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 22 

1. Introduction 23 
The present work can be considered as a part of a series of studies concerning phase space, linear 24 

canonical transformation and quantum theory that we have started and performed in our previous 25 
works [1],[2]. Through history and scientific literature, it can be remarked that the description of 26 
phase space in quantum theory and related problems like study of canonical transformations are 27 
among of the most interesting subjects. We may quote many works since the beginning of quantum 28 
physics and until nowadays; for instance we have [3-14]. A well known approach to tackle these 29 
problems is based on the utilization of the Wigner distribution but other approaches may be also 30 
considered. Our work is in this framework.  31 

Through all the paper, we use the natural system of units in which the light speed ܿ and the 32 
reduced Planck constant ℏ are set to unity (ܿ = 1 , ℏ = 1). We use also bold faced letter to denote 33 
operators and normal letter for the eigenvalues. The matricial and tensorial notations used in the 34 
section 4 are those of the reference [15].  35 

The main result that we have obtained from [1] was the establishment of a phase space 36 
representation of quantum mechanics  which takes  into account the uncertainty relation.  It is 37 
based on the introduction of quantum states, denoted |݊, ܺ, ܲ, ,ܺ defined by the means values  ,〈݌∆ ܲ 38 
and statistical dispersions (∆ݔ௡)ଶ = (2݊ + ,ଶ(ݔ∆)(1 ଶ(௡݌∆) = (2݊ + ଶ(݌∆)(1  of coordinate ݔ  and 39 
momentum ݔ∆ .݌ and ∆݌ satisfying the relation (∆ݔ)(∆݌) = ଵଶ.  40 

For the sake of simplicity of writing, we will  use the notation ࣵ = ,ݔ∆ ࣶ = ,݌∆ ࣛ = (ࣵ)ଶ ଶ, and  ℬ(ݔ∆) 41= = (ࣶ)ଶ = ,݊| ଶ. For instance, the state(݌∆) ܺ, ܲ, ,݊| will be denoted by〈݌∆ ܺ, ܲ, ࣶ〉. The 42 
wave functions corresponding to a state |݊, ܺ, ܲ, ࣶ〉 = |݊, ܺ, ܲ, 〈݌∆ respectively in coordinate and 43 
momentum representation are the Harmonic Hermite-Gaussian functions denoted by 44 

,݊|ݔۦ 45  ܺ, ܲ, ࣶۧ = ߮௡(ݔ, ܺ, ܲ, ࣶ) = ߮௡(ݔ, ܺ, ܲ, Δ46 (݌ 
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 and their Fourier transform denoted by 47 ݌ۦ|݊, ܺ, ܲ, ࣶۧ = ෤߮௡(݌, ܺ, ܲ, ࣶ) = ෤߮௡(݌, ܺ, ܲ, Δ48 (݌ 
These functions were introduced and used in our previous works [1], [2], [16]. Explicitly we have  49 

,݊|ݔۦ ܺ, ܲ, ࣶۧ = ߮௡(ݔ, ܺ, ܲ, ࣶ) = !௡(௫ି௑√ଶࣛ)ඥ2௡݊ܪ ࣛߨ2√ ݁ି (ೣష೉)మరࣛ  ା௜௉௫                                                 (1) 50 

,݊|݌ۦ ܺ, ܲ, ࣶۧ = ෤߮௡(݌, ܺ, ܲ, ࣶ) = !௡(௣ି௉√ଶℬ)ඥ2௡݊ܪ ℬߨ2√ ݁ି (೛షು)మరℬ  ି௜௑(௣ି௉)                                           (2) 51 

As usual  ܪ௡  is the Hermite polynomial of degree ݊. ∆ݔ = ࣵ , ݌∆ =  ࣶ, ࣛ = ଶ(ݔ∆) = (ࣵ)ଶ = and 52 ℬ = ଶ(݌∆) = (ࣶ)ଶ satisfying the relations 53 (∆ݔ)(∆݌) = ࣶࣵ = ଶ(݌∆)ଶ(ݔ∆) 54 (3)                                                              12 = (ࣵ)ଶ(ࣶ)ଶ = ࣛℬ = 14                                                             (4) 55 
The state |݊, ܺ, ܲ, ࣶ〉is the eigenstate of the coordinate and momentum dispersion operators ઱࢖and 56 ઱࢞respectively with the eigenvalues(2݊ + 1)(ࣶ)ଶ  and (2݊ + 1)(ࣵ)ଶ  . If we denote respectively 57 ࢖ 
and ࢞the momentum and coordinate operators [17] we have [1] 58 
 59 ઱࢖ = 12 ቈ(࢖ − ܲ)ଶ(ࣶ)ଶ + (࢞ − ܺ)ଶ(ࣵ)ଶ ቉ (ࣶ)ଶ = 12 ࢖)] − ܲ)ଶ + 4(ℬ)ଶ(࢞ − ܺ)ଶ]                                (5) 60 

઱࢞ = 12 ቈ(࢖ − ܲ)ଶ(ࣶ)ଶ + (࢞ − ܺ)ଶ(ࣵ)ଶ ቉ (ࣵ)ଶ = 12 [4(ࣛ)ଶ(࢖ − ܲ)ଶ + (࢞ − ܺ)ଶ]                                (6) 61 ઱࢖|݊, ܺ, ܲ, ࣶ〉 = (2݊ + 1)(ࣶ)ଶ|݊, ܺ, ܲ, ࣶ〉 = (2݊ + 1)ℬ|݊, ܺ, ܲ, ࣶ〉                                    (7) 62 ઱࢞|݊, ܺ, ܲ, ࣶ〉 = (2݊ + 1)(ࣵ)ଶ|݊, ܺ, ܲ, ࣶ〉 = (2݊ + 1)ࣛ|݊, ܺ, ܲ, ࣶ〉                                   (8) 63 
In our work [2], it was remarked that a link may be established between linear canonical 64 

transformation and the phase space representation of quantum mechanics. In the present work, we 65 
show that this link can be described properly with the introduction of a Lie algebra that we may call 66 
dispersion operators algebra. This Lie algebra is generated by the dispersion operators and some 67 
other operators related to them. We have remarked during the design of the present work that 68 
operators analogous to these operators have been already introduced and studied previously in 69 
various works on linear canonical transformation [18]. As mentioned, our main contribution in this 70 
paper is the exploitation of some properties of these operators in the introduction of the dispersion 71 
operators algebra to describe properly the relations that can be established between this algebra, the 72 
phase space representation and linear canonical transformation. We introduce also a generalization 73 
of the results for the case of multidimensional theory. 74 

