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Abstract: This article focuses on obtaining the analytical solutions for parabolic Volterra integro-
differential equations in d-dimensional with different types frictional memory kernel. Based on
theories of Laplace transform, Fourier transform, the properties of Fox-H function and convolution
theorem, analytical solutions of the equations in the infinite domain are derived under three
frictional memory kernel functions respectively. The analytical solutions are expressed by infinite
series, the generalized multi-parameter Mittag-Leffler function, Fox-H function and convolution
form of Fourier transform. In addition, the graphical representations of the analytical solution under
different parameters are given for one-dimensional parabolic Volterra integro-differential equation
with power-law memory kernel. It can be seen that the solution curves subject to Gaussian decay at
any given moment.
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1. Introduction

In this paper, we will consider the following d- dimensional parabolic Volterra integro-

differential equation with memory kernel K(#) [1]

@ 4 j;K(t — (e, t)de = Au(x,0)+ £ (x,0), (1)
t
with initial condition and boundary conditions

u(x,0)=g(x) , ‘l‘im u(x,t)=0, t>0,x=(x,x,,---,x,)e R’ (2)

Where function f(x,?) and memory kernel function K(¢) are assumed as sufficiently smooth
functions, and A is the d- dimensional Laplacian operator.

Parabolic Volterra integro-differential equations have many important physical applications to
model dynamical systems, such as in compression of viscoelastic media[2], nuclear reactor
dynamics [3], blow-up problems [4], reaction diffusion problems [5]and heat conduction materials
with memory functional [6].etc. At present, analysis of numerical solution of Volterra
integral-differential equations is taken into account by many authors. Dehghan et al. [6] studied
numerical solution of parabolic integro-differential equations by variational iteration method. Han
et al. [1] proposed the artificial boundary method to solve parabolic Volterra integro differential
equations (one-dimensional) in the infinite spatial domains. Fakhar-Izadi et al. [7] considered the
parabolic Volterra integro-differential equation in one dimensional finite and infinite spatial

domains by spectral collocation methods. However, to the authors” knowledge, there are no studies
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on the analytical solutions of parabolic partial Volterra integro- differential equation in the infinite
domain. In this article, our goal is mainly to discuss analytical solutions of Eq.(1) with three
different kinds memory kernel function in the infinite domain.

This paper is organized as follows. In Sec.2, some definitions and lemmas are introduced. In
Sec.3, the analytical solutions of parabolic Volterra integro-differential equation with three different
kinds of memory kernel are demonstrated in the infinite domain. In Sec.4, a typical example and

some graphical representations of the solution are presented. Some conclusions are given in Sec.5.

2. Preliminaries

In this section, we give some definitions and lemmas that are used throughout this paper.

Definition 1 Four-parameter Mittag-Leffler (M-L) function is defined as [8]

}’l

Es@)= nz;‘F(an+,6’) n!’ ©

where z, [,y ,x €ll ,R(a) > max ({0, R(x) —1} ,R(Kx) > 0) , with Pochammer’s symbol (),

can be expressed as

=I'(y+nx)/T _J! e
(Ve =Ty + 1) [ T(y) = y(y+D)(y+2)...(y +nx-1), if nKeN,j/;tO'

It is worth noting that whenx =1, the three parameter Mittag-Leffler function can be obtained as
7.
E ()= E, ,()189]

n

z

'B() zf(an+ﬂ) n!’ @

wherezell ,R(a)>0. f,y>0.

Note that, wheny =1, we can obtain two parameter Mittag-Leffler function E; 2= E, ;)

[10], there

z
E, ;(z )—Zm 5)

n=0

where z, Bell , R(a)>0. Note that £, (‘) reduces to Mittag-Leffler function FE_() when

P =1, then
E, (2)=E ()= ———
! T AT (an+1)
where z €[] ,R(a) > 0. In particular, we can obtain regular exponential function whena =1.

