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Article

MS 460 New Methods for Multivariate Normal
Moments

C.S. Withers

CallaghanInnovation, New Zealand; kit.withers@callaghaninnovation.govt.nz

Abstract: Normal moments are the building blocks of the Hermite polynomials, which in turn are the
building blocks of the Edgeworth expansions for the distribution of parameter estimates. Isserlis (1918)
gave the bivariate normal moments and 2 special cases of trivariate moments. Beyond that, convenient
expressions for multivariate variate normal moments are still not available. We compare 3 methods for
obtaining them, the most powerful being the differential method. We give simpler formulas for the
bivariate moment than that of Isserlis, and explicit expressions for the general moments of dimensions
3 and 4.

Keywords: multivariate normal moments; Isserlis; Soper

1. Introduction

Suppose that X ~ N,(0,V), the p-dimensional normal distribution with mean 0 € N and
covariance V. For N = {0,1,2,--- }, n € N?, and x € RP, define

P

|ngmm:@ﬂﬂﬂ=ﬁuﬁhwszﬁan (1)
]:

Hn = Uny--np = EX"=E X;ﬁ e 'X;le = V1"1‘..p”P 2)

= {ym...p» in the notation of Isserlis. Since —X has the same distribution as X, u, = 0 if its order, |n|,
is odd. Also,

p=V =1= uy, = vy, where
Vo =13---(2n—1) = (2n)!/(2"n!) = E N" for X ~ N71(0,1). 3)

The p-variate normal distribution and its moments play a central role in the Edgeworth expansions
for the distribution of the standardized vector sample mean, and more generally for a wide class of
vector estimates based on a sample of size nn. See Withers (1984) for p = 1, and Withers and Nadarajah
(2014) and Withers (2024) for p > 1. The first r terms of these Edgeworth expansions need most of the
multivariate Hermite polynomials and normal moments of order 3r. The Edgeworth expansions need
the moments and Hermite polynomials of Y = V=X ~ N, (0, V1), that is, with V = (Vjk) replaced
by V-1 = (Vik).

Isserlis (1918) showed that the general 2rth moment of order 2r is

Von

Vig. pr = EXaXp -+ - Xop = Zvjﬂz T ij—l]ir’ (4)

where summation is over all v, permutations ji,- - - ,jor of 1,2, - - ,2r — 1, 2r giving distinct terms.
This is a special case of the formula for a multivariate moment in terms of the cumulants of a general
random vector X € RP,

. . . r . . .
EX Xi2 .. 'Xi, — Bll,lzf"-llr(K) — 2 B;clllzx'",lr (K)
k=1

i
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with iy,1p, -+, ir replaced by 1,2,---,2r where Bii27r () and B]il’iz""'ir (k) are the multivariate
complete and partial exponential Bell polynomials, as given in (3.1) of Withers and Nadarajah (2013).

Here we give several methods for deriving normal moments, and a number of new results. Section
2 uses the method of successive specialisation using the step down rule (1). This soon becomes unwieldy
without writing software. Section 3 summarises the results of Isserlis and Soper for bivariate moments.
Section 4 gives the method of successive generalisation using quasi-differential operators. This powerful
method has been used to obtain multivariate moments in terms of multivariate cumulants from the
univariate formulas: see 3.29 of Stuart and Ord (1987). But it can also be used to obtain multivariate
from univariate moments for parametric distributions, as we demonstrate here.

Section 5 gives the multinomial method, but in detail only for bivariate moments. Sections 6 and 7
give for the 1st time the general moments of dimensions 3 and 4. and illustrate how it can be extended
to find moments with p > 4. Section 8 shows that these results are easily extended to moments of the
multivariate normal with non-zero mean.

Jinadasa and Tracy (1986) and Tracy and Sultan (1993) and Holmquist (2007). gave central
moments by matrix differentiation of E et'X = 'Vt/2 However the results are in terms of vec, ®
and permutation matrices, so make interpretation difficult. Its differentiation with respect to t can
be used to give moments in terms of multivariate Bell polynomials, but again these take some effort
to understand. Phillips, K. (2010) gives software in R for moments. For applications to quantum
mechanics and field theory, see Simon (1974, page 9).

Set[r]j =r!/(r—j)t=r---(r—j+1), 1/k! =0fork = —-1,-2,... 5)
2. The Method of Successive Specialisation
From (4) follows the new and more useful step down recurrence rule,
2r—1

k
EXi...Xor =tz = Vizeor = Y Vi Vin o (1)
k=1

where Vl(;( ) or—1 18 V12... o with k and 2r removed. This gives the normal moments of order 2r in terms
of those of order 2r — 2. For example,

3
k
EXy...Xg=pnn1 = Vioza = 3 Vk4V1(23), = V14 Vo3 + Vou Viz + V3 Vo,
k=1
: (®)
EXy...Xe=p6 = Vigs = Y_ VisViy. 5
k=1
= V16 Vo345 + Va6 Vi35 + V3 Vioas + ViagVioss + Ve Viza,

7
k
EX)...Xg=pis = Vip.g = Z ngvl(z_)__7 = VigVos..o + -+ - Vg Vo, 6.
k=1

By (1) with 2r replaced by 1, that is, with X», = Xj,
) 2r—1 )
EX{Xp- - Xor1 = Vi2gs.. pp1 = Hor2—2 = Y ViaViza... pr—1- (2)
kf

=1

For example taking » = 3 then replacing 5 by 1 then 4 by 1 gives

4

EX{Xp -+ X5 = Vigays = o1 = Vi1Vaass + 3 ViaVisss, 3)
2345

E X} X2X3X4 = pa111 = Vini2sa = 3Vi1Vioaa + 6V12 Vi3 Vg, (4)

E X} XoX3 = Vysps = pan1 = 3V11(4V12Viz + Vi1 Vas), 5)
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where Y3,,= in (3) sums over the 4 distinct terms obtained by permuting 2345. This shows that there is
an error in gy4,3 p139 of Isserlis (1918): his 12 should be 4. His other formulas on p139 pass the V;; =1
test: under this condition the moments of order 2r are vy,. This provides a useful check on moment
formulas.

