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ON EXTENDED CAPUTO FRACTIONAL DERIVATIVE OPERATOR
GAUHAR RAHMAN, KOTTAKKARAN SOOPPY NISAR*, MUHAMMAD ARSHAD

ABSTRACT. The main objective of this present paper is to introduce further extension
of extended Caputo fractional derivative operator and establish the extension of an ex-
tended fractional derivative of some known elementary functions. Also, we investigate
the extended fractional derivative of some familiar special functions, the Mellin trans-
forms of newly defined Caputo fractional derivative operator and generating relations for
extension of extended hypergeometric functions.

1. INTRODUCTION AND PRELIMINARIES

Recently, the researchers (see e. g., [2-4, 9-11, 14]) introduced various extension and
generalization of various special functions. In [2] authors introduced the extended beta
function and is defined by

/f 17;2’ ép 17‘2 tl 1 2 16 t@ t)dt I.I
0

(where R(p) > 0,R(m1) > 0,R(7) > 0) respectively. When p = 0, then §(m,72;0) =
B(11,T2).

Also, the extended hypergeometric and confluent hypergeometric functions by using the
definition of extended beta function /3,(m1,72) is given in [3] as follows:

5p 7’2+n T3 — Ty) 2"
F : E n— 1.2
p(TlvTQaT37 7_277_3 _ 7_2) (Tl) n ( )
where p > 0 and
O, (72 735 2 E Blra 4,73 — ) 2 (1.3)

7'2,7'3—’7'2) n'

where p > 0.
In the same paper, they defined the following integral representations of extended hyper-
geometric and confluent hypergeometric functions as

1 ) /01 72711 — )1 — 26) M exp (m>dt (1.4)
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(p > 0,R(13) > R(72) >0, |arg(l — 2)| < 7T),

and

1 ' T2— T3—T2— —P
om0 e (s g 0

(p > 0,R(73) > R(m) > o).
The extended Appell’s function is defined by (see [10])

‘I)p(7'2773;7; Z) =

m, n

+m+n,my— 1) T

Y
Blrr—m) o

min!

Z B 71
. . P
F1<7'177'2,7'3,7'475U7y p

n=0

where p > 0 and its integral representation by

1 1
(71,72, T35 Tas @, Y3 p) = m/ A=) (L= at) T (L - yt) T
) 0
— )dt 1.7
xexp (gt ) (L.7)

(p > 0,R(m4) > R(m1) >0, |arg(l —z)| <7, |arg(l —y)| < 7r>.

It is clear that when p = 0, then the equations (1.2)-(1.7) reduce to the well known hyper-
geometric, confluent hypergeometric and Appell’s series and their integral representation
respectively (see [18]). Parmar et al. [15] introduced the following extended beta function

/2
7_177—27 p/ frl_i y_iKv+% (ﬂf%t))dt? (18>

where K 1 (.) is the modified Bessel function of order v + % Clearly, when v = 0 then

(1.8) reduces to (1.1) by using the fact that K% (z) = /5.€¢ °. In the same paper,
they [15] defined the following extended hypergeometric and confluent hypergeometric

as

functions and their integral representation respectively as:

n

Fyo(rmimiz) = 3 (), 2T TR 2 (1.9)

0 5(72,7'3—7'2) n!

(pv =000 > >0, ]2 <1).

q)p,v(Tz;Tg;Z> Zﬁv BT ) 2 (1.10)

B(ra,m5 — 1)  nl

(p,vZO,%(73>Tg >0>.

2 ( > 2p 1
v T2, T3 2 ) = —
po\TH T2 TS Wﬁ(7'2>7'3—7'2)
1
_3 3 _ P
w [ 1 — (1 — ) K ( >dt, 111
[rrta—orria - (s (111)
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(p,vZO,?R(73>7'2 >0, |arg(l — 2)| <7r>.

and
2p 1
@ U( ;T35 >= T
po\T2 752 T B(12, T3 — T2)
P R DK PN\t 1.12
X ; ( - ) eXp(Z) U+§<t(1—t>> ’ ( ) )

(p,vZO,ﬁR(7'3>7'2 >0).

