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Abstract: This survey provides a review of the theoretical research on the classic system of matrix
equations AX = C and XB = D, which has wide-ranging applications across fields such as control
theory, optimization, image processing, and robotics. The paper discusses various solution methods
for the system, focusing on specialized approaches, including generalized inverse methods, matrix
decomposition techniques, and solutions in the forms of Hermitian, extreme rank, reflexive, and
conjugate solutions. Additionally, specialized solving methods for specific algebraic structures, such as
Hilbert spaces, Hilbert C*-modules, and quaternions, are presented. The paper explores the existence
conditions and explicit expressions for these solutions, along with examples of their application in
electronic network and color image.
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1. Introduction

Systems of equations, particularly

AX=C,
1)
XB=D,

are essential tools in linear algebra and have widespread applications in diverse scientific and engi-
neering disciplines. These equations often appear in various domains such as control theory, opti-
mization, image processing, system identification, and robotics [1-7]. Specifically, the matrix system
AX = C, XB = D can represent the state-space model of a dynamic system, where A and B correspond
to system transformations, X represents the system state, and C and D are the output matrices [8].
Solving these equations provides the system’s state at a given time. In signal processing, particularly
in filter design and signal reconstruction, the filter matrix X transforms input signals A to output
C, ensuring the transformed signal interacts correctly with B to produce output D [9]. This concept
extends to image processing, where matrices A and B represent operations (e.g., encryption), and C
and D are the original and transformed images. Solving for X gives the required transformation. In
robotics and computer vision, this matrix system arises in rigid body transformations. Dual quater-
nions represent 3D transformations, where A and B may represent rotation and translation, and X is
the transformation matrix [10]. This system is vital for solving inverse kinematics problems, such as
determining joint parameters of a robotic arm.

This paper aims to summarize the theoretical results related to the matrix equation system (1),
mainly focusing on the conditions and corresponding expressions for the existence of general solutions,
least squares solutions, and minimum norm solutions. The paper also highlights generalized inverse
methods and matrix decomposition methods in real and complex fields, as well as special solving
methods for certain algebraic structures, such as Hilbert C*- modules, Hilbert spaces, rings, dual
numbers, quaternions, split quaternions, and dual quaternions.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202504.0205.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 April 2025 d0i:10.20944/preprints202504.0205.v1

2 0of 79

The most widely used and earliest approach for solving system (1) is based on generalized
inverses or inner inverses. For special forms of solutions, such as Hermitian, nonnegative definite,
maximal and minimal rank solutions, and generalized (anti-)reflexive solutions, this class of methods
provides a rich theoretical framework. On the other hand, matrix decomposition is a powerful tool for
solving more complex special forms of solutions. Due to the different forms resulting from various
matrix decompositions, these special forms can be used to construct corresponding special solutions.
Related research covers symmetric, mirror-symmetric, bi-(skew-)symmetric, and orthogonal solutions
over the real numbers, as well as unitary, (semi-)positive definite, generalized reflexive, generalized
conjugate, and Hamiltonian solutions over the complex numbers.

For certain special algebraic structures, there are specialized solving methods. For example, in
Hilbert C*-modules, Hilbert spaces, and rings, inner inverses are widely used. For quaternions, dual
numbers, and dual quaternions, generalized inverses can also be applied to solve the system (1).
However, in the case of split quaternions, matrix representations are the more widely used approach
for solving the system. Additionally, some researchers have discussed the use of determinants to
express the form of solutions for quaternion systems. This paper also provides examples of applying
the system (1) to dual quaternion matrices and dual split quaternion tensors for the encryption and
decryption of color images and videos.

The remainder of the paper is organized as follows. Chapter 2 introduces generalized inverse
methods for solving the general solution, Hermitian and nonnegative definite solutions, maximal
and minimal rank solutions, and generalized reflexive solutions. The study of system (1) in Hilbert
C*-modules, Hilbert spaces, and rings is presented in Chapter 3. Chapter 4 discusses eigenvalue
decomposition, singular value decomposition, and generalized singular value decomposition of
matrices, along with research conclusions for some special solutions of system (1). Chapters 5 and 6
focus on the studies of dual numbers and quaternions, respectively. Chapter 7 introduces examples of
using the system (1) in the encryption and decryption of color images and videos. Finally, Chapter 8
summarizes the content of the paper.

For convenience in the narration of this paper, the following notations are used uniformly. Symbols
R, C, R™*" C" and C™*" represent the real number field, the complex number field, the set of m x n
matrices over the real numbers, the set of complex vectors with n elements, and the set of m x n
matrices over the complex numbers, respectively. O and I denote appropriately sized zero matrices
and identity matrices. For an arbitrary matrix A, A, AT and A* represent the conjugate, transpose
and conjugate transpose of A, respectively. For an m x n matrix A over the real numbers, complex
numbers, or quaternions, rank(A) represents the rank of A and Z(A) expresses the range (column
space) of A. For a complex square matrix A, it is (semi-)positive definite if and only if for every v € C",
we have v*Av > (>)0. For two complex square matrices A and B of the same size, we say that
A > (>)Bin the Lowner partial ordering if A — B is (semi-)positive definite. The symbols i (A) and
i_(A) denote the numbers of positive and negative eigenvalues of a Hermitian complex matrix A,
counted with multiplicities. Note that for Hermitian nonnegative definite matrix A, denote A% is
the matrix satisfying AZA? = A. The || - || mentioned below all represents the Frobenius-norm of a
matrix.

2. The Generalized Inverse Methods for Solving (1)

Since 1954, Penrose has described a generalization of the inverse of non-singular matrices through
the unique solution of a system of four matrix equations [11]. This area has since attracted considerable
attention.

For A € C™*", there exists a unique A" satisfying the following system:

AATA=A, ATAAT = AT, (AAT)* = AAT, (ATA)* = ATA,

where Al is called the general inverse or the Moore-Penrose inverse of A. In the following discussion,
we denote the symbols L4 =1 — AtAand R, =1—- AAY.
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Penrose proposed the necessary and sufficient conditions for the matrix system AX = C,XB = D,
along with an expression for its solutions in terms of the general inverse.

Theorem 1 (General solutions using the Moore-Penrose inverse for (1) over C). [11] Let A € CP*™,B €
C™4,C € CP*", D e C™*4. The matrix system (1) is solvable if and only if the equations AX = C and
XB = D are consistent, and the condition AD = CB holds, or equivalently,

AA'C=C, DB'B=D, AD = CB.
Under these conditions, the general solution is given by
X = A"C+DB" — ATADB'. 2)

Remark 1. The concept of the general inverse and Theorem 1 can also be extended to von Neumann regular
rings, particularly to the quaternion algebra [12].

Later, the concept of the g-inverse of a complex matrix was introduced by Rao and Mitra [13]. For
A € C™*" if the matrix A~ satisfies
AATA = A,

then A~ is defined as the g-inverse of A.
Remark 2. The g-inverse of a complex matrix is not necessarily unique.

The g-inverse can also be used to represent the solution of linear matrix systems. Theorem 1 can
be restated in terms of the g-inverse as follows.

Theorem 2 (General solutions using the g-inverse for (1) over C). [16] Let A € CP*™,B € C"*1,C €
CP*", D e C™*4. The matrix system (1) is solvable if and only if

AAC=C, DB B=D, AD =CB.
When (1) is consistent, the general solution is expressed as
X=AC+DB —AADB  +(I-A"A)V(I-B B),
where Ve C"™*" is arbitrary.

Subsequently, researchers have investigated a series of special solutions to system (1) using
generalized inverses, including Hermitian solutions, nonnegative solutions, maximal and minimal
rank solutions, general (anti-)reflexive solutions, real nonnegative or real positive solutions, and others.

The earliest research on the Hermitian and nonnegative definite solutions of system (1) was
conducted by Mitra et al. [14], followed by their subsequent work on the possible minimal rank of the
solutions [15]. Mitra’s focus on matrix equation systems continued, and in 1990, he extended the study
to a more general form of the system A1 XB; = C;, A2XBy = Cy [16]. After 2000, research on system (1)
became more in-depth: Peng and other scholars investigated the (anti-)reflexive solutions of the system
[17-23], while Liu et al. focused on the least squares solutions and the rank of the solutions, exploring
the ranks of matrix blocks and the corresponding conditions using block matrix formulations [24,25].
Due to the unique properties of Hermitian matrices, Wang et al. examined the existence conditions and
expressions for Hermitian solutions to system (1) that satisfy various inequality constraints, as well as
the ranks and inertia indices of these solutions [26-28]. Additionally, some scholars have focused on
bi-(skew-)symmetric solutions and reducible solutions [29,30].
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2.1. Hermitian, Nonnegative Solutions

Hermitian and nonnegative matrices are among the most widely applied special types of matrices,
and their associated properties have been thoroughly studied. A complex square matrix A € C"*" is
called Hermitian if A = A*.

In 1976, Khatri and Mitra considered the necessary and sufficient conditions for the existence of
Hermitian and nonnegative definite solutions to system (1), and provided expressions for the solutions
when they exist. The main results are stated in Theorem 3.

Theorem 3 (Hermitian and nonnegative solutions for (1) over C). [14]Let A,C € CP*" and B,D € C"**1
such that the system (1) is solvable. Define

CA* CB

M=
D*A* D*B

(a) The system (1) has Hermitian solutions if and only if M is Hermitian. Under this condition, a general

Hermitian solution is given by
+ [1 -
where U € C"™" is an arbitrary Hermitian matrix.
(b) The system (1) has nonnegative definite solutions if and only if M is nonnegative definite and
rank(M) = rank[C*, D]. Under this condition, general nonnegative definite solutions have the form of

—x A —
B*

Al
— | 5

A_
B*

C
D*

A
B*

A
B*

A

B* I=

X = +[C*, D] M u

B* B*

C
D*

A
B*

A
B*

A
B*

A

X = [C*, D]M~ )
B

+ [1- ulI-

where U € C"*™ is an arbitrary nonnegative definite matrix.

Based on Theorem 3, the following theorem considers the solvability conditions and explicit
expressions for the Hermitian solutions to the system (1) with inequality constraints:

AX = C, XB = D subject to MXM* > N 3)

and
AX=C, XB=D subjectto MXM* > N > O, 4)

for given M € C"*" and Hermitian N € C"*"".

Theorem 4 (Hermitian solutions for (3) and (4) over C). [28] Given A,C € CP*", B,D € C"*1, M €
C™ ™" and Hermitian N € C™*™, Assume

A
B*

C
D*

CA* CB
D*A* D*B

P— , Q= = , M= MCLp, P=LpM,

7

N =N - M[P'Q+Q*(P")" - P'T(P)"|M", N = N - MQ*T*QM".
(@) The system (3) has Hermitian solutions if and only if PP*Q = Q, T is Hermitian, and

RMNRM <0, rank(RMﬁRM) = rank(RMN).
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At this point, the Hermitian solution X € C"*" can be expressed as
X =Xy+ 13W1(13)* + ﬁpﬁl\zvlﬁp + Ele*EMEP,
where
Xo = PtQ + Q*P™ — PtTP™ 4 PN [1 - RMN’fRMN} P,

Wy € C"™" is an arbitrary nonnegative definite Hermitian matrix, V1 € C"*" is arbitrary.
(b) The system (4) has Hermitian nonnegative definite solutions if and only if T is a nonnegative Hermitian
matrix, and
rank(T) = rank(Q), MM'N = N.

At this point, the Hermitian nonnegative definite solution X € C™*" can be described as
+ e
X =Q'T'Q+ Lp|MNM" + LguLy | L5,
where
N = N+ MM'W MM, M = M' 4 £, WN?*,
with arbitrary U, W, and nonnegative definite Hermitian Wy € C"*",

Remark 3. In Theorem 4, selecting M = I and N = O can yield the Hermitian nonnegative solutions to (1).

In [28], the authors consider the maximal rank and inertia of the Hermitian solution to (3) using
matrix decomposition methods, which will be introduced in the next section.

Additionally, Ke and Ma [31] have supplemented the results for the symmetric solutions to system
(1) over R.

Theorem 5 (Symmetric solutions for (1) over R). [31] Given A,C € RP*" and B,D € R"™ 1. Denote
K=CTL4, N=RcAT, Qi =DV —CTA'B—KDC'and Q = BT — AYBAT — L,DCtAT — L 4KTQN.
The system (1) has a symmetric solution X € R"*" if and only if the system of matrix equations

AY =B, YC=D, YAT =BT, cTy = DT

has a solution Y € R"*". In this case, the symmetric solution to (1) is given by

1

X=-(Y+vh.

NI

Or in an equivalent way, equations
KK'Q1Rc = Q1, QLN =0, R, ,Q =0, AD =BC, AA'B=B, DC'C=D

hold. At this point, the symmetric solution of (1) can be expressed as

1

X = (A+B + ACADCJr + [:AK+Q1RC + QN+RC + LALKZRNRC)

N

+ (BTAT+ + CT+DT£A + RCQF{KT-"EA + RcNT+ + RcRNZTﬁKﬁA),

N =

where Z € R™*™ is an arbitrary matrix.

2.2. Maximal and Minimal Rank Solutions with Inequality Constrain

Through the expression of the solution to the system (1) given by generalized inverses, the case of
the rank of the solution can be further studied.
In 1984, Mitra obtained the minimal possible rank solutions to the system (1).
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Theorem 6 (Minimal possible rank solutions for (1) over C). [15] Let A € CP*™, B € C"™1,C €
CP*", D € C"™*1 such that (1) is consistent. Assume without loss of generality that rank(C) < rank(D). Let
X be a solution of the matrix system (1). Then,

rank(X) > max{rank(C),rank (D)} = rank D.
Additionally, rank(X) = rank(D) if and only if rank(CB) = rank(C).

Decades later, Liu extended Theorem 6, considering the maximal and minimal ranks of the general
solutions and the least squares solutions for the system (1).

Theorem 7 (Maximal and minimal rank solutions for (1) over C). [24] For A € CP*™ B € C"*1,C €
CrPxn,D e C™*1, the system (1) is consistent with a general solution X € C**". Then, the maximal and
minimal ranks of X are given by

maxrank(X) = min{m + rank(C) — rank(A), n + rank(D) — rank(B)},
minrank(X) = rank(C) + rank(D) — rank(CB).

The least squares solution for the system (1) can be expressed below.

Theorem 8 (Least squares solutions for (1) over C). [24] Assume that A € CP*™,C € CP*",B € C"1,
D e C"™*1,
(a) The necessary and sufficient condition for (1) to have a least squares solution is

A*ADB* = A*CBB". )
(b) If (5) holds, then the general least squares solution of (1) is expressed as
X = (A*A)'A*C+ DB*(BB*)" — (A*A)" (A*A)DB*(BB*)" + L 4« \WRg-,

where W € C™*" is arbitrary.
(¢) The least squares solution of (1) is unique if and only if

rank(A) = m or rank(B) = n.
In this case, the unique least squares solution is
X = (A*A)'A*Cor X = DB*(BB*)".

Additionally, the maximal and minimal ranks of the least squares solutions for the system (1) are
considered.

Theorem 9 (Maximal and minimal least squares solutions for (1) over C). [24] For A € CP*™,B €
C"4,C € CP*",D e C™*1. If the system (1) has a general least squares solution X € C"*", then the
maximal and minimal ranks of X are given by

max rank(X) = min{m + rank(A*C) — rank(A), n 4 rank(D*B) — rank(B)},
minrank(X) = rank(A*C) + rank(D*) — rank(A*CB).

Liu also presented a set of formulas for the maximal and minimal ranks of the submatrices in a
general solution X to the system (1) in [25].
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Suppose that X is a general solution of the system (1), and let X be partitioned into a 2 x 2 block

form:
x=| % X2 |
X; X,
In this case, the system (1) can be rewritten as
X1 X X1 X B D
Ay Al | o8 P =cnGl | O A = A (6)
X3 X4 X3 X4 B, D,

where A1 € CP*™ A, € CP*™2 C; € CP*™M ,Cy € CP*"2,By € C"M*,B, € C"*1, Dy € C™*1,D, €
C™"2>*9 and X7 € C™>*™M X, € C™M*"2 X3 € C™*™M X, € C"™*"2 with my +my = m,ny +ny = n.
Adopt the following notations for the collections of submatrices Xj, X», X3, and X4 as

X; X X; X B D
Si=9Xi|[AnAld| 0 P =Gl | L = g i=1234 @)
X3 X4 X3 X4 B, D,
The submatrices X; can be rewritten as the form of
Ip, O
X1 = [In,, 0]X o | = P1XQ1, Xo = [I,,0]X = P1XQy,
p2
Ip, (0]
X3 = 1[0, I,,]X o | = P XQ1, X4 =[O, I,|X I = P,XQ,.
P2

Substituting the general solution (2) gives the general expressions for X;, as follows:

X1 =P XoQ1 +PiFAVERQ1, Xp = P1XoQ2 + PLFAVERQy,
X3 = P, XoQ1 + PFAVERQ1, X4 = P,XoQr + P FAVERQ»,

where Xo = A'C + DBt — ATADB".
Theorem 10 (Maximal and minimal rank solutions using block matrices for (1) over C). [25] Let
AeCrm B e C"™,C e CP*" D e C", such that the matrix system (1) has a general solution. Then,

max rank(Xy) = min{m1 + rank[Cy, Ap] — rank(A), n1 + rank{ gl } — rank(B) },

X1€5, 2
?1 ] —rank{ CiBy Az

()
min rank(X;) = rank[Cy, Ap] + rank
2 B, 0

X1€5;

max rank(Xp) = m'm{ml + rank[Cy, Ap] — rank(A), np + rank gl — rank(B) },

X€85, 1
®) [ D; | [ By Ay ]
min rank(X,) = rank|[Cy, Ay] +rank| ' | —rank 2v2 2
X,€8, Bl Bl O
max rank(X3) = min{mz + rank[Cy, A1] — rank(A), ny + rank BI?Z } - rank(B)}
3€93 2
2 [ D, | [ 1By Ay ]
min rank(X3) = rank|[Cy, A1] + rank| 2 | —rank| 0 1|
X3€8;3 82 Bz O

D,
B, } — rank(B) }

max rank(Xy) = min{mz + rank[Cy, A1] — rank(A), np + rank

X4€8y
D B A
BZ}—rank{ GBy  Aq

(d)
min rank(Xy) = rank[Cp, A1] + rank
1 By O

X4€8,y
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In addition, by using the ranks of matrix blocks, the necessary and sufficient conditions for the
uniqueness of the solution to system (1) are given in block matrix form.

Theorem 11 (Unique conditions of general solutions for (1) over C). [25] Suppose that matrix system (6)
has a solution. Then, the following statements hold.
(a) The block Xy in a general solution to (6) is unique if and only if

rank(Aq) = m, Z(A1) N%(Ay) = {O} orrank(By) = p1, Z(B]) N%#(B;) = {O}.
(b) The block X5 in a general solution to (6) is unique if and only if

rank(A1) = ny, Z(A1) N%#(Ay) = {O} or rank(B,) = pa, #(B7) NZ(B3) = {O}.
(¢) The block X3 in a general solution to (6) is unique if and only if

rank(Ay) = ny, Z(A1) N%#(Ay) = {O} or rank(By) = p1, #(B]) N %(B3) = {O}.
(d) The block X4 in a general solution to (6) is unique if and only if

rank(A) = ny, Z(A1) N#(Az) = {O} or rank(By) = po, %(By) N %(B;) = {O}.

Theorem 12 (General solutions using block matrices for (1) over C). [25] Let A € CP*™,B € C"*1,C €
CP*", D e C™*1, such that the system (6) has a solution.
(a) Consider Sy, - - -, Sy in (7) as four independent matrix sets. Then,

X, Xp |
,Co) — A1 A
XIS, <[Cl elmthidd| %, )
= min{rank(A;) + rank(A;) — rank(A), p1 + p2 + rank(B; ) + rank(B;) — 2rank(B)},
Dy X1 X |[ B ]
max
X;e5:\ | Dy X3 X4 B,

= min{rank(B;) 4 rank(B;) — rank(B), 1 + 1, + rank(A;) + rank(A;) — 2rank(A)}.

(b) The four submatrices Xy, - - - , Xy in (7) are independent. Specifically, for any choice of X; € S;(i =
X, X,

1,---,4), the corresponding matrix X =
X3 Xy

] is a solution of (7) if and only if

#(A1) N % (A2) = {0}, Z(B1) N %(By) = {0}

Furthermore, Wang et al. first considered the extremal inertias and ranks of XX* — Pand X*X — Q,
where P and Q are Hermitian, and X is a solution of (1). They also derived the necessary and sufficient
conditions for special cases such as unitary solvability, contraction solvability, and the left and right
minimal solutions to the system (1) [26].

For A € C"™", A is called a unitary matrix if and only if AA* = A*A = I. Let H be a given
set consisting of some matrices in C**", and we say that A € H is minimal (maximal) if A < W (or
A > W) for every W € H. Denote

L£={XX*| AX=C,XB=D}, R={X*X| AX =C,XB=D}.

A solution X is called left (right) minimal or maximal if XX* (X*X) is the minimal or maximal matrix
of the set £ (R). When XX* < I, X is called a contraction matrix. Furthermore, if XX* < I, X is called
a strict contraction matrix.
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Theorem 13 (Extreme rank and inertia of XX* — P for X satisfying (1) over C). [26] Let A € CP*™,B €
C"*4,C e CP*", D € C™*9and P € C™*". Suppose that (1) has a solution. Denote the set of all solutions to
(1) by S. Then,

(a) max rank(XX* — P) = min{rq,y,73}, where

r1 = m + rank iP (B; —rank(B) — rank(A),
. . D* B*B
rp = 2m + rank(CC* — APA™) —rank(A), r3 = rank P D + n — 2 rank(B).
(b) r)gugl rank(XX* — P) = max{ty, tp, t3, ts}, where
€
1 =2 rank D B — 2rank A B + rank(CC* — APA™)
' AP C APA* C ’
[ D* B D* B*B BB*B BD*
ty) =2 k -2 -
2 rank AP C + ran P D rankl CB AP n,
[ D* B BB*B BD* B*B D*
t3 =2 rank — rank
3o APC] MV cpoap [T D op
D*A* B*
— rank i, (CC* — APA*) —n,
rank| o +iy( )—n
D* B* BB*B BD* B*B D*
ty =2 rank — rank _
4=emn APC] e AP D P
D*A* B*
— rank i_(CC* — APAY).
rank| o o +i( )
()
maxiy (XX* — P) = min{iy,ip},
Xes
(XX — P) = min{is, is},
max ( ) = min{is, is}
where
. . * X . . | B¥B D*
i1 =m+1i,(CC* — APA™) —rank(A), ip = i_ D P + n —rank(B),
iy = m+i_(CC* — APA*) — rank(A), iy = is BDB 1; ] — rank(B).
()

iniy (XX*—P) =
r)]élelrslbr( ) = max{py, p2},

ini_(XX* - P) = Ay
mini_( ) = max{ps, pa}
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where
= rank k i+ (CC* — APAY),
pr=rank| . . rank| o o +iy( )
B*B D* * B* BB*B BD*
P =i_ + rank — rank ,
D P AP C CB AP
= rank k i *— APA*
ps=rank| . . rank| o o +i_(CC ),
i BB D" rank b* B + rank BBB BD™ | _ n
=t p p AP C CB AP '

In Theorem 13, selecting P as the identity matrix can derive the necessary and sulfficient conditions
for (1) to have some special solutions, which are presented in the following corollary.