We now give all yy,r,... of (2) of order n = rq + 1, 4 - - - up to n = 8. These are obtained from the
bottom up. For example X; = Xj in (20) gives (19), and X7 = X; in (19) gives (18).

Without loss of generality, we assume that

Vi

1. (6)

To emphasize this, when Vij =1, weset p1o... for Vis... of (1), and O1m .. for Vim g
Moments of order 2.

EX?=wu=pn=1EXiXa = pi11 = p2-
Moments of order 4.

EXt=pus=v4=3, EX;Xy = p31 = 3p12, EX2X3 = ypp = 1+ 20%,,
E X3X5X3 = pon1 = 023 + 2012013, ()
E X1+ X4 = 1111 = P1234 = 012034 + 013024 + 014023 (8)

Moments of order 6 in terms of moments of order 2,4.

EX$ =g =vs =15, E X]Xp = ps1 = 15p15,
E X%X% = 01492 = U432 = 3(1 +4p%2>’
E X1XX3 = pyags = par1 = 3(p23 + 4p12p13) by (5), ©)

E XX3 = pays = paz = 3(3p12 +20%,),

E X3X5X3 = psz = 3(1 + 207,)013 + 6012023 by (11), (10)
E X3X2X3Xy = 3111 = 3(012034 + 013024 + 014023 + 2012013014), (11)
E X%X%X% = U = 1+ Zp%z + Zp%a + 2p%3 + 8p12p13p23, (12)

2
E X7X3X3Xs = poo11 = (Hoys at X5 = X2) = pyogy + 201201234 + Y 01301224
34

2 2
= p34(142p%,) + 2 p13p14 + 4p12 Y p13p2s, (13)

2 31

4
EXiXp - X5 = iy = Pr2pa45 = 2345 + 3 1201345 Of (8) by (3)
2345
3 6
=) p23ps5+2 ) p12p13045, (14)
2345 2345
15

EXi - Xe= H16 = P123456 = ZP]2P34P56-

Of these moments, (3111, }2211, #p14 are new. There is an error in 14117 = G493 of Isserlis but his ;1,5 is
correct.
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Moments of order 8 in terms of lower moments. Again we use v, of (3) and yy,p,... = P1mom . =
Ny N2
EX'X5%. ...
s = p18 = vg = 105, pz71 = p17, = 105012, pe2 = prep2 = 15(1 + 640%2),
te11 = (psp3 at Xg = Xo) = p1ep3 = 15(p23 + 6012013), (15)
ps3 = 153 = 15(3p12 + 4p7,),
pso1 = (psps at Xy = Xp) = 123 = 15(013 + 2012023 + 407,013), (16)

3
ps1s = (pags at X5 = X1) = P1sp3s = 4p13934 + ) P1201434 0f (9),(11),(13),
234

pag = Prapn = (paz1 at X3 = Xp) = 3(3 4 24p7, + 807,),

Haz1 = Pragsz = (paon1 at Xg = Xp)

= 3012033 + 3012013023 + P1307393 of (26) and (3)

= 9012(1 4 4p13 + 4p12023) + 24p3,013 by (29),

a2y = (Hao11 at Xy = Xo) = 3012033 + 301201323 + 01301323 See (28).
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Hao11 = Pranzzg = (Myps at X5 = Xo) = 30129234 + 2012013034
2
+ Y p13p13024 Of (13), (11) and (3): see (15), (10);
34

Hags = Pragaas = (Hap5 at Xe = X1)
4

= 30112345 + Z 012013345 of (14) and (11), (17)
2345

332 = P13z = (Hasn1 at Xy = X3) = 201533 + 30120120232 + 201301233/
2

M3311 = Pr3zas = (Maoin1 at Xs = Xa) = 2015334 + 3p120120234 + ), P130122%
3

see (17).

H3221 = P1302324 = (Papps at X5 = Xy) = 20102342 + 20120120342 + P130120242
+ 20140129234 © See (20).

3
32111 = Pr3p2ags = (315 at Xo = X2) = 20102345 + 20120120345 + Y P130122245,
325

5
pz1s = (More at X7 = X1) = P13g.g = 2016 + Y, P120113456/ (18)
26

2 2
Mot = Pq2923242 = (,‘142312 at Xs = Xy) = 03242 + 222(11344 + 20120193242
12 12

2
+ 2014(p24 + 2023034) + 201302344 + 2012 Y 1302344/
34
M2 = Pr2p23245 = (Hp214 at X6 = X3)

2 2 2
= p3245 + 3 (201301345 + Y, 01401385) + 20120123245 + 3_ p14(025 + 2023035)
12 5 5
2
+ 201302345 + 012(201302345 + Y _ 01402335,
15

4
Mo = P12023..6 = (Mo at X7 = X2) = P23, + 2012016 + Y, P13(01456
36

12

4 2 4
+ Z P1202456) = 036 + Z Z P1301456 + 2012016 + Z 01302401256 + P12 X2
1456 12 36 36

4 12
where vy = ) p130p2456 = ) P13024056,
3.6 3.6

6
Hote = P12034567 = P234567 + ) P12P134567 bY (2), (19)
27

105 7

Jis = Y P12034P56P78 = Y PrsPia.7 = P1802.7 + * + + P78P12--6/ (20)
k=1

where pX,  is p12..7 with k removed. These iterative expressions for pig;3, ap4,
U315, o214, Hope are new. However without software, it is easy to make an error with these substitutions.
For p3po1, see (20).
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NOTE 2.1. This relation giving moments in terms of the covariance is a special case of the following. For any
random variable X € R with rth cumulant «,, r > 1, its rth moment is given by

T
my = By(x) = Y Bye(x), r = 1, where x = (k1,5 )
k=1

where B,y (x) is the partial exponential Bell polynomial defined by (4) below. For any random vector X € RP
with rth cumulant x,, v € NP, this becomes

Ir| p
my = By(x) = Z B, () where |r| = Z Tk
k=1 k=1

and B, (x) is the multivariate partial exponential Bell polynomial. It may be written down from the univariate
form. See Withers and Nadarajah (2012, 2013, 2014).