 75 
2. Dispersion Operators Algebra 76 
2.1. Definitions and properties 77 

Let us consider the three hermitian operators  78 

۔ۖەۖ
ۓ ℶା = ઱࢖ = 12 ࢖)] − ܲ)ଶ + 4(ℬ)ଶ(࢞ − ܺ)ଶ]      ℶି = 12 ࢖)] − ܲ)ଶ − 4(ℬ)ଶ(࢞ − ܺ)ଶ]                ℶ× = ℬ[(࢖ − ܲ)(࢞ − ܺ) + (࢞ − ࢖)(ܺ − ܲ)]                                                   (9) 79 

Using the commutation relation of ࢞ and ࢖,[࢞, ି[࢖ = ݅, we can deduce the following commutation 80 
relations 81 

ቐ [ℶା, ℶି]ି = 4݅ℬℶ×[ℶି, ℶ×]ି = −4݅ℬℶା[ℶ×, ℶା]ି = 4݅ℬℶି                                                                            (10) 82 
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Let ঻ be the complex vectorial space generated by the linear combination 83 ℶ = ℶାߣ + ℶିߤ +  ℶ× 84ߥ
of the three operators ℶା, ℶିand ℶ×with ߣ, ,ߤ  three complex numbers. It can be deduced easily 85 ߥ
form the relation (10) that ঻ is a complex Lie algebra of three dimensions. For any two elements 86 ℶଵ = ଵℶାߣ + ଵℶିߤ + ଵℶ× 87 ℶଶߥ = ଶℶାߣ + ଶℶିߤ +  ଶℶ× 88ߥ
of ঻, it may be shown that  89 ℶଷ = [ℶଵ, ℶଶ]ି = ଷℶାߣ + ଷℶିߤ +  ଷℶ× 90ߥ
with 91 

ቐߣଷ = −4݅ℬ(ߤଵߥଶ − ଷߤ(ଶߤଵߥ = 4݅ℬ(ߥଵߣଶ − ଷߥ(ଶߣଶߥ = 4݅ℬ(ߣଵߤଶ − (ଵߤଶߣ  92 

is also an element of ঻. The Lie algebra ঻may be called dispersion operators algebra. 93 
For future use and convenience, we introduce the following operators 94 

۔ە
ۓ ିࢠ = 1√2 ࢖)] − ܲ) − 2݅ℬ(࢞ − ାࢠ[(ܺ = 1√2 ࢖)] − ܲ) + 2݅ℬ(࢞ − ܺ)] = ற(ିࢠ)  ⇔ ۔ە 

ۓ ࢖) − ܲ) = 1√2 ିࢠ) + ࢞)(ାࢠ − ܺ) = ݅2√2ℬ ିࢠ) −  ା)             (11) 95ࢠ

۔ۖەۖ
ۓ ࢞ = (࢞ − ܺ)√2(Δݔ) = (࢞ − ܺ)√2ࣵ = (࢞ − ܺ)√2ࣛ = √2(Δ݌)(࢞ − ܺ) = √2ࣶ(࢞ − ܺ) = √2ℬ(࢞ − ܺ)

࢖ = ࢖) − ܲ)√2(Δ݌) = ࢖) − ܲ)√2ࣶ = ࢖) − ܲ)√2ℬ = √2(Δݔ)(࢖ − ܲ) = ࢖)2ࣵ√ − ܲ) = ࢖)2ࣛ√ − ܲ)    (12) 96 

۔ۖەۖ
ିࢠۓ = 2ℬ√ିࢠ = 1√2 ቈ(࢖ − ܲ)√2ℬ − ݅ (࢞ − ܺ)√2ࣛ ቉ = 1√2 ࢖] − ݅࢞]

ାࢠ = ା√2ℬࢠ = 1√2 ቈ(࢖ − ܲ)√2ℬ + ݅ (࢞ − ܺ)√2ࣛ ቉ = 1√2 ࢖] − ݅࢞]                                  (13) 97 

The following relations can be deduced 98 

ቐ ℶା = ℬ[(࢖)ଶ + (࢞)૛] = ℬ(ࢠିࢠା + ℶି(ିࢠାࢠ = ℬ[(࢖)ଶ − (࢞)૛] = ℬ[(ିࢠ)ଶ + ×ଶ]ℶ(ାࢠ) = ℬ(࢞࢖ + (࢖࢞ = ݅ℬ[(ିࢠ)ଶ − [ଶ(ାࢠ)                                          (14) 99 

We may remark that the sets 100 {(࢖)ଶ, (࢞)૛, ࢞࢖ + ,{࢖࢞ ,ଶ(࢖)} (࢞)૛, ࢞࢖ + ାࢠିࢠ} 101 {࢖࢞ + ,ିࢠାࢠ ,૛(ିࢠ) ,{૛(ାࢠ) ାࢠିࢠ} + ,ିࢠାࢠ ,૛(ିࢠ)  ૛} 102(ାࢠ)
are also four basis of the dispersion operators algebra ঻. 103 
We have the following commutation relations 104 [ିࢠ, _[ାࢠ = 2ℬ                                                                             (15) 105 [࢞, ି[࢖ = ቈ(࢞ − ܺ)√2ࣵ , ࢖) − ܲ)√2ࣶ ቉ି = [(࢞ − ܺ), ࢖) − ܲ)]ି = [࢞, ି[࢖ = ݅                   (16) 106 

,ିࢠ] [ାࢠ = 12ℬ ,ିࢠ] [ାࢠ  = 1                                                    (17) 107 
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ቐ[(࢞)ଶ, ି[ ࢖ = ,࢞࢖]2݅࢞ ି[ ࢖ = ,࢖࢞]࢖݅ ି[ ࢖ = ࢖݅                                                                  (18) 108 

ቐ[(࢖)ଶ, ࢞ ]ି = ,࢞࢖]࢖2݅− ࢞ ]ି = ,࢖࢞]࢞݅− ࢞ ]ି = −݅࢞                                                                  (19) 109 

ቐ[(࢖)ଶ, (࢞)ଶ ]ି = ࢞࢖)2݅− + ,ଶ(࢖)](࢖࢞ ି[ ࢞࢖ = , ଶ[(࢞)ଶ(࢖)2݅− ି[ ࢞࢖ = 2݅(࢞)ଶ                                              (20) 110 

We may define the operators   111 

۔ۖەۖ
ۓ ℶା = ℶା4ℬ = 14 ଶ(࢖)) + (࢞)૛) = 14 ାࢠିࢠ) + ℶି(ିࢠାࢠ = ℶି4ℬ = 14 ଶ(࢖)) + (࢞)૛) = 14 ଶ(ିࢠ)) + ×ଶ)ℶ(ାࢠ) = ℶ×4ℬ = 14 ࢞࢖) + (࢖࢞ = 4݅ ଶ(ିࢠ)) − (ଶ(ାࢠ)                                          (21) 112 

