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Engineering, Nanjing University, Nanjing 210093, China
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Abstract: In this paper, the relationship between GaN exciton energy and temperature was studied
with high-quality and strain-free GaN epilayers. The traditional Varshni’s model and Bose-Einstein
model are empirical models that lack consideration of physical mechanisms, which makes their
models have poor applicability in wide band gap materials. Consider the interaction of electrons and
phonons, we use singular functions, linear functions and power functions to express the phonon
density of GaN, 2BE, single-linear, power-law-delta and power-law-v models are proposed. All of
them are fitting well with the experimental data. Among them, the singular-linear model summarizes
the contributions of acoustic phonon and optical phonon. The error of sigular-liner model is smaller
than that of 1BE and varshni models in almost the whole temperature range.Therefore, the singular-
linear model is better choices.

Keywords: GaN; exciton energy; temperature; modes

1. Introduction

In recent decades, many groups have studied related research on the relationship between the
energy bands of semiconductor materials and temperature[1-5]. These studies can help us to have an
accurate understanding of the dependence of energy band on temperature which is precisely an
important prerequisite to correctly understand the optical and electrical properties of semiconductor
materials. At present, for those traditional materials, such as Si, Ge, GaAs, InP etc, many groups have
systematically studied the dependence of their exciton energy on temperature and have achieved
great results[6-11]. However, over the years, in the field of wide band gap semiconductor materials,
especially for GaN materials, high quality GaN samples cannot be obtained due to the lack of effective
preparation methods. Therefore, there is no way for us to carry out systematic scientific research and
naturally there is no definitive conclusion. In recent years, fortunately, the rapid development of MBE
and MOCVD growth technologies has enabled us to produce high-quality GaN, which provides the
basis for our research on GaN. This article will systematically study the dependence of GaN exciton
energy on temperature.

For the behavioral pattern of exciton energy with temperature, it is commonly recognized that
exciton energy has quadratic behavior at low temperatures, and has a linear progressive relationship
at high temperatures[12-13]. In recent years, some groups have found that excitonic energy has a new
behavioral pattern at low temperatures[14-16]. At a low temperature of 4K, the exciton energy of
silicon has been found by a team to be mathematically related to the temperature being 4th power.
For the factors that affect the exciton energy of semiconductor materials at ultra-low temperatures
with temperature dependence, many groups have conducted detailed investigations and achieved
some results[17].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Experiments

In order to obtain accurate band edge luminescence energy, it is necessary to eliminate material
defects, internal strain and other factors which may affect the energy of the band edge, so high quality
GaN epitaxial materials are indispensable. In this work, we use 400-pum thick freestanding GaN
substrates to realize high-quality and strain-free GaN epilayers using metal organic chemical vapor
deposition (MOCVD). It is well known that normal GaN grown on a sapphire substrate shows a
dislocation density as high as 10°/cm?2. The GaN epilayer with no any heterostructure grown on the
freestanding GaN substrate (GaN/GaN) give a great improvement on the crystal quality by the high-
resolution XRD measurement, shown in Figure 1(a) (b). As a comparison, for a normal GaN layer
grown on a sapphire substrate, the full width at half maximum (FWHM) of the (0002) diffraction
peak is more than 400 arcseconds, and it is more than 600 arcseconds for (10-11) diffraction peak.
However, for the GaN layer grown on the GaN substrate, the FWHM is only 62 arcseconds and 42
arcseconds for the corresponding diffraction peaks. The GaN/GaN sample shows extremely low
dislocation density — as low as 105/cm? as calculated from the high-resolution XRD results.
Furthermore, Raman scattering measurement (not show here) proves that the GaN layer grown on
the GaN substrate is totally strain free. Hall measurement shows very low unintentional doping
concentration as low as 10'*/cm? in the high-quality GaN epilaye.
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Figure 1. Comparison of crystal quality between GaN/sapphire and GaN/GaN by high-resolution XRD
measurement (a) (0002) o scan (b) (10-11) o scan.