3. Bivariate Moments of Soper and Isserlis

Soper (1915-16) and Isserlis (1918) gave the general bivariate normal moment with correlation
p = p12 when Vj; = 1in terms of v, of (3), as

_ S
prs = EX1X5 = Z Mg (1 — pz)kps %, Mysk = <2k) VokVrts—2k- )
0<k<s/2

Putting s = 0,1,2,3,4,5 then expanding (1 — pz)k and simplifying, gives

o =EX! =v,, gy = EXI Xy = vp41p, 2)
M2 = E X{X3 = v,(1470%), pys = E X X3 = v, 1[3p + (r = 1)p%), ®)
pry = E X[X5 = v,[3 + 6rp> +r(r —2)p], 4)
prs = E X{X3 = v,41[150 +10(r — 1)p° + (r = 1) (r = 3)p°]. (5)

Special cases are

11 = o, pa1 = 3p, us1 = 150, u71 = 1050, po1 = 9450, u11,1 = 10395p.
o =1+20% /3 =1+4p% uea/15 =1+ 602, g2 /105 = 1+ 8p?,
M10,2/945 = 14 10p%, 13 = 3p, Has/3 = 3p +20°, ps3/15 = 3p +4p°,
p73/105 = 3p + 6p°, 1193/945 = 3p + 8p°.

foa = 3, pog = 3 +120%, aa/3 = 3+ 240> + 8p*,

1es/15 = 3(1 + 120 + 80*), 1gs/105 = 3(1 4 16p* + 160*).

By swapping r and s, this includes all bivariate moments up to order 10. (1) is not a symmetric rule.
Setting Y1 = X5 and Y, = X; we see that (6) = s = U5 giving its dual

Urs = Z msrk(1 - pZ)kprfzk‘ (6)
0<k<r/2

This has about r /2 terms while (1) has about s /2 terms if s > . The same is true if we expand (1 — p?)*
to write (1) as

prs = Y. Mysup® ¥ where 7)

—1<n<s/2

M= T -0 (5] homeinn

0<i<s/2 i+1
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The method becomes increasingly cumbersome as s increases. In §4 we give a new and simpler formula
for the bivariate moment ps.

4. Successive Generalisation Using Quasi-Differential Operators

An alternative to deriving particular cases from the general moment, is to derive bivariate
moments from univariate moments, then trivariate moments from bivariate moments, and so on, by
the method of 3.29 of Stuart and Ord (1987), given there to obtain multivariate moments in terms
of multivariate cumulants. But equally well it applies to relations among moments. To increase
consistency with the notation there, we set

p(if) = Vi, p(1" - p") = EXJ - X! = iy of 2). M)
We do not assume that Vj; = 1. Define the operator d(1.2) by

9(1.2) u(172°3...) = ru(177125T13 ).

Sod(1.2)F u(1725...) = [r] p(177F25FK ). )
We show how to obtain i, ...n,,, by applying o(j.p +1)™ to pp,..n, forany j = 1,...,p. Applying
9(1.2) to
n(1¥) = EX{ = vop(1%),
gives
2rp(17712) = vop ru(12)" 1 2p(12), 3
or dividing by 2r,

u(17712) = vy, u(1%)"'pu(12), thatis, E X¥ Xy = v, Vi ! Via,

proving (2). Applying this operator a 2nd, 3rd and 4th time gives (3)—(5). We can apply the operator
k times using Faa di Bruno’s rule for differentiating h(x) = f(g(x)), [4c] p137 of Comtet (1974): for
k > 0, its kth derivative is

K
hy(x) = Z(;) By; f.i(g(x))
=

where By = By;(g) is the partial exponential Bell polynomial in ¢ = (g1,82,---) and g = gx(x)-
Comtet tables them on p307-308. By;j(g) is defined by

(Y gt* /K0y /jt = Y~ Byjt* /k!. So By = I(k = 0). (4)
k=1 k=j

We apply this with

d/dx =9(1.2), g(x) = u(1%), f(g) =g, h(x) = u(1?)".
So f,(g(x)) = [Mju(1*)"7, g1 = 2u(12), g2 = 2(2%), gk = 0 for k > 3,

and By;/k! is the coefficient of t* in [2p(12)t + u(22)£2)/ /j!:

By = K20 (12) (22 / (2 — k), k/2 < j < k.
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So by (2) we obtain for k > 1,
u(12 k2821 / (2r — k) = (27 (12528 f1,
k .
= 0(1.2)" u(1%) /vay = 3(1.2) u(1?)" = Y, Bylr]ju(1%)~/ )
j=1
= Yoo DK () T Ru(12)P (22 T/ (2 - k)t = HiE, (6)
k/2<j<min(k,r)
say. Dividing by r!k! gives
Theorem 1. Ats = 2r —k, ug = u(152%) = E X5 X% is given by
e 2" /slk! = ) B,_;Cyj_kDi_j at 2r = s 4 k where 7)
k/2<j<min(k,r)
B, = u(12)"/r!, C, = C2 = [2u(12))" /7!, Dy = u(22)" /1!, (8)
(%) = Vjj = oF say, p(12) = Viz = p1p0103.
This is our 1st new formula for the bivariate normal moments.
Corollary 1. Ats =2r —k, if Vjj = 1, then pg /v, = HIZ /[2r]x
where H? = ) [K];[r]; (2012)% 7%/ (2 — k). )
k/2<j<min(k,r)
So psk 2 /st =}, [Kj(2en)Y /(2 = k)(r ). (10)
k/2<j<min(k,r)
So, H§ =1, H? = 2rp1p, HY3 = 2r + 4[r]pp3,,
Hr132 = 12[r]op12 + 8[7’]3P%2/ Hrlzf/‘} =3[l + 12[”]%’%2 + 4[7’]4P%2' (11)

Swapping s and k in (7) and (10) give equivalent formulas. (10) is simpler than Soper and Isserlis’s (1)
as that is a polynomial in both p1 and 1 — p?,.
Putting p1, = 1 in Corollary 4.1 gives the new identity [H}?],,—1 =

[K]j[r]; 2275/ (2] — k)t = [2r] for 0 < k < 2r. (12)
k/2<j<min(k,r)

5. The Multinomial Method
We now obtain (2)—(5) by another new method. Given

t € RP, 'X ~ N1(0,0¢) where vy = t'Vt, so E (' X)* = vy, v}. (1)

By the multinomial theorem for || and n! of (1),
2r 2r
FX)¥ = < )t”X" where ( ) = (2r)!/nl.
wxr= % (; ) = ()