Definition 2 An integral operator E>* @ is defined as [11]

a+,a

(B5,0) @)= (¢ BLs (we) ) 2 o(0) = [ (1= 1) EL 5 (w(t = 0))p()d . ©)
Page 2 of 14
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It is worth noting that, when w= 0 and a =0, integral operator E"” ﬂ(o would correspond to

the Riemann-Liouville integral operator|[8].
In this subsection, we will introduce some lemmas about Laplace transform, which will be help

us handling some problems in the next section.

Lemma 1. Lets,b,a, A, € [J ", then the following inverse Laplace transform (Lﬁ1 ) is true [12].

- 1 -
L 1{S2 +bSa [g(t) (S)}(t) Z( b) (E0+/12 (21015)(n+1)+1g)(t)7 (7)
where
0< % <1 ,
s”+bs

Lemma 2. The Laplace transform of three parameter Mittag-Leffler function is given by [13]
f-1 ® st pl s
L{t""E” ,(xwt*) |(s)=| e"t""E’ ,(xwt*)dt =———, 8)
(B, we) () = [, et =
there ‘W/Sa‘ <1.
Lemma 3 .The Laplace transform of e “t"'E ;’ 5 (wt®) is given by the follows [13]
(s+A)7 7"

-\

((s +A)F w)

L I:e—/lttﬂ—lE;/ﬁ (iwt“ )] (S) — 5 (A= 0) (9)

where

In fact, by Laplace's transform definition, one easily gets

L[ A 1E7ﬁ(+wt ) (s)= J - _ﬂ’tﬂ 1Eyﬁ(erl‘ ))

_ —(s+A)t , -1 (), (tha)n
I ! ; ['(an+ f) n! d

_y_,EwW)" T(antp) (), (Ew)'
B Z iT(an+Bn! (s+A)"" Z 2 nl(s+ )"

Through simplicity, the above formula finally reduces to
(s+ A7

(s+) Fw)

L{e " E] ,(xwt*) ] (s)=

Therefore, above Lemma 3. can be proved.
It is worth noting that in case A =0, the structure of Lemma 3 is equivalent to Lemma 2.

Lemma 4 gives one important d- dimensional integral formula about Mittag-Leffler function.

Lemma 4. For arbitrary o >0, £ is an arbitrary complex number, in addition ¢ >0, and a € R,
then the following formula is established [14]

Page 3 of 14
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Jow "By all)a'h = )" | x [ KB a1

(10)

whereJ,, | (-) is Bessel function, and

=(k1,k2,--~,kd)€Rd

k 2
Golk0, =2 [ LA

O,nA-d/2,1) |
3. Analytical solution of parabolic Volterra integro-differential equation in the infinite domain

3.1. Analytical solution with frictional memory kernel of M-L type K(t) = Ltﬁ 'E? i e )

In this case, Eq.(1) can be written as following

ou(x.1) (t t )

p 2 u(x,t)dt = Au(x,0) + f(x,t). xeR? t>0 (11)

-y B -

wherea, f,0 > 0, 7 is the memory time.
Theorem3.1. The analytical solution of parabolic Volterra integro-differential Eq.(11) with boundary

conditions and initial condition (2) can be expressed as the following form

k a5 ~ ,
u(x’t) (2 ) IRdZ(_ “5) Z( j 1|/ |a5 (Eoi*ia,zz(-:li)n(l?’—ln)ﬁ-m—]f)(kat)elk.xddk
+J.Rd G(x-x,0Hg(x)d’x". x,keR’ (12)

In which G(x,?) is the Green function, reads as

0= Gy e 2(_ aﬁ)z( L'/ oy e e

In general, denotes ]; (k,t)= J.R ., e f(x, t)ddk is the Fourier transform of f(x,t¢) with

respect to the spatial variable x .