We performed PL measurement from 10 K to 250 K. The PL measurements are carried out
through a 0.75 m monochromator and a low-temperature sample stage cooled by a Helium Closed
Cycle Cryostat. The excitation source is a He-Cd laser with 325 nm which can be focused to a small
area about 10 micrometer in diameter. Because the dislocation density of 105/cm? is equivalent to an
average distance of 30 micrometer between two adjacent dislocations, so the focus spot area is
dislocation free with high possibility. The PL spectrum of the GaN/GaN sample is shown in Figure
2.

3. Calaultions and Modes

3.1. Early Modes

3.1.1. Varshini’s Mode

Referring to semiconductor exciton energy and temperature studies, we have to mention the
earliest fitting formula Varshni’s formula. It is an approximate simulated model of the two behavioral
models proposed by Varshni for the Eg-T curve at low and high temperatures. Since it was proposed,
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it is the most widely used energy band and temperature fitting formula for semiconductors. The fit
is as follows[13-18]:

axT? N
B+T W

In the Equation (1), the parameter E, represents the exciton energy at 0K, and the parameter a

Ey(T) = Ey —

is the energy band contraction coefficient at high temperature, or the slope of the fitted line at the
time of high temperature fitting. The fitting result of the parameter {3 is widely considered to be
related to the Debye temperature of the material studied. In the study of GaAs, the fitted parameter
[ represents its Debye temperature.

We first use the Varshni’s model to perform fitting studies on our data. The fitting results are
shown in the solid black line in Figure 3(a). The results of the fitting parameters are shown in Table
1. From the figure, we can see that, in the lower temperature range below 60 K, and after the higher
temperature range after 170 K, the fitting results are significantly smaller than the experimental data.
In order to better analyze the difference between the fitting result and the experimental data, we
make an illustration of Figure 3 according to the relationship between the difference between the
experimental data and the fitting data and the change of temperature. It can be seen from the figure
that the fitting data are all too small in the temperature range of 70K to 170 K. From the fitting pattern
and fitting error results, we can see that the fitting results are systematic errors. In the study of non-
wide band gap semiconductor materials, the Varshni’s formula has performed very well, but it has
performed very poorly in wide band gap semiconductor materials such as GaN. As we see the fitting
parameters in Table 1, the fitting result of a is 19, and the apparently abnormal number of f is as
high as 2509. By comparing past fitting results of Varshni’s formula to GaN, we find that there is a
wide range of distribution of the fitting parameter a and 3, and even negative numbers that are
difficult to explain in terms of physical phenomena. Therefore, Varshni’s mode is not a suitable model
to study the energy of GaN excitons. The reason we believe is its overly simple mathematical
expression. Only three parameters with no actually physical meaning are insufficient to characterize
the behavior of GaN excitons at low and high temperature. Secondly, the premise of the Varshni’s
model is inconsistent with the actual situation.
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Figure 3. (a) Comparison of the fitting results of the A free exciton energy of GaN materials using Equations (1)
and (2) in the temperature range of 0K-230K. The straight line in the figure is the high temperature limit of the
type 2 line. The straight line passes Eg (0), and the cross mark represents the feature point (T=0/2). The black
dots are the experimental data, and the black curved line is the fitting result of Equation (1). The red dashed line
is the fitting result of Equation (2). The (b) shows the errors of the fitting results of Equations (1) and (2) compared
with experimental data at different temperatures. The red circle represents the error of Equation (1), and the
square black box represents the error of Equation (2). The ordinate represents the difference between the

experimental data and the fitted data.
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Table 1. Parameters fitted to each mode.
Ey(eV) a(eV/K) B/6(K) 0,(K) P/r/w K6 (MeV) R?
(1) 3.4789 19 2509 216.2 0.996
(2) 3.47716 3.52 325.94 27.99 0.993
(4) 3.47779 5.7 138 645 0.211 0.9995
(6) 3.478 5.7 478.96 0.46559 41.238 0.9997
(7) 3.47809 18 1581 2.24 136.124 0.9996
(8) 3.47825 5.8 711 0.465 0.9996

3.1.2. Bose-Einstein Mode
Starting from the Bose-Einstein model, Vina proposed another alternative model. The fit is as
follows[18-19]:

= £,(0) - a2—9<coth (i) -1) @

2
0
exp (T) -1
Another version of this formula can be obtained from Equation 2(exp(x) — 1)7! = (coth (g) -
1). The bandgap limit at T=0 is given by E; (0) = Ep + ap. a=2ap/0 is the contraction coefficient of

the limit band gap, and O represents the effective phonon temperature, which is related to the average
frequency of the acoustic branch and the optical branch by «T = hw.