It is clear that, when v = 0 then the equations (1.9)-(1.12) reduce to the extended hyper-
geometric, confluent hypergeometric functions and their integral representations defined
n (1.2)-(1.5) respectively by using the fact that K% (z) = \/%e_z.

Recently Dar and Paris [5] have introduced the following Appell’s hypergeometric function

by
F1,p,v<71,7'2,7'3;7'4;9079> = F1,v(7'1,7'2,7'3;74;$»y§p>
B(m+m+n, 7y — 1) ™Y"
= 72)m (73 )n , 1.13
Z (72)m(73) B(T1, 74 —T1) n!m! (1.13)
m,n=0
where |z| < 1, |y| < 1, 71,72, 73, 74 € C, 7y #=0,—1,—2, -3, - -. In the same paper, they

[5] defined its integral representation as:

2p 1

Fl,p,v(T17T27T3;T4;xay> = Y
™ 5(71,7'4 - 7’1)

1
x / 3 (1= ) (L = ta) (L — ty)
0
¥ K ( b )dt (1.14)
TR\l —t)/
where R(p) > 0, v > 0, R(ry) > R(m) > 0, |arg(l — z)] < 7 and |arg(l — y)| < 7.
Obviously, when v = 0 in (1.13) and (1.14) then we get the extended Appell function and
its integral representation (see e. g., (1.6) and (1.7)) by using the fact that K <z> =

le_z
2z

Very recently Rahman et al. [17] introduced the extension of extended fractional de-
rivative operator of Riemann-Liouville as:

O f(x);p,v} = QW /f WE(w— 1) P, ((m )dt, (1.15)

x —t)
where R(u) > 0, R(p) > 0 and v > 0. It is clear that, if v = 0, then definition 1.15 reduces
to extended fractional derivative defined in [10] by using the fact that K 1 <z> = /€ =

2. EXTENSION OF HYPERGEOMETRIC FUNCTIONS

In this section, we define further extension of hypergeometric and Appell’s hypergeo-

metric functions.
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Definition 2.1. The extension of extended hypergeometric function is defined as:

) - (/B)n(ﬁ)n5v(77—m+n,m—77+u;p)£
2F1,v(67777,uaz,p) = Z (n_m)n B(n—m,,u—n—l—m) WE (21)

n=0

where m — 1 < R(n—p) <m < R(n) >0, R(p) >0, v >0 and |z| < 1.

Definition 2.2. The extension of Appell’s hypergeometric function is defined as:

Fi, (77; a, B p; az; bz; p)

_ i (@)n(B)a(Mnsk (@2)" (02)* Bo(n + m + n+, 1 — n;p) (22)
n.k=0 (7] - m)n-‘rk n! k! 5(77 —m,m—+ H—= 7]) .
where m — 1 < R(n — p) <m < R(n), R(p) >0, v>0.
The Integral representations of (2.1) and (2.2) are defined respectively as:
F ( ) 2p 1 /1 tTg—m—§<1 t)’r3—7'2+m—§
o) = [ — 21— 2
20,0\ T1, T2, T35 25 7 B —m,m— 1ot m) Jy
XK1 (ﬁ) o Fy <7’1, Ty} T — M; zt) dt (2.3)
and
2p 1 ! 3 3
FU<T,T,T;T;90, ; )Z\/— / T T (1 — )T M
Lul| T, T2, T3, T4 T, Y; P T B(m —m,m— 1+ m) Jy ( )
K1 (t(lp;—t» F1<71,7'2;7'3;7'1 —m;:ct;yt)dt. (2.4)

Remark 2.1. If we letting v = 0, then the equations (2.1)-(2.4) respectively reduce to the
extended hypergeometric functions o Fy and Fy and their integral representations (see [6]).