Proof. DenotesF {u(x, t)} :=u(k,t)as the Fourier transform of u(x,¢)with respect to variable

x, L {u(x,t)} :=1u(x,s) as the Laplace transform of u(x,?)with respect to variable #. Taking

the Laplace transform with respect to the time variable t and the Fourier transform with respect to

the spatial variable x to Eq.(11), it can be written as the following result

Saﬁfﬂ

1 —
ad (Sa +z_fa)§

Using the initial condition, it yields

k) =—|k[ i(k.s)+ f(k.s). keR' — (3)
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2 1 2 1 -
ii(k,s) = m—- Flk,s)+ - &(k). (14)
1 S 2 1 S 2
5 N +|k| S+ N +|k|
% (s“+77%) T° (s“+77%)
Because
1 Silz(— z |k| —1) ( 015 ! )l*n (L)*n
Sab'fﬁ’ a§ —~ ( ) Ta&

o ey

® 1 (i) g#tm=(FDi-m-n-i k2
-3 (- w)'Z(;]S 4 L (15)

( )
P e (Sa +77¢ )é‘(z—n) l/Ta5 ’

Employing Lemma 2, we can get

Saﬁ(i—n)—(ﬂﬂ)(ifn)—n 1
(B+D)(i—n)+n 6(i—n)
(s° +Tﬁa)5(i7") _LI:t E, a (B+1)i- n)+n+1( (' )] (s)- (16)

Substituting Eq.(16) and Eq.(15) into the first term of Eq. (14), we have

1 2
=7 ~ [ (ks) =

Taam+|k|

Z( a(s)Z( j |/|a5 O B e (<L) [(L[ F (R0 [(s). (17)

By applying inverse Laplace transform, the convolution definition of Laplace transform and

definition 2, we can obtain the inverse Laplace transform of the first term in Eq.(14) as follows

7 L(f(k0)(s) |()=

Z aﬁ) Z( J 1|/ |a5 ( +a (Z(il)}Zt) 1n)+n+1 ~)(k9t)' (18)
i=0

It follows that the inverse Laplace transform of the second term in Eq.(14) is

_ 1 ~
U W) ()=
S k 2
z_? (Sa + Z_fa )5 +| |

i—0 ( 0‘5) z( ) 1|/ |a§) t(ﬂﬂ)(l n)+nE(f((lﬁ2)(z n)+n+1( T_ata)g(k)' (19)

According to Eq.(18)-(19), we can obtain u(k,?) from Eq.(14)
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2
u(k,t) = Z( )l ( ] 1|/ |a5 (E0+ :((;(-:1),('1)1n)+n+1f)(k9t)+
i=0 n=0

Z a5) Z[ j |/ |a§ nt(ﬂ+l)(1 n)+nE5((zﬂﬁ)(l anH( T_ata)g(k). (20)

i=0 n=0

Eq.(20) can be further manipulated by employing inverse Fourier transform

u(x,t)=

a§) Z( j |/ |a5 (E0+ :(‘2(:—1)2 1n)+n+1f‘)(k7t)ddk +

Rd

(2)

Rd

w) Z( ] 1|/ |ms) I e (<7 E)E UK @1)

(2)

The second term in Eq.(21) can be further manipulated as follows

Rd

a§) Z( ] 1|/ |a5) t(ﬂ+1)(l n)+nE§((lﬂZi)(l n)+n+1( T_ata)g(k)ddk

(2)

1 o k +n i-n —a,a _ikx' , ,
= (2”.)d thz( Z( j |/ |a5) n f(BHGi=n) E&(/H{)(l n)+n+1( Tt )(.[Rd ek g(x )ddx )ddk
i=0 0

1 —1k (x—x") (p+1)(i—-n)+n S8 (i-n) —-ag o\ 3d
- R“[(Zﬂ) &€ Z( ag)Z / (15) t B (gyiomnn (T 1)k | X

g(xd’x". (22)

Denote Green function G(x,?) is

1 ok (x=x) | | n (BH)(i—n)+n S (i-n) d
(272_)d Rd Z( a5 Z:; /7 a5 t E a,(B+1)(i- n)+n+1( Tt )d k.

Therefore, we complete the proof of Theorem 3.1.