From the result of Figure 3, there is a visible deviation from the temperature before 180K, and
the illustration of the error analysis also proves this point. As with the Varshni’s model, there is a
systematic bias in certain temperature ranges. The fitting result of the model in the temperature

section before 40K tends to be a stable trend, because when T é) 0, there is a mathematical
expression(exp (g) - 1) ' 5 0.

An overly simple mathematical design makes its fitting performance at low temperatures
unreliable. The reason why the model performs well in the temperature range after 110 K is due to
the fact that its physical parameters have a certain physical meaning. Therefore, the fitting parameters
are more reasonable than the Varshni’s formula. However, in spite of this, from the perspective of
the fitting effect R?, the formula proposed by Vina is still insufficient to describe the relationship
between the exciton energy of GaN and temperature, and even worse than the Varshni’s formula. We
need to proceed from the correct physical mechanism, select an appropriate number of parameters
with physical meanings, establish a mathematical model, and develop the study of GaN exciton
energy.

3.2. Novel Mode

Both the Varshni’s model and the Bose-Einstein model are empirical models that lack
consideration of physical mechanisms, which makes their models have poor applicability in wide
band gap materials. We know that starting from the physical mechanism, the energy band shifts with
temperature due to two reasons: the thermal expansion of the lattice and the interaction of electrons
and phonons. In general, the first reason contributes less, so we can ignore it, and the latter is the
main influencing factor. We need to focus on consideration. From this point of view, a group has
proposed such primitive integration[20]:

1 — 1 £
E, = Ep — f def (€) (5 + n(e, T)) = Ey(0) —5 f de f (&) (coth (m) - 1) (3)
where ¢ is energy and ;(g,T) is the average number of phonons or the probability of occupying
phonons in the energye. f(e) o« D(¢) * p(¢), D(¢)is the coupling coefficient of electron phonon
interaction which is often summed up as a constant, and p(e) is the density of phonon states. For
different semiconductor materials, it is important to properly mathematically represent the phonon
density of states.
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3.2.1. Singular Mode

A reasonable guess for density of phonon states in GaN materials is to use singular functions to
generalize. When we use a singular function to express the phonon density of its acoustic phonons
and optical phonons, that is, f(g) x C8(e — &), the integral result is the Bose-Einstein model of (2).
The fitting result of (2) is not ideal and reasonable. Then when we use two singular functions, 8(e —
&) and&(e — &;)represent the phonon density at the low energy end and the high energy end,
respectively. That isf(e) « C8(e — &;) + D8(e — &,), substituting the original approximate integral
result :

w0, 0,

EM=E—a|—F—+(1—-w)
[2

exp () -1 exp (7) 1

We call it 2BE model. In Equation (4), E, represents the band gap energy at 0K, a represents the

4)

high energy band shrinkage factor, 8; and 6, represent the effective phonon temperature of the
acoustic branch and the optical branch respectively, and w, 1-w represents the acoustic branch and
the optical Branches contribute to the band offset.

It can be seen from Figure 4(a) that the fitting curve of the 2BE model is closer to the experimental
data than to the 1BE model which uses only a singular function for expression. The error analysis and
comparison of the illustration also shows that the error of 2BE model is smaller than that of 1BE model
in almost the whole temperature range, and is evenly distributed in the positive and negative range.
There is no obvious system deviation. The fitting parameters 6; and 6, are 138 K and 645 K,
respectively. It can be concluded that the effective energy of the acoustic phonon is 11.9 MeV and the
energy of the optical phonon is 55.6 MeV. It can be seen that the phonon density of GaN is in
reasonable range. The w is 0.211, which means that in the variation of exciton energy of GaN with
temperature, optical phonons play a major role. Better fitting patterns, smaller fitting errors, and
fitting parameters with reasonable physical meanings indicate that the 2BE model has good
performance for GaN E-T curve analysis.
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Figure 4. (a) Comparison of the fitting results of 1BE and 2BE to GaN materials. The red curve in the figure is
the fitting result of 1BE, and the blue curve is the fitting result of 2BE. Black dots are experimental data. (b) shows
the error comparison between the fitted data and the experimental data for 1BE and 2BE. The ordinate represents
the difference between the experimental data and the fitted data. The red dots indicate the error of the 1BE
model, and the black squares indicate the error of 2BE.