3. EXTENSION OF FRACTIONAL DERIVATIVE OPERATOR

Recently, the application and importance of fractional calculus have been paid more
attentions. In the field of mathematical analysis, the fractional calculus is a more helpful
tool to find out differentials and integrals with the real numbers or with the complex num-
bers powers of the fractional calculus. Various extensions and generalization of fractional
derivative operators are recently investigated by the researchers (see [1, 8, 12, 16, 20]). In
this section, we define further extension of extended Caputo fractional derivative operator.

We recall the classical Caputo fractional derivative operator which is defined by

Definition 3.1. (see [7])
DI} = ey [ =0 (3.1)

where m — 1 < R(u) < m where m =1,2,---.

Recently Kiymaz et al. [6] introduced the extended Caputo fractional derivative oper-

ator as:
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Definition 3.2.
1 z P am
ol - — gympt - )— t)dt, 3.2
I} = s | =0 e (= s ) G0 (32

where m — 1 < RN(p) < m where m =1,2,--- and R(p) > 0.

In view of [17], we introduce further extension of extended Caputo fractional derivative
operator.

Definition 3.3. The extension of extended Caputo fractional derivative operator is defined

as;

DU f(2);p, v} = DEP{f(2)}

— 2pz2 1 z _% — _% pz2 dm
=4/ - F(m—u)/ot (z—t)" " Kv+§(m>cﬁ—mf(t)dt, (3.3)

For the case m —1 < R(p) < m where m =1,2,---, ®(p) > 0v > 0.

Remark 3.1. Obviously if v = 0, then definition 3.3 reduces to extended Caputo fractional
derivative defined in 3.2 (see [6]) by using the fact that K <z> = /e 7.

2z
Now, we prove some theorems involving the modified extension of fractional derivative

operator.

Theorem 3.1. The following formula hold true,

I'(n+1)B,(n—m+1,m— p;p)
Fn—p+1)Bn—m+1,m—p)

where m — 1 < R(p) < m and RN(p) < R(n).

D" p, v} = 2T7H R(u) >0, (3.4)

Proof. From (3.3), we have

M z 2
dm
1L . _ vV T 3y — )RS K _p= & may
o = it [ ()
./ 2022

Zm[ﬂ(n—l)“'(ﬁ—erl)]

? 3 pz g1
X/O(Z—t)mHQKU+;( t)tnm 2dt

2pz21-\( 2
—Ll(n+ 1)
= — )" K

F(n—m+1)F(m—u)/o(z ) B

Substituting ¢ = uz in (3.5), we have

(t(fz_?t))t"—m—idt. (3.5)

1=

ZP(n+1)

DHL M. —
z{z 7p,’U} F(n—m+1)F(m—,u

nen [ em=t(q _ g ym—n—t p_>
)z /Ou (1 —u) KH%(u(l—u) du,
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by using the definition (1.8) to the above equation, we get

I'(n+1) _
DL 1. — KB (1 — 1,m — u;
Lin+ DB —m+1,m—pp) ,,
In—p+1)Bn—m+1,m—p)

which is the required result. 0

Theorem 3.2. Let m — 1 < R(u) < m and suppose that the function f(z) is analytic on

the disk |z| < r for some r € Rt and with its power series expansion given by f(z) =
Yoo ganz". Then

DU f(2);ipv} =) an D" p v} (3.6)

Proof. Using the series expansion of the function f(z) in (3.3) gives

M z 2 oo
s z dm
v = 2 b ) —t"dt.

D f(2);p,v} = T — 1 J, tT2(z—t)" T2 K1 (t(z — 1)

n=
As the series is uniformly convergent and the integrand is absolutely convergent, therefore

interchanging the order of summation and integration gives

o 2pz2 2z 2
1 am
L ) _ . ™ (1t m—p—3 K ( bz >—tndt}
:Dz{f(z)vp’v} nzzoa {F(m—u) /0 2(2 ) 2 v+% t(z—t) dtm
= Z angg{zn>pa U}?
n=0
which is the required proof. O

Theorem 3.3. Let m — 1 < R(u) < m and suppose that the function f(z) is analytic on

the disk |z| < r for some r € RY and with its power series expansion given by f(z) =
> ganz". Then

pp oy oy = LTS () Buln—mAnom — pip)
) I'(n—n) 2 "h—m)n  Bn—m,m—u) 37)