The set  {ℶା, ℶି, ℶ×} is also a basis of the dispersion operator algebra ঻. It may be deduced easily 113 
from the commutation relation of ℶା, ℶି and ℶ× that ℶା, ℶି and ℶ× satisfy to the following 114 
commutation relations 115 

ቐ[ℶା, ℶି]ି = ݅ℶ×   [ℶି, ℶ×]ି = −݅ℶା[ℶ×, ℶା]ି = ݅ℶି                                                                             (22) 116 

And we have  117 

۔ۖەۖ
,ℶା]ۓ ି[࢖ = 12 ݅࢞    [ℶି, ି[࢖ = − 12 ݅࢞[ℶ×, ି[࢖ = 12 ࢖݅                                                                               (23) 118 

۔ۖەۖ
,ℶା]ۓ ࢞]ି = − 12 ,ℶି]࢖݅ ࢞]ି = − 12 ,×ℶ]࢖݅ ࢞]ି = − 12 ݅࢞                                                                            (24) 119 

2.2. Representation of the dispersion operators algebra over the state space of a particle 120 

To define a representation of the dispersion operators algebra  ঻ over the state space ℰ of a particle, 121 
we have to find the matrix representation of the three operators ℶା, ℶିand ℶ× in a basis of ℰ. It is 122 
obvious that an adequate basis is the basis {|݊, ܺ, ܲ, ࣶ〉} composed by the eigenstates of the 123 
momentum dispersion operator ℶା 124 ℶା|݊, ܺ, ܲ, ࣶ〉 = (2݊ + 1)ℬ|݊, ܺ, ܲ, ࣶ〉                                                   (25) 125 ℶାis represented by a diagonal matrix with elements equal to (2݊ + 1)ℬ. 126 

Now we have to find the expressions of ℶି|݊, ܺ, ܲ, ࣶ〉 and ℶ×|݊, ܺ, ܲ, ࣶ〉. We consider the relation 127 
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ቐ ℶା = ℬ(ࢠିࢠା + ℶି(ିࢠାࢠ = ℬ[(ିࢠ)ଶ + ×ଶ]ℶ(ାࢠ) = ݅ℬ[(ିࢠ)ଶ −  ଶ]                                                                          (26) 128(ାࢠ)

Let us first search for the expression of ିࢠ|݊, ܺ, ܲ, ࣶ〉and ࢠା|݊, ܺ, ܲ, ࣶ〉 . From the commutation 129 
relation  [ିࢠ, ି[ାࢠ = 1 we can deduce the relation 130 ℶା = ℬ(ࢠିࢠା + (ିࢠାࢠ = ℬ(2ࢠାିࢠ + 1)  = ℬ(2ࢠିࢠା − 1)                                         (27) 131 

and the commutation relations 132 

൜[ℶା, ି[ିࢠ = −2ℬିࢠ[ℶା, ି[ାࢠ = 2ℬࢠା                                                                         (28) 133 

Then from the relations (27) and (28), it may be deduced after lengthy but straightforward 134 
calculations that 135 ቊିࢠ|݊, ܺ, ܲ, ࣶ〉 = √݊|݊ − 1, ܺ, ܲ, ,݊|ାࢠ       〈ࣶ ܺ, ܲ, ࣶ〉 = √݊ + 1|݊ + 1, ܺ, ܲ, ࣶ〉                                                       (29) 136 

So 137 ቊ ,݊|ଶ(ିࢠ) ܺ, ܲ, ࣶ〉 = ݊|݊√ିࢠ − 1, ܺ, ܲ, ࣶ〉 = ඥ݊(݊ − 1)|݊ − 2, ܺ, ܲ, ,݊|ଶ(ାࢠ)                  〈ࣶ ܺ, ܲ, ࣶ〉 = ݊√ାࢠ + 1|݊ − 1, ܺ, ܲ, ࣶ〉 = ඥ(݊ + 1)(݊ + 2)|݊ + 2, ܺ, ܲ, ࣶ〉  (30) 138 

As 139 ൜ ℶି = ℬ[(ିࢠ)ଶ + ×ଶ]ℶ(ାࢠ) = ݅ℬ[(ିࢠ)ଶ −  ଶ]                                                           (31) 140(ାࢠ)

we obtain for the representation of the three operators ℶା, ℶିand ℶ×in the basis {|݊, ܺ, ܲ, ࣶ〉} of the 141 
state space of a particle 142 

൞ ℶା|݊, ܺ, ܲ, ࣶ〉 = (2݊ + 1)ℬ|݊, ܺ, ܲ, ࣶ〉                                                                                 ℶି|݊, ܺ, ܲ, ࣶ〉 = ඥ݊(݊ − 1)ℬ|݊ − 2, ܺ, ܲ, ࣶ〉 + ඥ(݊ + 1)(݊ + 2)ℬ|݊ + 2, ܺ, ܲ, ࣶ〉ℶ×|݊, ܺ, ܲ, ࣶ〉 = ݅ ቂඥ݊(݊ − 1)ℬ|݊ − 2, ܺ, ܲ, ࣶ〉 − ඥ(݊ + 1)(݊ + 2)ℬ|݊ + 2, ܺ, ܲ, ࣶ〉ቃ   (32) 143 

We may also write these relations in the form 144 

൞ ℶା|݊, ܺ, ܲ, ࣶ〉 = (2݊ + 1)ℬ|݊, ܺ, ܲ, ࣶ〉         (ℶି − ݅ℶ×)|݊, ܺ, ܲ, ࣶ〉 = 2ඥ݊(݊ − 1)ℬ|݊ − 2, ܺ, ܲ, ࣶ〉           (ℶି + ݅ℶ×)|݊, ܺ, ܲ, ࣶ〉 = 2ඥ(݊ + 1)(݊ + 2)ℬ|݊ + 2, ܺ, ܲ, ࣶ〉             (33) 145 

 146 
3. Linear Canonical Transformations 147 
3.1. Definitions and properties 148 
In quantum mechanics, a linear canonical transformation can be defined as a linear transformation 149 
mixing the coordinate operator ࢞ and the momentum operator ࢖ and leaving invariant the 150 
commutator [࢞, ି[࢖ = ݅ .As ࢞ and ࢖ are linked with the operators ࢞ and ࢖  through the linear 151 
relations (12), we may also take a definition of linear canonical transformation as linear 152 
transformation mixing ࢞ and 153 ࢖ 
 154 ቊ࢖′ = Π࢖ +Θ࢞࢞′ = Ξ࢖ +Λ࢞ ⟺ ′࢖) ࢞′) = ࢖) ࢞) ቀΠ Ξ

Θ Λቁ                                 (34) 155 

in which 156 
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۔ۖەۖ
ۓ ࢞′ = (࢞′− ܺ′)√2ࣵ′ = (࢞′− ܺ′)√2ࣛ′ = √2ࣶ′(࢞′− ܺ′) = ඥ2ℬ′(࢞′− ′࢖(′ܺ = −′࢖) ܲ′)√2ࣶ′ = −′࢖) ܲ′)√2ℬ′ = −′࢖)2ࣵ′√ ܲ′) = ඥ2ࣛ′(࢖′− ܲ′)                          (35) 157 

