shifts to the VCL as shown in Figure 5b, and the 
settlement could be calculated using 𝑒 in Equation 21. This distinction ensures accurate settlement 
calculations under different loading conditions. Using Equations 19 or 21, the error of 𝑒 in the 
approximation by LF can be eliminated. 

∆𝑒 =  𝐶𝑟തതത(𝑈𝑛) ∙ 𝑙𝑜𝑔(𝑂𝐶𝑅) + 𝛼𝑙𝑜𝑔 ቆ𝜎ᇱ𝑓𝜎ᇱ௣ቇ + ඨ𝜃 + ൬𝛼𝑙𝑜𝑔 ൬𝜎ᇱ𝑓𝑅 ൰൰ଶ − ඨ𝜃 + ൬𝛼𝑙𝑜𝑔 ൬𝜎ᇱ௣𝑅 ൰൰ଶ
 (21)

  
(a) (b) 

Figure 5. Loading conditions for overconsolidated clays: (a) for 𝜎ᇱ௙ ≤ 𝜎ᇱ௣; (b) for 𝜎ᇱ௙ ≥ 𝜎ᇱ௣. 

Although 𝐶, ℎ, 𝑘, and 𝛹 are derived from the laboratory test results, these parameters can also 
be applied to the unloading at other stress values 𝜎ᇱణ without graph refit. The values of 𝐶′, ℎ′, and 𝑘′ for unloading at other points on the VCL can be calculated from the values of 𝐶, ℎ, and 𝑘 at 𝜎ᇱణ 
by assuming that: 1) the parabola for the unloading portion retains the same size, i.e., 𝐶′= 𝐶 , and 2) 
the tangent slope of the unloading line at the start of unloading ଴  remains constant for every 
unloading points. Thus, from Equation 8, ℎ′ is given by ℎ′ = 𝑙𝑜𝑔𝜎′ణ ௡௘௪ − 2𝐶଴ and 𝑘′ = 𝑒ణ ௡௘௪ − (𝑙𝑜𝑔𝜎ᇱణ ௡௘௪ − ℎ′)ଶ/(4𝐶)  where 𝜎′ణ ௡௘௪  and 𝑒ణ ௡௘௪  are the stress and void ratio at the new 
unloading point, respectively. Furthermore, when dealing with the reloading from the end point of 
this new unloading, the procedure of 𝐶ଵ′, ℎଵ′ and 𝑘ଵ’ for the reloading can be determined by the 
equations mentioned above. 

3. The Process of Calculating One-Dimensional Consolidation Settlement 

The short description for calculating the consolidation settlement can be summarized as follows: 
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1. Fit the experimental consolidation data to the VCL using AJOP equation (Equation 6) to obtain 
four parameters , 𝑅,  and . 

2. Fit the experimental consolidation data using Equation 8 to obtain three parameters for the 
upward-facing parabola (unloading portion) 𝐶, ℎ, and 𝑘. 

3. Fit the experimental consolidation data using Equation 18 to obtain a parameter 𝛹 ≥ 0  for the 
downward-facing parabola (reloading portion). (𝛹 = 0 for symmetric hysteresis). 

4. Divide the soil to be analyzed for settlement into the sublayers. 
5. Determine the initial 𝜎′௜௡௜  and the final 𝜎′௙ stresses resulting from construction at the middle 

point of each layer. The elastic solution can be used for simplification. 
6. For the overconsolidated clay, it is necessary to calculate more steps as follows: 

6.1) Calculate the maximum past stress 𝜎ᇱ௣ = 𝑂𝐶𝑅 ∙ 𝜎ᇱ௜௡௜ which will be used as the unloading 
point 𝜎ᇱ

  on the VCL of each layer.  
6.2) Calculate the void ratio of the unloading point 𝑒ణ ௡௘௪ at 𝜎ᇱ௣ in the step 6.1) using AJOP 

equation. 

6.3) Determine the parameters (𝐶 ′, ℎ ′ and 𝑘 ′) =  𝑓 (𝐶 , ℎ  and 𝑘 ) of the unloading of each 
midpoint. 

6.4) Calculate the void ratio of the initial stress 𝑒௜௡௧ which will be the same value of the void 
ratio of the starting point of reloading process 𝑒. 

6.5) Determine the parameters (𝐶ଵ′, ℎଵ′ and 𝑘ଵ’) = 𝑓(𝐶, ℎ and 𝑘) of the reloading of each mid-
point. 

7. Calculate 𝑒 between the initial and final stresses mentioned above in step 5 as follows: 
7.1) For NC (normally consolidated) clay: use Equation 7. 
7.2) For OC (overconsolidated) clay: use Equation 19 or 21. 
8. Calculate the consolidation settlement of the 𝑖௧௛ layer using ௜ = 𝐻௜ ቂ ௘೔

1ା௘0
ቃ. 