Proof. By applying Theorem (3.2) and (3.1), we have

n=0

[e.9]

DU f(2)ipv) = ) a0}
n=0
Tt & (Mn Boln—m+n,m—y;p) ,
 T—p ,;“"(n—u)n Bln—m+tnm—u)

()21 & o B —mtnm—pp) ,
L(n—p) 2 "n=m),  Bln—m,m—u)

which is the desired result. O

n=0
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Theorem 3.4. The following result holds true:

O H (L - ) Fip) =

23

)
(B)n(Mn Bo(n —m +n,m —n+ u;p) 2"

, 3.8
= (n—m)n ﬁ(n mp—n+m)  nl (38)
_ L)
F(ILL) 2F1v(577,u72p>
where m — 1 < R(n—p) <m < R(n) >0, R(p) >0, v>0.
Proof. Using the power series of (1 — 2)7? and applying Theorem 3.1, we have
n—u) n-1/1 _ \—B. — yn—u) n-1 S i
S R R C YOI}
=3 Cpore{ -t
—~ nl
3O L(n + n)
— nl Tn+n-—m)I'(m—n+p)
X Bu(nn —m+n,m —n+ p;p)
:i (B)a (1 + 1) Bon —m +1,m =0+ J15p) iy
= ! T(p+n) Bn—m+nm-—n+p)
_ L) e Z( Ja()n Bu(n —m +n+5,m —n+ pp) 2"
Pp) = (W B —m+nm—n+pu) nl
L) - 1§: (B)n()n Bu(n —m +n,m —n + p;p) 2"
_Z —’
IN0D) —~ (n—m)n  Bn—mp—n+m) nl

with the aid of (2.1), we get the required result. O
Theorem 3.5. The following result holds true:
@77 M{Zn 1(1-&2’) a(l_bz) ,p,U}

T'(n)
T

_TI'n)
T(p

) (@)n(B)n(M)nr (a2)" (02)° Bu(n +m + nt, i — n: p)
) nkzo (77 m)nJrk n! k! ﬁ(n —m,m -+ — 77) 5 (39)
) i1
T(n) ) Flv(n, o, B s az; bzp)

where m — 1 < R

(n—p) <m< R(n), R(p) >0, v>0.

Proof. To prove(3.9), we use the following power series expansion

(1 —az) (1 —10b2)" Z Z(a)n(ﬁ)k (anz!)” (b;!) )

n=0 k=0
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Now, applying Theorem 3.4, we obtain
DI 1 — az) (1 — bz) P p, a}

_ ZZ(Q)n<B)k(a)n (Z;{;)' @T] N{ n+n+k— 1,p,’l)}

n!
n=0 k=0

Using Theorem 3.1, we have

DI (1 — az) (1 = bz) ™ p, v}

St (@)" (0T +n+k)BSm+m+n =1 4onir
ZZ@)( Tl Kl F(m+u—n)F(n—m+n+k) S

n=0 k=0
n k .
(ﬁ)zu 122 n+k( z)" (b2) 5v(77+m+nau—77,p)’
(p) == nl kL B —m,m+p—n)
with the aid of (2.2), we get the required result. O

4. FURTHER RESULTS OF EXTENDED CAPUTO FRACTIONAL DERIVATIVE OPERATOR

In this section, we apply the extension of Caputo fractional derivative operator (3.3)
to some known functions. Also, we investigate the Mellin transforms of the extension of

Caputo fractional derivative operator.

Theorem 4.1. The following result holds true:

m—pu )

Z—!Bv(n—l—l,m—u;p) (4.1)

DL{e* p,v} = Tm = 1) -
n=0

for all z.