G(x—x"t)=

-a

t
3.2 Analytical solution with frictional memory kernel of power-law type K(t) = F(l—)’ O<a<l.
4

In this case, Eq.(1) can be written as the following form

u(x,t)dt’ = Au(x,t)+ f(x,t), xeR? t>0. (23)

au(x t) j (t=t)"
‘T(l-a)

Theorem3.2. The analytical solution of parabolic Volterra integro-differential Eq.(23) with boundary

conditions and initial condition (2) can be expressed as

u(x,t) = ey deZ( )J( W 7 )(k,t)e”‘"‘ddk
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+[u G(x—x',1)g(x")d"x". (24)
The Green function G(x,?) is given as

o) _2_05 J _ .
G(x,t):2 d/12| |d2( & Y o o |a+@-a))1/2)
T X

o . ) . x,keR’
! ’ 2t5(d/2,1/2), (1+,1/2)

There F {g(x)} =g(k) and F {f(x,t)} = f(k,f) are the Fourier transform of g(x) and

f(x,t), respectively.
Remark. Employing the properties of the Fox-H functions, and Green function G(x,?) can be

expressed as power series expansion [15]

d+2k
1 2" e TA+j-k-d/2) (=D |x
Gry=—rt s 0 (jokdiz) ) b
Vs |x| =0 Jj! —IA+Q2-a)j-k-d/2) k! 22
2(k+j+1)
2 T(d/2-j—k-1) (=) | |x]
= I'((l-a)j—k) k! 21‘%
X S
For |-—|U 1, therefore, the power-law asymptotics behavior is given by
2t?
d 2(j+1)
1 &y L(+j-d/2 x rd/2-j-1| |x
Gy — A g COV_Tej=d/d) | ] || [@ /22 =) b
PP R | TU+@-@)j=d /)| 1 | | T=a))) |,

Proof. Employing the Laplace transform with respect to variable fand Fourier transform with

respect to variable X, respectively. One obtains
sii(k,s)—ii(k,0)+ s ii(k,s) = —|k| i(k,s)+ f(k,s). keR’ (25)

Taking into account the initial condition, Eq.(25) can be rewritten down as

2 1 z 1 -
fi(k,s) = ———— [ (k,5) + ———— & (k). 6)
s+ +|k| s+ + k|
Using the technique introduced by [12], we have
1 1 s 1 @)
s+s7 4+ |k|2 |k|2 s7+1 |k|2 st
1+——
sT0+1

Expanding the third section of the right of the Eq.(27) and simplifying, one easy gets

(I-a) (n+D

1 > 2 S
— =Nk == _
S_I_Sa—l +|k|2 g( | | ) (S27a +1)n+1 (28)

Page 7 of 14
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Employing Lemma 2 on Eq.(28), then the first term of the Eq. (26) can be expressed as

1 o fks)=L {i(—lklz)"r"E;f;,m (—t“)}(s)L |7 k,0)](s). (29)

s+s“‘1+| |

According to Eq. (4), we have

N [P yn n el 2-a ngn (i’l+l) (_tZ—Q).i
2 WY OB (7 = Z( K[y ,Z;r((z 0D

© ® zaj .ln (_th)n
Zz (J+D || ,

=0 =0 INe-a)j+n+1) n!

:Z( - a)]Elj(z a)]+1( |k|2 t)- (30)

—0

~

Applying convolution property of the Laplace transform and integral operator E’ﬁfa’(ﬂ¢ definition,

then the inverse Laplace transform of the first term in Eq.(26) can be obtained as follows

L' S S
s+s%7+ |k|

L[700]0)| = B0 (R oy

Noting that the relation between generalized Mittag-Leffler function and Fox-H function, the

inverse Laplace transform of the second term in Eq.(26) can be expressed as[15]