So, 1p, v = E (#X)* = Z <2r> t"u,, and p, = E,F, where

|n|=2r

2
Ey = 1o,/ < ;) = n1/2'r1, and F, = coeff(t") in v}, |n| = 2r, )
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F, can be obtained from a 2nd application of the multinomial theorem. Suppose that V;; = 1. So

P
Pjk = E X]'Xk and vy =2 Z ijtjtk + Z tjz. (3)

1<j<k<p j=1

For ¢ = (cjx) a symmetric p x p matrix of integers in N and a € N7, set
c_ Cik —
p° = hcjcr<p P s € = Y i
k#j
By (8), for a,c € NP, the coefficient of " in v} is

F,=){ (;C)Z'Cpc D20 +ci=mn, k=1,---,p}, n| =2r (4)

where (,.) = r!/alc!, a! = H]P:ﬂj! and ¢! = ITj<jck<pCi!-
The multinomial method for bivariate moments.
Set p = p12, ¢ = c12. So vy = 2pt 1ty + t% + t% and the coefficient of t" in v} needed for (2) is

pn/En =214y /n! = Fy,

= Z{ <cara )(2P)C : ¢+ 2a; = ny, ¢+ 2a, = np} where (5)
142

r
= = 71/ (clarlar!
2r = |n|, and <ca1a2) r!/(claylay!).
Taking n = (2r —i,i) for i <5 gives (2)—(5).

Example 1. Take n = (2r —5,5). Then (c,a2) = (1,2), (3,1) or (5,0). So F, sums over (c,a1,d2) =
(1,r—3,2), (3,r—4,1), (5,r—5,0) giving
5
Fy =) [r]jaj where az = p, ay = 40°/3, a5 = 4p°/15.
j=3

So since E, = (2r — 5)15!/2"r!, by (5), r = 3,4,5, 6 give

s = 15p, pas = 8(3p +40°%), pss = 15(150 +40p° + 8p°),

pzs = 105(5p + 20p° + 80°).

Example 2. Take n = (2r — 6,6). Then (c,a2) = (0,3),(2,2),(4,1) or (6,0). So F,, sums over (c,a1,az) =
(c,a2) = (0,r—3,3),(2,r—4,2),(4,r—5,1),(6,r—6,0):

6
F, = Z[r]jzxj where az = 1/6, xy = p2, x5 = p4/3, g = 40°/45.
=3
By (5), E, = (2r — 6)16!/2"r!, so r = 3,4,5,6,7 give 1oe, 26, Hae above, and
Hes = 45(5 4 90p* 4 120p* + 16p°), pge = 5.7.9(5 + 120p* 4 240p* + 64°).

Moments with p > 2 can be dealt with similarly, but the operator method of §6 is easier.
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6. Trivariate Moments

Here we give g for arbitrary r, s, t. Define B;, C;, D, as in (8). Assuming Vi=1, Isserlis (1918)
gave (12) and the following 2 trivariate moments.
g1 is his notation.

por11 = E X3 XoX3 = Gyaras = Var(p23 + 27012013), 1)
Hor—121 = Gr2r1923 = V2,013 + 2012023 + 2(r — 1) 03,013 2)

= p1302r—172 + p23b2r—12 Where ap,_15 = Vo, [1 +2(r — 1)p3a], bar—12 = 2v2rp12.
So pa11, far1, Hei1, Ma21, Psz1 are given by (7), (5), (15), (10), (16).
Trivariate moments using the differential operator method.
We now extend the operator d(1.2) of (2) to 9(i.j). So
0(1.3) p (1725314 ... ) = (171253 141 .,

That is, 8(1-3) Mrstu... = TMr—1,6441u..- BY (2), for B;, Cy, D, of (8),

9(1.3) B, = 2B,_1 u(13), 9(1.3) C, = 2C,_1 u(23). 3)
So, 3(1.3) u(12)" = 2ru(1%)"~1u(13),
9(1.3) pu(12)" = ru(12)"'pu(23), 3(1.3)° p(12)" = [rlep(12)"u(23)". (4)

Applying 0(1.3) to (7) gives
Theorem 2. For2r = s +k + 1, pgq = u(152%3) is given by
powt 271 /sIk! =Y (B, 1Cyp(13) + By iCp1p4(23)]j=2j—k Di—j (5)
summed over k/2 < j < min(k,r).
For example (5) with k = 0 and (11) with k = 1 reduce to (2) with  changed to 2r — 1:
Har-11 = p(17712) = v pu(12) 1 (12).

Corollary 2. When Vj]- =1for2r=s+k+1,

poa 27 /sl =Y k]2 [Ro130), + Jpazply ' /2] /JIR! (6)

]

summed over k/2 < j < min(k,r)at ] =2j—k,R=r—].
For k = 1,2 (6) gives Isserlis’s (1), (2) but otherwise (6) is new.
Corollary 3.

Msk1 = P13dsk + P23bsk where @)
a273/ v = 3(1+210%), bar3/var = 2r[3p +2(r — 1)), ®)
So for pip11, a2y = 20,bay = 1; for usp1, az/3 =14 20%,b3y/3 = 2p;

for paz1, ag3/3 =4(3p +20°),buz /3 = 1+ 4p% ©
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for usa1, asy/15 = 34 240% + 8p*, b5y /15 = 4(3p + 40°);

for pes1, ae3/15 = 3(1 + 6p?), bz /15 = 6(3p + 40°);

for pes1, ags = 90(150 + 400> + 80%), bes = 225(1 + 1202 + 8p*);
for pza, a74/105 = 3(1 + 120> + 8p%), byy/105 = 12(p +20%);
for ugs1, aga/vs = 3(1+ 8p?), bgz/vg = 24(p +20°).

By (2),

0(2.3) u(172%) = sp(125713), thatis, d(2.3) prs = S trs_ 11,
s09(2.3) C; = 2C,_114(13), 9(2.3)D, = 2D,_1u(23). (10)

Applying 9(2.3) to (7) gives an alternative to Theorem 6.1:
Theorem 3. For2r = s+k, ugx_11 = u(1525713) is given by

k112" /st (k —1)!