[࢞′, ି[′࢖ = 12ࣵ′ࣶ′ [(࢞′− ܺ′), −′࢖) ܲ′)]ି = [࢞′,  158 (36)                                ି[′࢖

where ࢞′ and  ࢖′ are the new coordinate and momentum operators resulting from the 159 
transformation. If we have a linear canonical transformation, we must have 160 [࢞′, ି[′࢖ = [࢞, ି[࢖ = ݅                                                                          (37) 161 
So taking into account the relation (36), we must have  162 [࢞′, ି[′࢖ = [࢞′, ି[′࢖ = [࢞, ି[࢖ = ݅ = [࢞,  163 (38)                                                     ି[࢖

Then in our case the full definition of the linear canonical transformation is  164 

ቐ ′࢖ = Π࢖ +Θ࢞࢞′ = Ξ࢖ +Λ࢞[࢞′, [′࢖ = [࢞, [࢖ = ݅                                                                           (39) 165 

The last condition [࢞′, ି[′࢖ = [࢞, ି[࢖ = ݅ leads to the relation 166 

ΠΛ−ΘΞ = 1 ⟺ ቚΠ Ξ
Θ Λቚ = 1                                                            (40) 167 

If we consider real linear canonical transformation (the parameters Π, Λ, Ξ and Θ are real), the 168 

relation (40) means that the matrix ቀΠ Ξ
Θ Λቁ is an element of the special linear group ܵ2)ܮ, ℝ). We 169 

may write it in the form 170 ቀΠ Ξ
Θ Λቁ = ݁ℳ = ݁൬ℳభ ℳయℳమ ℳర൰                                                                    (41) 171 

with ℳ an element of the Lie algebra েী(2, ℝ) of the Lie group ܵ2)ܮ, ℝ), we have 172 

ΠΛ−ΘΞ = 1 ⟺ ℳସ = −ℳଵ ⟺ ℳ = ൬ℳଵ ℳଷℳଶ −ℳଵ൰                              (42) 173 

Then, for an infinitesimal linear canonical transformation, we have 174 ቀΠ Ξ
Θ Λቁ = 1 + ℳ = ቀ1 00 1ቁ + ൬ℳଵ ℳଷℳଶ −ℳଵ൰ = ൬1 + ℳଵ ℳଷℳଶ 1 − ℳଵ൰                  (43) 175 

So 176 ቊ࢖′ = Π࢖ +Θ࢞ = ࢖ + ℳଵ࢖ + ℳଶ࢞࢞′ = Ξ࢖ +Λ࢞ = ࢞ + ℳଷ࢖−ℳଵ࢞                                                               (44) 177 

3.2. Unitary representation and relation with the dispersion operators algebra 178 
As the linear canonical transformation is a transformation which affects quantum operators, we may 179 
represent it by an unitary transformation  180 ቊ࢖′ = Π࢖ +Θ࢞ = ′ற࢞ࢁ࢖ࢁ = Ξ࢖ +Λ࢞ = றࢁ࢞ࢁ                                                                 (45) 181 

where ࢁ is a unitary operator which can be considered as acting in the state space ℰ of a particle. It 182 
may be verified that the commutator [࢞, [࢖ = ݅ is invariant under the unitary representation defined 183 
in (45) as expected for a linear canonical transformation 184 [࢞′, ି[′࢖ = ,றࢁ࢞ࢁ] ି[றࢁ࢖ࢁ = றࢁ࢖ࢁறࢁ࢞ࢁ − றࢁ࢞ࢁறࢁ࢖ࢁ = ,࢞]ࢁ றࢁ[࢖ = றࢁࢁ݅ = ݅                     (46) 185 
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It can be shown that ࢁ  may be written in the form 186 ࢁ = ݁௜ℶ = ݁௜(ఏశℶశା ఏషℶషାఏ×ℶ×)                                                       (47) 187 
in which ℶ = ାℶାߠ + ℶିିߠ + ,ାߠ ℶ× is an element of the dispersion operators algebra and  188×ߠ ,ିߠ ࢁ three real numbers. In fact, for an infinitesimal transformation, we have  189 ×ߠ = 1 + ାℶାߠ)݅ + ℶିିߠ + றࢁ                        (×ℶ×ߠ = 1 − ାℶାߠ)݅ + ℶିିߠ +  ℶ×) 190×ߠ
Then it can be deduced from (45) that  191 ቊ࢖′ = ࢖ + ,ା[ℶାߠ݅ ି[࢖ + ,ℶି]ିߠ݅ ି[࢖ + ,×ℶ]×ߠ݅ ′࢞ି[࢖ = ࢞ + ,ା[ℶାߠ݅ ࢞]ି + ,ℶି]ିߠ݅ ࢞]ି + ,×ℶ]×ߠ݅ ࢞]ି                                                    (48) 192 

Taking into account the relations (23) and (24), we obtain  193 

൞࢖′ = ࢖ − 12 ା࢞ߠ + 12 ࢞ିߠ − 12 ࢖×ߠ = ࢖ − 12 ࢖×ߠ + 12 ିߠ) − ′࢞࢞(ାߠ = ࢞ + 12 ࢖ାߠ + 12 ࢖ିߠ + 12 ࢞×ߠ = ࢞ + 12 ିߠ) + ࢖(ାߠ + 12 ࢞×ߠ                      (49) 194 

identifying the relations (44) and (49) it can be deduced that 195 

۔ۖەۖ
ℳଵۓ = − 12 ℳଶ          ×ߠ = 12 ିߠ) − ା)ℳଷߠ = 12 ିߠ) +  ା)                                                                                (50) 196ߠ

 So briefly, we have for a linear canonical transformation 197 ቊ࢖′ = Π࢖ +Θ࢞ = ′ற࢞ࢁ࢖ࢁ = Ξ࢖ +Λ࢞ = றࢁ࢞ࢁ ⇔ ′࢖) ࢞′) = ࢖) ࢞) ቀΠ Ξ
Θ Λቁ                                  (51) 198 

with 199 ቀΠ Ξ
Θ Λቁ = ݁ℳ = ݁൬ℳభ ℳయℳమ ℳర൰ = ݁భమ൬ ିఏ× ఏశାఏషఏషିఏశ ఏ× ൰                                       (52) 200 

and 201 ࢁ = ݁௜(ఏశℶశାఏషℶషାఏ×ℶ×)                                                                         (53) 202 
The unitarity of ࢁresults from the hermiticity of the operators ℶା, ℶିand ℶ×. 203 