Corollary 1 (Unitary and (strict) contraction solutions for (1) over C). [26]Let A € CP*™,B € C"*1,C €
CP*" and D € C™*1. Suppose that the system (1) has general solutions.
(a) Then, (1) has unitary matrix solutions if and only if

n>m, CC* = AA*, B'B>D*D, i, (B*B—D*D) <n—m,
D* B*
AP C

APA* C

BB*B BD*
CB AP

rank = rank

B*
= rank .
ran [ c ]

i_(CC*— AA™) >rank(A), i1 (B*B— D*D) > rank(B).

(b) The system (1) has strict contraction matrix solutions if and only if

(¢) The system (1) has contraction matrix solutions when CC* < AA* and

D* B*
A C

B*C* B*
AA* C

BB*B BD*
CB A

rank —i_(B*B—D*D).

] = rank

] < rank

The left (right) minimal and maximal solutions to (1) are discussed as follows.

Theorem 14 (Left (right) minimal and maximal solutions for (1) over C). [26] Let A € CP*™,B €
C"*4,C € CP*" and D € C"™*1 with rank(A) < m and rank(B) < n.
(a) There exists a solution X to (1) such that X is the left minimal solution if and only if

= rank(B).

rank [ c
B*

Under this circumstance, the left minimal solution is X = DB?.
(b) There exists a solution X to (1) such that X is the right minimal solution if and only if

rank[D, A*] = rank(A).

Under these circumstances, the right minimal solution is X = ATC.
(¢) There does not exist right or left maximal solution X to (1).

In a similar manner, Yao derived the maximal and minimal ranks and inertias of Q — XPX*,
where X is a general solution of the system (1), with P and Q being Hermitian.
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Theorem 15 (Extreme rank and inertia of Q — XPX* for X satisfying (1) over C). [27] For A €
Cpxm B € C"™M,C € CP*", D € C™*1 and Hermitian P,Q € C"*", assume that (1) has a solution.
Denote the set of all solutions to (1) by S. Then,

()

(@] P P
maxrank(Q — XPX*) = min< n+rank| AQ CP O | —rank(A)—rank(B) —rank(P),
Xes
-D* O B*
Q O D
2n 4 rank(AQA* — CPC*) —2rank(A),rank| O —P B | —2rank(B)
D* B* O
(b)
(0] P P
minrank(Q — XPX*) =2n +2rank| AQ CP O | —2rank(A) — 2rank(B) — rank(P)
Xes
-D* O B*
+max{sy +s—,t+ +t_, 54 +t_,s_ +t }.
()
Q O D
max i+(Q — XPX*) = min{ n+i+(AQA* — CPC*) —rank(A), i+ | O —P B | —rank(B)
© D* B* O
(d)
(0] P P
miniy (Q — XPX*) =n+rank| AQ CP O | —rank(A)—rank(B) —i+(P)+ max{st,t+}.
Xes
-D* O B*
In which,
*
54 = —n+r(A) — iz (P) + is (AQA* — CPCY) rank[ Nl
Q O D O P B
ty = —n+rank(A) —ix(P)+ix| O —P B | —rank| AQ CP O
D* B* O D* B* O

Theorem 15 can derive the positive definiteness of Q — XPX* in the following corollary.

Corollary 2 (Positive definiteness of Q — XPX* for X satisfying (1) over C). [27] Let A € CP*™,B €
C*4,C e CP*", D € C™*1 and Hermitian P, Q € C"*". Assume that the system (1) is consistent. Let s+
and ty be as defined in Theorem 15. Then, we have the following statements.

(a) The system (1) has a solution such that Q — XPX* > O if and only if

O P P |
n+rank| AQ CP O | —rank(A)—rank(B)—i_(P)+s- <0,
| -D* O B |
[0 P P ]
n+rank| AQ CP O | —rank(A)—rank(B)—i_(P)+t_ <0.
| -D* O B |

(b) The system (1) has a solution such that Q — XPX* < O if and only if
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O P P |
n+rank| AQ CP O | —rank(A)—rank(B)—iy(P)+s4+ <0,
| -D* O B |
[ o P P ]
n+rank| AQ CP O | —rank(A)—rank(B)—i;(P)+t4 <0.
-D* O B*

(¢) The system (1) has a solution such that Q — XPX* > O precisely when

Q O D
i (AQA* —CPC") —rank(A) >0,i,| O —P B | —rank(B) > n.
Dt Bt O

(d) The system (1) has a solution such that Q — XPX* < O precisely when

O O D
i_(AQA* —CPC*) —rank(A) >0,i-| O —P B | —rank(B) >n.
D* BT O

(e) All general solutions of (1) satisfy Q — XPX* > O if and only if

Q O D
n+i_(AQA* — CPC*) —rank(A) =0ori-| O —P B | —rank(B)=0.
D* B* O

(f) All general solutions of (1) satisfy Q — XPX* < O if and only if

O O D
n+ip(AQA* — CPC*) —rank(A) =0o0riy | O —P B | —rank(B)=0.
D* B* O

(g) All general solutions of (1) satisfy Q — XPX* > O precisely when

(@) P P
n+rank| AQ CP O | —rank(A)—rank(B)—i;(P)+s4=mn
-D* O B*
@] P P
n+rank(B)| AQ CP O | —rank(A)—rank(B)—iy(P)+ty =n.
-D* O B*

(h) All general solutions of (1) satisfy Q — XPX* < O precisely when

(@) P P

n+rank| AQ CP O | —rank(A)—rank(B)—i_(P)+s_=n
-D* O B*
(@) P P

n+rank| AQ CP O | —rank(A)—rank(B)—i_(P)+t_- =n.
-D* O B*

(i) The system (1) has a solution such that Q = XPX* > O if and only if
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O P P |

2n+2rank| AQ CP O | —2rank(A)—2rank(B) —rank(P) +s+ +s_ <0,
| -D* O B |
0o P P ]

2n+2rank| AQ CP O | —2rank(A)—2rank(B) —rank(P)+t; +t_ <0,
| -D* O B |
[0 P P ]

2n+2rank| AQ CP O | —2rank(A)—2rank(B) —rank(P)+s; +t_ <0,
| -D* O B |
[0 P P ]

2n+2rank| AQ CP O | —2rank(A)—2rank(B) —rank(P)+s_ +t; <O0.

-D* O B*

At the end of this section, based on Theorem 4, we present the maximal rank and inertia of
the Hermitian solutions to (3), which has an additional inequality constraint MXM* > N, where
M e C"™*" and Hermitian N € C"*" are given matrices.

Theorem 16 (Maximal rank and inertia of the Hermitian solutions of (3) over C). [28] Let A,C €
Cp>*n B,D € C"™, M € C"*" and Hermitian N € C"*", Assume that

CA* CB
D*A* D*B

A
B*

p=|2] a=|5| =

7

M = MLp, P = LpMt, N=N— M[P*Q el (P+)* . P*T(P*)*]M*,
X, = PtQ + Q*Pt — PtTP™ £ PN [1 - RMWRMN] p*.

Denote the set of all Hermitian solutions to the system (3) by S.
(a) The maximal rank of X € S is

max rank(X) = min{sy, sy, 53,54,55},

where

s1 = n + rank(Q) — rank(P), s, = n — rank(P) + rank(P Q*),
MM' 0
QM*  QP*

7

s3 = 2n — rank [A;] — rank(P) 4 rank [

s4 = 2n — rank + rank(QM* QP*) — rank(P), s5 = 2n + rank(QP*) — 2 rank(P).

(b) The maximal inertia of X € S is

0 MM? 0
+iy | MMY MXoM* MQ* |,n+ir(QP*)—rank(P)
0 QM*  QP*

maxit(X) = minq n — rank
Xes

2.3. Generalized (Anti-)Reflexive Solutions

The general (anti-)reflexive matrices have wide applications in fields such as engineering and
science [32]. A matrix X € C"*" is called (anti-)reflexive with respect to the nontrivial generalized
reflection matrix P if X = (—)PXP, or equivalently PX = sXP, where s = (—)1, and P is the nontrivial
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generalized reflection matrix satisfying P* = P = P~! £ [. X € C" " is called generalized (anti-
Jreflexive if PX = sXGPG*, where G is a given unitary matrix of order n, or equivalently X = (—)PXQ,
where P and Q are nontrivial generalized reflection matrices.

Qiu et al. considered the (anti-)reflexive solutions to system (1), presenting the related results for
the (anti-)reflexive solutions and the generalized (anti-)reflexive solutions, along with the correspond-
ing least norm solutions.

Theorem 17 ((Anti-)reflexive solutions for (1) over C). [20] For given A,C € CP*", B,D € C"*1 and the
nontrivial generalized reflection matrix P € C™*", let

Ay = A(I+P), Ay = A(I—P), By = (I+5sP)B, B, = (I —sP)B,
Ci1=C(I+sP), C,=C(I—sP), Dy = (I+P)D, D, = (I— P)D.

(a) The system AX = C, XB = D has an (anti-)reflexive solution if and only if
BC = AD, CPB =sAPD, C; = A;AlC;, D; = D;Bj"B;, i =1,2

fors = (—)1.

(b) In the meantime, the (anti-)reflexive solution is given by

aglS

X = ‘ (A;FCZ'+EAiDiB?_) + (L:Al +£A2 — I)F(RBI +RBZ — I),

1

I
—

with (anti-)reflexive F € C™*".
(¢) The least norm (anti-)reflexive solution is expressed as

2
X =Y (AfCi+ La,D;B;).

i=1

The relevant conclusions for generalized (anti-)reflexive solutions are presented below.

Theorem 18 (Generalized (anti-)reflexive solutions for (1) over C). [20-23] For given A,C € CP*",
B, D € C"*4, the nontrivial generalized reflection matrix P, Q € C™*", let

A1 =A(I+P), A, =A(I—-P), By =(I+sQ)B, B, = (I —sQ)B,
C = C(I—l—SQ), C, = C(I —sQ), D1 = (I+P)D, Dy, =(I—- P)D.

(@) The system (1) has a generalized (anti-)reflexive solution if and only if
CB = AD, CQB =sAPD, C; = A;A}'C;, D; = D;B/'B;, i = 1,2

fors = (—)L

(b) In the meantime, the generalized (anti-)reflexive solution is given by

X =

aglS

4 (A?_Ci +£A,-DiBi+) + (‘CAl +£A2 - I)F(RBI +RBZ — I), (8)

1

I
—

where F € C*™" is generalized (anti-)reflexive.
(¢) The least norm generalized (anti-)reflexive solution is expressed as

2
X =Y (AfCi+LaDB).

i=1
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(d) Let symbols @, and ®, represent the set of all generalized reflexive and anti-reflexive solutions
of the system (1), respectively. For given E € C"*", when select

F— %(E + PEQ)
in (8), then (8) is the unique solution of approximation problem )1;1‘11(11;1 || X — E||. If
2

1
F= 2 (E- PEQ),
then (8) is the unique solution of )r(]mqr)l || X —E|| .
€D,
Theorem 17 and 18 have presented the generalized (anti-)reflexive solutions of (1). However,
matrix decomposition is a more widely used method for solving this special type of solution, which
will be introduced in the next chapter.

2.4. Re-nnd and Re-pd Solutions

For a matrix A € C"*", the real part of A is defined as H(A) = J(A + A*). A matrix A is referred
to as real nonnegative definite (Re-nnd) if H(A) is positive semi-definite , and A is called real positive
definite (Re-pd) if H(A) is positive definite.

Between 2011 and 2014, Xiong, Qin, and Liu explored the Re-nnd and Re-pd solutions to the
system (1) [29,30].

Theorem 19 (Re-nnd solutions for (1) over C). [30] For A,C € CP*™ B,D € C"*1, suppose that each
equation in (1) has a Re-nnd solution. If the system (1) has a solution, then
(a) there exists a Re-nnd solution if and only if

rank A C
B* —-D*

(b) all the solutions are Re-nnd solutions if and only if rank(A) = n or rank(B) = n.

A CA*
= rank B _D*A*

A CB
= rank
B* —D*B

Theorem 20 (Re-pd solutions for (1) over C). [30] For A,C € CP*™,B,D € C"*1, assume that each
equation in (1) has a Re-pd solution. If the system (1) has a solution, then

(a) there exists a Re-pd solution.

(b) all the solutions are Re-pd solutions if and only if

A B
—rank(A), rank ¢
B* —D*B

rank {A c
B* _D*

min{rank{A cA rank(B)} =n.
Remark 4. [29] When the system (1) has a Re-nnd (Re-pd) solution, one of the Re-nnd (Re-pd) solutions is
given by

X = ATC— (ATC)* + ATAC*(AN)* + (I, — ATA)Y (I, — ATA),

for some Re-nnd (Re-pd) matrix Y € C"*",

In this chapter, we introduced the generalized inverse method for solving the system (1), along
with the conclusions regarding special solutions, such as Hermitian, nonnegative, generalized (anti-
)reflexive, Re-nnd, and Re-pd solutions. Additionally, we focused on the maximal and minimal ranks
and inertias of the solutions to system (1), the conditions under which these extremal values are
achieved, and the expression of solutions that satisfy inequality constraints. In Chapter 4, a deeper
exploration of these special solutions will be presented using matrix decomposition techniques.

d0i:10.20944/preprints202504.0205.v1
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3. The System (1) over Hilbert Spaces, Hilbert C*-Modules and Rings

The research mentioned above on matrices can be extended to more general cases, such as Hilbert
spaces, Hilbert C*-modules, and rings. However, there are several limitations when extending to these
cases, leading to fewer studies compared to those on matrices. These studies primarily focus on the
Hermitian and positive cases, with some scholars also investigating reducible solutions.

Daji¢ and Koliha were the first to study the system (1) for bounded linear operators between
Hilbert spaces with the restriction that A and B have closed ranges. They provided conditions for the
existence of general, Hermitian, and positive solutions and obtained formulas for the general form of
these solutions [33]. Later, they extended these results from rings to rectangular matrices and operators
between complex Hilbert spaces via embedding [34]. In 2008, Xu considered conditions under Hilbert
C*-modules [35]. In 2016, (anti-)reflexive solutions over rings were examined using the inner inverse
[36]. In 2021, Radenkovi¢ et al. reconsidered the system (1) in the context of Hilbert C*-modules
using orthogonally complemented projections, providing alternative expressions [37]. Subsequently,
Zhang et al. discussed positive and real positive solutions to (1) over Hilbert spaces using the reduced
solution to the system AX = C and B*X = D*, where the ranges of A and C may not be closed [38,39].

A Hilbert space is a complete inner-product space. A Hilbert C*-module is a natural gener-
alization of a Hilbert space, obtained by replacing the field of scalars C with a C*-algebra. Since
finite-dimensional spaces, Hilbert spaces, and C*-algebras can all be regarded as Hilbert C*-modules,
matrix equations can be studied in a unified manner within the framework of Hilbert C*-modules.
The scope of rings is even broader. In the following statements, "ring" refers to an associative ring R
with a unit element 1 # 0.

Hereinafter, we introduce the notations and definitions used in this chapter:

Let H, K, and L denote complex Hilbert spaces, B(H, K) represent the set of all bounded linear
operators between H and K, and B(H) be the set of all bounded linear operators over H. For
A € B(H,K), let R(A), N(A), and R(A) represent the range, the null space, and the closure of
the range of the operator A, respectively. An operator A € B(H, K) is said to be regular if there exists
an operator A~ € B(K, H) such that AA~A = A. A~ is referred to as the inner inverse of A. It is
well known that A is regular if and only if A has a closed range. For M is a closed subspace of H, Py
denotes the orthogonal projection onto M.

The Hilbert C*-module is analogous to a Hilbert space, except that its inner product is not scalar-
valued, but takes values in a C*-algebra. Therefore, we continue to use the same notation for the Hilbert
module as is used for Hilbert spaces. On Hilbert C*-modules, a closed submodule M of H is said to be
orthogonally complemented in H if H = M & M+, where M+ = {x € H | (x,y) =0, forany y € M}.
In this case, the projection from H onto M is denoted by Py;.

For an arbitrary ring R with involution x — x*, an element a4 € R is Hermitian if 2 = a*. If there
exists b € R such that aba = a, then a is said to be regular (or inner invertible), and b is called the inner
inverse of a4, denoted a~.

Initially, the general solution of (1) over rings is presented.

Theorem 21 (General solutions for (1) over a ring). [34,36] Let a,b,c,d € R such that a and b are reqular
elements. Then, the following statements are equivalent.

(a) There exists a solution x € R of the system of equations ax = ¢, xc = d.

(b)cb=ad, c=aa"c, andd = db~b.

Moreover, if (a) or (b) is satisfied, then any solution of ax = ¢, xc = d can be expressed as

x=ac+(1—a"a)db™ +(1—a"a)f(1—-0bb")
forany f € R.

Remark 5. In [34], the authors further extended the results from elements in the ring to matrices over R, as
well as to bounded linear operators between complex Banach or Hilbert spaces by constructing an embedding.
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Next, the expression for the general solution in Hilbert C*-modules is provided through orthogo-
nal complements.

Theorem 22 (General solutions for (1) over Hilbert C*-modules). [37] Let H, K, L be Hilbert C*-modules,
A,C € B(H,K), B,D € B(L, H) such that R(A*) and R(B) are orthogonally complemented. Then, the
system (1) has a general solution if and only if

R(C) C R(A), R(D*) C R(B*), ATAD = A'CB.
In such case, the general solution has the form of
X =A"C+(I-ATA)[(B)'D*(I - ATA)]* + (I - ATA)Z[I — (B*)'B",

where Z € B(H) is arbitrary.

Remark 6. Actually, R(A*) and R(B) being orthogonally complemented implies that A and B are regular
and have closed ranges. Additionally, Theorem 22 uses the Moore-Penrose inverse in place of the inner inverse.
The definition of the Moore-Penrose inverse is similar to that in matrices, and therefore will not be elaborated
Sfurther.

In 2023, Zhang et al. extended this result to infinite-dimensional Hilbert spaces without the
requirement that the corresponding operators A and B have closed ranges, using reduced matrices.

Theorem 23 (General solutions for (1) over a Hilbert space). [38] Let A,B,C,D € B(H),and P = Pm.

Then, the system (1) has a solution if and only if R(C) C R(A), R(D*) C R(B*), and AD = CB. In this
case, the general solution can be represented by

X =F—(I-P)H" + (I - P)Z(I - Pryp),

where F is the reduced solution of AX = C, H is the reduced solution of B*X = D*, Z € B(H) is arbitrary.
Specifically, if R(A) and R(B) are closed, the general solution can be represented by

X = A'C+ DB — A"ADB" + (I - ATA)Z(I — BB").

The situations of Hermitian solutions, positive solutions, real positive solutions, and reflexive
solutions will be introduced in the following sections.

3.1. Hermitian Solutions

The Hermitian solution of (1) over Hilbert space was first studied by Daji¢ and Koliha.

Theorem 24 (Hermitian solutions for (1) over a Hilbert space). [33,34] Let A,C € B(H,K), B,D €
B(L, H), and the operators A and B have closed ranges. Assume M = B*(I — A~ A) have a closed range,
T=D*—B*A™C. Let A=, B—, and M~ represent the inner inverses of A, B, and M, respectively. Then, the
system (1) has a Hermitian solution X € B(H) if and only if

AAC=C, AD=CB, (I-MM )D* = (I- MM )B*A™C, 9)
and AC* and B*D are Hermitian. The general Hermitian solution is given by

X=AC+(I-AAM T+ (I-AA)(I-M M)A C+(I-A"AM TJ*

(10)
+(I—A"A)(I-M MU(I-M M)*(I—-A"A),

where U € B(H) is Hermitian.
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Remark 7. In [34], the authors presented an alternative form of (9) and (10):
N(B) c N(D), AD =CB, (I-NN"C = (I- NN")A(B~)*D*
and

X =B *D*+(I—BB )*N"Q+ (I— BB )*(I— N "N)[B~*D*+ (I — BB")N QJ*
+(I—BB )*(I—N"N)V(I— N N)*(I—-BB"),

where N = A(I — BB"), Q = C — AB~*D*, and V € B(H) is Hermitian. Furthermore, Theorem 24 holds
true in C*-Hilbert modules and rings with involution as well [34,35].

By using the projection operator, Theorem 24 can be restated in another form over Hilbert C*-
modules.

Theorem 25 (General solutions for (1) over Hilbert C*-modules). [37] Let H, K, L be Hilbert C*-modules,
and A,C € B(H,K), B,D € B(L,H) such that R(A*) and R(B) are orthogonally complemented. Let
M = B*(I — A*A), and assume that R(M*) is orthogonally complemented. Then, the system (1) has a
Hermitian solution if and only if

R(C) C R(A), R(S) C R(M), ATAD = A*CB,

and CA* and SM* are Hermitian, where S = (D* — B*AYC)(I — AYA). In this case, the Hermitian solution
has the form

X =ATC+ (I - ATA)(ATC)* + (I - ATA)(D")* (I — ATA)
+ (I = AYA)D"(I - MTM)(I - ATA) + (I — ATA)(I —= MTM)Z(I — MTM)(I — AT A),

where D" = M'S and Z € B(H) is an arbitrary Hermitian matrix.

3.2. Positive Solutions

For the cases where the system (1) has a positive solution over Hilbert space, two different
descriptions are presented as following.

Theorem 26 (Positive solutions for (1) over a Hilbert space). [33] Let A,C € B(H,K), B,D € B(L,H),

A
B*

C
D*

CA* CB
(AD)* D*B

~

A=

A

, C= Q=

Assume that A and Q are regular. The system (1) has a positive solution X € B(H) if and only if Q is positive
and R(C) C R(Q). The general positive solution is given by

X=CQ C+(I-A"A)T(I-A A,
where T € B(H) is an arbitrary positive matrix.

