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Kozminski University, Jagiellonska 57/59, Warsaw, 03-301, Poland; piotrogonowski@kozminski.edu.pl

Abstract: Alena Tensor is a recently discovered class of energy-momentum tensors that provides a
general equivalence of the curved path and the geodesic for the analyzed spacetimes which allows
for a faithful reproduction of GR results in flat spacetime. In this paper it is shown that using this
approach naturally leads to the existence of gravitational waves, which can be interpreted as vacuum
pressure waves with tensor amplitude. The calculated trace of the metric tensor describing curved
spacetime turned out to be invariant. A certain simplification of the analysis of gravitational waves has
also been proposed, which may help both in their analysis and in the proof of the validity of the Alena
Tensor. The article has been supplemented with the Alena Tensor equations with a positive value of
the electromagnetic field tensor invariant (related to cosmological constant) which may help in further
analysis of this approach.
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1. Introduction

Gravitational waves are a well-understood and researched issue [1], and it seems that the area
of this research will develop dynamically both in theoretical understanding [2] and methods of their
detection [3,4]. The existence of gravitational waves is the key argument for the correctness of the
General Relativity, and for this reason it is also a good tool for verifying the correctness of alternative
to GR theories [5-7] and the theories of quantum gravity [8].

Alena Tensor is at the beginning of its research journey. It is a recently discovered class of energy-
momentum tensors that allows for equivalent description and analysis of physical systems in flat
spacetime (with fields and forces) and in curved spacetime (using Einstein Field Equations) providing
the overall equivalence of the curved path and the geodesic. In previous publications [9-11] it was
already shown that this approach allows for a unified description of a physical system (curvilinear,
classical and quantum) ensuring compliance with GR and QM results. In this paper it will be analyzed
the possibility of describing gravitational waves using the Alena Tensor.

Many researchers try to reproduce the GR equations in flat spacetime or vice versa [12,13] or
include electromagnetism in GR, connecting the spacetime geometry with electromagnetism [14-21].
There are known such approaches on the basis of differential geometry [22,22,23], based on field
equations [24,25] as well as promising analyses of spinor fields [26] or helpful approximations for
a weak field [27]. For this reason, the Alena Tensor should be viewed as another theory requiring
theoretical and experimental verification, and therefore it seems necessary to analyze whether the
Alena Tensor ensures the existence of gravitational waves and what their interpretation is.

In this method it is assumed that the metric tensor is not a feature of spacetime, but only a method
of its mathematical description. The use of the Alena Tensor already allows for transformation of
equations in such a way that they can be used in curvilinear (General Relativity), classical (fields and
forces) and quantum (Quantum Mechanics and Quantum Field Theory) descriptions as well as in
Cosmology, Continuum Mechanics and Thermodynamics. Due to this property, the Alena Tensor
is a useful tool for studying unification problems, quantum gravity and many other applications in
physics. In this short article, the research will be expanded to include analysis of gravitational waves.
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Due to the fact that research on the Alena Tensor is a relatively young field, to facilitate the
analysis of the article, the next section summarizes the results obtained so far and introduces the
necessary notation.

2. Short Introduction to Alena Tensor

The following chapter briefly explains the conclusions from the previous publications on Alena
Tensor. The author uses the metric signature (+,-,-,-) which provides a positive value of the electro-
magnetic field tensor invariant. In previous publications it was treated as negative which resulted
from the reversal of the order of terms in the energy-momentum tensor of the electromagnetic field.
The following equations remove this inconvenience while maintaining the correctness of the obtained
results.

2.1. Transforming a Curved Path into a Geodesic
To understand the Alena Tensor, it is easiest to recreate the reasoning that led to its creation [10]

using the example of the electromagnetic field. One may consider the energy-momentum tensor in flat
spacetime for a physical system with an electromagnetic field in the following form

T = oUuuP — ;Y"‘ﬁ (1)
r

where T*P is energy-momentum tensor for a physical system, ¢ is density of matter, U* is four-velocity,
jiy is relative permeability, Y*# is energy-momentum tensor for the electromagnetic field.