3.2. Transformation law of the basis {ℶା, ℶି, ℶ×} of the dispersion operators algebra 204 
Taking into account the relation (14) and (21), we may define the operators  205 

ቐℶା′ = ℬ′((࢖′)ଶ + (࢞′)૛)ℶି′ = ℬ′((࢖′)ଶ − (࢞′)૛)ℶ×′ = ℬ′൫࢖′࢞′ +  ൯                                                                           (54) 206′࢖′࢞

۔ۖۖەۖۖ
′ℶାۓ = ℶା′4ℬ′ = 14 ଶ(′࢖)) + (࢞′)૛)ℶି′ = ℶି′4ℬ′ = 14 ଶ(′࢖)) − (࢞′)૛)ℶ×′ = ℶ×′4ℬ′ = 14 ൫࢖′࢞′ +    ൯′࢖′࢞

                                                            (55) 207 

Taking into account the relations (51), we obtain 208 
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۔ۖەۖ
′ℶାۓ = 12 [(Π)ଶ + (Θ)ଶ]ℶା + 12 [(Ξ)ଶ − (Λ)ଶ]ℶି + (ΠΘ+ ΞΛ)ℶ× = ′றℶିࢁℶାࢁ = 12 [(Π)ଶ + (Θ)ଶ]ℶା − 12 [(Ξ)ଶ − (Λ)ଶ]ℶି + (ΠΘ− ΞΛ)ℶ× = ′×றℶࢁℶିࢁ = (ΠΞ+ΘΛ)ℶା + (ΠΞ−ΘΛ)ℶି + (ΠΛ+ΘΞ)ℶ× =  ற                                   (56) 209ࢁ×ℶࢁ

۔ۖۖەۖۖ
′ℶାۓ = 12 ℬ′ℬ {[(Π)ଶ + (Θ)ଶ]ℶା + 12 [(Ξ)ଶ − (Λ)ଶ]ℶି + (ΠΘ+ ΞΛ)ℶ×} = ℬ′ℬ றࢁℶାࢁ

ℶି′ = 12 ℬ′ℬ {[(Π)ଶ + (Θ)ଶ]ℶା − 12 [(Ξ)ଶ − (Λ)ଶ]ℶି + (ΠΘ− ΞΛ)ℶ×} = ℬ′ℬ றࢁℶିࢁ
ℶ×′ = ℬ′ℬ {[(ΠΞ+ΘΛ)ℶା + (ΠΞ−ΘΛ)ℶି + (ΠΛ+ΘΞ)ℶ×]} = ℬ′ℬ  ற                  (57) 210ࢁ×ℶࢁ

4. Multidimensional Generalization 211 
4.1. Dispersion Operators Algebra 212 
We may generalize the operators ℶା, ℶି, ℶ× by the following tensor operators 213 

۔ۖەۖ
ାࣇࣆℶۓ = 12 ࣆ࢖) ] − ఓܲ)(ࣇ࢖ − ఔܲ) + 4ℬఓఈℬఔఉ(࢞ఈ − ܺఈ)(࢞ఉ − ܺఉ)]ℶࣇିࣆ = 12 ࣆ࢖) ] − ఓܲ)(ࣇ࢖ − ఔܲ) − 4ℬఓఈℬఔఉ(࢞ఈ − ܺఈ)(࢞ఉ − ܺఉ)]ℶࣇࣆ× = ℬఓఈ[(ࣇ࢖ − ఔܲ)(࢞ఈ − ܺఈ) + (࢞ఈ − ܺఈ)(ࣇ࢖ − ఔܲ)]                                      (58) 214 

in which ℬఓఔ are the components of the momentum dispersion-codispersion tensor [1]. Let ߟఓఔ be 215 
the components of the symmetric bilinear form ߟ associated with the considered space. For the case 216 
of a general ܰ-dimensional pseudo-Euclidian space, if ( ାܰ, ିܰ) is the signature of ( ାܰ + ିܰ = ܰ) , 217 
we have 218 

ఓఔߟ = ቐ ߤݎ݋݂    1 = ߥ = 0,1, … , ାܰ − ߤݎ݋݂   1−             1 = ߥ = ାܰ, ାܰ + 1, … , ܰ − ߤݎ݋݂   10 ≠ ߥ                                    (59) 219 

for instance, in the case of Minkowski space, the signature of ߟ is (1,3). So we have 220 

ఓఔߟ = ቐ ߤݎ݋݂     1 = ߥ = ߤݎ݋݂   1−      0 = ߥ = 1, 2, ߤݎ݋݂   0 3 ≠ ߥ                                                              (60) 221 

If we introduce the operators ࣆ࢖ and ࢞ࣇdefined by the relations 222 

ቊࣆ࢖ = √2 ࣇ࢖ࣇࣆࣶ + ఓܲ࢞ࣇ = ࣆ࢞ࣇࣆ2ࣵ√ + ܺఓ                                                                         (61) 223 

with ࣵࣇࣆ  and ࣶࣇࣆ verifying the relations 224 

൞ℬఓఈࣵఔఈ = 12 ఓࣶఔ = ఓఘߟ ఔࣅࣶࣅࣆఘࣵࣇࣶ = 12 ࣇࣆߜ                                                             (62) 225 

 we obtain 226 ( being the components of the Kronecker’s symbol ࣇࣆߜ)

൞ℶࣇࣆା = ࣆࣶ࣋ ࣇିࣆାℶࣅℶ࣋ࣅࣇࣶ = ࣆࣶ࣋ ×ࣇࣆℶࣅℶ࣋ିࣅࣇࣶ = ࣆࣶ࣋ ×ࣅℶ࣋ࣅࣇࣶ                                                                             (63) 227 

in which  228 
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۔ۖەۖ
ାࣇࣆℶۓ = 14 ࣇ࢖ࣆ࢖) + ࣇିࣆℶ(ࣇ࢞ࣆ࢞ = 14 ࣇ࢖ࣆ࢖) − ×ࣇࣆℶ(ࣇ࢞ࣆ࢞ = 14 ࣇ࢞ࣆ࢖) +  229 (64)                                                                  (ࣆ࢖ࣇ࢞

If we define also the operators  230 

۔ە
ఓିࢠۓ = 1√2 ఓ࢖) − ݅࢞ఓ)ࢠఓା = 1√2 ࣆ࢖) +  231 (65)                                                                      (ࣆ࢞݅

We have  232 

۔ۖەۖ
ାࣇࣆℶۓ = 14 ఔିࢠఓାࢠ) + ఓିࢠ ࣇିࣆఔା)                                                                       ℶࢠ = 14 ఔାࢠఓାࢠ) + ఓିࢠ ఔିࢠ )                                                                       ℶࣇࣆ× = 8݅ ቀൣࢠఓା, ఔିࢠ ൧ା − ,ఓାࢠൣ ఔା൧ାࢠ + ఓିࢠൣ , ఔିࢠ ൧ା − ఓିࢠൣ ,  ఔା൧ାቁ             (66) 233ࢠ