Theorem 27 (Positive solutions for (1) over a Hilbert space). [33,35] If A,C € B(H,K), B,D € B(L,H),
M=B*(I-A"A),and G = D* — (CB)*(CA*)~C, such that A, B, M, CA* and GB are regular, R(CB) C
R(CA*). Then, (1) has a positive solution if and only if

CA* = AC*, D*B = B*D, CB = AD, R(C) = R(CA*), R(G) = R(GB),


https://doi.org/10.20944/preprints202504.0205.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 April 2025

19 of 79

and CA* and F are positive. The general positive solution is given by
X=C(CA*") C+G'FG+(I-AAI-M MTI-M M*"(I-A A7,
where T € B(H) is positive.

Remark 8. Daji¢ and Koliha extended Theorems 26 and 27 to strongly x-reducing rings with involution, which
is an extension of the C*-Hilbert modules [34].

Zhang et al. presented the existence and the general form of the positive solutions of (1) without
the restriction on the closed range over Hilbert space.

Theorem 28 (Positive solutions using projection operators for (1) over a Hilbert space). [38] Let A, B, C,
and D be operators in B(H). Let P = Pp(p+) and Q = Pg(;_p)p)- The system (1) has positive solutions if
and only if the following conditions hold.

(a) R(D*) C R(B*), R(C) € R(A), and AD = CB.

(b) R(G) € R((GP)2) and CA* > 0.

(c) (D* = B*G—B*H*H)(I - P)C > 0, R((D* — B*G)(I — P)) € R(C*(I — P)), and R(K) C
R((KQ)?). 1
In which G, H, and K are the reduced solutions of AX = C, (GP)2X = G(I — P), and B*(I — P)X =
(D* — B*G — B*(I — P)H*H)(I — P), respectively. Than, the positive solution is given by

X =G+ (I—-P)G*+ (I—P)H*H(I— P) + (I — P)K*(I — P)
+(I-P)K(I-P—Q)+(I-P—Q)L*LI-P-Q)+ (I-P-Q)Z(I-P—Q),

for any positive operator Z € B(H), where L is the reduced solution of (KQ)%X =K(I—-Q).
The conclusions for the Hilbert C*-modules can be directly obtained using the projection operator.

Theorem 29 (Positive solutions using projection operators for (1) over Hilbert C*-modules). [37] Let
H, K, L be Hilbert C*-modules, A,C € B(H,K), B,D € B(L, H) such that R(A*) and R(B) are orthogonally
complemented. Denote P = AYA, M = B*(I — P), D' = A'C, S’ = [D* — B*D' — M(D")*(D'P)*D'}(I —

P) and D" = M'S'. Assume that R(M?*) is orthogonally complemented, R(C) C R(A), R(D') = R(D'P),
along with CA* € L(H) is positive. Then, the system (1) has a positive solution if and only if

PD = D'B, R(S') € R(M), R(D") = R(D"M'M),
and S'M* € L(H) is positive. In such case, the general solution has the form
X =Xo+ (I-P)(I-MM)Z(I - M*M)(I - P),
where

Xo = D'+ (I —P)(D')* + (I1—P)(D")*(D'P)*D'(I — P) 4 (I — P)Zo(I — P),
Zo=D" + (I - M"M)(D")* + (I - M"M)(D")*(D"M*M)'D" (I — M™M),

with Z € B(H) is arbitrary positive.

3.3. Re-pd Solutions

The general form of the real positive solutions of (1) without the restriction on the closed range
over Hilbert spaces was also provided by Zhang et al.
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Theorem 30 (Re-pd solutions for (1) over a Hilbert space). [39] Let A,B,C,D € B(H), P = Pm, and
Q = Pr((1—p)B)- The system (1) has a real positive solution if the following conditions are satisfied.

(a) R(C) CR(A), R(D*) C R(B*), and AD = CB.

(b) CA*, (D* + B*F)(I — P)B are real positive operators.

(¢) R((D* 4 B*F)(I — P)) C R(B*(I — P)), where F is the reduced solution of AX = C. In this case,
one of the real positive solutions can be represented as

X=F—(I-P)F+(I-P)H*(I-P)—(I-P)HI-P—-Q)+(I—-P—Q)Z(I—P—Q),
where H is the reduced solution of B*(I — P)X = (D* + B*F)(I — P), Z € B(H) is arbitrary Re-pd.

3.4. (Anti-)Reflexive Solutions

Nacevska used algebraic methods in rings with involution to obtain a generalization of (anti-
)reflexive solutions over complex matrices [36].

An element w € R is said to be a generalized reflection element if w = w* and w? = 1. For
w,v € R being generalized reflection elements, an element x € R is called a generalized reflexive
element (with respect to w and v) if x = wxv, denoted by R,(w, v), as well x is called a generalized
anti-reflexive element (with respect to w and v) if x = —wxv, denoted by R, (w, v).

Fora,b,c,d € R, these elements can be decomposed using projections as follows [36]:

a=a1+a; € Re(1,w) ® Ry (1, w),
b=0b;+by € R(v,1) ® Ryr(v,1),

(1)
c=c+c € Rr(l,v) D Rar(l,v),
d=dy+dy € Re(w,1) ® Ry (w, 1).
Define
R 1, _ N 1, _ N A 1, _ _ ~ 1, _ _
4 = E(t/z1 +way ), @ = E(a2 —way ), by = E(bl +byv), by = E(b2 —by0). (12)

Theorem 31 (Reflexive solutions for (1) over aring). [36] Let a,b,c,d € R and (11) hold such that a,,az, by
and by are regular elements. Then, the following statements are equivalent.

(a) There exists a solution x € R,(w,v) of the system (1).

(b) Clbl = ﬂldl, 1 = El]tlAlcl,th = d]bAlbl,Czbz = azdz, Cy = apdncy, and dz = dszzbz.

Moreover, if (a) or (b) is satisfied, then any generalized reflexive solution of (1) can be expressed as

x =x0+efg,

where

Xg = dic1 + (1 — aﬁal)dlbl + dycr + (1 - bzbz)dzbz,

e=1-— aﬁal — dz@, g = 1- bll;l — Cszz,
for @y, dy, &, ¢ given by (12) and arbitrary f € R,(w, v).
Theorem 32 (Anti-reflexive solutions for (1) over a ring). [36] Let a,b,c,d € R and (11) hold such that
a1, az, by, by are regular elements. Then, the following statements are equivalent.

(a) There exists a solution x € Ry (w, v) of the system (1).

(b) caby = aydy, ca = mydycy, dy = dabiby, c1by = apdy, o1 = axdacy and dy = dybycy.
Moreover, if (a) or (b) is satisfied, then any generalized anti-reflexive solution of (1) can be expressed as

x =x0+efg,


https://doi.org/10.20944/preprints202504.0205.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 April 2025 d0i:10.20944/preprints202504.0205.v1

21 0of 79

where A .
xo = 4103 + (1 — @1a1)d1by + dxc1 + (1 — dpap)daby,

e=1—aa; — daay, g =1 —byby — byby,

for a4y, dy, by, by given by (12) and arbitrary f € Ry (w, v).

This chapter mainly introduces the system (1) over Hilbert spaces, Hilbert C*-modules, and rings,
focusing on tools such as inner inverses, orthogonal complements, and reducibility.

4. Matrix Decomposition Methods for Solving (1)

Matrix decomposition techniques, such as eigenvalue decomposition (EVD), singular value
decomposition (SVD), QR decomposition, LU decomposition, and others, play a crucial role in solving
matrix equations. They are especially important in finding special solutions for system (1), such as
mirror-symmetric, skew-symmetric, orthogonal symmetric, unitary, {P, Q, k}-reflexive, (Hermitian)
R-conjugate, (R, S)-conjugate, and Hamiltonian solutions, as well as the corresponding least squares
solutions. These types of solutions, which are difficult to calculate using generalized inverses alone,
can be efficiently computed using matrix decompositions. This chapter will introduce the related
methods and results.

We introduce the eigenvalue decomposition (EVD). Let A be an n x n matrix with n linearly
independent eigenvectors q; fori = 1,- - - ,n. Then, A can be factored as

A =QAQ",

where Q is the square n x n matrix whose i-th column is the eigenvector g; of A, and A is the diagonal
matrix whose diagonal elements are the corresponding eigenvalues, with A; = A;. However, it is
important to note that not all square matrices are diagonalizable. In such cases, a more practical form
of decomposition is the singular value decomposition.

The singular value decomposition (SVD) of a given matrix A € C"*" of rank k is

2 0
O O

A=U v*,

where U € C"*™ and V € C"*" are unitary matrices, and X = diag(cq,02, -+ ,0%), with oq > 0p >
<201 > 0.

In 1981, Paige and Saunders extended the B-singular value decomposition in [40] to the general-
ized singular value decomposition (GSVD) for two matrices with the same number of columns. This is
a powerful tool for solving equations. The GSVD can be expressed as the following theorem.

Theorem 33 (The generalized singular value decomposition). [41] Let A € C"™*" and B € CP*" be two
matrices with the same number of columns. Denote k = rank [AT, BT} . There exist unitary matrices U and V,
and a nonsingular matrix Q, such that

A=Ux4Q, B=VXgQ,
where

ZA = SA O ’ Z“B = SB O ’

with SA = diag(“l/‘XZ/"' /“s)r SB = diag(,Blr,BZI"' I,BS)Il > X1 > X2 = 2 s > 0/ 1 > ,Bl >
Bo> - >PBs>0,anda?+p>=1fori=12,---,s.
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It is important to note that the GSVD has various representations, which can not be exhaustively
listed. In the subsequent discussion, alternative forms of the GSVD will be presented.

Next, we present the necessary and sufficient conditions for the system (1) and the expression of
the general solutions through the SVD.

Theorem 34 (General solutions using the SVD for (1) over C). For A € CP*™, B € C"1,C € CP*",D €
C™*4, rank(A) = ry and rank(B) = r , the SVD of A and C expressed as

a4 O
O O

g O

A= 0O O

Vi, B=1U, vy,

where Y4, = diag(cq,02,- -+ , 0, ) and X.g = diag(cq,02,- - - ,0v,). Denote

A Cii Ci2 4| D11 Dip 9]
C= UTCUQ = C21 sz p—n and D = Vl*DVZ = D21 DZZ ' m—ry
r n—r 2 4g—"1

Then, the system (1) is consistent if and only if Cyp, Cap, D12, Doy are zero matrices and Zlell = Duzgl.
The general solution can be expressed as

Z‘,Zlcn Zzl(ju

X=V
NDuzgt z

u;,

where Z € C1=r1)x(m=12) s arbitrary.

Remark 9. Theorem 34 is a special form of the system AXB = E, FXG = H, which is considered by the GSVD
in [42].

4.1. Various symmetric solutions

In this section, we consider the least squares forms of various symmetric solutions to the system
(1) over R, including (k, p)-mirror(skew-)symmetric solutions, symmetric solutions, and bi-(anti-
)symmetric solutions. The existence conditions and expressions for symmetric solutions in subspaces
are also be discussed.

In 2006, Li et al. considered the least squares (k, p)-mirror-symmetric solutions through the SVD
of matrices over R [43].

A (k, p)-mirror matrix Wy ,) is defined by

O O Ji
W(k,p) == O Ip O ’
Jk O O

where [ is the k-square backward identity matrix with ones along the secondary diagonal and zeros
elsewhere. A matrix A € R(Z+P)x(2+7) js called a (k, p)-mirror-symmetric matrix if and only if

A= W) AW, p)-

We denote the set of all (k, p)-mirror(skew-)symmetric matrices by MSy ).
The results about least squares (k, p)-mirror(skew-)symmetric solutions are as follows.
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Theorem 35 (Least squares (k, p)-mirror(skew-)symmetric solutions for (1) over R). [43] Let A,C €
th(2k+p)/B,D e R@k+p)x1 g1 d

1 L O —Ji
K=—|0 21 O
V2 va,
Jk O I
Denote
AK = [A1, A = 1= |51, kp= [P
— 1, 2]/ CK—[C1/C2]/K B = /K D= ’

By D,

where A,C; € R k+p), B, Dy € RE+1*I A, C, € Rk, By, Dy € R Denote the SVDs of

Aq,Ay,Bq,Byas
Ay = 21 8 V' = [Uyy, Uy %1 8 Kﬁi = Up %V,
Ay =U %)2 8 V) = [Upy, U] %2 8 [VleVsz} = UnZ,Vyy,
By = Pl[ o0 0 ]Q1 = [P11,P12]l o0 0 1 [Q le] = PhnQfy,
B, =D O 8 Q3 = [Py, P2 Z)Z 0 ggj = P112Qy,

with ¥y = diag(oq,---,0y,), Xp = diag(dy, -+ ,dr,), 71 = diag(ay, - ,as,), T2 = diag(B,
-, Bs,), 11 =rank(A1), rp =rank(A), s; = rank(B;), s, = rank(By).
(a) Then, the general solution X € R@+P)x(2+p) for the problem || A1 X — C1||* + || XB1— D1 ||* = min
can be expressed as

X=W

D x [Zlu%(:lpl] + V1T1D1Q11T1} ZflLIﬁClPlz PT
VLD Q! X v

where ® = (@;j), ¢ij = 1<i<ry, 1<j<syand Xop € REFP=)x2ktp=s1) s arbitrary.

(72+vc2 ’
(b) Then, || AX — C||* + || XB— D||? = min has a solution X € MS ). Moreover, the general solution
can be given by

x=k| X1 9 |1,
O X
where

Xl _ V1 D x (21U1TlB1P11 + VﬂDlQllTl) Z;luaBlPlz PT

V5D, Q11T1_1 X v
—177T
Xz _ V2 P’ (Zzu:)_lB BzP21 +V21D2Q21T2) 22 Uz}szzz Pg,

VHD2Qo T, ! X2

where ® = (@;j), ¢ij = 1<i<n, 1<]<sl,d>’—((pl]) (pl] 1<i<r,1<j<s,

0-2+ 27/
4
Xpp € Rk=12)x(k=52) gy X}, € Rk=12)x(k=52) ge arbitrary.
(c) Let Sg represent the solution set of || AX — C||* + || XB— D||? = min with X € MSy . For given

E € R&k+p)x(2ktp) || X — E|| = min has a unique solution X € Sg. Moreover, X can be expressed as

§2+ 2/

X; O

KT,
o X

X=K
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where )
% =V, @*(ZlulTlflpmvfllDlQun) ZflTulTlBlpu P,
i Vi2D1Qut Vi X1 P12
%=1, CI>’*(ZzuleBzP21+\i2T1DzQ21T2) %, UL, By Py pT.
VhD2Qoi7y ! V5Exn Py 2
- I, O
Ll Ik O Jk |y
X =5 X;| o V2, |,
2| 0 V21, O I O'”
1 1 —Jk
Xi=>3 (X n w(k,p)x*w(k,p)), En =[O KXi| O

I

with ® and @’ being given in (b).

In 2010, Yuan considered the least squares solutions of the linear equation system (1) with a
different form of Theorem 35 (a) and the least squares symmetric solutions [44].

Theorem 36 (Least squares symmetric solutions for (1) over R). [44] Assume that A € RP*™,B €
R™*4,C € RP*" and D € R™*1. Let the SVDs of the matrices A, B be given by

x 0O
O O

Q O

A=U T
O O Q

VT,B—P[

where U = Uy, U], V = [V4, V2], P = [Py, P»], Q = [Q1, Q2] are all orthogonal matrices and the partitions
are compatible with the sizes of ¥ = diag(cy,- - - ,0y,) and Q = diag(wy, - - - ,wy,), r1 = rank(A), r, =
rank(B).

(a) The least squares solution set of (1) can be expressed as

slz{x

where Xy € RU=)X(1=72) js an arbitrary matrix. The unique least norm least squares solution can be
expressed as

X=V

®x [VI(ATC+DBT)P]  (271)*VI(ATC+DBT)P; |
VI (ATC + DBT)P (7 1)? X '

® [VI(ATC+DBT)P]  (271)*VI(ATC+DBT)P; | jn
VI (ATC + DBT)P (071)? o) '

(b) Consider the condition m = n. Let the EVD of the matrix AT A + BBT be given by

r o
ATA+BBT =W wr,
* O O
where W = [Wy, W] is an orthogonal matrix and the partition is compatible with the size of T =

diag(y1,---,v), | = rank(ATA + BBT). Then, the least squares symmetric solution set of (1) can be
expressed as

Sy = {X c R"™"

X w[ ¥, (WIHW,) T-1WIHW, ]WT }

Wy HW; I ! X
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where H = CTA + ATC + DBT + BD" and X, € RUD>x=1) s an arbitrary symmetric matrix. The
unique least norm least squares symmetric solution can be expressed as

Sow ¥, §W1T Hvxill) I 'WIHW, W
Wy HW T @)
In 2014, Ke and Ma derived the generalized bi-(skew-)symmetric solutions of the system (1) with
the corresponding least squares solution [31].
For a symmetric orthogonal matrix P € R"*", a matrix X € R"*" is called a generalized bi-(skew-
)symmetric matrix if and only if (—X) = XT = PXP.

Theorem 37 (Least squares bi-(skew-)symmetric solutions for (1) over R). [31] Assume that A,C € RP*",
B,D € R™1, and P € R"*" is a symmetric orthogonal matrix. Let P be decomposed as

I O

ur,
O _In—r

P=U

where U is a symmetric orthogonal matrix. Let the partitions of AU, CU, BTU, and DU be
AU = [Ay, A7), CU =[G, C], B'U = [B], B}], D'U = [D{, D3],

with A1, Cy € RPXT, Ay, Cy € RPX("=7) C1, Dy € R™, Cy, Dy € RIP7)%0, respectively.

(a) Denote that Ky = B{ L, Ny = R, A{, Q1 = Di — BfAJC1 — KiD1B], Q = C{ — A[C1A] —
La,D1BTAT — L4 KIQ1Ny, Ko = BJ L, No = Rp,Al, Q = DI — BTAYC, — K,D,BS, Q = C} —
ASCoAT — £ 4,D;BIAT — L4, KIQuNy. Then, (1) has bi-symmetric solutions if and only if equations

KiKfQ1Rp, = Q1, QLN, = O, Rea, Lx,Q=0,
K:KIQoRp, = Qa, QLN, = O, Rea,Lx,Q=0,
A1Dy = C1By, AjAIC) = Cy, D1BfBy = Dy, AyD; = CoBy, AyASCy = Cy, D,BIB, = Dy

hold. Under such circumstance, the bi-symmetric solutions can be expressed as

x=ul*1 9y,
where
1 _
X1 = E(Aircl + L4, D1Cf + L4, KIQ1Rp, + QN{Rp, + L4, Lx, Z1RN, R,

1 —T
+§(clTA{+ +B{'D{ L4, + Rp, Q1K L4, + R, NI 'Q + Rp, R, Z1 Lk, La,),
1 ~
X2 = > (A3Cy + L, DaBY + L4, K Q2Rp, + ONIRp, + L a,Lx, ZoRN, Rc,)-

(b) Let K = Bl L4, N = La,B), Q1 = —D} — BIAIC; + KCTAIT, Q = Dy — AIGB, +
L, ClT A;TBZ - L AlKIQl N. Then, (1) has bi-skew-symmetric solutions if and only if

KK+Q1RA§ =Q1 QLN =0, Re, £xQ =0,
A1CT = —GAl, A1AICy = Gy, D2BiBy = Dy, AyASCy = Cy, D1BIB, = Dy

hold. Under such circumstance, the bi-skew-symmetric solutions can be expressed as

@) X12

ur,
-X, O

X=U
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where
X1 = A-{Cz - £A1 C;[A;H + £A1K+Q1RA} + QN+RAE + £A1£KZRNRA§-
Additionally, let the SVDs of [Al, By] and [A}, B,] be

2 O

[ATr Bl] =V 0

Qo0
WY, [A},B)] =T T
[A3,By] = [O 0} Q
where V.= [V, V3], W = [W1, W], T = [Ty, To), and Q = [Q1, Qz] are all orthogonal matrices and the
partitions are compatible with the sizes of £ = diag(cq, - - - ,05), Q = diag(wy, - -, wy),
s = rank[A], By], t = rank[A], By].
(c) The least squares bi-symmetric solutions of (1) can be expressed as

x=u|f 91
O X22 !
where
. | [vi(cI D )W12+ZWT(CT Dy)'vy] ='W{(CT Dy)Tv, s
e V ( le' ! G1 !
Xy = 7|22 (C Dz)Q10+QQT(C D)'Ti] 07'QH(C] D)o 1x
TzT(Cz D;)Q:1Q2 ! Go

ch = (4)1]) e RSXS, q)lj = ﬁ, 1 S l,] S S, CDZ = ((Pz]) [ RtXt, (sz = % 1 S l,] S t,
i Y

.2+w2 4
i
Gy € RU=9X0=3) gnd G, € RU="=x=1=1) are arbitrary symmetric matrices.
(d) The least squares bi-skew-symmetric solutions of (1) can be expressed as

O Xpl,,r
X == U U 7
-X5, O
where
O(VIX,T > D2yT X, T
xp = v| QUTXT) - (EVIXD) g
Vy XoTh (Q71) G
with Xg = A{C; — C{ Ay — BiD] + D1 B}, ® = (¢;;) € R, ¢y = azwz, 1<i<s 1<j<tand

G € Rr—s)x(n—r=t) being an arbitrary matrix.

Hu and Yuan have considered the symmetric solutions of (1) on a subspace Q) [45]. Let SR},*" be
the set of all n X n symmetric matrices on subspace (), where

QO={zeR"|Gz=0,G € R™"}.

The necessary and sufficient conditions for the system (1) to have a solution in SR,;*" and also an
expression for the solution X are obtained. Additionally, the associated optimal approximation problem
to a given matrix E € R"*" is discussed, and the optimal solution is elucidated.

Theorem 38 (SR(, solutions for (1)). [45] Given A,C € RP*" and B,D € R"*4. Assume that the SVD of
G is given by
~ O

G=U
°%lo o

vy,
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where ¥. = diag(y1,- -+ ,7s) > 0, s = rank(G), Uy = [Up, Unz), Vo = [Vin, Vo] are orthogonal matrices
with Upy, Vo1 € RS and Uy, Vyp € R"*(1=5) et

AVy = Ay, CVy = By, V§B =By, V{D = Dy,
I o 1
o) Lis|’
PILy, = Az, Rp,Q1 = By, P2La, = A3, Rp, Q2 = B3,

G = P AICIQ2 + A3D1B] Q2 — (PA{C1Q2 + A3D1CIQa) ',
~ 3Gy — 45A1) — 2G(Q+ Q) Az AL,
Q=2L"Lp,G+ (In—s — L"Lp,)GL'L.