= Y. By j[Cj-1Dkp(13) + CyDx-14(23)] (11)
k/2<j<min(k,r)

at [ =2j—k,K=k—j. (12)
Corollary 4. When Vj; =1, for 2r = s+ k,and |, K of (12),

Mok-112 /sl (k= 1)!
= Y [Jp13(2012)" 1 + Kooz (2012)] / JIK! (r — ).
k/2<j<min(k,r)
By (10), applying 9(2.3) to (11) gives
Theorem 4. For2r = s+ k,and |,K of (12),
Hok—222 " /s!(k—2)! = Y, B [2C; 2Dxu(13)?
k/2<j<min(kr)
+ C],1DK,14‘14(13)}[(23) + CjDk_22u (23)2 + C]DK71V(33)]- (13)
Corollary 5. When Vj; =1, for 2r = s +kand ], K of (12),
Hsk—222 7 /slk=2)t =} [2(2p12) 2pT3/ (] — 2)IK!
k/2<j<k
+4p13023(2012) 71/ (J = DK - 1)!
+{1/(K = 1)1+ 2035/ (K= 2)1} (2p12)) /]1]/ (r = j)L. (14)
Here are some examples. k = 2 gives the 1st equation in (3) with r changed to 2r — 2 and X,

replaced by X3. (13) with k = 3 gives (2) with A changed to 2r — 3 and Xj replaced by X3. (14) with
k = 4 gives for 2r = s 44,

Mor—a20 = Vop_aAr where A, =a+ (2r —4)b+4(2r —4)(2r — 6) ¢, (15)
0 =1+203, b= ph, +pl3 + 4012013023, € = PTrpTs.

So, ppop = a+2basin (12), ugy = 3(a+4b+8¢), pexn = 15(a + 6b + 24c),
Ugn = 105(&1 + 8b + 48C), H1022 = 945(a + 106 + 80C), H12,22 = V12 (ﬂ +12b + 120C).
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(14) with k = 5 gives for 2r = s + 5,

5

32271 /s131 =Y a;/ (r — j)! where az = 4p13023 + 2(1 + 2033 )p12,
j=3

a3 = 4p12073 + 8p13p23072, 45 = 8pT,p15.

So, 21i332/9 = a3 +ay, psz2/45 = as/2 +ay + as.
(14) with k = 6 gives 2r =5+ 6,

6
Hor—642 271/ (2r —6)14! = Z a;/(r —j)! where
j=3

a3 = 1/2 4205, a3 = P15 + 8012013023 + 207 + 2033,
as = 4pT,0%3 + 16p3,013023/3 + 1+ 203, /3, ag = 4p3,015/3.
S0, paa2/36 = a3/2 + as + as, pesr/540 = a3/6 +ay/2 4 a5 + ae.

(14) with k = 6 gives 2r = s +7,

7
Mor—752 21/ (2r —=7)150 = Y a;/(r — j)! where
j=4

ay = 2p13023 + (1 +4033)p12,

a5 = 2012073 + 8p1op13023 + 475 (1 + 20%3) /3,
a6 = 807,013(P13 +2023) /3 + 403, /15, a7 = 8p3,075/15.

6 7
So, 8uss2/15 =) aj/ (6 —j)!, 8uzs2/315 =) a;j/ (7 —j)!.
j=4 j=4

doi:10.20944/,
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(16)

(17)

(18)

Now apply 9(1.3)! to (7) with u = s — t using Faa di Bruno’s rule of (5) with 2 changed to 3, and

Leibniz’ rule for the tth derivative of a product. So,
Theorem 5. For B;,C;, Dy of (8) and 2r = u +k + ¢,

puke 27 /wkt =Y D 9(13)![B, Gy,
k/2<j<min(k,r)

t
where 3(1.3)![B,C;] = ) <d) By3dCj3e
d+e=t

Byaa = 9(1.3)"B), = Hi3/h!, Cja. = 3(1.3)°Cy = Cy_[2u(23)]°,
and H,lg is Hrlk2 of (6) with 2,1,k replaced by 3, h,d. That is,

w2 /ul =Y K@) TR g 2 (= )2~ KL,
k/2<j<min(k,r)

L7 =0(13) u(1)'u(12)) = Y (;) Jle Hi 1(12))~u(23)°.
d+-e=t

(21) follows from (4). (22) follows from

9(13)n(12)) = [Jlen(12))*.

(19)

(20)

(21)

(22)
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This is our 1st formula for the general trivariate moment. Example 7.1 will need
b = Hyi, it = Hifp(12) + tHy 1 p(23),
Lz = Hifp(12)? + 2t H G4 p(12)(23) + [HaHyy_op(23)°. (23)
t
Set Ly = h! RHS(20) =} ( d) H;3(2012)8 (2023)° /gt at g = ] —e.
d+e=t
Corollary 6. When V]-]- =1,for2r=u+k+tand H}kz of (9),
Pkt 27/ u! = Yo K Lejajoke/ (r =) (24)
k/2<j<min(kr)
J
where Ly = 2/ Z[t]ep%p%H;i_e/g!e! atg=7]—e. (25)
e=0

So Lyot = Hjiy, Lins = 2012Hp + ZtPZBH]E;—lf
Lot = 205, Hy; + 4to1opo3Hyy 1 +2[t2p53Hyy o,
Lyar = 405, H2 /3 + 4tp2003 HES | + 4[t)01203Hi 5 +4[t303Hio /3
n3t 012y 01202331 1 201202314 » 3023y 13/,
-1
Lijn = 220013/ 1 + ol s/ (] — 1)1

Putting Ly,j; = Ly, when p;; = 1, gives the new identity

2r]kyt = Y. IKllrl Lt/ (r =)t
k/2<j<min(k,r)

min(]J,t)
where Lyj; =2/ Y [He[2h]i—e/ (] — e)le!.
e=0

Some examples: k = 3 gives for 2r —3 = u + 1,

st (r —2)12"/ul3! = L, 514+ (r — 2) L33
t=3,u=2r—6h=r—2= 33 (r—2)12"/u'3! = Lyj3 +hLj_133.
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Seta = p1pp13, and b = pi, + P%&%

2 .
Forh =r—2, par—e33 h'2"/(2r —6)13! = Y ¢; p)y where (26)
=0

]

c0/16 = 3[h]y a/2 + [h]3 ab+ 2[h]4 a°/3,
c1/12 = h+2[h] b + 4[h]3 a%, ¢y = 48[h]» a, c3 = 8h.
So,r=5u=4,h=3gives 4us33/3 = ZZ: cjp£3 where

j=0
co = 48(3a + 2ab), ¢; = 36(1 +4b + 8a%), c; = 2884, c3 = 24.
r=u=6h=4gives 16j¢33/45 = i c]-pé3 where

=0

]
0/32 = 9a + 12ab + 843, ¢1/48 = 1+ 6b + 244>, ¢c; = 576a, c3 = 32.