,ఓାࢠൣ ఔିࢠ ൧ାbeing the anticomutator 234 ൣࢠఓା, ൧ାିࣇࢠ = ఔିࢠఓାࢠ + ఔିࢠ  ఓା 235ࢠ
 236 
From the commutation relation ൣࣆ࢖, ൧ିࣇ࢞ = ,ࣆ࢖ൣ we may deduce the following commutators 237 ࣇࣆߜ݅ ൧ିࣇ࢞ = ,ఓାࢠൣ ఓఔ                                                                           (67) 238ߟ݅ ൧ିିࣇࢠ =  ఓఔ                                                                             (68) 239ߟ

۔ە
,ࣇ࢞ࣆ࢞ൣۓ ൧ି࣋࢖ = ࣆఔఘ࢞ߟ݅− − ,ࣇ࢞ࣆ࢖ൣࣇఓఘ࢞ߟ݅ ൧ି࣋࢖ = ,ࣇ࢖ࣆ࢞ൣ                 ࣆ࢖ఔఘߟ݅− ൧ି࣋࢖ =  240 (69)                                                               ࣇ࢖ఓఘߟ݅−

۔ە
ۓ ,ࣇ࢖ࣆ࢖ൣ ࢞࣋൧ି = ࣆ࢖ఔఘߟ݅ + , ࣇ࢞ࣆ࢖ൣࣇ࢖ఓఘߟ݅ ࢞࣋൧ି = ,ࣇ࢖ࣆ࢞ൣ                   ࣇఓఘ࢞ߟ݅ ࢞࣋൧ି =  241 (70)                                                                  ࣆఔఘ࢞ߟ݅

۔ۖەۖ
ାࣇࣆℶ]ۓ , ି[࣋࢖ = − 14 ࣆఔఘ࢞ߟ݅) + ,ࣇିࣆℶ](ࣇఓఘ࢞ߟ݅ ି[࣋࢖ = 14 ൫݅ߟఔఘ࢞ࣆ + ×ࣇࣆ൯  [ℶࣇఓఘ࢞ߟ݅ , ି[࣋࢖ = − 2݅  242 (71)                                                                  ࣆ࢖ఔఘߟ

۔ۖەۖ
ାࣇࣆℶ]ۓ , ࢞࣋]ି = 14 ൫݅ߟఔఘࣆ࢖ + ,ࣇିࣆ൯[ℶࣇ࢖ఓఘߟ݅ ࢞࣋]ି = 14 ൫݅ߟఔఘࣆ࢖ + ×ࣇࣆ൯[ℶࣇ࢖ఓఘߟ݅ , ࢞࣋]ି = 2݅  243 (72)                                                                      ࣇఓఘ࢞ߟ
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ەۖۖ
۔ۖۖۖ
ۖۖۖ
,ࣇ࢖ࣆ࢖ൣۓ ൧ିࣅ࢞࣋࢞ = ࣋࢞ࣆ࢖ఒఔߟ݅ + ࣅ࢞ࣆ࢖ఘఔߟ݅ + ࣇ࢖ఒఓ࢞࣋ߟ݅ + ,ࣇ࢖ࣆ࢖ൣࣇ࢖ࣅఘఓ࢞ߟ݅ ൧ିࣅ࢞࣋࢖ = ࣋࢖ࣆ࢖ఒఔߟ݅ + ,ࣇ࢖ࣆ࢖ൣ                                              ࣇ࢖࣋࢖ఒఓߟ݅ ൧ିࣅ࢖࣋࢞ = ࣅ࢖ࣆ࢖ఘఔߟ݅ + ,ࣇ࢞ࣆ࢞ൣ                                             ࣇ࢖ࣅ࢖ఘఓߟ݅ ൧ିࣅ࢞࣋࢖ = ࣅ࢞ࣆఘఔ࢞ߟ݅− − ,ࣇ࢞ࣆ࢞ൣ                                          ࣇ࢞ࣅఘఓ࢞ߟ݅ ൧ିࣅ࢖࣋࢞ = ࣋࢞ࣆఒఔ࢞ߟ݅− − ,ࣇ࢞ࣆ࢖ൣ                                          ࣇఒఓ࢞࣋࢞ߟ݅ ൧ିࣅ࢞࣋࢖ = ࣅ࢞ࣆ࢖ఘఔߟ݅− + ,ࣇ࢞ࣆ࢖ൣ                                         ࣇ࢞࣋࢖ఒఓߟ݅ ൧ିࣅ࢖࣋࢞ = ࣋࢞ࣆ࢖ఒఔߟ݅− + ,ࣇ࢖ࣆ࢞ൣ                                         ࣇ࢞ࣅ࢖ఘఓߟ݅ ൧ିࣅ࢖࣋࢞ = ࣅ࢖ࣆఘఔ࢞ߟ݅ −                                             ࣇ࢖ఒఓ࢞࣋ߟ݅

      (73) 244 

۔ۖەۖ
ାࣇࣆℶൣۓ , ℶ࣋ࣅା ൧ି = 8݅ ×࣋ࣆఔఒ൫ℶߟൣ − ℶ࣋ࣆ× ൯ + ×ࣅࣆఔఘ൫ℶߟ − ℶࣆࣅ× ൯ + ࣋×ࣇఓఒ൫ℶߟ − ℶ࣋ࣇ× ൯ + ×ࣅࣇఓఘ(ℶߟ − ℶࣇࣅ× )൧     ൣℶࣇିࣆ, ℶ࣋ିࣅ൧ି = − 8݅ ×࣋ࣆఔఒ൫ℶߟൣ − ℶ࣋ࣆ× ൯ + ×ࣅࣆఔఘ൫ℶߟ − ℶࣆࣅ× ൯ + ࣋×ࣇఓఒ൫ℶߟ − ℶ࣋ࣇ× ൯ + ×ࣅࣇఓఘ(ℶߟ − ℶࣇࣅ× )൧ൣℶࣇࣆ× , ℶ࣋ࣅ× ൧ି = 2݅ ൫ߟఔఓℶ࣋ࣅ× − ×ࣇࣆఘఒℶߟ ൯           (74) 245 