3.2.2. Linear Mode

In addition to singular functions, we can consider using a linear function to mathematically
express the density of phonon states, such as(e) « Ce,substituting the original integral formula, and
the integral approximation result is:
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af |+ m? 2T\* (2T\*
By (1) = Ey(0) - =+ j1 + 2+ (5) +(F)H-1] ®

In Equation (5),E,(0) represents the energy of excitons at OK.a represents the contraction
coefficient of the energy band at high temperature, and O represents the effective phonon
temperature. The result of fitting using Equation (5) is shown in Figure 5. The fitted result graph is
very inappropriate. From the perspective of the entire fitting temperature range, there is a large error
between the experimental data, and the magnitude of the parameters we fit out also cannot represent
the physical meaning it represents. Therefore, simply using a linear function to summarize the
density of phonon states of GaN does not achieve the desired fitting effect.
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Figure 5. Fit the experimental data using a linear model. Black dots represent the actual measured experimental

data, and red solid lines represent the fitted curves.

3.2.3. Power-Law Mode

In addition to linear functions, power functions are often used to describe the phonon density of
semiconductor materials. In the study of exciton energy of other semiconductor materials, good
results can be obtained. We describe the density of phonon states of GaN materials by constructing
different power functions, and then make mathematical derivation, and use the resulting integral
formula to fit the experimental data.

(a) Power-law-delta mode

The density of phonon states of GaN is described in the form of f(g) (gc—sg)s , where 0 < § <
o

1, & represents the cutoff energy, and the integration result in the energy range greater than ¢, is
zero. Bring this equation to the integral approximation result:

E,(T) = E,(0) —“2—9* 71 +2r+ (%T)Z + (%Tf) ~1| 6

_ 2
((12_?) %. E;(0), a, 6 in the formula has the same physical meaning as before.

Using Equation (6) to fit the experimental data, the fitting pattern of Figure 6 is obtained. It can be

In Equation (6), r =

seen from the figure that the fitting data is closer to the experimental data. R? as high as 0.9997 also
means that the fit is very successful. The effective phonon temperature of 478.96 K and the phonon
energy of 41.238 MeV are also in the reasonable energy range of the GaN phonon. This shows that
the model can successfully perform mathematical analysis of the exciton energy of GaN and can
obtain fitting parameters with reasonable physical meaning.
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Figure 6. The results obtained by fitting the experimental data to the power-law-delta model. The black dots
represent the experimental data actually measured, and the solid red lines represent the fitted curves.

(a) Power-law-v mode

In addition to the power function constructed above, we can also try to describe the phonon
density of GaN in the form of f(g) « Ce¥. When certain conditions are satisfied, the integral
approximation result can be:

ab [P 2T\?
By = B0 =+ | [1+(F)) -1

Among them,p = v + 1, the condition to be satisfied is that p is less than 2.5. E;(0), a, 6 have
the same physical meaning.

The fitting result is shown in Figure 7. Obviously, the fitting effect is very good. From the fitting
parameters, although the R? value of 0.996 is appropriate, and the p value also satisfies the
approximate condition, the fitted a, O values are all too large, especially the effective phonon
temperature 0 is as high as 1581 K. The phonon energy of 136 MeV is much larger than the phonon
energy spectrum of GaN, and thus the fitted result does not represent the actual physical state of
GaN. The Ce” description of the phonon density of states does not provide a good summary of the
actual phonon density of GaN.
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Figure 7. The power-law-v model fitted to experimental data. The black dots represent the experimental data

actually measured, and the solid red line represents the fitted curve.
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3.2.4. Singular-Linear Mode