The density of four-forces acting in a physical system can be considered as a four-divergence. One
may therefore denote the four-force densities occurring in the system:

e fP =09,0U*UP is the density of the total four-force acting on matter
. % ffm + for = BM%Y”‘/3 are forces due to the field, where

o ffm is the density of the electromagnetic four-force

*  fa= Y"‘ﬁaai was shown in [9] as related to the gravitational force.

One may assume that the forces balance, which will provide a vanishing four-divergence of the
energy-momentum tensor for the entire system

1
0=0uT"F = fF = - flu— fi @
r

It may be noticed, that if one wanted to use T*F for a curvilinear description, which would describe
the same physical system but curvilinearly, then in curved spacetime the forces due to the field can be
replaced by Christoffel symbols of the second kind. The vanishing four-divergence in the curvilinear
system makes forces due to the field unnecessary in the equation. This means, that the entire field term
can simply disappear from the equation, because instead of a field and the forces associated with it,
there will be curvature. This would mean, that in curved spacetime %Y"‘ﬁ =0 — T* = oU*UP. As
shown in [10], a minor amendment to continuum mechanics provides this property.
One may thus generalize Y*# making the following substitution

Y =7, (ni k*f — g”‘ﬁ> = ;‘jw Ssy FPT — Ag"P 3)

where F* is electromagnetic field strength tensor, y, is vacuum magnetic permeability, g/ is metric
tensor with the help of which the spacetime is considered, and

e Ap= ﬁF"‘V Suy FP1g, p is invariant of the electromagnetic field tensor,
e k= guk" is trace of kP,
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is a metric tensor of a spacetime for which Y* vanishes.

p
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VY FY Fu BY

[10]: assuming that there is a curved spacetime with the metric tensor k8, the value of this metric

Tensor k* may be calculated in flat spacetime as k*f = 2 based on the argument from

tensor is independent of the g*# adopted for analysis. For this reason, the value of k*# can be calculated
in flat spacetime and does not change, irrespective of the ¢*f adopted.
In this way one obtains a generalized description of the tensor Y*#, which has the following
properties:
e in flat spacetime Y*/ is the usual, classical energy-momentum tensor of the electromagnetic field
e its trace vanishes in any spacetime, regardless of the considered metric tensor g*f
e inspacetime for which g*# = k*/ the entire tensor Y*# vanishes
. k”‘ﬂkaﬁ = 4 which is expected property of the metric tensor (it was already shown in [10] that k*f
indeed is a metric tensor)

In the above manner one obtains the Alena Tensor T*? in form of
T = ou*uP — iA 4 kP — goh (4)
Hr P\ k

with the yet unknown % for which in curved spacetime (¢*f = k*f) the energy-momentum tensor of
the field Y*P vanishes.

The reasoning carried out above for electromagnetism is universal and allows to consider the
Alena Tensor also for energy-momentum tensors associated with other fields. This leads to obtaining
an energy-momentum tensor T*F for the system that can be considered both in flat spacetime and in
curved spacetime.

2.2. Connection with Continuum Mechanics, GR and QFT/QM

To make the Alena Tensor consistent with Continuum Mechanics in flat spacetime, it is enough
. . 1 _ - . . . .
to adopt the substitution = A—fj where p is the negative pressure in the system and is equal to

p = oc* — A, where c is the speed of light in a vacuum. Such substitution yields
w1 7B wp ap 2 4 «p 4 ap
ouU™luP =T =py —cgﬁk —l—Ap&k ®)

where 77*F is the metric tensor of flat Minkowski spacetime. One may now introduce an additional
tensor 1% = —c%p % k* which will play the role of deviatoric stress tensor. The vanishing four-
divergence of T*F leads to the relativistic equivalence of Cauchy momentum equation (convective
form) in which only fe;;, appears as a body force

fr=0"p+0opTI* + f3, 6)