Pl = [ISIO]/ P2 - [O/ I}’l*S]/ Q] == 7 Q2 -

L= LpA3AS, P=

(a) The system (1) is solvable over SR{,*" if and only if

A1AICY = Cy, D1B1Bf = Dy, A1Dy = C1By,
T
Ra,GRa, =0, Lp,GLp, =0, [A3,B3]"[A3, Bs]" Az = As.

VOT},

X11 = PLATC1Qq + A2D1BfQq + Ay ASPBIB, + AyAS LI WL 1 A3 ASBIB,
+ Ay ZBy — Ay ALA3ZBIB,,
X1 = PyATC1Qo 4+ A2D1Bf Qo + Ay AIPBYBs + Ay ALL WL, 1 A3 ALBYBs
+ Ay ZB3 — Ay AL A3ZBs, (13)
X1 = PATC1Qq + A3D1Bf Q) + A3 AIPBIC, + AsAS L WL+ A3 ASBEB,
+ A3ZB, — A3ALA3ZB3B,,
Xop = PATC1Qo + A3D1Bf Qo + A3 AIPBYBs + A3 ALL WL, 1 A3 ALBYBs,

In which cases, the solution set Sg can be expressed as

X1 Xi2

X =V,
X1 X»

Sp = {X € R"X™

where

W, Z are arbitrary matrices with W = WT.
(b) For E € R"™*" et

E E
VIEV, = E11 Eu] )
21 Ex
where Ey; € RS, Eyy € RV3)X(1=5) The optimal problem ||E — X|| = )Igmsn has the unique solution X
€5F
admitting
N X X
X=1p|on fr|yr
Xo1 Xp

where X11, X12, Xo1 and Xop are given by (13) with W = WY, and Z is determined by solving the unique
solution of (44) in [45].

4.2. Various Orthogonality Solutions

This section introduces various orthogonal solutions to the system (1) over R. Wang et al. extended
the conditions for various symmetric solutions to the equations AX = C or XB = D to the system (1),
providing a series of conclusions. Qiu et al. constructed special matrices and used their EVDs to derive
the corresponding conclusions [46,47].
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Wang et al. have considered the orthogonality, (skew-)symmetric orthogonality, and least squares
(skew-)symmetric orthogonality solutions, as well as the necessary and sufficient conditions for (1) to
have these solutions and their corresponding expressions, respectively [46].

Theorem 39 (Orthogonality solutions for (1) over R). [46] Given A,C € R™™ and B, D € R™*",
(a) Suppose the GSVD of A and C is

2 0
O O

> 0

vli, c=u
O O

A:u QT/

where ¥. = diag(éy,---,6;), | = rank(A) = rank(C), U = [Uy,Up] € RV = [V}, V,],Q =
[Q1, Q2] € R™ ™ gre orthogonal, Uy € R™!, Vi, Q; € R™*!, U, e R (=D,

Q, € R™<(m=1) Denote

By
B,

D,

,VID =
D,

Q"B =

7

where By, Dy € R and By, Dy € RM=D*1_ Lot the GSVD of By and D; be

IT O
O O

IT O
O O

By=U

vl D, =W vT,

where U, W € Rm=Dx(m=1) 7 ¢ R gre orthogonal, TT € R¥*Kis diagonal. Then, the system (1) has
orthogonal solutions if and only if

AAT =ccC?, By = Dy, DID, = BIB,.

In which case, the orthogonal solutions can be expressed as

Sl Of At
x=v|'et o4l
where
V:V g Rmxm’ — e Rmxm
o Wl Q=Qlp | ©

are orthogonal, and G' € R(m—=k=1)x(m—k=1I)

(b) Let the GSVD of B and D be

is an arbitrary orthogonal matrix.

where IT = diag(oy,- -+ ,0%), k = rank(B) = rank(D), U = [Uy, Up], W = [Wy, W,| € R"™ ™ and
V = [V1, Vo] € R™ " are orthogonal, Uy, Wy € R"™<k, v € R"™K U, W, € Rm>(m=k) "y, ¢ Rux(n=k)
Partition

AW = [Ay, Ap], CU = [C1,C,

where Ay, Cy € Rk Ay Cy € R M=K Assume the GSVD of Ap and By is

¥

_ Y O
A =1

O|or r AT
vl =1 ,
o) 2 o o|%
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where V,Q € RUM=K)x(m=k) [T ¢ R"*" are orthogonal, and % € R' <! is diagonal. Then, the system (1) has
orthogonal solutions if and only if

DD =B"B, A; = C;, AyAT = Gl

In which case, the orthogonal solutions can be expressed as

| vy O |57
X=W u-,
O H
where
N I, O ~ I, O
W=W | eR™M U=U ~| e R™*M
[O 1% O u

with arbitrary orthogonal H' € R(m=k=1)x (m—k=1),

Remark 10. Some researchers have also investigated the correction of the coefficient matrices when the system
(1) is inconsistent under orthogonal constraints [48], specifically focusing on the optimization problem

in (||Ey||* + || E2[?
oin (J[Ed 1"+ [1E2)

subject to the constraints

(A+E)X=C,
X(B+E;) =D,
XXT =1L

Theorem 40 (Symmetric orthogonality solutions for (1) over R). [46] Given A,C € R"*™,B,D
€ R™*" Notations Q, Do, Ry, U, w are defined in Theorem 39.
(a) Let the symmetric orthogonal solutions of the matrix equation AX = C be described as in

AT
o cl<

where Q € R™ ™ and V. € R™ ™ are orthogonal, G € RUM=2141)x(m=2147) s ayy arbitrary symmetric
orthogonal matrix. Partition
Dy

, ViD= |11,
DZ

~ B’
QTB — [ 1
By

where B}, D} € RZ=7)xn B! D) € RUM=247)X1_ Thep, the system (1) has symmetric orthogonal solutions if
and only if
AAT = cC?, ACT = CAT, B} = D}, DYD}, = BS'B), DB, = By D).

In which case, the solutions can be expressed as

s Ofar
X=V o o Q',
where
i7 Iy O A Ly O
V = V ~ |, = .
o W Q=Q O U,

and G/ e ROm=2tr=24r")x(m=21+r=2I"+1") s arpitrary symmetric orthogonal.
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(b) Let the symmetric orthogonal solutions of the matrix equation XB = D be described as

IZk—r O
O G

X=M NT,

where M, N € R™" gre orthogonal and G € R(m=2k47)x(m=2k41) jg symmetric orthogonal. Partition
AM = [My, My], CN = [Ny, Ny,

where My, N € R"X(Zk’r), My, N> € R1x (m=2k+r), Then, the system (1) has symmetric orthogonal solutions
if and only if

D'D = BTB, DB =B'D, M; = N;, MoMI = N,NI, MpN] = NymT.

In which case, the solutions can be expressed as

1 0«7
X=M o H" ’
where
U o | k- O J Slhk—r O
M=M ~ |, N=N ~ |,
O W] O ul

and H" € RUn=2k+r=2K"+r")x(m=2ktr=2K'+1") js ay arbitrary symmetric orthogonal matrix.

Theorem 41 (Skew-symmetric orthogonality solutions for (1) over R). [46] Given A,C € R" xX2m B D e
RZm Xn.

(a) Suppose the matrix equation AX = C has skew-symmetric orthogonal solutions with the form

I O

X =V
Yo H

T
Q] 7

where H € R2*2" is arbitrary skew-symmetric orthogonal, V1, Q1 € R?™*2" js orthogonal. Partition

5 Q| r 1
QiB=|~'|, ViD= "],
! Q| ! V2
where Qq, Vi € RZM=20x1 (3, ', € RZ¥™", Then, the system (1) has skew-symmetric orthogonal solutions if

and only if
AAT =cCT, ACT = —CAT, Q1 =V1, QT Q= Vi Vo, QI Vs = — V] Q.

In which case, the solutions can be expressed as

S [1 o] ar
X=W oy Q1,
where -
> 7 12m72r O ~ ~ 12m72r O
V = V > = 5|7
10 W Q=Q o i

and J' € R¥**2k is an arbitrary skew-symmetric orthogonal matrix.
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(b) Suppose the matrix equation XB = D has skew-symmetric orthogonal solutions with the form

I O

u’,
O K

X=W

where K € R2P*2P is arbitrary skew-symmetric orthogonal, W, U € R¥"*2™ are orthogonal. Partition
AW = [Wy, W], CU = [Uy, U],

where Wy, Uy € R™21=2p) W, U, € R"*2P. Then, the system (1) has skew-symmetric orthogonal solutions
if and only if

D'D = BT'B, DB = —B'D, W; = U;, W,WJ = LU, U,WI = —w,ul.
In which case, the solutions can be expressed as

I O

X =W o J" ulTr
where
A~ ~ | bm—p O = b2y O |~
W, =W P, Uy = P,
! o w| o ur

and ] € R?1*24 is an arbitrary skew-symmetric orthogonal matrix.

Theorem 42 (Least squares (skew-)symmetric orthogonality solutions for (1) over R). [46] Given
A,C € R™2" gnd B, D € R¥™*"_denote

ATC+ DB' =K, %(KT—K) =T, %(KT+K) =N,
Let the EVDs of T and N be
A O 0
T=El5 5 EL, N=M . MT,
with A = diag(A1,--,A;), Aj = _Ow "g L > 0 = 1,---,0, 2 = rank(T), & =
i
o0

IN

o0 x| ¥t = diag(A;--,As), Ay > -0 > Ay > 0, 27 = diag(Asy1-- A1), A < -

Ast1 <0, t =rank(N).
(a) Then, the least squares symmetric orthogonal solutions of the system (1) can be expressed as

I O

MT,
O L

X=M

| L @) . . . .
with [ = 5 I and L € RU=DXU1=) being an arbitrary symmetric orthogonal matrix.
—lt—s

(b) Then, the least squares skew-symmetric orthogonal solutions of the system (1) can be expressed as

I o],
X=E E-,
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with f = diag(fl, s ,fl), fi = 2 _01‘|,f07' i = 1,' . ,l and G € R(mezl)X(mezl) is an arbitrury

skew-symmetric orthogonal matrix.

Remark 11. Theorems 39,40, 41,42 actually treat the system AX = C, XB = D as an extension of the single
equation AX = C or XB = D. The proof of these theorems is based on the perspective that one of the equations
has a corresponding solution.

Qiu et al. consider the least squares orthogonality, symmetric orthogonality, symmetric idempo-
tence, and their corresponding P-commuting matrix solutions of (1).

Theorem 43 (Least squares orthogonality, symmetric orthogonality and symmetric idempotence
solutions for (1) over R). [47] Assume that A,C € RF*", B,D € R"*1,
(a) Let Wy = ATC + DBT. Denote the SVD of Wy is

2 O

e
O O ’

Wy =U

where U,V € R"*" are orthogonal matrices, ¥, = diag(oy,- - - ,0y), ¥ = rank(Wy ). Then, the least squares
orthogonal solutions to (1) satisfying
I, O

s
O G ’

X=U

where G € RU")%(=7) js arbitrary orthogonal.

(b) Denote Wy = ATC + DBT and W, = Wy + W[ with W5 is an orthogonal matrix. Let the EVD of
W, be given by

Wy = Udiag(M1y,, -+, Ay )UT,
t
where U € R™*™ is an orthogonal matrix, Y lj = n. Then, the least squares symmetric orthogonal solutions to
=1
(1) are expressed as
_Insfls

X=U G urt,

In—ns
where Gy, € Ris*!s is arbitrary symmetric orthogonal.
¢) Denote W3 = + — + and Wy = W3 + . Let the of Wy be given
D W3 = ATA + BBT — 2(ATC + DB") and Wy = W5 + Wj. Let the EVD of Wy be given by
W4 = Udiag(}\llll,- N ,/\ﬂlt)UT,
t

where U € R™", Y~ l; = n. Then, the least squares symmetric idempotent solutions to (1) are expressed as
j=1

Insfls
X=U G
with arbitrary symmetric idempotent Gy, € REsxFs,

Additionally, we generalize the corresponding P-commuting constraints, where P € R"*" is a
given symmetric matrix. Let the EVD of P be

P= Hdiag(}tﬂkl, tee /ZpIkP)HT/
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where ky + - - - +k, = nand H € R"*" is an orthogonal matrix. A matrix X commutes with P, (i.e.
PX = XP), if and only if
X = Hdiag(Xy, -+, X,)HT, (14)

where X; € Rki*ki fori=1,--- P

Theorem 44 (Least squares orthogonality, symmetric orthogonality and symmetric idempotence
solutions commuting with P for (1) over R). [47] Assume that A,C € RP*" B, D € R"*1.

(a) Suppose that W = HYW; H with Wy = ATB + DC. Partition the matrix W = (Wi]') conforming
to (14), where Wj; € Rk*Ki | Let the SVD of the matrix Wi; be

Wi = Uidiag(zg)zoki—éi)viTr

where U; € Rkixki| v, e RN>K Zg) = diag(U(i),- . ,U.(ii)), r; = rank(Wj;). Then, the least squares

i i
orthogonal solutions commuting with P to (1) are

X = Hdiag(Xy, -+, Xp)H',

where X; satisfies

VT

1

X; = U G
k=i

with arbitrary orthogonal Gy, _,, € RKi—ri |
(b) Denote by W = H'W1H with Wy = ATB + DC?, and partition the matrix W = (W) conforming
to (14), where W;; € RNk Let the EVD of the matrix Wi; + W;f be

Wii + WE = Uidiag()tgi)lly), cee ,/\(ii)l (i>)UT,

where U; € R¥*K s orthogonal, k; = Z]t.izl l]@,. The least squares symmetric orthogonal solutions commuting
with P to (1) are
: T
X = Hdiag(Xy,---,Xp)H",

where X; satisfies

G isan arbitrary symmetric orthogonal matrix with order ls(f).
(c) Denote by W = HYW,H with Wy = ATA + CCT — 2(A"B + DC"), and partition the matrix
W= (W) conforming to (14), where Wj; € R¥>i, Let the EVD of the matrix Wi; + W1 be

Wi + WL (W;) = Uidiag(?\?)l,p,- . ,)Lt(;)ll(;))uf,

where U; € R¥i*ki is an orthogonal matrix, k; = Y l]@. The least squares symmetric idempotent solutions

=1
commuting with P to (1) are
X = Hdiag(Xy, -+, Xp)H',
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where X; satisfies

(1) o (D)
with arbitrary symmetric idempotent G, € RE X%

4.3. Unitary Solutions

This section presents the solvability conditions for the system (1) with the constraint X*X = I,,.
These conditions are derived by applying the EVD and SVD of matrices. The general solutions to these
matrix equations are also provided. Furthermore, the associated optimal approximation problems for
the given matrices are discussed, and the optimal approximate solutions are derived [49].

Theorem 45 (Unitary solutions for (1) over C). [49] Suppose that A € CP*™, B € C"*1, C € CP*",
D € C™*1 with m > n, and the SVD of DB* is given by

2y O

DB* = U
Yo o

py,

where 21 = diag(Ul(l),~ o ,0',,(11)), r = rank(DB*), U1 = [UH, U12] S (mem, P] = [P11/P12] e Cnxn

with Uy € C™*", Py € C"™". Let the matrices A; and C;, i = 1,2, be given by AUy = [A1, Az], CP) =
[C1,Cy], and the SVD of A, be
>, 0

U; = Py XUs,
0 o] 2 2142H21

Az—Pz[

where Yy = diag((fl(z),- . ,(77(22)), rp = rank(Ap), P = [Py, Pr] € CP*P, Uy = [Uy,Uxp| €
Cm=r1)x(m=r1) with Py; € CP*"2 gand Uy € Cm—r1)xr2,
(a) Then, (1) is solvable for unitary matrices if and only if

B*B = D*D, Ay = Cy, AyAICo = Cy, Iy, — C5(A2A3)'C, > O, (15)
rank(I,—,, — C3(A243)7Cy) < n —rank(DB*) —r,.
In this case, let the EVD of I,—r, — C5(A2A%)'C, be given by

Inr, — C3(A243)TCo = Q)

Ay O ., %
o o Q5 = Q1 A2Q5,

where Ay = diag(A{?, -, AL2)), 52 = rank(Iy—r, — C5(A243)1Cy), Qo = [Qa1, Qo] € Clrmr)x(n=r1),
Qo € C=r)xs2 The unitary solution set of (1) is

I, 0

52 = {X = LI1 + 1
O A2C2 + U52K2A22 QEZ

1P1*’ V Ky € Clrnra)xs g unitury}.
(b) Let E € C™*" and partition U EP; as in

UfEP, =

U EPy UpEPra| _ [Nui Ni
Uj,EPy UjEPp Ny1 N»
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1
Let the SVD of UZy(Np, — ASC2) Qa1 A3 be

23 O

1
Ui, (Nyp — AlC A =U
(N2 2C2)Qn 3lo o

P3,

1
where X3 = diag(al(3), ce ,0}(3)), r3 = rank(ng(sz — A;CZ)Qm/\ZZ ), Us; = [U31, U32] S (C(m—rl—rz)x(m—rl—rz),
Py = P31, Pp] € C2%%2 with Uy € CM—1772)%13 gud Py; € C2773, If the conditions (15) are satisfied,
then the solution of ||[E — X|| = §(1’11§1 is given by
€52

N I, 6) .
X=1U 1 Py,
O  AlC, + UnKyA2Q35,
where
I, O
K, =U;3| P,
270 Hg |

with arbitrary unitary Hy, € C(m—r1—ra—r3)x(s3—713)

4.4. Re-nnd and Re-pd solutions and inequality constrains

This section introduces the relevant conclusions regarding the solutions of the system (1) with
inequality constraints, as well as the Re-pd and Re-nnd solutions, using the GSVD [50,51].
Recently, Liao et al. considered the system (1) with the inequality constraint G*X + X*G > (>)H

Theorem 46 (General solutions with G*X 4+ X*G > (>)H constraint for (1) over C). [50] Given matrices
AecCPm BeCM,CeCP DeC™4,GeC™"and He C™", Let Xg = ATC+ £L,DBY, H =
G*Xo + XSG — H,G = G*ﬁA,V = H — K() and PS = [G,RB][G,RB]Jr. The EVDs OfIn — Ps, PS — RB
and Ps — GG can be given by

I, O

I,—Ps=U|?% u* = U us,
n S O O 1

I, O
Ps—Rg=E E* = E{E%,
S B O O 141
- I, O

Ps— GGt =TF F* = [ F,
S O O 1

where ¢ = rank(I, — Ps), a = rank(Ps — Rp), b = rank(Ps — GG') and U; € C"™¥§, E; € C"*4,
F € C™<b gre unitary matrices. The GSVD of Eq and F; is

Ey =5 PY, B = J5Q%,

where | € C**" is a nonsingular matrix, P € C*™%,Q € Clxb gre unitary matrices, and

I Ola-s O O| a—s
O Al s I O S
X = Y, =
o olk—a ™ |0 I|'k-a
O Olp—k O O| p—k

a—s s s b—s


https://doi.org/10.20944/preprints202504.0205.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 April 2025

36 of 79

k = rank[Ey, Fi] = a+b —s,and A = diag(Ay,---,As), T = diag(yy, -+ ,9s) with 1 > Ay > -+ >
Ae>0,0<y; < <79 <1, A24+92=1,i=1,---s. Partition [*V] into

Viin, Vio Vi3 Vig| a—s
Vi, Voo Va3 Vou| s

V1*3 V2*3 V33 V34 k —a
Vie Vay Vi Vulp—k

J'V] =

a—s s k—a p—k

(a) The matrix inequality G*X + X*G > H subject to (1) has a general solution if and only if the
conditions

AATC=C, DB'B=B, AD = CB,
(In — Ps)H(I, — Ps) > 0, R((I, — Ps)H) = R((I, — Ps)H(I, — Ps)),

Viir V12 Voo V3

V12 Va2 Vza Va3

>0,

hold. In this case, the general solution of G*X + X*G > H subject to (1) can be expressed as
X =X+ LAWR3,
where W is

W =Gt ((D + ﬁLSWﬁLGG+)RB + M — G+GMRB,

D = %(K—H)(ZIP -GhH+ %(Y—‘P*)GG*,

Y =2L"BBY(K — H) + (I, — L'BB")(K — H)L'L,
K = Ko+ PsHPs, Ko = (I, — Ps)[(I, — Ps)H (I, — Ps)]" (I, — Ps)H,
R Viin Vi His
J71 S(Hys) = Vi, Vo Vas|,
Hi; Vi Vs

H= (]*)71 S(HQ) S(I/_IlB)Nl
NikS(ng) N> + NTS(HB)N]

iy 3 * 1
Hiz = V1oV Vag + (Vi1 — ViaVah Vi3 ) 2N (Vag — Vs Vb Va3 ) 2,

with L = BBYG*, arbitrary M € C" " and Ny € C*<("=5) arbitrary anti-Hermitian Sy € C™*", arbitrary
Hermitian nonnegative definite Ny € C(#—5)x(n=k),
(b) The matrix inequality G*X + X*G > H subject to (1) has a general solution if and only if the

conditions

AATC=C, DB'B=B, AD = CB,

Viin Va2 Voo Vo3

>0
V1*2 Va2 V2*3 Va3

UrALL > 0,

7

hold. In this case, the general solution of G*X + X*G > H subject to (1) can be expressed as

X=Xo+ LAWRgp,
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where
W=_GN®+ L SwLiGGHRp + M — GTGMRp,
1 _ o1 _
© =5 (K- H)(2l, - GH + 5(¥ —¥*)GGT,
¥ =2L'BBY(K — A) + (I, — L'BB")(K — A)L'L,
K = Ko + PsHPs, Ko = H(I, — Ps)[(I, — Ps)H(I, — Ps)]*(I, — Ps)H,

R Vii Vi His
]!, S(His) = Vi, Vo Vasl,
Hf3 Vz*s V33

S(His) N
Ni  No+NjS(Hiz)'N

A

H=()"

N _ B 1 _ 1
Hiz = V12V221V23 + (Vi1 — V12V221 Vi5)2N (V33 — V2*3V221V23)2,

with L = BB*G*, arbitrary M € C"*" and Ny € C**("=K) arbitrary anti-Hermitian Sy, € C"™*", arbitrary
(n—k)x (n—k)

Hermitian nonnegative definite N, € C .

Yuan et al. expanded upon the above research by deriving necessary and sufficient conditions
for the system (1) to have Re-nnd and Re-pd solutions. Additionally, explicit representations of the
general Re-nnd and Re-pd solutions are provided when the stated conditions are satisfied.