Although neither the singular function nor the linear function is sufficient to describe the
phonon density of GaN individually, we can still see some reasonableness of them. Then we can give
full play to their respective rationality and combine them to describe the phonon density of GaN.
Take f(g) « % (Wi + (1 —w)ged (e — gp))as an example, where the first term represents the low-

end contribution of the acoustic phonon and the second term represents the contributions of acoustic
phonon of high-energy end and optical phonon. The approximate integration results is:

Eg (7) = Eg0) — @o)/2 = [wy2+ |1+« (21) + (1)) -y + (2 - 1) 8
9 (1) = Eg(0) = (@Bo)/2 = [w/2+ ( [1+ 7+ (57) +(G7) ) =D+ (1~ 0) = eoth GG ~ 1] ®)
where E;(0), a has the same physical meaning. Effective phonon temperature is represented
by(l - %m) 6, where w represents the weight of the contribution.

It can be seen from Figure 8 that its fitting effect is good. w = 0.465, indicating that the phonon
contribution at the low energy end is less, compared with the 0.211 contribution weight of the 2BE
model, which is a little larger, but it still shows that the high energy terminator plays a major role.
From 0=711 K, the effective phonon temperature is 546 K, and the effective phonon energy is 47 MeV.
This is within the range of high-energy and low-energy phonons. This shows that the singular-line
model can be applied in the exciton study of GaN materials.
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Figure 8. The resulting plot of a singular-linear model fitted to experimental data. Black dots represent the

experimental data actually measured. The solid red line represents the fitted curve.

4. Discussion

Experiments with various models allowed us to find a mathematical model that properly
studied the relationship between GaN exciton energy and temperature. We found that mathematical
models with 4 or even more parameters have better applicability than that with 3 parameters. This is
because there are two types of behavioral patterns of exciton energy with temperature .At low
temperature, E;(T) » H; —aT owing linear behavior, and E,(T) — E4(0) — % * By (0)T? at high
temperature, appearing the behavior of 2nd power, where Hy,a,E,(0), E;(0) characterize two
behavior patterns as four independent variables. Of course, more parameters with physical and
mathematical significance will be better, but this requires more experimental data to fit. In addition,
the thermal expansion of the lattice is a problem that we need to consider. It is the secondary factor
affecting energy band shift with temperature. As the temperature gets higher, its contribution weight
will continue to increase, so that we need to consider the point. We did not consider its influence
when we started from the physical mechanism, but we still constructed a good model and fitted out
the parameters with physical meaning. This is because the thermal expansion of the lattice is mainly
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caused by the LA phonons, so we are considering the interaction of phonons with electrons. Among
the mathematical terms in the fitting process, there is the influence of lattice thermal expansion.
Therefore, we do not need to consider the influence of thermal expansion of the lattice additionally,
which will increase the complexity of the fitting formula and the requirement for experimental data
volume. Figure 9 shows the comparison of the error between the fitting results of Equation (1), (2),
(4), (6), (7), and (8) and the experimental data at different temperatures. The error analysis shows that
the error of 2BE, power-law-delta, power-law-v and sigular-liner models are smaller than that of 1BE
and varshni models in almost the whole temperature range. Two singular functions are used in 2BE
model and in the variation of exciton energy of GaN with temperature, optical phonons play a major
role. The singular function and the linear function are used in sigular-liner mode, which contain low-
end contribution of the acoustic phonon, contributions of acoustic phonon of high-energy end and
optical phonon.
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Figure 9. The figure shows the comparison of the error between the fitting results of Equation (1), (2), (4), (6), (7),
and (8) and the experimental data at different temperatures. The ordinate represents the difference between the

experimental data and the fitted data.

5. Conclusions

Based on the above data fittings and analysis, we can find that in all the fitting methods, 2BE,
power-law-delta, power-law-v, and single-linear models are all on the fitting pattern. It can be fine
satisfied, but the reasonableness of the fitting parameters does not fully satisfy our reasonable
requirements. The 2BE model mainly summarizes the role of optical phonons. Meanwhile, we can
see that the power-law-v model fitting parameters are not self-consistent. The power-law-delta model
does not allow us to see high-energy and low-energy phonon pairs when we need to obtain
information about the ratio of their contribution to energy band changing with temperature.
Compared to them, the singular-linear model summarizes the role of optical phonons and acoustic
phonon. For this reason, the singular-linear model is better choice.
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