2 .
r="7,u=8h=>5gives 4jg33/63 = Y cjph, where
j=0
co = 160(3a + 6ab + 8a°), ¢; = 60(1 + 8b + 48a2), c; = 960a, c3 = 40.

By Corollary 6.5 with k = 4,

4
for2r —4 =u+t, puy2 /uld =Y Lo joias/(r— (4 —j)L. (27)
j=2

So, pi242/3 = 1+ 2p33 + 407, + 4053 + 16012013023 + 801,033, (28)
H341/9 = 013 + 4012023 + P12013) + 8052023/3, (29)
Ligs = 16(p12035 + 12023 + 3012053013,

1343/9 = 3p13 + 2033 + 12[pTr13 + p12023(1 + 20%3) + p130%)

+ 8012035 + p}2023 + 3pT2023013),
paga/9 = 3 +24b + 72a + 8c + 96d + 128ab + 1924* where

3 3 3
a=Ipp, b=Y phy, c=Y plr d=)Y phpls = (1> —c)/2.
123 123 123

An alternative to Theorem 6.4 is given by applying 9(2.3) to (7) with u = k — t.
Trivariate moments by the multinomial method.
We now apply (4) with p = 3. Set ¢ = (c12, ¢13,¢23). Then

c __ €12 €13 ,C23 — — —
P° = P15 P13 P23, €1 = C12 + €13, €2 = C12 + €23, €3 = C13 + C23.

Example 3. Take n = (2r —2,1,1). Then ay = a3 = 0 and either c = (0,0,1) or (1,1,0), so that C,, sums
over either a = (r —1,0,0), ¢ = (0,0,1) ora = (r —2,0,0), c = (1,1,0) giving

Cn = 2rp23 + 4[r]2012013, Bu = v2,/ [2r]2 = v, 2/ (2r),
Un/Vor—p = p23 + 2(r — 1)a where & = p12013 :

H211 = P23 + 20, pa11/3 = p23 +4a, pe11/15 = pa3 + 6a,
#s11/105 = pa3 + 8w, p10,11/945 = p23 + 10a.

This was given by Isserlis with A = 2r — 2.
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Example 4. Take n = (2r — 3,2,1).
Then C,, sums over either c = (0,1,0),a = (r —2,1,0) or
c=(1,0,1),a=(r—2,0,0)0orc=(2,1,0),a = (r—3,0,0) giving

Cn/2[r]a = ag + (r — 2)ay where ag = p13 + 2012023, X1 = 207,023,
2r
2r—3,2,1
By = vor—2/2[t]2, n/Var—2 = g+ (r —2)ay :
M1 = g asin (7), usp1 /3 = ag + aq as in (10) ,

B, = 1o,/ D where D = < ) =[2r]3/2=2(2r - 1)[r] =

ps21 = &g + 201 as in (16), p7pn = ao + 31, pop1 = ao + 4.
This agrees with (1) with A = 2r — 3.

Example 5. Take n = (2r —4,3,1). 2a3 + c13 + co3 = 150 as = 0 and (c13,¢23) = (01) (Case 1) or (10)
(Case 2).

Case 1: 2ay 4+ c1p + c23 = 350 ay = 0 and (c1p,c23) = (21) (1) say, or (30), (II) say. If (I) then () =
(r73,60201) = [rl3/2, (20)° = 23P%2P23-

If (1) then (,.) = (,_5 10001) = ["2, (20)° = 2023.

Case 2: 2ay 4 c1p + c3 = 350 ap = 0 and (c1,c3) = (30) (D) say, or (10), (II) say. If (1) then (,.) =
(r74,(r)o310) = [rla/6, (20)° = 24P%ZP13-

If(H) then (;C) = (1’73,;0110) = [1’]3, (Zp)c = 4p12p13.

Also B, = v2r/(2732/31) = Bvp,_4/2[r]2. So finally,

2

pn/var—g =Y _[r—2)ja; for ag = 3pa3, a1 = 6p12(p13 + P12023), A2 = 4p3,p13.
j=0

For exampler =2,---,6 give (2), (10), (9),
Ues1/15 = ag 4 a1 + 64, pga1 /105 = ap + 4ag + 12a5.

Example 6. Take n = (2r — 4,2,2).

Then Cy, sums over a = (r —2,0,0), ¢ = (0,0,2),a = (r —3,0,0), c = (1,1,1),a = (r — 4,0,0), ¢ =
(2,2,0),a = (r —3,0,1), ¢ = (2,0,0),

a=(r—3,1,0), c=(0,2,0),a=(r—2,1,1), c = (0,0,0), giving

2
Cu/[r]2 = Y _[r — 2]ja;j where
j=0

2

0o = 1+203;, a1 =2 )" p3; + 8012013023, a2 = 407,013,

=1
2

By = vyr_a/[r]2 = Un/Vor—4 = Z[” - z]j"‘j'
j=0

So, po22 = ao, P22 = &g + &1, Happ/3 = &g + 21 +4ay,
U622/ 15 = g + 31 + 6an, 1gre /105 = wp + 4aq + 12a5.