Theorem 47 (Re-pd and Re-nnd solutions for (1) over C). [51] For given matrices A € CP*", B € C"*1,
C € CP*"and D € C"™4, denote AYC + LADB', BBYL 4, R.BB" and Xy + X — Ko by Xo, L, G and ],
respectively. Suppose that the EVDs of G, A*A — G and BB — G can be given by

I, O
G=U|? u* = uuz,
0O O 1™
I, O
AtA—Gc=p|" P* = P, P,
0O O 11
I, O
BB+7G: *: *I
QO OQ Q107

where ¢ = rank(G), a = rank(AtA — G), b = rank(BBt — G), U; € C"*8, P, € C"™“ and Q; € C"*?,
The GSVD of the matrices Py and Q1 is

P, = YI,E¥, Q) = Y5, FF,

where Y € C"*" is a nonsingular matrix and E e C™ F e Ctxbgre unitary matrices, and

I Of a-—s O O a-—s
O Al s A O] s
Y= L Yn = ,
! O Ol k—a’ 2 |0 I| k—a
O O| n—k O O n—k
a—s s s b—s
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with k = rank[P;, Q1] =a+b—s,A = diag(Ay, -, As), A =diag(dy,---,0), 1 >A > Ay > -+ >
As>0,0<8 <oH << <1, /\12 —I—(5l.2 =1,i=1,---,s,and the partition of the matrix Y*JY is the
form of

Ju Jiz iz Ja| a-—s

YHY — ]1:2 ]iZ Jo3 Joa| s .
]13 ]23 J33 Jaa| k—a
Jis Joa Ty Jaal n—k
a—s s k—a n—k

(a) The system (1) has a Re-nnd solution if and only if

AA'C=C, DB'B=D, AD = CB,
G(Xo+X35)G >0, H(G(Xo + X{)) = H(G(Xo + X;5)G),
Jiu T2 ~0 l]zz J23

> 0.
]fz ]22 ];3 ]33

In this case, the general Re-nnd solution of (1) can be expressed as
X =Xy+ ﬁA(@ + ,CLSK,CLEA)RB,

where Ky, ©, Y, H, M(Hy3) and Hyz are given by

(1= G)H(Iy — G) = J)(2hy — £4) + 5 (¥ — ¥}y,

¥ = 2L*BBY[(I, — G)H(I, — G) — J] + (I, — L'BB")[(I, - G)H(I, — G) — JIL'L,

Ju Jiz His
Y, M(Hi3) = | J5, T Jos |,
His J33 I

H=(Y")" M(Hss) M(Hi3)S
S*M(Hiz) T+ S*M(Hi3)S

Hiz = aJh)os + (Jun — ]12]52]{2)%1\7(]33 - ];3];2]23)%/

with arbitrary S € C<(=K) S, € C™" satisfying Sy = —Sk, arbitrary Hermitian nonnegative definite
T € C=Rx(1=k) and arbitrary contraction N € Cla—9)*(k=a),
(b) The system (1) has a Re-pd solution if and only if

AA'C=C, DB'B=D, AD = CB, U;(Xo + X{)U; > O,
Ju 2

]fz ]22

Jo2 )23

> 0.
I3 33

>0,

In this case, the general Re-pd solution of (1) can be expressed as

X =Xy+ ﬁA(G) + [:LSK,CLEA)RB,
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where Ky, ©, ¥, H, M(Hy3) and Hy3 are, respectively, given by
Ko = (Xo + X§)G[G(Xo + X§)G]'G(Xo + X)),
1 1
© = 315 — G)H(L, — G) — ]2y — L) + 5 (¥ —¥") L,
¥ = 2L'BBY[(I, — G)H(I, — G) — J] + (I, — LYBBY)[(I, — G)H (I, — G) — J]L'L,
Ju T2 His
— M(H13) S -1
H = Y* 1 Y 7 M H - ’ 4
(Y") g T+ 5% (M(Hy))~'S (His) 113 ]i2 Jo3
Hiz Jp3 U3
1 —1yx \% x 11 1
Hiz = Ji2)y Jo3 + (J11 — Ji2)on J12)2N(J33 — J53) 2 J23) 2,
with arbitrary S € C<(1=k) Sy e C"™7" satisfying St = —Sk, arbitrary Hermitian positive definite

T € C=Rx(1=k) and arbitrary strict contraction N € Cla—s)x(k=a),

4.5. Different Types of Reflexive Solutions

Some scholars considered the (anti-)reflexive solutions of the system (1) and presented the
following theorem.
Any nontrivial generalized reflection matrix P € C"*" can be expressed in the form

I O

P=U
@) _In—r

ur, (16)

where U = [U;, Up|, with U U, = O.

Theorem 48 ((Anti-)reflexive solutions for (1) over C). [17-19] Let A,C € CP*", B,D € C"*1 and the

nontrivial generalized reflection matrix P € C"*" be known and X € C"*" be unknown. The EVD of P is

given by (16). Let

G
2

Dy

,U*D = .
D,

AU = [Aq, Ay],CU = [By, By}, U"B =

(a) The system (1) has an (anti-)reflexive solution with respect to a nontrivial generalized reflection matrix
P if and only if
RAI,Ci =0, DiEBi =0, AiDi = Cz'Bi/ i=1,2.

In this case, the reflexive solution X with respect to P can be expressed as

H 0

X=U
0 K

u-,

the anti-reflexive solution X with respect to P can be expressed as

0 H

X=U
K 0

us,

where
H=AIBi + L, D:Cl + L4 1 Rc,,
K= A;Bz + »CAZDZC; + LA, Y2Rc,,

Y, € C™" and Y, € C=)%(=7) gre arbitrary.
(b) For a given matrix E € C"*" let

U*EU =

Enn Ep
Ey Ex
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Symbols @, and O, represent the set of all reflexive and anti-reflexive solutions of the system AX = C,XB = D.
Then, the approximation problem )r(mql; || X — E|| has a unique solution
S

A

L—u Z; O

ur,
O Z

where
Zy = ABy + L4, D1Cf + L4, (En1 — ATBy — L4, D1C)Rc,,
Zy = AlBy + L.4,D2C3 + L4, (Exa — AIBy — £L4,D,C) R,

The approximation problem )r(mqr; || X — E|| has a unique solution
€@,

O Zs
Zy O

A

X=U ur,

where
Zsy = AIBy + L, D1C} + L4, (E1a — AYBy — L4, D1C))Rc,,
Zy = AlBy + L4,D2CY + L 4, (Ex1 — ASBy — £4,D,C3)Rc,.

Zhou and Yang considered the existence conditions of the (anti)-Hermitian reflexive solutions
which added the (anti)-Hermitian constraints in the reflexive solutions [52].

Theorem 49 ((Anti-)Hermitian reflexive solutions for (1) over C). [52] Let A,C € CP*",B,D € C"*1
and the nontrivial generalized reflection matrix P € C"*" be known. The EVD of P is given by (16). Denote

AU = [A1, As), CU = [Cy,GCy], U*B = Bil uwp= [P
B D,

4

2

where A1,Cq € CPXT, Ay, Cy € CPX(1=1) C; Dy € C'¥1,Cy, Dy € C=1)%0 Lot

M= (L — AjAN)Cy, Ty = AJTCi(Is — MTM), Ky = (L, + Th T{) 7L,

N = (In—y — A3A3)Cy, To = A5TCo(Is — NTN), Ky = (In + ToT) 71,

P = (A} C1)(A; C)t = AiW; 4+ C1W,, Q = (A} Co)(A3 Co)t = AW + CoWy,
Wy = KA (L — MY, Wy = Ty K A (T — e Mt + Mt

W3 = K2 AT (In—r — CoNT), Wy = Ty Ko A5 (Iy—r — CoNT) + NT.

a) Then, the system (1) has Hermitian reflexive solutions in C"*" if and only i
Y Y

B1AT  BiCy A1B} A1Dq

DiA} Dici|  |CiBr CiDy|’

ByA; B, AxBy  A;Dy

D;AY D3C, GB; CiD; ’
BiWi A7 + DiW, A3, BfWCp + D1WLCyq
B; WgAz + DyW4 A%, B;W:;Cz + Dy W4 Cy

B}, Dy
B3, D>

7

Moreover, the general Hermitian reflexive solution can be expressed as

X1 (@)

X=U

u-,
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where X117 € C™7, Xy € C=1)x(1=7) e
X11 = Xq0+ (I = P)G1 (I, — P),
X2 = X20 + (In—r — Q)Ga(In—r — Q),
and
Xi0 = B{Wi + DiWa + (W' By + W5 D3) (I, — P), 17)
X0 = B;Wg, + DyWy + (W3*B2 + WZD;)(In—r — Q),
with arbitrary Hermitian G € C™" and G, € Cn=r)x(n-r),
(b) Then, the system (1) has anti-Hermitian reflexive solutions in C"*" if and only if
~BjA} —BiCy|  [ABf —AD
D;A; DiC| |CiBf —CiDy|’
—BzAz —B,(Cy o AzBE< —AyDy
D;A; D3Cy |  |CiBy —CiDyl|’
—BT, Dy| = —BTWlAT + D1W2A;, —Bi‘chl + D1W,Cq |,
—B;, Dy| = —B;W3Az + D2W4A;, —B;W3C2 + DyWyCo .
Moreover, the general anti-Hermitian reflexive solution can be expressed as
X O |,
X=U ,
where Xq1 € C™%7, Xpp € C=1)%(1=1) e
X11 = Xq0+ (I = P)G1 (I, = P),
X = X20 + (In—r — Q)Ga(In—r — Q),
and
X0 = —BTWl—FDle—(—WikBl-‘rW;Dik)(Ir—P), (18)
Xo0 = =By W3 + DoyWy — (=W3Bo + Wi D3) (I — Q),
with arbitrary anti-Hermitian G; € C™*" and G, € Cn=r)x(n=r),
(¢c) Given matrix E € C"*", Let
EY, E
E=u|_1 "2y, (19)
En Ep

where Eyy € C™%7,Eyy € C=7)%(n=7) "If (1) has Hermitian reflexive solutions, then the optimize problem

||X — E|| = min has a unique Hermitian reflexive solutions X of (1), which can be represented as
x=ulf 2y,
where

X11 = Xq0+ (I, — P)Gy (I, — P),
XZZ = X20 + (In—r - Q)GZ(In—r - Q),

A 1

G1 = 5 (En1 — X190 + (En1 — X10)™),

Gy = E(Ezz — Xo0 + (Ex — X20)™),
with Xlo, Xzo given by (17).
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(d) For given matrix E € C"™*", U*E*U is partitioned as (19). If (1) has anti-Hermitian reflexive solutions
in, then the optimize problem || X — E|| = min has a unique anti-Hermitian reflexive solutions X of (1) which
can be represented as

A

X11 0

X=U L |ur,
X2

where . .

X11 = X109+ (I = P)Gy (I — P),

X0 = Xp0+ (In—r — Q)Ga(In—+ — Q),
(E11 — X10 — (En1 — X10)"),

(Exp — Xo0 — (Ex2 — X20)"),

o

1=

G =

N =N =

with Xq9, Xpo given by (18).
Zhou et al. also considered the least squares (anti)-Hermitian reflexive solutions [53].

Theorem 50 (Least squares (anti-)Hermitian reflexive solutions for (1) over C). [53] Let A,C € CP*",
B, D € C™"*1 and the nontrivial generalized reflection matrix P € C"*" be known. The EVD of P is given by
(16). Denote

AU = [Ay, As], CU = [Cy,Cy], U*B = [gl D1

, U*D = .
D,

2

Li(i=1,23,4),Pj Qi Sij, T;j(i = 1,2, j=1,2) and ;, B;(i = 1, - - ,1r1,j = 1,- - ,r2) are given by the
SVDs Of (AT, Bl)r(AS/ Bz), (CT, Dl),(C;,Dz), (—CT,Dl),(—C;,Dz).'

(A1,B1) =P %1 8 Q1 = (P11, P12) Zol 8 <8%) = P% Q7
(A3,By) =P, %2 8 Q3 = (P21, Py) ZOZ 8 <Q§l> = P»XQ5,
(C1,D1) =S4 %1 8 Ti = (511, 512) % 8 - <%I;> = S11Z3Tqy,
(C3,D2) =S %4 8 T5 = (S21,522) %4 8 (%Z) = SnEyTy,
(=Ci,D1) = S3 %5 g T3 = (S31,532) 25 8 <;§l) = S531%5T3;,
(=C3,D2) = 54[ 2(36 g Ty = (S41,542) 26 8 (%:;) = SuZeTyy,

where Py = [P11, Ppp], S1 = [S11,512], S3 = [S31,S32] € C™7, Q1 = [Q11,Q12], T1 = [T11,
Ti), Ts = [Ta, T € COHI)x(m0) 5, — diag(ay,ay, - - - ,&,),r1 = rank[A],B], X, =
diag(B1, B2, -+, Br,), 12 = rank[A3, Bo], X3 = diag(v1, 72, - ,¥r3), 3 = rank[C], Dq], X4
= diag(n1,12, - ,1r,), 4 = rank[C5, Do), X5 = diag(Z1, {2, -+ ,{rs), 15 = rank[—C;, Dy},
Yo = diag(1,82,- -+ ,&r6), 16 = rank[—Cj, Dy].
(a) The least squares Hermitian reflexive solutions of the system AX = C, XB = D with respect to P can
be expressed as
X11 O

X=U

ur,
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with Xq1 € C™7, Xpp € Clr=1)x(n=r) being Hermitian, given by

Xy = Py @1 % (P S11 23T QuZ + £1Q5 TiiZaSi i) 27 'Q) T11Za ST, Pro pr
P} S1Es Ty Qi Gy v
Xpy = Py @) * (P SnZaTy Q1o + X0Q5, To1%aS5 Po1) 5 ' Q To1 4S5, Poo pr
P3HSnEaTy QnX, ! G 2’

where G; € Cr—m)x(r=1) gnd Gy € Cln=r=r2)x(n=r=r2) gpp arbitrary Hermitian matrices, &1 = (cpl-]-) €
Crixn, $ij = _1 j=1, 1,0 = ((Pij) € Cr2xn, ij = /3%%5]2’ ij=1,- 1

2 27
oy +aj
(b) The least squares anti-Hermitian reflexive solutions of the system (1) with respect to P can be expressed
as

Xll @)

X=U

u*

with Xy1 € C™7, Xpp € CU=1)%(1=1) being anti-Hermitian, given by

X1 = Py @+ (PfSnZsT5 QT — £1Q5 T312555, Pi1)  —Z7 Q5 T312555, Pra pr
P}, S31%5T5H QuX; ! Gy 1
Xy = P, @+ (P3SnZeT;Qo1%0 — £0Q5, TurZeS) Pa1)  —X5 Q5 Tu1ZeS); P P
P35, Su 6T Qn Ty G, 2/

where Gy € CU—)x(=11) gnd G, € CU'=r=r2)x(1=r="2) gre arbitrary anti-Hermitian matrices.
Given E € C"*", Let

U EU — E11 Epp ,
Eyi Ex
where Ey € C™%7, Eyy € C=1)X(0=1) gnd denote
| X X2 | X Xon2
En=| o JEn=1 "
X1 X122 X1 Xo

where 5(111 € (Crlxrl,f(vzll € Crexr,
(c) The optimization problem ||X — E|| = min has a unique solution X which is the least squares
Hermitian reflexive solution of (1) can be represented as

where Xq1 € C™7, Xy € C=1)%(1=1) gre Hermitian, with

% b @1 * (Pf;S11 23T Q11 + £1Q5, T11 X3S, Prn) ZfllQﬁTquSﬁPlz -

1n="n _ . . ,
PSuZaThHQuEy ! E(Xlzz + Xin)

% o D) * (P3S1 24Ty Q2150 + £oQ5 Tn1 2455, P1) 2511 Q31 1212455, P -

»n="> N _ 5.
P5SnXaTy QnX, ! 5 (Xo22 + X59)
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(d) The optimization problem ||X — E|| = min has a unique solution X which is the least squares
anti-Hermitian reflexive solution of (1) can be represented as
x=u| *1 9 Iy,
O Xx»
where X117 € C™", Xpy € CU=1X(1=7) gy anti-Hermitian, with
% b @1+ (Pf S ZsT5 QT — £1Q5 T31X555, Pi1)  —X7 ' Q5 T312555, Pra o
n=~n _ 1. - - ,
P},S31 85T QuEy ' 5 (X122 = Xi)
% o @y * (P SuZeTyQa1%0 — X0Q5, TurZeSi Pn)  —X5'Q3 TurX6S) P .
2 =55 _ 1 2+
P SuZeT; Qn Xy E(Xzzz — X55)

Dong and Wang have presented the system of matrix equations (1) subject to {P, Q,k + 1}-
reflexive and anti-reflexive constraints by converting it into two simpler cases: k = 1 and k = 2. They
provide the solvability conditions, the general solution to this system, and the least squares solution
when (1) is inconsistent [54].

Let P € C"™*" and Q € C"*" be Hermitian and {k + 1}-potent matrices, that is, P¥*1 = P = P*
and Q"1 = Q = Q*. A matrix X € C"*" is called {P,Q,k + 1}-(anti-)reflexive if PXQ = X (or
PXQ = —X). For P € C"™*™ and Q € C"*" to be Hermitian, they are {k + 1}-potent matrices if and
only if P and Q are idempotent (i.e., P?2 = P, Q% = Q) when kis odd, or tripotent (i.e., PP=P,Q*=Q)
when k is even. Moreover, there exist U € U"*™ and V € U"*" such that

I
u, =v|1
0) Q o)

v, (20)

if k is odd, and
I I
P=U S us, o=V —Ijs V¥, (21)
0] 0]

if k is even, where p = rank(P) and g = rank(Q).

Theorem 51 ({P, Q,2}-(anti-)reflexive solutions for (1) over C). [54] Given A € Cchxm c e cl*n,
B € C"™k, D e C™k Let P € C™" and Q € C"*" be Hermitian and {k + 1}-potent with k = 1. For U
and V are given in (20), let A1, Cq, By, D1 be defined in

AU = [A1, A3, CV =[C,Cy), V*B = Bl Dy

, U*D =
D,

7

2

where Ay € CI*P, C; € C1¥9, By € CT%k, and Dy € CP*K. Then, we have the following results.
(a) The system (1) is consistent for { P, Q, 2 }-reflexive X if and only if

A1AYC, = Cy, D1BIB; = Dy, A\D; = CyB;.
In this case, the general solution is

—u AICy + DB} — AYA; Dy BY + (I — ATA))Uy (I - BBT) O

X = v,
O O

where Uy € CP*1 is arbitrary.
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(b) Let Sx be the set of all {P, Q, 2 }-reflexive solutions to (1) and E be a given matrix in C"*". Partition

U*EV =

E11 Epp
En Exnl|’

with Eqq € CP*4. Then,
|X—E| = )r(nin IIX — E||
€Sy

has an only solution X which can be expressed as

-~

L-u AICy + DyBY — AYA Dy BY + (I — ATA)Ej(I-BBT) O

V.
O O

(c) Assume that the SVDs of A1, By is expressed as

M; O
O O

Ny O

A=W
! O 0

Z', By =P Q"

where W = [Wy,W,] € C*, Z = [Z1,Z] € CP*P, P = [P, P] € CT¥9, and Q = [Q1, Q2] €
Ck*k are unitary matrices, My = diag(cy, - - - ,07,), 11 = rank(M;), Wy € Chn, 7, € CP*", Ny =
diag(p1,- -+ ,pr,), r2 = rank(Ny), P, € C1*"2, Q; € Ck*72. Then, the least norm least squares solution
X € Sy, can be expressed as

O(MiW;C1Py + Z;D1Qi1N1) M 'W;Ci Py 0
X=U Z;D1QiN; ! Yy Ve,
o) o)
where © = (0;;) € R"*72,0;; = #er]z, and Yy € CP=x0-"2) is an arbitrary matrix.

Theorem 52 ({P, Q,3}-(anti-)reflexive solutions for (1) over C). [54] Given A € C*™, C € Cl*",
B e C"k D e Cmxk p e Cmxm gud Q € C"*" are Hermitian and {k + 1}-potent with k = 2. For U and
V are given in (20), let A1, Ay, C1,Cy, B1, Ba, D1, D; be defined in

By Dy
AU = [Al,Az,Ag], CV = [C1,C2, C3}, V*B = B,|, U D= |Dy|,
B3 D5

where Ay € CI¥7, Ay € C*(r=1) ¢y e CI*5, Cp € C1*3-9), By € €%k, B, € CU—3)k D) e €%k, and
D, € Cp=1)xk,

(a) Then, the system (1) is consistent for { P, Q, 3}-reflexive X if and only if

A1AIC) = Cy, D1BfBy = Dy, A\Dy = C1By, AyAICy = Cy, DyBiBy = Dy, ADs = CBo.

In this case, the general solution is

X, O O
X=U|O X, O|V~
O O O

where Xy = AYCy + D1Bf — ATA D BI + (I — ATAy)Uyy (I — B1BY),Xo = ASC, + DB — AT A,D,BY +
(I — AL A2)Unn (I — ByBY), and Uy, Uy, are arbitrary with suitable orders.
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(b) Let Sx be the set of all {P,Q,3}-reflexive solutions to (1) and let E be a given matrix in C"*".
Partition

Ei1 Ein Eg3
U'EV = |Ey Expn En3
Esi Ezx Ess
with By € C™5, Eyy € CWP=)%=5), Then, | X — E|| = )r(rusn | X — E|| has a unique solution X which can
€5x

be expressed as

X, 0 O
X=U|O0O X, O|V*
O O O

where X1 = A-{Cl + DlBir — AIA1D1B{ + (I — AIA1)E11(I — BlBD and X2 = AZCZ + DzBI —
AL A;,DyBY + (I — AT A2)Ex (I — ByBY).

Remark 12. The {P, Q, 3}-reflexive least squares problem can be reduced similarly to Theorem 51 (c), hence
the conclusion is omitted.

4.6. Different Types of Conjugate Solutions

Chang et al. have presented the (R, S)-conjugate solution to the linear equation system (1) [55].
A matrix A € C"*" is called an R-conjugate matrix if it satisfies A = RAR, where R is a nontrivial
involution (i.e. R> = I, R # I). A matrix A € C"™*" is called an (R, S)-conjugate matrix if it satisfies
A = RAS, where R and S are nontrivial involutions. The sets of R-conjugate and (R, S)-conjugate
matrices are denoted by C*"(R) and C**"(R, S), respectively. For nontrivial involution matrices
R € C"™*" and S € C"*", there exists

uT
vT}

PT
QT

O

I}' Is O
O —In—y

R=[P,Q S

], S=1[U,V]

Denote I = [P,iQ], F = [U,iV]. The results for the solutions in C*"(R) and C2*"(R, S) to the system
(1) are presented below.