۔ۖەۖ
ାࣇࣆℶൣۓ , ℶ࣋ିࣅ൧ି = 8݅ ×࣋ࣆఔఒ൫ℶߟൣ + ℶ࣋ࣆ× ൯ + ×ࣅࣆఔఘ൫ℶߟ + ℶࣆࣅ× ൯ + ࣋×ࣇఓఒ൫ℶߟ + ℶ࣋ࣇ× ൯ + ×ࣅࣇఓఘ(ℶߟ + ℶࣇࣅ× )൧    ൣℶࣇିࣆ, ℶ࣋ࣅ× ൧ି = 4݅ ା࣋ࣆఒఔ൫ℶߟൣ + ℶି࣋ࣆ൯ + ାࣇఒఓ൫ℶ࣋ߟ + ℶ࣋ିࣇ൯ + ାࣅࣆఘఔ൫ℶߟ − ℶࣅିࣆ൯ + ାࣇࣅఘఓ(ℶߟ − ℶࣇିࣅ)൧    ൣℶࣇࣆ× , ℶ࣋ࣅା ൧ି = − 4݅ ା࣋ࣆఔఒ൫ℶߟൣ + ℶି࣋ࣆ൯ + ାࣅࣆఔఘ൫ℶߟ + ℶࣅିࣆ൯ − ାࣇఓఒ൫ℶ࣋ߟ − ℶ࣋ିࣇ൯ − ାࣅࣇఓఘ(ℶߟ − ℶࣅିࣇ)൧         (75) 246 

It can be deduced easily from the relations (74) and (75) that the set  {ℶࣇࣆା , ℶࣇିࣆ, ℶࣇࣆ× }is a basis of a Lie 247 
algebra which is the dispersion operators algebra for the multidimensional case. 248 
As the indices ߤ, ,ߥ ,ߩ ܰ run from 0 to ߣ − 1, the dimension ܦ of this dispersion operators algebra 249 
which is equal to the numbers of the elements of the basis {ℶࣇࣆା , ℶࣇିࣆ, ℶࣇࣆ× }is  250 ܦ = ܰ(ܰ + 1)2 + ܰ(ܰ + 1)2 + ܰଶ = ܰ(2ܰ + 1)                                            (76) 251 

In fact, from the relation (64) we can deduce that the number of operators ℶࣇࣆା is equal to  ே(ேାଵ)ଶ  , 252 

the number of operators ℶࣇିࣆ equal to  ே(ேାଵ)ଶ    and the number of operators  ℶࣇࣆ× equal to ܰଶ. 253 

4.2. Dispersion Operators Algebra 254 
We may define the linear canonical transformation as the linear transformation given by the 255 
relation 256 ቊࣆ࢖′ = Πఓఔࣇ࢖ +Θµ

ν࢞ࣆ࢞ࣇ′ = Ξఓνࣇ࢖ +Λఓఔ࢞ࣇ ⇔ ′࢖) ࢞′) = ࢖) ࢞) ቀΠ Ξ
Θ Λቁ                             (77) 257 

and which leave invariant the canonical commutation relations 258 
 259 

൞ൣ࢖ఓ′  , ′ఔ࢖ ൧ି = 0  ൣ࢞ఓ′  , ࢞ఔ′ ൧ି = ′ఓ࢖ൣ 0  , ࢞ఔ′ ൧ = ఓఔߟ݅                                                              (78) 260 

we obtain the following conditions 261 
 262 
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൞ ΠఓఘߟఘఒΘνఒ −ΘఓఘߟఘఒΠఔఒ = 0
ΞఓఘߟఘఒΛνఒ −ΛఓఘߟఘఒΞఔఒ = 0
ΠఓఘߟఘఒΛνఒ − ΞఔఒߟఘఒΘఓఘ = ఓఔߟ ⇔ ቐΠ௧ߟΘ−Θ௧ߟΠ = 0

Ξ௧ߟΛ−Λ௧ߟΞ = 0
Π௧ߟΛ−Θ௧ߟΞ = ߟ ⇔ ቀΠ Ξ

Θ Λቁ௧ ൬ 0 ߟ−ߟ 0൰ ቀΠ Ξ
Θ Λቁ    (79) 263 

If the signature of  ߟ is (ܰ, 0) , it is equal to the ܰ × ܰ identity matrix ߟ =  ே(case of Euclidian 264ܫ
space), the relation (79) becomes 265 ቀΠ Ξ

Θ Λቁ௧ ൬ 0 ேܫ−ேܫ 0 ൰ ቀΠ Ξ
Θ Λቁ                                                                   (80) 266 

according to this relation the 2ܰ × 2ܰ matrix ቀΠ Ξ
Θ Λቁ is in this case an element of the symplectic 267 

group  ܵ(2ܰ) ݌. We may generalize this result for the general case of pseudo-Euclidian space i.e 268 

with ߟ having a signature ( ାܰ, ିܰ) : in that case, we may call a matrix   ቀΠ Ξ
Θ Λቁ verifying the 269 

relation (79) a pseudo-symplectic matrix and their set the pseudo-symplectic group.  We may denote 270 

this Lie group  ܵ2) ݌ ାܰ, 2 ିܰ) and its Lie algebra েৄ(2 ାܰ, 2 ିܰ). The matrix  ቀΠ Ξ
Θ Λቁ can be written 271 

in the form 272 ቀΠ Ξ
Θ Λቁ = ݁ℳ = ݁൬ℳభ ℳయℳమ ℳర൰                                                                  (81) 273 

in which  ℳ = ൬ℳଵ ℳଷℳଶ ℳସ൰ is an element of the Lie algebra েৄ(2 ାܰ, 2 ିܰ), we have  274 

ቀΠ Ξ
Θ Λቁ௧ ൬ 0 ߟ−ߟ 0൰ ቀΠ Ξ

Θ Λቁ ⇔ ۔ۖەۖ
ۓ ℳଶ௧ = ℳସߟℳଶߟ = ℳସߟℳଵ௧ߟ− = ℳଷ௧ߟℳଵ௧ߟ− = ߟℳଷߟ                                                         (82) 275 

It can be deduced easily from the relation (82) that the matrix ℳ and his transpose ℳ௧ are of the 276 
form 277 ℳ = ൬ℳଵ ℳଷℳଶ ൰                                    ℳ௧ߟℳଵ௧ߟ− = ൬ ℳଵ௧ ߟℳଷߟߟℳଶߟ  ൰                               (83) 278ߟℳଵߟ−

If we introduce the parametrization 279 

൝ℳଵ = ℳଶࣲߟ = ℳଷࣳߟ = ࣴߟ                                                                             (84) 280 

we obtain for ℳ and  ℳ௧ 281 ℳ = ൬ࣲߟ ࣳߟࣴߟ ௧൰                           ℳ௧ࣲߟ− = ൬ࣲ௧ߟ ߟࣴߟࣳ  ൰                               (85) 282ߟࣲ−

Then for an infinitesimal linear canonical transformation, we have  283 (࢖′ ࢞′) = ࢖) ࢞)(1 + ℳ) = ࢖) ࢞) ൬1 + ࣲߟ ࣳߟࣴߟ 1 −  ௧൰ 284ࣲߟ