The above substitution also provides a connection to General Relativity in curved spacetime. For this
purpose, one may introduce the following tensors, which can be analyzed in both flat and curved
spacetime

R¥Y =20U*UP —pg" ; R=R"Pgu=2A,—-2p ; G¥=R"¥-— %R % kP 7)

Above allows to rewrite Alena Tensor as

G*f + Ay g% =2T% + oc? (g“ﬁ — % k“ﬁ> 8)
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Analyzing the above equation in curved spacetime (¢*# = k*F), one obtains its simplification to the
form

G* + A, g*F = 2T 9)
which can be interpreted as the main equation of General Relativity up to the constant 4?—4G. Since in
curved spacetime one gets

G = R — %R g*P (10)

therefore G*f and R*f can be interpreted in curved spacetime, respectively, as Einstein curvature
tensor and Ricci tensor both with an accuracy of 4?—4(; constant.

Analyzing the G*F tensor in flat spacetime (¢*f = 77*F) one can also see that it is related to the
non-body forces seen in the description of the Cauchy momentum equation

IG™P = 0" p + 9 TT*P (11)

This means that in the Alena Tensor analysis method, gravity is not a body force. In flat spacetime,
based on the conclusions from [9], the four-force densities associated with the tensor G*# can be also
represented as

G = for + fir (12)
where
* fo= (% — 1) o is the density of the radiation reaction four-force
. ¢ — o9 — 230 is density of the four-force related to gravit , where
8" dr ¢ y g Y
e ¢ = —In(p,) is related to the effective potential in the system with gravity.

It can be calculated that fg, vanishes in two cases:

L] _ﬁ:CE

3 " which turns out to be the case of free fall

* 9% = 0 which occurs in the case of circular orbits

Neglecting the electromagnetic force and the radiation reaction force, using the above equation one
can reproduce the motion of bodies in the effective potential obtained from the solutions of General
Relativity. Such a description has already been done for the Schwarzschild metric [9] for

) 2 2
¢+cozm:\/(1_r;><l+52> 1)

where ¢, is a certain constant. The solutions obtained in this way enforce the existence of gravitational

waves due to time-varying ¢ (except for free fall and circular orbits).

In the above description, gravity itself is not a force, because the above description is based on
an effective potential. However, one can see a similarity to Newton’s classical equations for the case
of a stationary observer, for which fg, can be approximated by Newton’s gravitational force with the
opposite sign what represents a force that must exist for a stationary observer suspended above the
source of gravity to stay in one place.

The description of gravity obtained in this way is surprisingly consistent with current knowledge,
despite the fact that gravity itself in this description is not a force, and the force fg, is not a body force.

The Alena Tensor constructed in presented way may be simplified in flat spacetime to

T = Ay — ;(,F“vaﬁAw L T (14)

o

which allows its analysis in classical field theory and quantum theories.
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The quantum picture obtained from the Alena Tensor [9,11] for the system with electromagnetic
field leads to the conclusion that gravity and the radiation reaction force have always been present
in Quantum Mechanics and Quantum Field Theory. This conclusion follows from the fact that the
quantum equations obtained from the Alena Tensor in [9] are the three main quantum equations
currently used:

* simplified Dirac equation for QED: Lgogp = fWF“ﬂ Fyp = 2 FO'YBOA % (Zﬁc D —mc )1,L7

¢  Klein-Gordon equation - fully consistent,

e relativistic equivalent of the Schrodinger equation: ichd° ¢ = — ( hjr - ) V2 +cqgAly

where A* and A are two gauges of electromagnetic four-potential, and where the last equation in
the limit of small energies and particle speeds u < 0.4c (Lorentz factor y =~ 1) turns into the classical
Schrodinger equation considered for charged particles.