Theorem 53 ((R, S)-conjugate solutions for (1) over C). [55] Given A € CP*™,B € C"*1,C € CP*",D €
C™*4, nontrivial involutions R and S. Suppose that A = A; +iAy; € CP*™ and B = By +iBy € C"*1,

h
where 1

T 2i

1

: (A~ AR), By = 2(B+5B), B,

(B—SB).
Let
CF=Cy+iCy, "D = Dy +iD,

where C1,Cy € R¥*" Dy, D, € R™*4. Denote

AT
A,T

G
G

F= , G = , K= [F*By,F*By], L = [Dy,D,].

Assume that the SVDs of F € R?P*™ and K € R"*21 gre

D, O
o o

D, O
o o

F=WwW vI=wD, VI, K=M u' = myD, U7,

where

W= [W,W,], V=[V, V], M= [M, M), U= [U, U],
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with Wy € R,V € R™, M, € R™"2, Uy € R**"2, D, = diag (A1, ,Ay) and D,, =

diag(p, - pry)-
(a) Then, the system (1) has a solution in CZ*" (R, S) if and only if

FF'G =G, LK'K =L, FL = GK.
In which case, the general (R, S)-conjugate solution to (1) can be represented as
X = r(ﬁc + WBVILK + VZNM})P*,

where N € RU"=1)x(1=12) js arbitrary.
(b) For a given E € C™<", let E; = J(E + RES). Denote the (R, S)-conjugate solution set of (1) is Sx.
If Sx is nonempty, then the approximation problem ||X — E|| = }r(mg\ has a unique solution X is the form of
€5F

X = r(ﬁc + Vo VI LK MM + VZVEF*ElFMzME) F*.

(c) When (1) has not an (R, S)-conjugate solution. Then, the least squares solution if (1) can be expressed
as
@« (D, W[ GM; + V' LUD,,) D,'W]GM,

MTF*,
VLU, D! Y

X=TV

where ® = (¢;j) € R"1*72,¢ = ﬁyz and Yy € RU=1)X(1=12) js an arbitrary matrix. The unique least
i

squares least norm solution of (1) is

@« (D, W[ GM; + V' LUD,,) D,'W]GM,

X=IV . .
VLU D;, 0

] MTF*,

Two years later, Chang et al. extended the results in [55] to consider the Hermitian R-conjugate
solutions. They provided the necessary and sufficient conditions for the existence of the Hermitian
R-conjugate solution to the system of complex matrix equations AX = C and XB = D, and presented
an expression for the Hermitian R-conjugate solution to this system when the solvability conditions
are satisfied. In addition, the solution to an optimal approximation problem was obtained. Further-
more, the least squares Hermitian R-conjugate solution with the least norm for this system was also
considered [56].

Theorem 54 (Hermitian R-conjugate solutions for (1) over C). [56] For given A € RP*",C € RF*" B €
R™4, and D € R"*4. Given a nontrivial symmetric involution matrix R € R™ ", which can be expressed as

PT
Qr|’
where P € R™ and Q € R"™("=7) satisfying PTP = I,, Q"Q = I,_,, PTQ = O, QTP = O. Denote
I'= [P, IQ] Let AT = A1 +iA,, CI' = Cy +iCy, I'"B = By +iBy, and I'*D = Dy + iD,, where

O

I
R=[PQl| ] |
n—r

A = %(Al“Jrﬁ), Ay = %(Ar—ﬁ), Ci = S(CT+CT), G, = %(Cr—ﬁ),

1
2
(

B = %(I’*B+I’*B), B, = %(I’*B —T%B), Dy = % *D+TD), D, = %(I’*D —T°D).
Denote
Aq G F G
F = , G = , K=1|By, By|, L= Dy, Dy|, M = , N = .
A, c [B1, By [D1, D] % [LT}
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Assume that the SVD of M € R(2P+20)x1 jg
M O] ;
M = u V 7
O O
where U = [Uy, U] € REMH2D)x@m+2) gng v = [V, V5] € R"™" are orthogonal matrices, My =

diag(cy,- -+ ,07), r = rank(M), Uy € R@mH+2)xr v ¢ Rixr,
(a) The system (1) has a Hermitian R-conjugate solution in C"*" if and only if

MNT = NMT, UJN = O.
In that case, (1) has the general Hermitian R-conjugate solution
X = r(le;lulTN + WV N MV + VzGV2T)F*,

where G is a arbitrary (n — r) x (n — r) symmetric matrix.
(b) For E € R"*" let Ey = % (T*ET +T*ET). The system (1) has Hermitian R-conjugate solutions, then
the optimal approximation problem || X — E|| = min has a unique Hermitian R-reflexive solution of (1) as

X =T(ViM;'UIN + Vi NTU MV + VS By Vo Vg )T
(¢) The least squares Hermitian R-conjugate solution of (1) can be expressed as

—171T —1791T
MTUINV, M;TUINV,

v,
VINTU M Yo

X=TIV

where Yyy € RUIX(1=1) s ay arbitrary symmetric matrix.
(d) The least norm least squares Hermitian R-conjugate solution of (1) can be expressed as

MUUTNYV, MT'UINV

vire,
VINTU M o

X=TIV

4.7. Conjugate Class Solutions

Recall that matrices X, Y € C"*" are in the same *congruence class if there exists a nonsingular
matrix P € C"*" such that X = P*YP.
Zheng first considered the *congruence class of the solutions of (1) [57].

Theorem 55 (*congruence class solutions for (1) over C). [57] Let A,C € CP*"*, B,D € C"*4. The GSVD
of the matrices A and B is given by

A =UySiT*, B =TSV,
where Uy € CP*P, Vg € C1*1 are unitary matrices, T € C"*" is a nonsingular matrix and

I O
O O

rn n—n

.
S, = 1

4
m—r
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Fl O O 7’%
O O O| rn—r}
Sy = V2
O Ip Of
O O O n—rl—r%

1,2
r, 15 k—r

are block matrices with positive diagonal matrices T'1, To. 11 = rank(A), r, = r} +r3 = rank(B). Block
UACT and T*DVp into suitable size as the form of

D11 D1 D3
Dy1 Dy Dy3

C= —

Gy Cyp Cp3 Cy

Cii Cip Cy3 C14]

The system (1) is solvable if and only if
Cj=0,j=1,234, D3=0,i=12, C;y = DyIy!, Ci3 = Dppl, .
The general form of a solution of (1) is

Cin Ci2 Cis Cia

_1 -1 Tﬁl/
Dy I Xoo Dol 7 Xog

X=T"

where Xpy € C=r)X(1=12) and Xy, € C=r)*(1=r1-13) gre gp arbitrary. Obviously, X is *congruent to

Cn  Cio C3  Cuy
DyI{! X Dply' Xos

Later, Zhang presented the following result.

Theorem 56 (*congruence class solutions for (1) over C). [58] Let A,C € CP*" and B,D € C**1. Assume
that the GSVD of A and B* can be expressed as

A = UX,P, B* = VZgP,

where U € C"™*™ and V € CP*? are unitary matrices, P € C"*" is nonsingular matrix, x4 € C™", Lp €
CP*", r = rank[A*, B],

I, O O O
X4 = O Sy O o],
O O O O
_t s r—s—t n—r
[0 o O o0
Xp4= O Sp O o],
O O Ip O
_t s r—s—t n—r

where S = diag(ay, -+ ,as), Sp = diag(By, -+ ,Bs) withl >ay > -+ > >0,0< B < - < Bs <
1,anda12+ﬁ12=1,i:1,---,s. Denote

U*CP* = |Cy Cn Co3 Cosl,
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D13
Do3
D33 |’
Dy

p—r—t s r—s—t

a) The system (1) has a solution in C"*" if and only i
Y Y

Gi=0,D;1=0,i=1,2,3,4,

C12 = D12S3", C13 = D13, S, Can = DS", S;'Ca3 = Dns.

In that case, the general solutions of (1) are

Cn Co  Cp3
1184'Ca1 S;'Cn Do
X311  DxnSz' Dsx
Xy DgpSz' Dg

X =P

where X31, X41, X34, and Xuy are arbitrary.

Ciq

S A 1 Coy
X34
Xy

(P7h,

b) For arbitrary Xz1, X41, X34, and Xy, there exists a solution in C"*" of (1), which is *congruent to
Y 8

Cn Cn  Ci3
S;'Cx1 S,'Cxy Dn
X351 DsSz' Dss
Xsn  DpSy' D

Y =

Cia

S A 1 Coy
X34
Xy4

(¢) There exists a minimum norm solution in C"*" of (1), which is *congruent to

Cn Cn  Ci3
S;'Cx1 S,'Cx Dn
O  DxnSz' Dss
O  DupSz' D

Y =

Cia
SZl Coy
0]

0]

Remark 13. Theorem 56 differs from Theorem 55 in both the approach to decomposition and the way solutions

are expressed. Specifically, Theorem 56 provides an extended formulation that generalizes the results in Theorem

55, offering a more comprehensive method for decomposing the matrix equations and presenting solutions in a

broader context.

The next theorem shows the corresponding least squares and least squares least norm solutions

through GSVD.

Theorem 57 (Least squares *congruence class solutions for (1) over C). [58] Let A,C € CP*",B,D €

C"*4, and rank(A) = rank(B) = k. There exists a unitary matrix U € C"*" and nonsingular matrices
Ry € CP*Pand Rg € C7*9, such that the GSVD of matrix pair [A*, B] is given as

A* =U(Z4,0)R,!, B=U(Z0)R;,
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where 4, L5 € C"™K gre

Ol

I
=~
4
|
v

OO OO0oF

ONGHRGRONOREY

Za , LB

O»nwOOno
R ONeNeNe!

OO QOO &0

O eNe)

L It_ L -
withp=r+s+1t G = diag<gr+1/ ce /ngrs)/ 1>g41 2 284s>0, 5= diag(errl/
e Wrs), 0> w1 > > W > 1, G2 + S? = I,. Denote the suitable block matrices with the forms

Cii Cip Ciz Cuu Cis5 Cyp
(Ry)*CU = G Cyp C3 Cyy Gy Cye
Csi Cz2 Csz Caa Cas Cae|’

Cy Cpp Ciz Cy Cys Cy

D11 Dy2 Dis Dig
D1 Dz Doz Doy
D31 D3 D3z Dz
Dyt Diy Dsgz Du|
Ds; Dsp Dsz Dsy

De1 Der  De3  Des |

U*DRg =

(a) The least square solutions to (1) are

[Ci1+ Dy Cip+Dip Ciz+Diz Cuy Cis Ci6
Doy Dy, Dy3 0 0 0
D D D X X X
X—U 31 ) 33 34 35 |y,
Dy Dy Dy X4 X5 X6
Y51 Y5, Y53 S71Chu S7ICs ST1Cy
|Ds1+De1 Dsp+Dex D3z +Des Caa Css Cs6 |

where X34, X35, X36, Xaa, Xu5, and Xye are arbitrary, Ys; = @ % (S(GDp; — Cy;) + Ds;), i = 1,2,3,
@ = (gjx) € T, 9j; = ﬁjﬂf‘/’fk =0,j#k

(b) For arbitrary X34, X35, X36, Xaa, Xus, and Xy, there exists a least square solution in C"*" of (1),
which is *congruent to

[Ci1+ Dy Cip+Dip Ciz+Diz Cuy Cis Ci6
y — D3 D3 D33 X34 X35 X36
Dy Dy Dy Xa4 X5 X6 |’
Y51 Y5, Y53 S71Cy S7IC ST1Cy
|Ds1+De1 Dzp+Dex D3z + Doz Cas Css Cs6 |

where Ys; = @ * (S(GDy; — Cyi) + D5;), i = 1,2,3, @ = (¢) € C, 9j; = ﬁjﬂf @i =0,j #k
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(¢) There exists a minimum norm least square solution in C"*" of (1), which is *congruent to

Cn+Dn Co+Dp Ciz+Di3 Cuy Cis Cis

v — D3 D3, D33 O O O
Y51 Y5, Ys3 S71Cy S71Cs S71C
D31+ De1 Dp+Dep D3z +Dez  Ca Css Cs6 |

where Y5i =P (S(GDZi - C2i) + DSi)/ i=1,23 &= ((P]k) e Cox, Qjj = ﬁj""l’ Pjk = O,j 75 k.

4.8. (Anti-)Hermitian (Anti-)Hamiltonian Solutions

Hamiltonian matrices play a crucial role in various engineering applications, particularly in
solving Riccati equations. Yu et al. studied four extended Hamiltonian solutions of the system (1) [59].
Table 1 outlines the definitions of anti-symmetric orthogonal matrices and (anti-)Hermitian
generalized (anti-)Hamiltonian matrices, with | € R¥"*2" representing a non-trivial anti-symmetric
orthogonal matrix, and X € C?"*2" denoting the (anti-)Hermitian generalized (anti-)Hamiltonian

matrix.
Table 1. Definition of (anti-) Hermitian generalized (anti-)Hamiltonian matrices
Symbols Types of matrix
2nx2n non-trivial anti-symmetric T_ 1 1-1
ASOR orthogonal matrix P=-l=7"#I
HHC2x2n Hermitian generalized X = X* and JX] = X*
Hamiltonian
HAHC2 2 Hermitian generalized X = X* and JX] = —X*
anti-Hamiltonian
211% 20 anti-Hermitian generalized s R
AHHC Hamiltonian X=—-X"and JX] =X
AHAHC2nx2n anti-Hermitian generalized X = —X* and JX] = —X*

anti-Hamiltonian

For ] € ASOR?"*2" the EVD of | can be expressed as

il, O

P, 22
O —il, @2)

where P € C?"%2" js a unitary matrix [59].

Next, we present the necessary and sufficient conditions for the (anti-)Hermitian generalized
(anti-)Hamiltonian solutions to the system (1) along with corresponding expressions. Additionally, for
a given E € C?"*2" we consider the optimization problem || X — E|| = min, where X satisfies (1).

Theorem 58 (HHC solutions for (1) over C). [59] Given A,C € CP*?",B,D € C?"*4, let the decomposi-
tion of ] € ASOR?"*2" pe (22). Partition

By

AP = [Al,Az], CP = [CerZ]l P*B = lB Dy

 P*D =
D,

/ (23)

2
where A1, Ay, C1, Co € CP*" and By, Bp, D1, Dy € C"*1. Denote

Ay
B{

G
D;

Al = ,C = , B' = [A},By], D' = [C},Dy].
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(a) Then, the system (1) has a solution X € HHC?"*2" if and only if
A/(AI)+C/ — CI, D/(B/)'l"B/ — DI, A/D/ — C/B/,
in which case the Hermitian generalized Hamiltonian solution to (1) can be expressed as

@) XlZ

X=P|_,
X:, O

P*

where
X = (AT + D' (Bt — (AYTA'D' (B + Ly WRp

and W € C"*" is arbitrary.
(b) For a given E € C?*2" et

Enn Ep

P*EP =
Ey Ex

], Ey1 € CY Eyp € C™

Assume that the system (1) has a solution X € HHC?"*2". Then, the optimization problem || X — E|| = min
has a unique solution X € HHC?"2" of (1) if and only if

1 ‘ 1 .
L (2(512 + (E2n)") — Xo) Ry = 5(E2 + (Ex)") = Xo,

in which case the unique solution X can be expressed as

E—-pP 2 . Xo *,
(Xo)* O
where 1
Xo = 5(Enz + (E1)"), Xo = (A)'C'+D'(B)" — (A")*A'D(B)".
(c) Denote

A" =[A3,By], C" =[C3, D).
Let the SVDs of A" and C" be given by

r o
O O

A O

A" =P
0 o

QT/ C" = u1 V]*/

where Py = [P1y, Ppp], Q1 = [Q11, Qu2], Uy = [Uy1, Uz], Vg = [Vin, Va2, T = diag(dy,62,- -,
0,), ti = rank(A”), A = diag(y1, 72, ,Vt,), t2 = rank(C"). Then, the least squares Hermitian
generalized Hamiltonian solution to (1) can be described as

0] X12

X=P
X, O

P*

where
¢ * (P1*1D/V11A + FQE(C,)*UQ) F_lQﬁ (C’)*U12

Xpp = P
B P;, D'V A XY,

uj,

with ¢ = (¢j) € Ch*72, ¢y = ﬁ, and arbitrary X}, € Cr=h)x(n1-t),
s
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Theorem 59 (HAHC solutions for (1) over C). [59] Given A,C € CP*?",B,D € C2"*1, let the decompo-
sition of ] € ASOR?"*2" pe (22). The matrices AP, CP, P*B, and P* D respectively have the partitions as in
(23). Denote

x_ Al’E: Cl/gz Azlf: Cz‘
By Dy B D;
Let the SVDs of A and B be
— ¥ 0 - IT O
A=U V*, B= R*,
O O QlO O

where U,Q € Cmta)xk 'y R e Cnxn 5 — diag(ay,- - - ,ar), r = rank(A), IT = diag(B1,
-++,Bs), s = rank(B). Set

?11 ?12
Cn Cx»

En ?12
Dy Do

U*Cv = , DR =

7

where 611 e Cr~r, Ell € (Cs%s, 622 € (C(m—l—q—r)x(k—r)l 522 € Clm+q—s)x(k=s)
(a) Then, (1) has a solution X € HAHC?"2" if and only if

in which case the Hermitian generalized anti-Hamiltonian solution to (1) can be described as

X—p X1 O P,
O Xx»
where
2ICh ZICn| . II"'Dy;  II''Dyp| .
m=Vie st %, |V 2 Rlpomt %, [N
(C12) 2 (D12) 2

Xop € Chk=1)x(k=1) gud Xpy € Clh=5)x(k=5) gpe arbitrary Hermitian matrices.
(b) For a given E € C?"™*2" and the system (1) has a solution X € HAHC?"*2", [t

1 Ej, E X0 XY Xy Xy
S(P'E+EP)=|, M. 1, VELV=| Sl S|, RERR=| SN 2],
2 (Elz) E22 Xlz) XZZ (Xlz) X22

where Ej; € C"™",E), € (C"X”,)A(?l € (C’X’,)A(gz € (C(k’r)x(k’r),f(ﬁ € (CSXS,}A(Q’Z € Clk=s)x(k=s) gre
Hermitian. Then, the optimization problem || X — E|| = min has a unique solution X° € HAHC?"*2" of (1)
as

Xy O

X0=p 0
o x5

P*

where

271611 271612
(C)'z ! X5,

11D 11D
X(l]l =V v, ng =R| = * 1171 N 2 R*.
(D12)*11 X%
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Theorem 60 (AHHC solutions for (1) over C). [59] Given A,C € CP*?",B,D € C2"*1, let the decompo-
sition of ] € ASOR?"*2" pe (22). The matrices AP, CP, P*B, and P* D respectively have the partitions as in

(23). Denote
AV: A:’éz Cl*’gz Af’NZ CZ*‘
B —Dy G —D;
Let the SVDs of A and B be, respectively,
~ 0 = IT O
A=U V*, B= R,
O O Q O O

where U,Q € Cmta)xk 'y R e €M1 gre unitary and ¥ = diag(ay,--- ,a,), ¥ = rank(g), IT

diag(B1,---,Bs), s = rank(C). Set
1?11 l?lz

Dy1 Do

-~
7

uscv =

Cn Ci2

, O*DR =
Cy Cx»

where C\ll e Cr=r, ﬁll e C5*s, 622 S (C(m—',-q—r)x(k—r)l ﬁzz S Cm+q—s)x(k=s)
(a) Then, (1) has a solution X € AHHC?"*2" if and only if

~

A\A\Jr(/f = 6, A\é* = —C\A*, C21 =0, C22 =0,

in which case the anti-Hermitian generalized Hamiltonian solution to (1) can be described as

x - p|Xn ) p*,
where
-1A -17 -1 15
Xy =V ZA* C1_11 X (i V' Xy = R HA* 131_11 IT AD12 R,
—Cp,x X2 —Dp,I1 Xa»
and Xop € Ch=1)xk=1) X, e Clk=s)x(k=s) gpe arbitrary anti-Hermitian.
(b) For a given E € C2"*2" et
}??l ng] ) |: )?// )A(// :|
1 , R*ELLR = 11 . 12 ,
2 —(X1)* Xy

E/ E! ]
11 120 V*E'V = [ Y
R %

1

~(P*E—E*'P) = {

2 A
where E), € €™, Ejy € Cn R0 € €7, Ry € Cl-nx(k-n) R1 e €5, Ry € Cl9x(k-) g
anti-Hermitian. Assume that the system (1) has a solution X € AHHC?"*2", Then, the optimization problem
|| X — E|| = min has a unique solution X € AHHC?>"*2" of (1) satisfying

0
g=p|fu O |p
o x5’
where
> 1B N 1D 1D
xg=v| = B E Selye xg | L Du T P
12 22 12 22
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Theorem 61 (AHAHC solutions for (1) over C). [59] Given A,C € CP*?",B,D € C?"*4, let the
decomposition of | € ASOR?"*2" be (22). The matrices AP, CP, P*B, and P* D respectively have the partitions
as in (23). Denote

i-|h

By

G
—D3

, B=[A},By], D= [-C},Dy].

7

(a) Then, (1) has a solution X € AHAHC*"2" if and only if
AA*C = C, DB'E = D, AD = CB,
in which case the anti-Hermitian generalized anti-Hamiltonian solution to (1) can be expressed as

@) X12

X=P| _,
-Xj, O

P*

where
Xy = A'C+ DB' — A'ADB' + £:ZR;

and Z € C"*" is arbitrary.
(b) For a given E € C?"*2" et

Enn En
Ey Ex

P*EP =

], Eq; € CY" Eyp € CP,

If the system (1) has a solution X € AHAHC?"*2", the optimization problem || X — E|| = min has a unique
solution X € AHAHC?"2" of (1) if and only if

Ly (i(Elz = (Exn)") - XO) Rer= %(Elz = (E21)") = Xo,

in which case the unique solution X can be expressed as

. O Xo *
X=P — p*,
—(Xo)* O
where 1
Xo = 5(En — (Ex)"), Xo = (4)'C+D(B)" - (A)' AD(B)".
(c) Denote

A" =[A},By], C" =[C;,—Dy], B =[A3,By], D" = [-Cf, Dq].
Let the SVDs of A" and B" be as given in

r o
O O

A O

AT =P
0 o0

QT/ B// = ul Vl*/

where Py = [P1q, P12], Q1 = [Q11, Qu2), Uy = [Uny, Una), Vg = [Vi1, Vio], T = diag(dy, - - -,
0,), t1 = rank(A”), A = diag(y1,- -+ ,7t,), t2 = rank(B"). Then, the least squares Hermitian generalized
Hamiltonian solution to (1) can be described as

O X12

P,
-Xj, O
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where
@« (P D'Vt A +TQ5 (C')*Urp) T71Q7(C')*Unn

Xip = P
B P, D'V A X},

*
uy,

with @ = (¢;j), ¢ij = ﬁ, 1<i<th,1<j<tand X}, € Clr=t)x(n=t) js arbitrary.