Proof. Using the power series of ¢* and applying Theorems 3.2 and 3.1, we have

Di{e*p, v} = Z 9“{2 ;p, v}

Fn+1)B,(n—m+1,m—p;p) z
(n—p+1)Bn—m+1,m—p) nl

(n+m+1DBy(n+1,m—pp) 2"+

27
. T
>

F(n+m—p+1)B(n+1,m—pu)(n+m)

n=0
2% 2 Z—Tﬁv(n +1,m — p;p).
O
Theorem 4.2. The following result holds true:
@’;{ oI (7'1, To; T3; Z)%P»U}
alml SN (mem)(ntmy Aot Lmpp

(T3)m T(L=p+m) = (s +m)u(l —p+m)n Sn+1,m—p)

n=
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for all |z < 1.

Proof. Using the power series of Gauss hypergeometric function 5 F3(.) and applying The-
orems 3.2 and 3.1, we have

9’;{ oI (71772373;2)327,@}

:Z—(Tl) (T2)n 98{z";p,v}

(73)nn!

(T1)n(m2)n T(n+1)By(n—m+1,m—pu;p) z
(13)nn! T(n—p+1)pn—m+1,m—pu) n!

(T)n4m(T2)ntm L(n+m+1)By(n+1,m—p;p) 2"m#
(73)naem(n+m) T(n+m—p+1)B(n+1,m—pu) (n+m)!

n=0
Tl)m( ) Z"H = (Tl + m)n(7-2 + m)n 51}(” + 17 mu;p)zn
() T — ot ) 2= (s 4 mn(l— i+ )y o+ Lim—p)
0
Theorem 4.3. The following result holds true:
(T N (1)n "
o BT (2):p 0] = (1, —mp) =, 4.3
[ Ws(»Z),p,v] RO nz%r(meer&)ﬁ (n+11n—mp)— (4.3)
where 7, 0,7, € C, R(p) > 0, and E7 5(z) is Mittag-Leffler function (see [15]) defined as:
. (T)n 2"
ET = _ 4.4
7,6(’2) % F(’yn+5) n ( )

Proof. Using (4.4) in (4.3), we have

n

@5[ ;,J(Zﬁpﬂ)} Qg{i%Z!;p,v.

By Theorem 3.2, we have

B} = {ostpa )
9{ HZ:;PWJH; DL{z";p,v}
Applying Theorem 3.1, we get
n w(n—m+1,m— ,u'p) 2"
@u Eu )6 (n m ? )
{ } Zf‘”yn—i-é n—,u+1)ﬁ(n—m+1,m—p) n!
i )ntm I'(n+m+1)B,(n+1,m—p;p) """

F7n+7m+6) IF'n+m—p+1)pn+1,m-—p)(n+m)

n=

—,Bv(n—i— L,m — u;p).

(T s (T m)y
- T(m—p) & Z “T(yn+ym+d)n
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Theorem 4.4. The following result holds true:
(Ozl', Ai)l,m; SMm—p
I'(m — p)
(ﬁ]a )1 ns
- 7”Fa+Am 2"
X ! : ﬁvn—l—l,m—,u,p—,
kz; _, I'(B; + Bjk) ( )n!
(4.5)
where R(p) > 0, v > 0 and ,, ¥V, (2) denotes Fox-Wright function defined by (see [7], pp.
56-58)
(s Ai)1,m;
’ H Dlay + Aik) 2%
mVn(2) = m¥, e 4.6
(2 B Z NERs T (16)
(/3]7 )1 n
Proof. Applying Theorem 3.1 and followed the same procedure used in Theorem 4.3, we
get the desired result. O

Theorem 4.5. The following Mellin transform formula holds true:

‘ 21—1“F n_|_ D=\ r+ov+1
M{@Z’;(Zﬁn) p_) 7,, } ( ) ( ) ( 2 )

JTWlu)m—m+D

Bn—m+r+1,m—pu+r)z"*H
(4.7)
where R(n) >m — 1, R(r) > 0.
Proof. Applying the Mellin transform on definition (3.3) and Theorem 3.1, we have
v . _ - r—1 K
ﬂq@%@%pér}—é PO (") dp