9. The total consolidation settlement can be calculated as the sum of the settlements for each 
individual layer i.e.,  = ∑ (௜)௡௜ୀ1  when n is the number of soil layers. 

4. Examples for the Prediction of One-Dimensional Consolidation Settlement 

To demonstrate the performance of the newly proposed equations, the examples of the 
calculation for total consolidation settlement (௧) will be applied in the case of rectangular footing in 
size of 15m x 30m and clay thickness of 12m in this section. Three cases of analyses include  

a) Single layer of clay. 
b) Calculation by dividing the clay layer into layers, with each layer having a uniform thickness 

of 1m. 
c) Calculation by dividing the clay into layers of varying thicknesses, applying the layers closer 

to the surface being thinner in conjunction to the thickness increasing with depth. 
Three soil test data from distinct continents for the consolidation test (i.e., Bangkok Clay [22], 

Boston Blue Clay [23] and London Clay [24]) were used. Figures 6–8 depict the test results from [22–
24] with the best fit curves. Prior to the analysis, the soil parameters based on proposed method were 
extracted. Table 1 summarizes the fitting parameters for all three clays mentioned above. The 
parameters , 𝑅,  and  are for the AJOP equation, and 𝐶 , ℎ, 𝑘  and 𝛹  are for the hysteresis 
portion. In the analysis of normally consolidated clay, three types of equations were applied LF, CF 
and AJOP. Figures 9–11 show the problems to be analyzed for case a) single layer, b) equal layer 
thickness and c) varied layer thickness, respectively. It should be noted that all clays behave with 
asymmetrical hysteresis (𝛹 ≠ 0).  
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Figure 6. Consolidation test data with best fit curves: Bangkok Clay. 

 
Figure 7. Consolidation test data with best fit curves: Boston Blue Clay. 

 

Figure 8. Consolidation test data with best fit curves: London Clay. 
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Table 1. Soil parameters fitted from the laboratory test results. 

Type of soil Virgin compassion line Unloading – Reloading line 𝜞 𝜶 𝑹 𝜽 𝑪 𝒉 𝒌 𝜳 
Boston blue clay 1.206 0.430 497 0.076 5.10 2.628 0.950 0.051 
London clay 0.850 0.135 530 0.0058 5.70 3.800 0.64 0.004 
Bangkok clay 2.540 0.700 59 0.019 1.55 2.570 1.75 0.068 

Table 2 shows the results of settlement calculations based on the aforementioned methods and 
conditions of the normally consolidated clay. It is evident that the settlement from the LF is much 
greater than those from the CF and AJOP because the actual initial stress on the shallow points is not 
located on the straight line of 𝑒 − 𝑙𝑜𝑔′௩. Therefore, the equations which provide the curved portion, 
i.e., CF and AJOP give lower value and give more reliable results. It is also indicating from Table 2 
that the results from CF and AJOP are close together, due to the impact of error on deeper depts are 
less than the impact at shallow depts. In addition, when the method of layer dividing is considered, 
the results using single layer give lowest value for all clays and all models. The results from equal 
layer thickness model are close to the results for the method of varying layer thickness for all clays. 

Table 2. Comparison of total consolidation settlement of normally consolidated clay using LF, CF and AJOP 
methods for three soil data. 

Type of soil Case 
LF 

(Equation 
3) 

CF 
(Equation 4) 

AJOP 
(Equation 

6) 

Boston Blue Clay 
a) Single Layer 1.566 0.302 0.284 
b) Equal Layer Thickness 1.967 0.323 0.310 
c) Varied Layer Thickness 1.988 0.323 0.309 

London Clay 
a) Single Layer 0.806 0.102 0.089 
b) Equal Layer Thickness 1.012 0.109 0.097 
c) Varied Layer Thickness 1.023 0.108 0.097 

Bangkok Clay 
a) Single Layer 2.334  3.453 1.832 
b) Equal Layer Thickness 2.933  3.667 1.781 
c) Varied Layer Thickness 2.964  3.663 1.780 

 
Figure 9. Footing on clay to be used for consolidation settlement calculations: a) Single layer. 

Single layer of Clay

H= 12 M.

   =  18 kN/m2

q  =   200 kN/
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Figure 10. Footing on clay to be used for consolidation settlement calculations: b) Equal thickness layers. 

 
Figure 11. Footing on clay to be used for consolidation settlement calculations: c) Varying thickness. 