In this chapter, we introduce matrix decomposition methods for solving special solutions of
system (1), including various symmetric solutions, orthogonal solutions over the real field, unitary
solutions over the complex field, inequality-constrained solutions, real-positive definite and real-semi-
positive definite solutions, reflexive solutions, various conjugate solutions, and Hamiltonian-type
solutions.

5. The System (1) over Dual Numbers

In 1873, Clifford introduced dual numbers for studying non-Euclidean geometry [60]. The set of
dual numbers is typically denoted by

D= {a =a1+e€a | a,a; € R, e # 0,62 = O},

For two dual numbers a = a; + €a; and b = by + €b;, the arithmetic operations for dual numbers
are defined as follows:

(a) Equality : a = b < ay = by, ap = by.

(b) Addition: a+b = (a; + by) + €(az + by).

(c) Multiplication : ab = a1by + €(a1by + abq).

A matrix whose elements are dual numbers is called a dual matrix. Specifically, the set of all
m X n real dual matrices is given by

D™ = {A = A1 +€A | A, A € Rmxn}'

The operational rules for dual matrices follow those of dual numbers. Dual matrices have significant
applications in kinematic analysis and robotics. The solution of systems of linear dual equations is a
crucial task in various fields, such as synthesis problems and sensor calibration [61].

Recently, the existence of general solutions and corresponding expressions, along with minimal
norm solutions, for (1) over dual numbers has been investigated. We present the following theorem.

Theorem 62. [62] Assume that dual matrices A = A1 +€Ar, B=B1+¢€By,C =Cy+€Crand D =
D1+ €Dy, where A; € RP*™, B; € R"™, C; € RP*", D; € R™*1 (i = 1,2). Suppose that the SVDs of the
matrices A1 and By are

Y O
O O

Q O

vT,
O O

A =P QT, By=U

where Y. = diag(y1,---,7r), 11 = rank(Ay), P = [P;,P] € RP*?, Q = [Q1,Q2] € R™™, () =
diag(B1, -+ ,Br,), 12 = rank(By), U = [Uy,Up] € R™", V = [V}, Vo] € RI*T with P} € R™*",
Q1 € RP*, Uy € RT*72 and V; € R™ 2. Let the partitions of the matrices U'B,V, PTA,Q, PTCiU,
PTCoU, QD1 V and QTD,V be given by

B B A A C C
UTpyv = | B2 B2 pry o |4 An| pre o |G Gap
Ba3 By Az Ay Ciz Cu
Dy D Dyy D
PTC,U = Cn Cx Qo = |Pn Pl gty (P2 Dag
Cs Cy 13 Dus Doz Doy
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(a) Then, (1) is solvable over dual numbers if and only if

Ray, (Coa — ApsE ™ C1p) = O, R4, (C2By — AyDy) L, = O,
Ra,(CoBy — A2D1) = O, Ra,Cy =0, D1Lp, = O, (C1B; — A1Dy)Lp, = O, (24)
CaBy — AyDy = A1Dy — C1By, (Dos — D13Q 'By) L, = O, C1By = A1 Dy.

In this case, the solution set of (1) over dual numbers can be expressed as

271(311 Z*Cu

. urt,
D131 Jy+ L4, W3R,

X1 =0

EHCy — ApETIC — ApDi3Q7Y) 5 — 27 A L4, WaRE,,

,1 uT/
Jo — L 4,,W3Rp,, B3O Zy

X2 =0Q

where

Ja = A34(Cos — AsE'Cr2) + L ay, (Dag — D13Q ' Byy) By,
Js =X 1Cn — 2T AnECrp — 27 An ],
Jo = DOt — D130 1By Q7! — 4By L

and W3, Z, are arbitrary matrices.
(b) If the conditions (24) are satisfied, then the solution of || X1||? + ||X2||> = min with X being the dual
number solution of (1) is given by X = X1 + €Xy, where

. r-Ic r-Ic
X1=0Q| 111 2 u’,
Di3QY™" Ja+ La,,W3Rs,,
X=0Q x J5 = 2‘71"42251“24Vv?)RBM ut
Jo — L A, W3Rp,,Bps 2! O
Wi satisfying
[Tvec(Ws) = vec(J7),
where

7 = 2£’A24AEZZ_1]5R324 — ZEA24]4RBZ4 + 2£A24]60_1BE3RB24-
I1=Rp, ®(Lay, +2L3Ly) + (Rp,, +2L1L1) ® La,,.

Remark 14. In 2024, Fan presented an alternative form of Theorem 62 using the Moore-Penrose inverse instead
of block matrices, which also requires the SVD form of Ay and Cy [63]. In fact, Theorem 62, when applied
with the SVD, provides the specific form of the Moore-Penrose inverse, which may be more efficient in practical
computations.

In this chapter, we introduced the solution of the system (1) in terms of dual quaternions. A more
general form involving dual quaternions will be discussed in the next chapter.

6. The System (1) over Quaternions

Since Hamilton’s discovery of quaternions in 1843 [64], they have become a widely used tool
for representing concepts across algebra, analysis, topology, and physics. Additionally, quaternion
matrices have garnered significant attention in fields such as computer science, quantum physics,
signal processing, and color image processing [65,66].

In 1849, Cockle introduced split quaternions [67]. The algebra of split quaternions is a 4-
dimensional Clifford algebra that is associative and noncommutative, but it has zero divisors, nilpotent
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elements, and nontrivial idempotents. As a result, the algebraic structure of split quaternions, denoted
as H, is more complex than that of real quaternions H. Despite this complexity, the unique algebraic
properties of split quaternions make them a valuable tool in quantum mechanics and geometry [68,69].

In 1873, Clifford extended the concepts of dual numbers and dual quaternions [60]. Dual quater-
nions have since become widely used in robot kinematics and unmanned aerial vehicle formation
control due to their ability to represent the motion of rigid bodies in 3D space [70-73]. Similarly, the
dual split quaternion can also be defined.

The system (1) over quaternion algebra, split quaternion algebra, and dual quaternion algebra
has also been the focus of several scholars. Comparatively, since the algebraic structure of quaternions
is well-understood, and the definitions of generalized inverses and rank have been extended to
quaternion matrices, the system (1) has been thoroughly studied over quaternions. Since 2005, when
Wang first proposed the general solution to the extended form of the system

A1 X =y,
Ay X = (y,
A3XBs = C3,
A XBy = Cy

(25)

of the system (1), relevant results for the bi-symmetric, centro-symmetric, symmetric and skew-
antisymmetric, (P, Q)-reflexive solutions and reducible solutions have been successively presented
[74=77]. The study of the split quaternion matrix equation typically relies on the real or complex
representation of the split quaternion, or vectorization operators. However, recent work by Jiang on
split quaternion matrix SVD and generalized inverses has enabled the consideration of more diverse
approaches [78,79]. Dual quaternions are more intricate, and only Xie has explored the system (1)
over dual quaternions [90]. Yang et al. also considered the results of the system (1) over dual split
quaternion tensors [94]. The following details are introduced.

6.1. The System (1) over Quaternions

Denote the set of all real quaternions by

H = {a = ay + ayi + apj + azk | i* = > = k* = ijk = —1,a9,a1,a2,a3 € R},

where i, j, and k are the quaternion units. For a € H, @ = ap — a1i — apj — azk is the conjugate of a. The
set of all m x n quaternion matrices is denoted by H"*". For a quaternion matrix A = (a;;) € H"™*",
the transpose conjugate of A is expressed as A* = (d;;). The Moore-Penrose inverse of A is denoted as
A satisfying the same equations in the definition of complex Moore-Penrose. The two orthogonal
projectors L4 and R 4 are defined as

La=1—A"A Ry=1-AA",

The rank of A, denoted by rank(A), is defined as the dimension of R(A), where R(A) is the column
right space of A [80,81].

Using the results of the system (25) and the properties of the rank of quaternion matrix equations,
the general solution of system (1) over quaternions is presented below.

Theorem 63 (General solutions for (1) over H). [74] For given A € HP*™, C € HP*", B € H"*1 and
D € H"™*1, then there exists three conditions, one of which is equivalent to (1) is consistence over H :

({1) RAC = O, D,CB = O, AD = CB,

(b) AA'C =C, DB'B =D, AD =CB,

(c) rank[A, C] = rank(A), rank [g =D, AD =CB.
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In this case, the general solution of (1) can be form of
X = A'C+ L4DB" + LAYRp,
where Y is an arbitrary matrix over H with appropriate order.

Based on Theorem 63, Kyrchei investigated the row-column determinant expression of the solution
of system (1) over quaternions [82].

Let S, denote the symmetric group on {1,2,--- ,n}. For a quaternion matrix A € H"*", the row
and column determinants are defined as follows:

(a) Row determinant: The i-th row determinant of A = (a;;) € H"*" foralli =1,- - ,n is defined
as

rdet; A = ) (=1)"" (@i, @ity 11~ Aitey1,) - (@it By 11 ik 41, )
TESy,
where 0 = (i ik, 41 iy 1y) Uyl 1 Tgty) o (kB Tty )s By < By < -0 </, and iy, <
iks+l forallt=2,--- ,rands=1,---,1.
(b) Colimn determinant: The j-th column determinant of A = (a;;) € H"*" forallj=1,--- ,nis

defined as
3 f— — n_r 3 . e . . .« e . .« e . . . .
Cdet]A - Z ( 1) (a]k,+1, a]k,+1a]k,) (a]k1+11 a]k1+1a]k1 a]kl a]kl)’
TES,
where T = (ji,41, " Ji,) "+ Ukotly kot tika) Uky 1y~ Tt Ui iy ) 7 ke < Jky < o0+ < Jjix, and

Jk, <j;<S+1 forallt=2,--- ,rands=1,---,1I;.

Forl <k <mn,leta = {ay,...,ax} C {1,...,m}and B = {B1,...,Bx} C {1,...,n} with
1 <k < min{m, n}. The collection of strictly increasing sequences of k integers chosen from {1,...,n}
is denoted by Ly, = {a = (a1,...,0x) |1 <3 <---<ap <n}. Forafixedi € xand j € B, let
Lm{i} ={a € Lym | i € a}, Jin{j} = {B € Lin | j € B}. Assume A = (a;;) € H"". Let Af be a
principal submatrix of A whose rows and columns are indexed by «. If A € H"*" is Hermitian, then
|A|§ denotes the corresponding principal minor of det A. Let a.; be the j-th column and ;. be the i-th
row of A. Suppose A.j(b) denotes the matrix obtained from A by replacing its j-th column with the
column b, and A;.(b) denotes the matrix obtained from A by replacing its i-th row with the row b.

Theorem 64 (General solutions using row and column determinants for (1) over H). [82] Let A = (aij) €
HP*™, B = (b;j) € H"™, C = (c;j) € HP*", D = (d;;) € H™1, At = (a}}) € ™M, Bt = (b:f]) e H5*7,
La=1- AtA = (11]) € H"*". Denote A*C = C = (@1]) e H"™" and LoDB* = D= (dAl]) € H™>r,
Assume that p < m and q < n. Quaternion matrix X° = (x%) € H"*S as the solution of (1) has the following
determinantal representation.

(a) Ifrank(A) =k < p < mand rank(B) =t < g < n, then

0 _ ot (A A)(E))5  Ten,, ) rdety(BB); (d:)g
Y Y |A*AlS Yeer, | BB

(b) Ifrank(A) = m and rank(B) = n, then

0 Cdeti(A*A).i(CA.]') I‘det]’(BB*)]'.(dAi.)

YT T qet(A*A) | det(BBY)
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(¢) Ifrank(A) = k < p < mand rank(B) = n, then

* A ‘B * 7
O Lpejy iy cdeti((A"A) (87))y  rdet;(BB*);.(d;.)
] Eﬁefk,m |A*A|§ det(BB*)

(d) Ifrank(A) = mand rank(B) =t < q < n, then

0 Cdeti(A*A).i(aj) . szelm{j} I‘detj((BB*)j, (d’\i_))g
if det(A*A) thelm |BB* |2

The following presents some special forms of symmetric solutions over quaternions and related
results.

Let A = (a;) € H™", A* = (a;) € H"™, A* = (a_i110—j+1) € H™", where aj; is the
conjugate of the quaternion a;;.

(a) The matrix A = (a;;) € H"*" is called symmetric if A = A*.
b) The matrix A = (a;;) € H"*" is called bisymmetric if a;; = a, ;11— j+1 = @i
¢) The matrix A = (a;;) € H™*" is called centrosymmetric if A = A*,
d) The matrix A = (a;;) € H"*" is called symmetric and skew-antisymmetric if A = A* = — A%,
e) The matrix A = (a;;) € H"*" is called (P, Q)-(skew)symmetric if A = PAQ with P? = I,
QZ =1, P e Hm<m Qe H<n.

Next, we will sequentially present the conclusions regarding the above special solutions of the

(
(
(
(

system (1) over quaternions.

Theorem 65 (Bisymmetric solutions for (1) over H). [74] Let A,C € HP*", B,D € H*9, and V =
(vij) € Rk where vjj = 1 when i+ j = k+ 1 and v;; = 0 otherwise. Denote

I —Vg

u:
Vi Ik

7

when n = 2k, or
I, O -V
u=10 1 0 |,
Vi O I

when n = 2k + 1. There exists block matrices

AU =[A, Ay], CU* =[Gy, Gy, U B = [gl b1

, UD =
D,

7

3

where A1, Ay, Cq,Co € HP*K and By, By, Dy, Dy € HKX1 when n = 2k; Ay, C; € HP*K, Ay, Cy € HP*(k+1),
By, Dy € H**7 and By, D, € HKD*4 wohen n = 2k + 1. Leti = 1,2,

Si=B;La, Gi=TRs,B;, T; = L4, Ls,, N; = Rp,A],
¥; = [D;iBf — AJCi — L,S{B; ((D;B})* — AIC))]B;,
P, = S;kBl*[(DlB;r)* — Aj-cz] + ,CSiTi*‘YZ‘B;r, Q= Cl* — A;I-ClA;k — ,CAZ.CDl‘A;k.

Then, the system (1) has a bisymmetric solution over quaternions if and only if

T,TIY, =¥, R.Q; = O, D;BB; = D;, A;AIC; = C;, G[(D;B})* — AlC)] = 0O,
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in which case, the general bisymmetric solution can be expressed as

X1 O

X=Uu"!
0O X,

ur,

where 1
X =%+ 7)),

Y; = AfC;+ £4,S;B; [(D;B])* — AfC;] + ¥:Bf + QiN/ R, + T;W;Rn,R5,,

with W; is an arbitrary matrix over H with compatible dimension.

Remark 15. In 2015, Yuan et al. considered the least squares y-bi-Hermitian solution for another linear system
(AXB,CXD) = (E,F) [83].

Theorem 66 (Cetrosymmetric solutions for (1) over H). [74] For A,C € HP*" and B, D € H"*1, denote

S=A"L4, T=LuLs, G=RsA*, N=RgB*, P=Rg,r.L1LALs,
¥ = [DB" — ATC — L4ST(AATC)* + £4ST(A*ATC)]B,
@ = STA*[(ATC)* — (ATC)] + LsTT¥BT, Q = D* — ATCB* — M®B".

Then, the system (1) has a centrosymmetric solution if and only if

TT'Y =¥, RoRe,200:,Q =0, Re,rec,QLn = O,
DB'B =D, AATC = C, G[(ATC)* — (ATC)] = O.

In that case, the centrosymmetric solution can be expressed as

1

X = 5(X1 + X1,
where
X; =ATC+ L4STA*[(ATC)* — (ATC)] + LALSTYYBT + LALs(LaLsLT) QB
+ LALSP R, 200, QNTRE — LALST(LALSLT) LALSP R, 200, QB*
+ LaLsLrZ — EAﬁsT(£A£5£T>+£A£5£TZ(BB+)# + £A1£5WRB
— LALST(LALSLT) MLSPWNB* — £,4LsPTPWNNTR3,
with arbitrary W, Z.

Theorem 67 (Symmetric and skew-antisymmetric solutions for (1) over H). [75] Let A,C € HP*",
B,D c H* M,V = (Uij) € Rk where vij =1 wheni+j=k+1and v;j=0 otherwise. Denote

1
V2

L Ik
Vi =V

u

when n = 2k, or

I, O
O V2 O
Vi O
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when n = 2k + 1. There exists block matrices

By
Bs

,UD = D1
D,

4

AU =[A1, Ay, CU* = [C1,Co], U *B = [

where Ay, Ay, C1,Co € HP <k and B1,B,,D1,D, € Hk>4 whenn = 2k; A1,Cq1 € prk, Ay, Cp € pr(k+1),
By, Dy € H**1 and By, D, € HKDX when n = 2k + 1. Let

S=B3La, G=TRsB;,T=La,Ls, N=TRp A,

= [DaB] — AJC1 — L£4,5"B;((D1B3)* — AJC1)]By,
¢ = STB3[(D1BY)* — ASC1] + LsT B!, Q = C5 — AIC1AT — La,9A].

Then, the system (1) has symmetric and skew-antisymmetric solutions if and only if

TTYy = ¢, RrQ = O, D2BIBy = Dy, C5(AN)TAT =5,
AyASCy = Cy, B3(B3)'D; = D}, G((D1B})* — Alcy) = O.

In which case, the general symmetric and skew-antisymmetric solution can be expressed as

o Y

X=U
Y O

us,

where
Y = ASCy + L£4,S"B;(D1B})* — ASCy) + ¢Bf + QNTRp, + TWRNR,

with W is an arbitrary matrix over H with compatible dimension.
Theorem 68 ((P, Q)-(skew-)symmetric solution for (1) over H). [76] Let A € HP*™, C € HP*", B €

H"™ 1, D € H"*1, and P € H™"™,Q € H"*" satisfying P> = 1, Q* = I. The EVDs of P and Q can be
written as the form of

I (@) I O
p=utmn u Q=vtn v,
O _IWI771 O _17171/2
where U and V are invertible. Denote
AU =[A1,Ay], CV 1 =[C1,GC,], VB = Bil up = |P1,
B, D,

where A1,Cy € HFP*", By, Dy € H"2*9. Then, the system (1) has a (P, Q)-(skew-)symmetric solution if and

only if
Ra,Ci =0, DiLp, =0, A;D; = C;B;,i =1,2,

or equivalently

A;D; = C;B;, rank[A;, C;] = rank(4;), rank lgll =rank(C;), i =1,2.
i
(a) The general (P, Q)-symmetric solution of (1) can be expressed as

_1|ATCy + L4, D1Bf + L4, Y1 R, @)

X = U V/
O A;CZ + EAZDng + ‘CAgYZRBz

where Y1, Yy are arbitrary matrices over H with appropriate sizes.
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(b) The general (P, Q)-skew-symmetric solution of (1) can be expressed as

o AICy + Lo, D1Bl + L4, Y1Rp,

X=u" t +
A Co + EAZ D,B; + EAZYZRBZ O

v,

where Y1, Yy are arbitrary matrices over H with appropriate sizes.

Subsequently, we introduce the extreme rank (P, Q)-(skew-)symmetric solutions of the system (1)
over quaternions.

Theorem 69 (Extreme rank (P, Q)-(skew-)symmetric solutions for (1) over H). [76] Suppose that the
system (1) has a (P, Q)-(skew-)symmetric solutions X and Q(Q)) is the set of all (P, Q)-(skew-)symmetric
solutions of (1). Denote

Ty =R, (A[Ci+ La,D1BY), 51 = (A[Ci + La,D1B])Lr, ,
T, = RﬁAZ (A;CZ + »CAQDZB;)/ Sy, = (A;CQ + ﬁAzDzB;)ﬁRBZ.

(a) The maximal rank of X € Q) is

max r(X) =min{r; + rank(C;) — rank(A1), 7, + rank(D;) — rank(By )}
€

+ min{m — r; + rank(Cy) — rank(Ajy), n — rp + rank(D;) — rank(B) }.
The corresponding general expression of X is

X1 O

X=U"!
0 X,

v,

where,
X; = (-Rs.La) (AIC; + L4 DB (Rp. L) —K;, i = 1,2,

and K; is chosen such that rank(Rs L4 KiRp,Lt,) = min{rank(Rg L. ) rank(Rp LT,)}.
(b) The minimal rank of X € Q) is

1;113 rank(X) = rank(C;) + rank(Cy) + rank(D; ) 4 rank(D;) — rank(C;B;) — rank(CyBy).
€

The corresponding general expression of X is

X1 O

X=Uu"!
0O X,

v,

where,
X; = (—RsiﬁAi)Jr(A;Ci + EA].DZ'B;F)(RBI.,C]})JF + W; + (_RSi‘CA,-)-r‘CA,-WiRBi(RBicTi)+/

for i =1,2 and W is an arbitrary quaternion matrix with appropriate sizes.
(¢) The maximal rank of the (P, Q)-skewsymmetric solution of (1) is

max rank(X) = min{m — r; + rank(C;) — rank(A;),n — 1o + rank(D;) — rank(By ) }
XeQ)

+ min{ry 4+ rank(C,) — rank(Ay), rp 4+ rank(D;) — rank(B,) }.
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The general expression of X attaining the maximal rank can be expressed as

O X

X=Uu"!
X, O

v,

where
X; = (—RsiﬁAi)+(A;rCi + EAiDiB?)(RB,‘ETi)-r —-K;,i=1,2,
and K; is chosen such that rank(Rs, L4, KiRp,L1,) = min{rank(Rs,L4,), rank(Rp,L1,)}.
(d) The minimal rank of the (P, Q)-skewsymmetric solution of (1) is

min rank(X) = rank(Cy) + rank(Cy) 4 rank(D; ) + rank(D;) — rank(A; D7) — rank(A;D>),
XeQ

or

min rank(X) = rank(Cy) + rank(Cy) 4 rank(D;) + rank(D;) — rank(C; By) — rank(C;By).
XeQ

The general expression of X attaining the minimal rank can be expressed as

O X

X=Uu"!
X, O

v,

where
X; = (—RsiﬁAi)Jr(Aj-Ci + ﬁAiDiB;-r) (RB,-ﬁTi)-r + K; + (_RSiEAi)-rEAiKiRBj (Rgiﬁn)+
fori=1,2, and K; is an arbitrary quaternion matrix with appropriate size.

At the end of this section, we introduce the reducible solution of the system (1) over quaternions.
A matrix A € H"*" is called reducible, if there exists a permutation matrix K such that

A1 A
O As

A=K K1

where A and Aj are square matrices of order at least 1 over H. Moreover, if the order of A3 is k
(1 <k < n), we call A to be k-reducible with respect to the permutation matrix K.