Moments with p > 3 can be obtained by either of the last 2 methods.
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7. Moments of Dimension 4

We use H,1k2 of (6) and (9). Recall that by (21), for C; = [2u(12)) /],
9(1.3)°Cy = Cj_.[2u(23)]°. That is,

9(1.3)u(12)) = [Jlep(12))~*p(23)".
By (2), applying 9(1.4)” to (19) and setting w = u — v gives
Theorem 6. For B,, C12 C;, Dy of (8) and Iﬁf of (22),

Hokto 27 /Wk! = ) Dy_iEr—joj—kpo/ (r—j)lat2r =w+k+t+o,
k/2<j<min(k,r)

t
Eh]tv = h!a(1.4)”RHS(20) = Z ( >Fh],t—el,elv/ (1)

0<ey<min(J,t) €1
[y
Fhjde;0 = 110(1.4)"By34,Cr3e; = ) ( >Shd1,ve2T]e1ezr 2)
0<ep<min(J—eq,0) 2

Shaya, = 1! 9(1.4)%2B), 3 = 8(1.4)d2H,1121

= Y. [l B an (32N (2) — dy),
d1/2§]§mm(d1,h)

Tjee, = 0(1.4)2Cy3e, = T [2(23)]1, T' = 9(1.4)2C) o, = [24(24)]2Cy ¢ —o,-
Corollary 7. For2r = w+k+t+v, Vjj = 1, Epj of (1) and (2), and Iﬁ%f of (22),
Hwkto 2wl = E [k]] Erfj,ijk,tv/(r - ])' where

k/2<j<min(k,r)

Shdldz = Z [h]][dl]] I]li%,zj_dlrdzzzj_dl /(2] — dl)!, (3)
dy /2<j<min(dq,h)

Tjere, = (2023)1(2024)Cle; e, = 2]P%P§31P12 T2/ (] —er —e)l. 4)
For Examples 7.1 and 7.2, and Hrlk2 of (6), we need

Sody = lhod, = Hindyr Siaay /20 = 4 10, = Hit 013+ daHyt g 4034,

Sady /2 = Hyt g g +2(h = 1) %% 5. (5)
S0 Suoo = 1, Sho1 = 2hp14, Spoz = Hijiy = 2h+ 4[h]ops, Siio = 2hp13,

Si1 = 2hp3s + 4[h]2p13014, Spiz = 4[h)2 (013 + 2014034) + 8[M]3p130%4

Sino = 2h + 4[h]2p3s, Sion = 4lH]ap Ys + 8lh]spdspra, (6)
Swoa/4 = [M]2(1+2034) + 2[M)3(pT3 + pls + do13p1ap54) + 4[HapTspls, @)

Si3/8 = 3[h3(p1a + 2013034 + 2014034) + 2[1)4(034 + 303014 + 6013074034)
+ 415033074,

Tjey0 = (2023)Cr—eys Trey1 = (2023)°1(2024)Cr—e, -1,

Tio0 = Cy, T]Ol = 2024Cj_1, Tjio = 2023Cj—1, Tji1 = 4023024Cy 2,

Tjao = 20330152/ (] = 2)!, Tpar = 2 papaapl, >/ (J = 3).

Iy3s = Hj3p%5 + 6Hj3013034 + 6Hy 103,
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Example 7. Takev =1,2r —1=w+k+1, Shdyd, of (3), and Tje,e, of (4). Iijj =1, then
Hakn 27/ w! = Y. [Kj Ermjpjin/(r—j) where 8)
k/2<j<min(k,r)
t
Epjn = ) <e >Fh],te1,ellr Fujaie;1 = Sha0Tre;1 + Snay1Tye;0-
0<e;<min(],t) 1
Now take t =1,2r —2 = w + k. Then by (11) and (5),
ki1 2/ w! = Y. [kl Ejojkn1/ (r—j)! where )
k/2<j<min(k,r)
Epji1 = Fyjorr + Fnjro1s
Frjo11 = ShooTj11 + Sno1Tj10, Fnjior = SwioTjo1 + Sna1Too.
S0 Epji1 = 4023024Cy 2 +4hc Cp_1 + (2hp34 + 4[h]2013014)Cy
where ¢ = p13024 + 014023- (10)
Sofork=1, w=2r—3, i1 2" /w!' = E,_1111/(r — 1)! where (11)
Eji1 = 4hb +8[h]aa, a = p12013014, b = 012034 + 013024 + 014023 (12)
H1111 = b= (8), U311 = 3(b + ZLZ) = (10), MUs111 = 15(b +4LI), (13)
pri1 = 105(b +6a), pori111 = Vory2 (b4 2ra).
2
Fork=2,w=2r—4, puon 2" /wl =Y E,_jnjo11/(r—j)!, (14)
=1
where Eyo11 = 2hp3q + 4[h]2013024,
Ejon1 = 4023024 + 8hp1o¢ + 403, (hpsa + 2[M]op13014) -
Ho211 = Péi?z = (),
oot = Paa + 2013014 + 2023024 + 4p12¢ + 207,034 = (13),
Ha211/3 = P34 + 4013014 + 2023024 + 8p12¢ + 4P%2P§i?1' (15)
Ue211/15 = p34 + 6013014 + 2023024 + 12p10¢ + 6P%2P§i?1f
where Pl(,r;( = Pij + PikpPjk-
3
Fork=3,w=2r—5,pya11 2" /3wl = Y E,_jni_311/(r —j)! (16)
=2
where Ey311 = 8012023024 + 8p3¢ + 807, (hp3s + 2[h]op13014) /3 :
r =3 = p1311 = 3b+ 6021023024 = (11),
r=4= pz311/3 = 3b+ 6p12(013014 + P23024) + 6075 + 203,034, (17)

2
r =5 = us311/15 = 3b + 12a + 6p12023024 + 12P%2C + 4P%2P§4?1/
4
r=6= ty311/315 = b+ 6a + 2001023004 + 6075¢ + 2P%2P§4?1'
6
r =7 = joa11 /945 = 3(b + 6a) + 6012023024 + 120%,¢ + 8P%2P§4?1'