. 1 ~ = 1) 2a 5
L —————3(k) 1o H { } k). (2
s+5 +if 2 | S 1) 2-a)jn)°
Denote
ﬁ(k,z):Hf;DkFt D _ } (33)
’ (Oa l)a (_(2 - a)]a 1)
and
2—-aNJj
Gk,t) = z( CC ) Gk, (34)
].
Using the inverse Fourier transform to Eq.(33), we can obtain
(—j,l) ik-x 1d
h(x,t) = ‘{kzz , } ihox (35)
(27)° G e 4 M 0.1,  (-Q2-a)jD)

Using Lemma 4, we get the following result from Eq.(35)
& & & q

|l—d/2 J'w|k|d/2Hll,’; |:|k|2t -1 .
0 0,1, (-2-a)j,1)

Employing Hankel transform and properties of the Fox-H functions [15,16,17], Then Eq.(36) can be

h(x,t) =

(27 )d/z j|Jd/21 (|x| |k|)dd |k| (36)

written as

Page 8 of 14
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1 20 M(l+(2—a)j,1/2)

h(x,t) = ———— .
0= e 2 T2, (1+.1/2)

(37)

Substituting Eq.(37) to the inverse Fourier transform of Eq.(34), we can obtain

(—1%) |x| (1+2-a)j,1/2)
J! 3 Lld/2,1/2), (+,1/2)|

G(x,t)= y Z

d/2

le

Then Eq.(32) can also be written formally as

L &) | =L [F [Gx.9)| )2k . (39)

s+s“ + |k|
Applying an inverse Laplace transform to the Eq.(26), we can finally find
ki ~
ko) = 2 (BT 0+ F [Gen]0gth) @)
The Eq.(39)can be further manipulated by employing inverse Fourier transform and Fourier
convolution theorem, respectively. Accordingly, the Theorem 3.2 is clearly demonstrated.

3.3.Analytical solution with frictional memory kernel of exponential factor type K(t) = t"e ™, p>-1.

In this case, Eq.(1) can be written in the following form
ou(x,t)

Ot
Theorem3.3. The analytical solution of parabolic Volterra integro-differential Eq.(40) with boundary

+ jo (t—t") e u(x,t)dt = Au(x,0)+ f(x,1), 1>0,xeR’.  (40)

conditions and initial condition (2) can be expressed as the following analysis formula

1 S n _—At X n _
e (Sere3[)

+ de G(x-x',0)g(x)d'x,  x,keR’ 1)

2 ”’f”EZiL,nH(—kﬂtﬂﬂj*f(k,t)}e"“d"k

Denotingk, =I'(f +1), using the asterisk(* )denotes a Laplace convolution, the Green function
&hp g p

G(x,t) is given by

Gx.1) = (2;)d (Z(—I)ZU(

Proof. Applying the Laplace and Fourier transform with respect to the time variable #and spatial

’ klz)"’t"E;:;,M(—kﬂt%}”‘*ddk-

variable X to Eq.(40), respectively, and using the initial conditions, then Eq.(40) can be written as

sti(k, )~ i(k,0)+ k(s +A) “Pii(k,s) =~ |k[ a(k,s)+ F(k,s), keR" (42)
From Eq.(42),we have

2 1 2 1 -

u(k,s)= 5> f(k,s)+ 5 & (k). (43)

s+ky(s+2) "7 +|k| s+ky(s+2) "7 +|k|

Page 9 of 14
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Applying power series expanding, one obtains

1
s+ky(s+A) <‘+/’>+|k|

i)n(s+ﬂ)(ﬂ+l)n+ﬂ+l
((S+ﬂ,)ﬂ+2 +kﬂ)n+1

(44)

Ms

Combining Lemma 3, Eq.(44) can be expressed as

1
s+k,(s+1) ) 4 | |

{Z( e (k[ =2)"1"Eg,,. (<k t’m)}(S) (45)

From Eq.(45), the first term in Eq.(43) can be written as formally

1
s+ky(s+2) "D +|k|

[ (k.s) =

{Z( 1y’ —”Zm(— EELY (- kﬁrM)}(s)L [ & ](s). @)

Finally, the inverse Laplace transform of the first term in Eq.(43) can be rewritten down as