Theorem 70 (Reducible solutions for (1) over H). [77] Let A,C € HF*", B,D € H"*1 be known,
X € H"™*" unknown, K € H"*" be a permutation matrix, 1 < k < n. Denote

By
2

AK = [A1 A3], CK=[C; G], KB = , K7D =

where Ay,Cy € HP*("=K) A, C, € HP*k, By, C3 € H("=K)xa B, C, € H**9. Assume that M, N, P, Q, E,
F, G, Sand T are defined as

Ey = Ra A1, F; = BoLp, M= AIN, N= A Lg,, P=RpB,, Q= PBj,
E=ATAC3 — ATCiB; — ATAESCyBy, — ATNGSF By,

F = C3ByBY — A3CyBS — AESC,B,BY — NG3F B, B,

G=N'FQ" - M'EP", S= Ly + Ly, T=Rp + Rg.

(26)

Then, the system (1) has a k-reducible solution X € H"*" with the permutation matrix K if and only if one of
the following two statements holds.
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a

) R C1 =0, Caln, = O, Rip s aanC2 = O, C3Lig:py - mypy) = O,
Ra;(A1C3 — C2By)Lp, = O, A1C3 — CoBy — C1By + A3Cy = O,
Ra;(A1C3 — CoBy — C1B1) = O, (C1By — A1G3) L, = O,
(A1C3 — CaBy + A3C4) L, = O, R, (A3Cs — C2By) = O,

(b)

A1C3 — CyBy — C1B1 + A3C4 =0,
rank[Aq, C1] = rank(A;), rank[A;, A3, Cy] = rank[A;, A3],

B By B
rank | 2| = rank(B), rank | B, | = rank| |,
C4 C B,
3

rank MG =GBy As) rank(Asz) + rank(B7),

By O
rank[As, A1C5 — C3B; — C1By] = rank(A3), rank[Aq, A3Cy — C2By] = rank(A1),
rank GB =G| rank(B,), rank Bi = rank(By).

By A1C3 — CoBy + A3Cy

In that case, the k-reducible solution X of system (1) with respect to K can be expressed as

x=k|[%1 %2|g-1,
O X

where
X1 = A}C1+ L4,(C3 — X2B2)Bf + L4, ViR5,,

X = ESCy + Lg,CIF + L£,DRE, — L5, LlbRQRE, + L5, LnUsRpRE,
+ Le, Log(I — SHYLMVIRE, + LE, LMSTLN VAR E,
+ L, WiRp(I = TRpRE, + L, WaRoT RpRE,

X5 = C4B} + AL(Co — A1 X2) R, + La,Ua R,

with Uy, Uy, ﬁ2, U3, 171, ‘72, Wl and Wz being arbitrary matrices over H with appropriate sizes.

Remark 16. Due to the definition of reducible matrices, considering the reducible solution of the system (1) is
actually equivalent to considering the general solution of a more complex system

A X =Gy,
AX1B1+ XpBy = Cs,
A1 Xy + A3X3B = Gy,
X3B3 = Cy.

The proof process of Theorem 70 follows this approach as well.

6.2. The System (1) over Split Quaternions
The set of real quaternions form a noncommutative division algebra. In 1849, Cockle introduced
split quaternions:
Hs = {q = 90 + q1i + 92 + g3k : 90,91, 92,93 € R},

where
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Split quaternions have zero factors, which gives Hy a more complex algebraic structure than H. Solving
the split quaternion matrix equation mainly relies on real representation and complex representation,
with the real representation having better structure-preserving properties and performing better in
numerical examples.

Si et al. designed several real representations of the split quaternion matrix to establish sufficient
and necessary conditions for the existence of the general, #-(anti-)conjugate, and #-(anti-)Hermitian
solutions. Further, they derived expressions of the corresponding solutions when the system is solvable
[84].

For any matrix A € H{"*", it can be represented uniquely as A = A; + Ayi + A3j + A4k, where
A1, Ay, Az, Ay € R™ " The three corresponding 17-conjugates (7 € {i, j,k}) are defined as

Al =i7VAi = Ay + Agi — Asj — Agk,
A] = j_lAj = Al — Azl +A3] — A4k,
AR = k7T Ak = Ay — Agi — Aszj + Agk.

Let A* = AT — Ali — Alj — Alk be the usual conjugate transpose of A. Then the three other 7-
conjugate transposes (17 € {i, ], k}) of A are defined as follows:

AP = —iA*i = AT — Ali+ ATj+ ATk,
AP = jA%j= AT + ATi — ATj+ Alk,
AR = kA k = AT + ATi 4 AYj — Alk.

For A € HI*", y € {i,j,k}, Ais called 1-(anti-)Hermitian if A"* = (—)A [85].
Given A € H"*", A = Ay + Axi + Asj + Ask, A1, Ay, A3, Ay € R™", we define the following
four real representations of A:
()
A Ay Az Ay
Ay A1 Ay A

AT =
Ay —Ay A Ay

(27)

(b)
A1 Ay Ay Ay I, O O O
, Ay AL —As  As oI, O O
A% = U, A7 = LUy, = ,
" —As Ay —AL A, " O O -I, O
—Ay —A; —A, —A O O 0O -l
(c)
As —Ay, A —A, O O I, O
, Ay Ay Ay Ay O O O I,
AUI = V AU— = , V - 7
" Al Ay Ay A4 ", O O O
—Ay A Ay Az oI, O O
(d)
A1 Ay Ay A4 I, O O O
Ay —A1 As —As o -I, O O
A% = W, A7 = LW, =
" Ay Ay —A Ay " O O -I, O
Ay A Ay Ay O O O Iy

Using the real representations above, reference [84] presents the following results.


https://doi.org/10.20944/preprints202504.0205.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 April 2025

68 of 79

Theorem 71 (General solutions for (1) over H). [84] Consider matrices A € HY ™™, C e HE™", B € HL ™,
and D € H.'™. Then there exist two equivalent statements for the system (1) that has a solution X € HI" ",
(a) The system of real matrix equations

(A7Y,YBY) = (CY,D") (28)

has a solution Y € R4,
(b) CB” = A°DY, C7 = AU(AU)-rCaI DY = DU(BU)’rBa_
If the system (28) is consistent, then

Iy
Li
Ij
Ik

X = = (I Ipi Iyj I,k)(Y + P,YPT + Q,YQF + R, YR))

4

| =

where
Y = (A")‘LC‘T + ,CAUD(T(BU)+ + L 4cFRpo,

for arbitrary F € RAm>4n,

Theorem 72 (y-conjugate solutions for (1) over H;). [84] Let A € H*™, c e H*", B € H™Y, and
D € H{"™. Then, the following statements are equivalent:
(a) The system of split quaternion matrix equations (1) has a solution X = (—)X"" € HI"*", n € {i, ], k}.
(un/ Ur), 11 = Z
(b) The system of real matrix equations (28) has a § (V,,V;), y =]  generalized (anti-)reflexive
(Wt’l/ WT’)/ 1’] = k
solution Y € RAm>4n,

(c)
C{BY = ASDY, Cf = Af(Af)'CY, DY = DY (B{)'Y,
C§BS = ASDS, C§ = AZ(A9)'CS, D§ = DS (BS)'BS
or C§By = ATDY, Cf = A5(A9)*C{, DY = DY(B3)"Bg,
CyB = ATDS, C§ = A{(A])*C], Dy = D3 (B{)"BY
hold, where
A7 = A + A7, Un(A7)" = (A7), Un(A3)" = —(A7)", (AT(A3)" =0,
CT=C+Q, U (C7)" = (&), Uy (CG3)" = —(C3)", Ci(C3)" =0,
B” = Bf + B3, U,By = BY, u,B; = —Bj3, (B3)"B{ =0,
D = Df + DY, u,Df =D, U,D§ = ~D§, (D§)"D§ = 0.
when n = i;
AT = AT + A3, Va(A7)" = (A7), Vi(A3)" = —(A3)", 1(A7)" =0,
CT=Cl+C, V(G =(C1)%, V(G =—(C3)%, Ci(C3)" =0,
B” = B + B, V,B{ = BY, V,By = —BY, (B)*Bf =0,
DY = Df + D3, V.(DY) = DY, V.D§ = —Dj, (D5)*Df = O.
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when n = j;
AT = AT + 43, Wi (A7)" = (A7), Wi (A2)" = =(A3)", A7(A3)" =0,
CT =0+, Wi (C7)" = (C1)", Wi (G3)" = =(&3)", (&) =0,
B” = By + B3, W,B{ = BY, W;BY = —Bj, (B§)*By =0,
DY = DY + D3, W, (DY) = Df, W, DY = —D3, (D3)*Df = O.
when 1 = k.

If the system (1) is consistent, then

Iy
1 o Li
X = g(ln' Lui, Iuj, Ik) (Y + P,YPY + Q,YQ! + R, YR}) I’, ,

r]

Irk
where Y = Yy + EFG,

Yo = (A))T(C1)” + Lag DY (BY)" + (A3)"CS + LagD3 (BS)',
(or Yo = (A])"(C2)7 + LagDS (BY)" + (A9)'C{ + LagD{ (B))",)
E =l — (A7) AT — (A9)"AS, G = Iy, — B{ (BY)" — B (B3)".

(Un/ ur)/ n= i
with arbitrary F € RY>4 jsa { (V,,V,), n =]  generalized (anti-)reflexive matrix.
(Wn/ W}')/ 17 == k

Theorem 73 (-Hermitian solutions for (1) over Hy). [84] If A,C € HY™™, B,D € HL ™, the following
statements are equivalent:
(a) The system of split quaternion matrix equations (1) has a solution X = (—)X" € HI*", n € {i, ], k}.
(b) The system of real matrix equation

(A%Y,YBY) = (CY,D%), n =1,
(A%W,Y, YW, B%) = (C%, D%), 5 = j,
(A%V,Y,YV,B%) = (C%,D%), n =k,

has a (skew-)symmetric solution Y € Rénx4n

()

C7BY = A°DY, C7 = AO’(AU’)‘]‘CO’I DY = DO’(BU’)‘I’BU" n= i,
C%W, B% = A%W,D%, C% = A%W,(A%W,)"C%, D% = D% (W,B%)"W,B%, 1 = j,
C%V,B% = A%V,D%, C% = A%V, (A%V,)*C%, D% = D% (V,B%)V,B%, n =k,

and My, is a symmetric matrix, where

[ CU(A(T)T CYB” .
(DU)T(AU)T (Dcr)TBa ) L
C%(A%W,)T CW,, B% .
(D7) T (A% W) T (D”k)Twanfk]’ 7=
[ CU(AV)T COV,BY
(DNY(A% V)T (D%)TV, B

, =k
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In this case, the general y-(anti-)Hermitian solution to the system (1) can be expressed as

Iy
1 o L
X = g(In,Inl, Lij, Ik) (Y + P,YP! + Q,YQ} + R, YR)) I”], ,
n
L.k
where
Y = EYRy £ FHENT 5 EbMy (ED)T + L5, U(LE,)",
and U = +UT € R™" jsan arbitrary matrix,
[ A0 , [ ¢ .
yr] T (oeyr] 1
: [ AW, - e ,
L T (0 O I [ bl
[ A%V, o
n =k, |, 1=k
(vt | " onT| "

Remark 17. More complex linear matrices or even tensor equations can be solved by means of complex
representations or semi-tensor products of split quaternions, as detailed in references [86—89].

6.3. The System (1) over Dual Quaternions

The collection of dual quaternions is expressed as
DQ = {c = co + c1e : co, c1 € H,e? =0},

where ¢y and ¢; represent the standard part and the infinitesimal part of ¢, respectively [91]. We denote

DQ™*" as the set of all m x n matrices over DQ.
For the general solution of the system (1) over dual quaternions, Xie et al. recently presented the

following theorem.

Theorem 74 (General solutions for (1) over DQ). [90] Let A = Ag + A1e € DQP*™, B = By + Bie €
DQ™1, C = Cy + C1e € DQP*" and D = Dy + D1e € DQ™*1 be given. Set

Ci1 = C1 — A1(A{Co + L a,DoBf), D11 = Dy — (A§Co + La,DoB§)B1, A1 = A1La,,
B11 = Rp,B1, A2 = Ra,A11, Co = Rp,, B2 = Ra,Ci1, A3 = La,, C3 = B11Lp,,

B3 = D11Lp,, Ao = A3La,, Coo = Re,Ca, Boo = Bs — A3ASByCiC3, Do = RayAs,
® = AIByCl + L4, AlyBooCl — L4, A§ A3 DGR 4 BooCl + Do R 40y BooCo R, -

Then, the system (1) is consistent if and only if

RAOCO =0, Doﬁgo =0, RAsz =0,
ByLc, =0, Ra,Bs =0, BsLc, =0, Ra, BooLcy, =0,
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or equivalently,

rank —Ao, CO} = rank(Ap), rank lgol =r(By),
. 0
rank f(l)o g(l) i(l) = rank 1?)0 i(l) , rank [AO, A1Dg —ClBo} = rank(Ayp),
rank Bo = rank(By), rank D Dof _ rank Bo O ,
CoB1 — ApDq B1 By B1 By
[C1B1 — A1D; Ay CiBo— A1Dyg
rank By @) @] = rank(Ap) + rank(By).
(CoB1 — AD; O 0

and equations AgDy = CoBy, AoD1 — CoB1 = C1Bg — A1Dg hold. In such circumstances, the general
solution of the system (1) can be expressed as X = Xo + Xi€, where

Xo = AgCO + EAODOB(J; + £A0 URg,,
X1 = A} (Cy1 — ApnURE,) + La, (D11 — La,UB11)BY + L 4,U1 R,
U=o+ £A2£A00 + U3RC00RC2 + £A4U5RC2 + £A3 UZRCzr

and U;(i = 1,5) are arbitrary.

6.4. The System (1) over Dual Split Quaternions

Yang et al. studied the system (1) over the dual split quaternion tensor and provided the general
solution as well as the existence conditions and expressions for the #-Hermitian solution [94].

For a multidimensional array tensor A = (a;,...iy;)1<j <[, (k=1,..,m) With [1 X Ip X - -+ X Ij entries,
the general inverse of A can also be extended from the general inverse of a matrix [92], denoted as
At Let Hgl X represent the sets of the order M tensors with I; X - -- x Iy; dimensions over the
split quaternion algebra H;. The identity tensor Z = (dy,...tpt,-1y) € HSTI XX Tvx T XTI Kag ] zero
entries, except for the elements dy,...ty,t,...t), = 1. O denotes the zero tensor whose elements are all
zero. Define L4, =7 — AYA, Ry =7 — AAY.

The sets of dual split quaternion and dual split quaternion tensors are represented as follows [93]:

DQs = {g9 = q0 + q1€ : 90,91 € Hs, € # 0,2 = 0},
Dlex...xIMxhx‘..x]N _ {Q = Qo+ 0Qe: Q0,0 € HgleXIMXhXMX}N,e 4 0,62 _ 0}.

Let X € DQI* *ImxkixxIn ang y € DQSLlX"'XLNXKlX"'XKS. Then, we can define the Einstein
product of tensors X and Y through the operation * as

_ Il><~"><IM><K1><---><KS
(XN )iy ovinghy ks = Y Xiyeoringly oIy Yy oIk ks € DQs :

Ly

The real representations of the split quaternion tensor are of the same form as (27), with the only
difference being the use of tensor notation.
For the system
Axny X =C,
XxsB=1D,

(29)

the following conclusions hold.
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Theorem 75 (General solutions for (29) over DQ). [94] Suppose that A = Ay + Agre € DQI ™ Imxfixxiy,
B = By + Bpie € DQE Kbt ¢ — ¢4y 4+ Core €
QL IR Ks g D = Dyg + Doge € DQE™ VKT Doyote

Ao = Ago, A1 = Ay, Bo = Big, B1 = Bgy, Co = Co, C1 = Cy, Do = Do, D1 = Dy,
A1 = Ay sy L4y, Bi1 = RpgesBi, Ci1 = C1 — Ay xn (A§ 5 Bo + L gy Do 1 C),
Dy =Dy — (A #m Co + L a, 8 Do *1 BY) %5 B1, Ao = R4, *m A11, Co = Re,,
By = R, *m C11, A3 = L g, B3 = Bi1 *1 Lg,, B3 = D11 *1 L, Az = Az xN L 4,,
Cy = Re, *SC3, By = By — Az xn AL #p1 B %5 CF x5 C3, Dy = R 4,1, As,
F =Ly #N Af#n By#1 C3 — L 4, %5 AL x5 Az #n D} %5 R 4, #n By #1 C}

+ D} N R, *N Ba 1 CF *g Re, + Ab xpp By x5 CO.

Then, the following descriptions are equivalent:
(a) The system of dual split quaternion tensor equation (29) is solvable.
(b) The system of tensor equations:

Ao xn Xo = Co,

Xo *s Bg = Dy,

Ao xn X1 + Ay xn Xy = Cq,
Xo *s By + &1 x5 By = Dy

(30)

is consistent.

(c)
R Ag#1Co = O, Do x1 L, = O, Ag N Do = Co *s By,

Ao #N D1 — Co x5 By = C1 5 By — A1 *N Do, R, *m B2 =0,
By xs L, =0, Ry, *n Bs =0,B3 %7 Lo, = O, R, *n By x1 L, = O.

Based on these circumstances, the general solution of the system (29) can be represented as X = Xyo + Xp1€,
where

1 . .
Xoo = 5 [T 1T, I, K] e (o + R e Xo s RE + S Xo x5 S§ + T Ko s T4 ) #s

1 . .
Xor = 3 [Zn, iIN, JIN KIN] *N (Xl + RN N X s RE + Snin Xy %5 SE+ TN #n A s TST) *5

Xo = Ad %M Bo + L agun Do *1 Cf + L4y #n W %5 Rey,
Xy = Ab sy (Bin — Arn sn W oxs Rey ) + L agen (P11 — L4, %8 Wi Ci1) #1 CE + L 4, %8 Wi % SRe,,
W=F+ Ly, *N La, *N Wa+ W3 %5Rp, * SRp, + La, * NWy* SRp, + L4, * NWs * SRp,,

with arbitrary W;(i = 1,5).

Remark 18. The (-)Hermitian solutions for the system (29) can be derived by selecting different types of real
representations of split quaternion tensors [94].

This chapter presents the general solution of the system (1) over quaternions, including the
determinant expression for the general solution. It also covers bi-symmetric solutions, centrosymmetric
solutions, symmetric and skew-symmetric solutions, (P, Q)-(skew-)symmetric solutions, extreme rank
(P, Q)-(skew-)symmetric solutions, and reducible solutions. Additionally, the general solution over
split quaternions, 77-(anti-)conjugate solutions, and #-(anti-)Hermitian solutions are discussed. The
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general solution over dual quaternion matrices and split dual quaternion tensors are also examined.
The existence conditions and corresponding expressions for these solutions are provided.

7. Applications

The system (1) has broad applications across various fields. This chapter focuses on its use in
encrypting and decrypting color images and videos.

In image processing, the system (1) can be applied to various tasks such as image transformation,
filtering, and reconstruction. Matrix equations are used to model the transformation or processing
of an image, where A and B represent certain image transformations, X is the unknown matrix to be
solved, and C and D represent the image before and after processing, or certain features of the image.

In color image, a pure imaginary quaternion can represent the three color channels—red, green,
and blue—using i, j, k, thus effectively representing a pixel. By utilizing quaternion matrices or dual
quaternion matrices, which can represent even more information, we can process color images in a
highly efficient manner. This approach allows us to simultaneously process multiple color channels of
the image.

We present two examples of using the system (1). The first example involves using dual quater-
nions for encrypting and decrypting images, as shown in Figure 1 [90]. The original, encrypted, and
decrypted images are displayed in Figure 2.

Two original color images Two encrypted color images

I |

A X

Encryption matrix

==key

|
=

X B

l

Encryption matrix

Figure 1. Scheme


https://doi.org/10.20944/preprints202504.0205.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 April 2025

74 of 79

Original I

Origina

bl e L

Figure 2. The original, encrypted, and decrypted color images.

The other example demonstrates the application of the dual split quaternion tensor equations in
color video processing [94]. The basic framework is the same as in image processing, but the tensor, as
a high-dimensional matrix, can directly represent video. The results for several frames are shown here,
as illustrated in Figure 3.

Orignal Orignal Orignal Orignal Orignal Orignal Orignal Orignal

Encrypted Encrypted

Decrypted Decrypted Decrypteq

s

Figure 3. The original, encrypted, and decrypted images of randomly selected slices from color videos.

Encrypted Encrypted Encrypted Encrypted Encrypted Encrypted

Decrypted Decrypted Decrypted Decrypted Decrypted
w—-ﬂ e |

A

These two examples demonstrate that by using the solution method of the system (1), color

images and videos can be effectively encrypted and decrypted, ensuring the security and accuracy of
the communication process.
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8. Conclusion

This paper presents a comprehensive review of the system (1) , emphasizing its essential role
in a wide range of applications. The discussion includes generalized inverse methods for obtaining
both general and specialized solutions, such as Hermitian solutions, nonnegative definite solutions,
and maximal and minimal rank solutions. The theory is further extended to more advanced algebraic
structures, including Hilbert spaces, Hilbert C*-modules, and general rings, where specialized solving
techniques can be applied. Matrix decomposition methods, such as eigenvalue decomposition, singular
value decomposition, and generalized singular value decomposition, are explored for their effective-
ness in solving the linear matrix equation systems. Additionally, the paper addresses solutions within
specialized algebraic structures like dual numbers and various quaternions. At the end, examples of
applications of the system (1) in electronic networks and color image processing are presented. This
review aims to comprehensively summarize the research on various solutions to the system (1) across
different algebraic structures. However, the differing research perspectives and the vast amount of
literature may have resulted in some references being overlooked. Nonetheless, this does not detract
from the primary value of the survey.

Future research may focus on addressing the computational challenges associated with large-scale
matrix systems, as generalized inverses and matrix decomposition techniques can be computationally
intensive. Therefore, finding numerical solutions to the system (1) is an important research direction.
Inspired by [95], leveraging neural networks and other methods to explore these solutions could be
a promising approach. Moreover, despite the widespread use of tensors in many fields due to their
high-dimensional properties, exploration of the system (1) within the tensor framework has been
relatively restricted. Consequently, continuing to study the system (1) within the context of tensors
presents an exciting opportunity for future research. Lastly, it is worth noting that, given the extensive
applications of dual quaternions, studying various special solutions to the system (1) in the context
of dual quaternions, dual generalized commutative quaternions, and dual split quaternions—such
as minimum norm solutions, Hermitian solutions, and reflexive solutions—presents an important
development direction that warrants future attention.
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