ቊ ′࢖ = ࢖ + ࢖ࣲߟ + ′࢞࢞ࣳߟ = ࢞ + ࢖ࣴߟ − ௧ࣲ࢞ߟ ⇔ ቊ ′ࣆ࢖ = ࣆ࢖ + ఓఔ[ࣲߟ] ࣇ࢖ + ఓఔ[ࣳߟ] ′ࣆ࢞ࣇ࢞ = ࣆ࢞ + ఓఔ[ࣴߟ] ࣇ࢖ −  285 ࣇఔఓ࢞[௧ࣲߟ]

ቊࣆ࢖′ = ࣆ࢖ + ఔ࢖ఓఘࣲఘఔߟ + ′ࣆఓఘࣳఘఔ࢞ఔ࢞ߟ = ࣆ࢞ + ࣇ࢖ఓఘࣴఘఔߟ − ࣇఓఘࣲఔఘ࢞ߟ                                                        (86) 286 

We may introduce a unitary representation of the linear canonical transformation 287 
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ቊࣆ࢖′ = ′ࣆற࢞ࢁࣆ࢖ࢁ = றࢁࣆ࢞ࢁ                                                                              (87) 288 

and we can verify that ࢁ and ࢁறcan be  given by the relations 289 

ቊ ࢁ = ݁௜(ఏశഐഊℶ࣋ࣅశ ାఏషഐഊℶ࣋ࣅష ାఏ×ഐഊℶ࣋ࣅ× றࢁ( = ݁ି௜(ఏశച഑ℶച഑శ ାఏషച഑ℶച഑ష ାఏ×ച഑ℶച഑× )                                                             (88) 290 

In fact, for an infinitesimal transformation 291 

ቊࢁ = 1 + ାࣅାఘఒℶ࣋ߠ)݅ + ࣅఘିఒℶ࣋ିߠ + ×ࣅఘఒℶ࣋×ߠ றࢁ  ( = 1 − ାఢఙℶఢఙାߠ)݅ + ఢିఙℶఢఙିߠ + ×ఢఙℶఢఙ×ߠ )                                                     (89) 292 

So (87) become 293 

൝ࣆ࢖′ = ࣆ࢖ + ାࣅାఘఒ[ℶ࣋ߠ݅ , ି[ࣆ࢖ + ,ࣅఘିఒ[ℶ࣋ିߠ݅ ି[ࣆ࢖ + ×ࣅఘఒ[ℶ࣋×ߠ݅ , ′ࣆ࢞ି[ࣆ࢖ = ࣆ࢞ + ାࣅାఘఒ[ℶ࣋ߠ݅ , ି[ࣆ࢞ + ,ࣅఘିఒ[ℶ࣋ିߠ݅ ି[ࣆ࢞ + ×ࣅఘఒ[ℶ࣋×ߠ݅ , ି[ࣆ࢞                      (90) 294 

Then, taking into account the relations (71) and (72), we obtain 295 

൞ࣆ࢖′ = ࣆ࢖ + 12 ାఘఔߠ)ఘఓߟ − ఘିఔ)࢞ఔߠ + 12 ′ࣆ࢞ࣇ࢖ఘఓߟఔఘ×ߠ = ࣆ࢞ − 12 ାఘఔߠ)ఘఓߟ + ఔ࢖(ఔିఘߠ − 12 ࣇఘఔ࢞×ߠఘఓߟ                                       (91) 296 

Indefying the relations (86) and (91) gives 297 

۔ۖەۖ
ۓ ࣲఘఔ =  12 ఔఘ×ߠ

ࣳఘఔ = 12 ൫ߠାఘఔ − ఘିఔ൯ࣴఘఔߠ = − 12 ൫ߠାఘఔ + ఘିఔ൯ߠ ⇔
۔ۖەۖ
ۓ ࣲ = 12 ௧ࣳ×ߠ = 12 ାߠ) − ࣴ(ିߠ = − 12 ାߠ) −  298 (92)                                       (ିߠ

then the relations in (83) and (85) become 299 ℳ = ൬ℳଵ ℳଷℳଶ ൰ߟℳଵ௧ߟ− = ൬ࣲߟ ࣳߟࣴߟ ௧൰ࣲߟ− = 12 ൬ ௧×ߠߟ ାߠ)ߟ− + ାߠ)ߟ(ିߠ − (ିߠ ×ߠߟ− ൰                           (93) 300 

ℳ௧ = ൬ ℳଵ௧ ߟℳଷߟߟℳଶߟ ൰ߟℳଵߟ− = ൬ࣲ௧ߟ ߟࣴߟࣳ ൰ߟࣲ− = 12 ൬ ߟ×ߠ ାߠ) − ାߠ)−ߟ(ିߠ − ߟ(ିߠ ௧×ߠ− ߟ ൰                           (94) 301 

So briefly, we have for a linear canonical transformation in the case of multidimensional theory 302 
 303 ቊࣆ࢖′ = Πఓఔࣇ࢖ +Θµ

ν࢞ࣇ = ′ࣆற࢞ࢁࣆ࢖ࢁ = Ξఓνࣇ࢖ +Λఓఔ࢞ࣇ = றࢁࣆ࢞ࢁ ⇔ ′࢖) ࢞′) = ࢖) ࢞) ቀΠ Ξ
Θ Λቁ                                            (95) 304 

with 305 

ቀΠ Ξ
Θ Λቁ = ݁ℳ = ݁భమቆ ఎఏ×೟ ିఎ(ఏశାఏష)ఎ(ఏశିఏష) ିఎఏ× ቇ                                                   (96) 306 

and 307 

ࢁ = ݁௜(ఏశഐഊℶ࣋ࣅశ ାఏషഐഊℶ࣋ࣅష ାఏ×ഐഊℶ࣋ࣅ× )                                                                    (97) 308 

5. Conclusions  309 

The results obtained in this paper show that the introduction of the dispersion operators algebra 310 
permits to perform a natural and well description of the link which can be established between the 311 
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phase space representation of quantum mechanics and linear canonical transformation. This link is a 312 
consequence of the existence of relationship between dispersion operators and the phase space 313 
representation on one hand and dispersion operator algebra and linear canonical transformation on 314 
the other hand. The phase space representation is built with the eigeinstates |݊, ܺ, ܲ, ࣶ〉 of dispersion 315 
operators; linear canonical transformation can be represented using the dispersion operators algebra. 316 
The relations (32), (33) and (53) allows to conclude that a right way to describe and to represent linear 317 
canonical transformation over state space in framework of quantum mechanics is to use the basis 318 {|݊, ܺ, ܲ, ࣶ〉}. 319 

The calculations performed in the section 4 show that these main results obtained for the case of 320 
one dimension quantum mechanics may be generalized in the case of multidimensional theory.  321 

The results that we have established in this paper may have many interesting applications in 322 
various scientific and technical fields. 323 
Conflicts of Interest: The authors declare no conflict of interest.   324 
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