r =8 = 4piy1,311/10395 = 12(b + 6a) + 24012023024 + 120p%,¢ + 120,015,
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Now take t = 2,2r —3 = w + k. Then by (11) and (5),
ko1 2/ w! = Y. [k Er—jajk/ (r — j)! where (18)
k/2<j<min(k,r)
Enp1 = Fnjoo1 + 2Fup111 + Fujoo1s Fnjpo1 = SnaoTjo1 + Spa1Too,
Fypin1 = SmoTpa + SmaTrios Frjo21r = SwooTj21 + Sko1Tjzo-
k=2, w=2r—5= pypn 2" H/w! = E,_1001/(r = 1)+ E, 0901/ (r — 2)!
where Eyop1 = Spo1 of (6), Enaor = Fupoo1 + 2Fip111 + Frooo1,
Fuoo1 = Sma0T201 + Sp21T200, Fro111 = SnioT211 + Sni1T210, Fizoo1 = Sno1 T220-
r=3= pom = p1a(1+2053) + 2012024 + 2013014
+ 4023 (012034 + 2013024) = (13). 19)
r=4= puzn = iﬂi where a1 = 3p14, a2 = 6012024 + 6013034, (20)
=
a3 = 6p14(0T, + 013 + 033) + 12023(013024 + P12034),
ay = 12075013034 + 12012073024 + 24p12013014023-
r=5= 2usp1/5 = Eq001/8 + E3221/2, Eq0p1 = Sao1 = 48((7&?3 + 4pT3014),
by (6), Ezo01 = S320Ta01 + S321T200 + 2(S310T211 + S311T210) + S301 T200,

5
= Us1/15 =) a; where ay = p14, ay = 2012024 + 2013034, ,
i=1

a3 = 4p12023p34 + 4(pTs + P13) P14 + 4013023024 + 2014033,

2
as = 1601201314023 + 8 Y, 012013024, 45 = 8pT20T3p14-
23

Now taket = 3,2r —7 = w + k. By (8),
Haks1 2/ w! = Y. [KjErjpjkm/(r =)L
k/2<j<min(k,r)
W =2r—8= py31 2" /w! = E, 1131/ (r — 1)},
W =2r—9 = puoz 27 /w! = E,_1031/ (r — 1)1 + E, o031/ (r — 2)!,
w=2r—10 = pagz 2 /3w! = E,_p131/ (r —2)! + Ey_3331/ (r — 3)!,
W =2r —11= oz 2" °/3w! = E,_2031/2(r — 2)! + E,_3031/ (r — 3)!
+Er 4431/ (r —4)L.

The reader can now easily work out special cases.
Example 8. Takev =2,2r =2 =w+k+1t. If V;; = 1, then

Pk 27 /w! = Y. [kl Ejojke/(r—j) where (21)
k/2<j<min(k,r)

t
Eh]tZ = Z ( )Fh],t—el,e12/

0<ey <min(],t) \°1

Fujaye;2 = Snay0Tjer2 + 25nd;1Tye,1 + Shay2Trej0-
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Now taket = 2,2r —4 = w + k. Then
k2 27/ w! = Yo K Ejjkae/ (r =) (22)
k/2<j<min(k,r)
where Epjpo = Fujoo2 + 2Fny112 + Frj2o2s
Frjoo2 = SnooTj22 + 2Sh01 1121 + Sno2Tr20, Fujii2 = STz + 251 T
+ Sm2T110, Fuj202 = Sn20T02 + 2Sk21 Tjor + Sn22 Thoo-
Sofork=2,w=2r—6=
w222 2V /w! = Er 1000/ (r — 1)1+ Er_2020/ (r — 2)! where (23)
4
Eno22 = Siaz 0f (7), Epaap = 8'Y _[h]; aj,
=1
@ = app + ay3, A1p = Pa3 + Pay A13 = 4023024034,
, &
ay = Ty + ) a2, 23 = 4012013023 + 4012014024,
i—3
24 = 20%0% + 8012013014034 + 8012032024034 + 8013014023024,
5
a3 =Y as;, a4 = 20%,(0%3 + p4),
i—4
a35 = 8012013014 (012034 + P13024 + 014023), (24)
ag = 4P%2P%3P%4-
r=3= H0222 = 1+ 2p%4 + 2611 = (12)1 (25)
4
r=4=ju=142) cwherecy =Y (05 1<i<j<4), (26)
i—2
c3/4 = p12013023 + 012014024 + 013014034 + 023024034,
3
c4 =2 ) (010034 + 4012013023034)-
1234
5
r=05,w=4= i = Sin/16+ Ezpnp/4=3+2) ds,
i—2
dy = 207, + 2015 + 2074 + 053 + P34 + P30,
dz/4 = 2012(p13023 + P14024) + (2013014 + P23024) 034,
dy/4 = pTopls + a2a/2 4 a34/2 = 0T, (073 + pls + P34) + PT30T4 + 012023
+ 4012014023 + P13024) 034 + 4013014023024, d5 = 2a35 of (24).
5
r=w==6= ugpn/15=1 —|—22ei where
i—2
ez = 3p7, + 303 + 3074 + 033 + P54 + PRy,
e3/4 = 3012013023 + 3012014024 + 3013014034 + 023024034,
ey = pTo(0T3 + ply + P34) + 024/2, €5 = 6uss.
3
Fork=3, w=2r—7,pus0n 2 /3wl = Y E,_jsi_32/(r—j)! (27)
=2

where Eppo = 25112 T110 + 2Sk21 T101 + Skaz Tioo,

Enzno = Fuz022 + 2F3112 + Fiz202, Fizo22 = 25k01 1321 + Sno2 320,
Fiz112 = SpoT312 + 25111 T311 + SnizTs10,
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Fy3202 = Sn20T302 + 25121 T301 + Sp23 T300-
For example, w = 3,r =5 = y3320/3 = E3120/16 + Eg3p0/64.

For piyie3, put v = 3 in Corollary 7.1. Of course the method can be continued for higher moments.
For example for moments of dimension 5, one route is to apply 9 5 to Theorem 7.1.

8. Moments of Z ~ N, (1, V)

So far we have given the moments of X ~ N, (0, V). It is worth while adding some examples of
the non-central moments of Z = X + . Consider the case p = 2. Then

14 r . S s _
me =225 =Y (7)ui” ¥ (3)us

j=0 k=0

for pj of (1). For example

N r—i ) N\ i
mo =}y, <->P‘1 (13 + 1+ o) + 2012 Y (')Pﬁ LU
j even J j odd J

Moy = uip3 + doprp + p3 + 1+ 20%,
map = p3 (45 + 1) +3p1 (5 + 1+ 20%) + 6p(uf + 1z,
map = pi (3 + 1) + 6p3(p5 + 1+ 20%) + 3(y5 + 1+ 4p%) + 8p (13 + p1) pi2.-
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