3. Results

One may consider a flat spacetime with an electromagnetic field, described in a way provided by
Alena Tensor using notation introduced in section 2. Completing the definition of the first invariant of
the electromagnetic field tensor A, one may define the second invariant I, by electric E and magnetic

B fields as ,
1, =—FEB 15
L= (15)

It can then be seen, after some transformations, that
FVFY, Foy Y = 442 (ZA,% + Ii) (16)

Therefore the metric tensor for curved spacetime k*8 and its trace k (mentioned in introduction)
calculated in flat spacetime are

1 Fowpﬂ 12
kP = 2+ ,Té (17)

1/2/\2—1—12

The above simplifies further for I, — 0, but the key conclusion is that the trace k is invariant.

Based on the above, one may reverse the reasoning and consider the electromagnetic field as a
manifestation of a propagating perturbation of the curvature of spacetime, which in flat spacetime is
interpreted as a field. For this purpose, one may define a certain perturbation h*f of the metric tensor
k*P that describes the deviation from flat spacetime, and also define its trace h as

WE=k"¥ —y* ; h=hfppe=k—4 (18)
The stress-energy tensor of the electromagnetic field in flat spacetime can be thus represented as
follows K L
Bl V7 W B
in, Y h a7 (19)

As one can see in the above, considering gravitational waves in the Alena Tensor is natural and does
not require classical linearization. Traces h and k are invariants, thus 0 = [Jh = Uk and condition
= [Ok* = Oh*P can be reduced to Maxwell’s equations in vacuum, which means that in vacuum
these waves propagate at the speed of light.
Denoting the pressure amplitude P, and /1*f one obtains

4,

%EK*;WEW*%ﬁ% Y = P, b (20)
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which shows that the energy-momentum tensor of the field actually describes the propagating vacuum
pressure waves with tensor amplitude. This means that the Alena Tensor provides the propagation of
gravitational waves, proposing their physical interpretation.

One may now invoke the scalar field ¢ associated with the presence of matter and the gravitational
interaction, where e# = % It is known from [9] that e? is responsible for the presence of sources and
in their absence i, = 1. Therefore, interpreting whole Y*# as the wave amplitude tensor one would
get the following representation:

1 —
;Y“ﬁ = Py i*Pe? = o U*UP — T (21)
;
which allows to search for e? as a certain wave function.
This approach allows for two simplifications related to the analysis of gravitational waves.
Considering the force fg, reproducing motion related to gravity and extracting the gravitational
acceleration A* from it, one gets

2
QA% = fi = Q<Z‘i’uﬂ — czaw) ~ POp= 72’2792” — 9 A (22)

since according amendment from [10] d,7U* = 0. Since, as shown in [9], ¢ is directly related to the
effective potential in gravitational systems (which can be calculated from the GR equations), this would
allow searching for propagating perturbations of the effective potential itself (¢ = 0) similarly as
was postulated in [28]. It would significantly simplify both the calculations and perhaps the methods
of detecting gravitational waves.

The second simplification results from the possibility of analyzing only the Poynting four-vector
Y0 as follows

1 _
}TY"‘O = Po h%? = gey U — T (23)
,
where it was already shown in [11] that —T*? represents density of the canonical four-momentum for

the system.

4. Conclusion and Discussion

As shown in the above article, the Alena Tensor ensures the existence of gravitational waves and
allows their physical interpretation. The obtained equations (21), (22), (23) lead to the possibility of
detecting gravitational waves described in this way, which can help both in their current analysis and
in the proof of the validity of the Alena Tensor.

It remains an open question whether the Alena Tensor is a correct way to describe physical
systems, but this paper shows that it exhibits many properties that are expected from such a description,
including the existence of gravitational waves.

5. Statements

All data that support the findings of this study are included within the article (and any supple-
mentary files). During the preparation of this work the author did not use generative Al or Al-assisted
technologies. Author did not receive support from any organization for the submitted work. Author
have no relevant financial or non-financial interests to disclose.
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