0 r 1), (n — 1,m— pu; _
:/ pr—l (77 + )6 (77 m + m H p) 277 ;Ldp
0

I —p+1)
I'(n+1) - /OO -1
= 2 B —m 41, m — s p)dp
Ll —m+1)l(m — p) 0
(4.8)
By using the following Mellin transform of 5,(x, y; p) in 4.8 (see [15]), we get the required
result.
/w“ﬂﬂ L — ey = 2 e Y s 1 rm— k)
0 p v 77 ) :uap P = ﬁ 2 2 77 ) /‘L :
0
Theorem 4.6. The following Mellin transform formula holds true:
M{@E (1= )p 7}
2T (5L () (@) - 2z
= 2PN (a4 m), —Bn+r+1m-— pwA+T), (4.9)
Val(m — p) ;% n!

where R(p) > 0, R(r) > 0, and |z| < 1.
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Proof. Applying Theorem 4.5 with = n and using the power series extension of (1—2z)~%,
we can write

M{DE (1= 2))ip =1} = f: (0‘>“M{©g;;(z”);p —r)

27T o~ (@)L + 1)
 Jrl(m — ) ;n!F(n—m+ 1)
2Tepres) &

ﬁr(m—u§ LM Z<a>”+m%ﬁ(n+r+1;m—ﬂ+r)

Bn—m-+r+1,m—p+r)""*

n=0
2T ()0 () (@) - 2"
— m—p il 1.m —
Tl = 1) z §(a+m)nn!ﬁ(n+r~l— ,m— p+r)
which is the required proof. 0

5. GENERATING RELATIONS

In this section, we applying Theorems 3.4 and 3.5 and obtain generating relations for
the extension of extended hypergeometric functions o7, and Fj ,.

Theorem 5.1. Assume that m — 1 < R(n — p) < m < R(n) and |z| < min{l, |1 — t|},
then

f: G o F ()\ + n,m; 1 z;p)t“ =(1—t)"2F, (/\7 Uk N%;P)‘ (5.1)

n! 1—

n=0

Proof. By considering the following series identity, we have

(1—2)—t]=(1 _t)—A<1 2 )A

Thus, the power series expansion yields

Z(A)”u—z)—*(lt )n: (11— 1 - 1Z ], (5.2)

—Z

Multiplying both sides of (5.2) by 27! and then applying the operator D1 on both
sides, we have

@Q;W[i O\)n(l —2)7 (%)nzn_l] = (1 — )" D [Zn—l (1 _Z )‘A]

—~ n! 1—t

Interchanging the order of summation and the operator D77, we have

i (3@ 11— ) = (1= o 2 (1 = tﬁ]‘

n=0

Thus by applying Theorem 3.4, we obtain the required result.
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Theorem 5.2. The following generating relation holds true:

Z (2)'" 2 F1.p (5 —n,mn; i z;p)t” =(1-t)"°FR (5, AL 105 4 —1Z—_Ift;P>7 (5.3)
n=0 )

where |t] < ﬁ, m < R(n—p) <m<Rn).

Proof. Consider the series identity

I-(1—2)f=(1—t)" [1 + 1Z_t J -

Using the power series expansion to the left sides, we have

R e R R P (5.4

n! 1—t¢

n=0
Multiplying both sides of (5.4) by 27~!(1—z)~° and applying the operator D7/ on both

sides, we have

o $ By voe] - - (i 257

n=0

where () > R(n) > 0 and |zt| < |1 — ¢|, thus by Theorem 3.2, we have

i %QZ;“W [z"_l(l _ z)“””} t" = (1 — ) D e [z”—l(l — z)—5(1 _ 1__21;)%]'

n=0

Applying Theorem 3.5 on both sides, we get the desired result. 0

6. CONCLUDING REMARKS

Recently, Kiymaz et. al. [6] introduced extended Caputo fractional derivative operator
and they obtained many interesting results related to some familiar special functions by
applying the said operator. In this paper, we established further extension of Kiymaz
et. al. [6] Caputo fractional derivative operator and obtained many results related to
some known special functions which are extensions of the work of Kiymaz et. al. We
conclude that when v = 0 then all the results established in this paper will reduce to the
results associated with extended Caputo fractional derivative operator by using the term

K% (Z) = %6_2.
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