For the overconsolidated clay, the analyses are divided into two cases i.e., 1) low surface loading 
200 kN/m2, and 2) high surface loading 1,000 kN/m2. Tables 3 and 4 present the consolidation 
calculation results for overconsolidated clay in case 1) and case 2), respectively. From Table 3, the 
AJOP method is selected and is identified as the most reliable approach. The findings highlight the 
significant influence of the layer division method on the results. While using the AJOP equation, the 
single-layer division method yields the lowest settlement due to the mid-layer being positioned 
farther from the ground surface. On the other hand, the multilayer division method provides more 
accurate results because the mid-points of some layers are closer to the ground surface, which is a 
critical factor for the AJOP method. In case c), where layer thickness varies, the results are most 
accurate as the mid-points of the layers are correctly positioned. This demonstrates that both the 
calculation method and the layer division approach significantly affect the accuracy of the results. It 
should be noted that for this low surface loading value, we found that some soil layers were 
calculated with a final stress lower than the maximum past pressure. 
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Table 3. Comparison of total consolidation settlement for overconsolidated clay for low surface loading of 200 
kN/m2. 

Type of soil Case AJOP method 
(Equation 6) 

Boston Blue Clay 
a) Single Layer 0.178 
b) Equal Layer Thickness 0.207 
c) Varied Layer Thickness 0.205 

London Clay 
a) Single Layer 0.072 
b) Equal Layer Thickness 0.080 
c) Varied Layer Thickness 0.080 

Bangkok Clay 
a) Single Layer 1.015 
b) Equal Layer Thickness 1.119 
c) Varied Layer Thickness 1.101 

Table 4. Comparison of total consolidation settlement for overconsolidated clay for high surface loading of 1,000 
kN/m2. 

Type of soil Case 
AJOP 

(Equation 6) 

Boston Blue Clay 
a) Single Layer 1.084 
b) Equal Layer Thickness 1.139 
c) Varied Layer Thickness 1.138 

London Clay 
a) Single Layer 0.397 
b) Equal Layer Thickness 0.417 
c) Varied Layer Thickness 0.417 

Bangkok Clay 
a) Single Layer 3.578 
b) Equal Layer Thickness 3.659 
c) Varied Layer Thickness 3.651 

Table 4 presents the calculation results under high loading conditions. In these calculations, both 
the compression ratio 𝐶௥തതത and the compression index 𝐶ୡഥ  were used for Boston and Bangkok clays. 
However, for London Clay, only the compression ratio 𝐶௥തതത was utilized in the calculations in some 
depths. The findings show that although using different methods in layer division, the consolidation 
settlement is similar for all methods with the fact that single layer expresses the lowest value.  

In both low loading 200 and high loading 1,000 kN/m2, it is revealed from the investigation that 
Case 1) (in Figure 6a) can occur but is not common at a specific depth, whereas Case 2) (in Figure 6b) 
generally occurs more frequently in both cases of low and high pressures. 

5. Conclusions 

The total amount of consolidation settlement in field can be determined by the changes in void 
ratio based on the clay characteristics evaluated from laboratory. This study proposed new equations 
that can fit well to the consolidation curve without any approximation and additional testing. The 
proposed equations include 1) the revised version of the AJOP for normally consolidated clay, and 
2) equation for both symmetrical and asymmetrical hysteresis of overconsolidated clay. With these 
equations, the analytical solution for consolidation settlement for clays can be established.  

A comparison between the existing methods and the proposed method was investigated. Three 
methods of the calculation include linear function (LF), curve function (CF) and the revised AJOP 
equation (function for curve and linear portions in a single equation). In addition, three models of 
clay layering are investigated, i.e., single layer, multilayers with equal and varied thickness. Three 
clay data from different continents were used in the analysis, i.e., Bangkok clay, Boston Blue clay and 
London clay.  
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For normally consolidated clay, it is revealed that the LF method yields significantly higher 
consolidation settlement compared to the CF and AJOP methods for all clays and all layering 
conditions. Additionally, the single-layer model gives lower consolidation settlement than both 
layered soil models. These phenomena are influenced by two key factors: 1) the presence of curved 
portion in 𝑒 − 𝑙𝑜𝑔′௩, and 2) the omission and commission of curved portion in calculations due to 
the soil layering method. Therefore, the CF method provides greater accuracy than the LF method 
because the curved portion exists in CF. However, AJOP method reduces errors at both shallow and 
greater depths, as it incorporates both curved and linear segments within a single equation. For 
overconsolidated clay, only AJOP equation was selected in the analysis. The calculations yield similar 
results across all models. However, all soil samples indicate that the non-layered soil model results 
in slightly lower settlement compared to the other two methods. 

The findings highlight the significance of accurately modeling of the void ratio and effective 
vertical stress relationship, particularly through a novel equation AJOP that combines curved and 
straight-line representation on a semi-logarithmic scale. This approach addresses the limitations of 
traditional methods, which often fail to capture the complexities of soil behavior at varying stress 
levels. Additionally, the authors have provided the recommendations in case of sample disturbance 
and sensitive clay are encountered.  The proposed method not only enhances the understanding of 
consolidation processes but also provides a practical tool for engineers in predicting settlement 
behavior more reliably. Future work may focus on refining the method and exploring its applicability 
to a broader range such as consolidation-creep framework and constitutive model of clay.  
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