L 1
s+ky(s+2) "7 +|k|

(Z( 1)'e ”Z@(—

n=0 r=0

L[ Fk0) () |=

N C kﬂtﬂ”)]*f (k,1). 47)

After analogous manipulation, the inverse Laplace transform of the second term of Eq.(43) can be
expressed as
L !
~(1+8)
s+ky(s+2) " +|k|

2 g(k) =

o0 n n
Z(—l)"e‘”Z@(— " ER o (—kgt” ) g (k). (48)

n=0 r=0

Performing an inverse Laplace transform in Eq.(43), we finally get

au«,o{z( e *’Z@(—

r=0

TERD (= kﬁfﬂ”)}*f(k,tﬂ

st

The solution is now obtained by performing inverse Fourier transform in Eq.(49), easy gets

1 n _—At
st (5B

"t XL,M(—kﬂtﬁ”)]g(k). (49)

KLY ER Y (<K tﬁ”)]*f(k,t)ddk+
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1 —ik-(x—x' S n _—At (7 r
J‘Rd W-[Rde ( )(nz_(;(_l) e Z(VJ(_E) (

k|2)"ft”E,';:;M(—kﬂtﬂ*Z)]ddk x
r=0
g(x)d’x, (50)

where the Green function is denoted as

i 1 —ik-(x—x' S n _—At o7 r
Glx=x') = e e ZU(—M(

r=0

K[ Yt B (kgt” ) |dk.

Therefore, we complete the proof of Theorem 3.3.

4. Example

We select one-dimensional parabolic Volterra integro-differential equation with power-law
memory kernel under special initial conditions (Dirac delta function) in the infinite domain.

Let f(x,¢) =0, the initial boundary value problem in section 3.2 are

6u(x,t)+J-r(t—t) u(x,t)dt' = Au(x,t) , O<a<l,xeR,t>0
o I(l-a) G

u(x,0)=0(x), limu(x,t)=0, t>0,xeR.
According to theorem3.2, the analytical solution can be expressed as following

1 i(_tz_a)j 2,0 M(l+(2—(l}j,l/2)
S =T 25 (1/2,1/2), (1+/,1/2)|

u(x,t) = Py (52)

The graphical representation of solution (52) for the different parameters of o and fare

plotted in Figure.1, Figure.2 and Figure.3, Figure.4, respectively.

o=0.25 a=0.85
0.7 \ \ \ ‘ ‘ 0.7 ‘
06 e, e t=0.2 i o6 e t=0.2
=-==1t=0.25 ===1t=0.25
F o=l —t=0.3 ] —t=03

(a) (b)

Page 11 of 14


http://dx.doi.org/preprints201608.0129.v1
http://www.preprints.org
http://dx.doi.org/10.3390/e18100344

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 August 2016 d0i:10.20944/preprints201608.0129.v1

Figure 1. Graphical representation of the solution at different times with a = 0.25, 0.85.
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Figure2. Graphical representation of the solution with different parameters ¢ at times ¢ =0.2, 0.3.
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®

Figure 4. Graphical representation of the solution with a=0.85.

5. Conclusions

In a practical application, different types of the frictional memory kernel K(#) have been used

to describe a wide variety of complex dynamics and physical phenomena with memory effects. In
this paper, by applying the method of the Laplace transform with respect to the time variable and
Fourier transform with respect to the spatial variable, we obtained the analytical solutions of
parabolic Volterra integro-differential equation with three different kinds of memory kernel in the
infinite domain. The analytical solutions of the parabolic Volterra integro-differential equation are
consist of some special functions, such as multi-parameter Mittag-Leffler function and Fox-H
function. It is worth mentioning that the analytical solution provided in Eq.(24) can also be obtained
by taking the method of references [18-20] to Eq.(23). In the end, some curves of analytical solution
are given. Meanwhile, the analytical solutions we obtained from parabolic Volterra integro-
differential equation with different types frictional memory kernel provide much convenience for
practical applications.
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