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Abstract. The main objective of this paper is to introduce a further extension of ex-

tended (p, q)-beta function by considering two Mittag-Leffler function in the kernel. We

investigate various properties of this newly defined beta function such as integral repre-

sentations, summation formulas and Mellin transform. We define extended beta distribu-

tion and its mean, variance and moment generating function with the help of extension

of beta function. Also, we establish an extension of extended (p, q)-hypergeometric and

(p, q)-confluent hypergeometric functions by using the extension of beta function. Vari-

ous properties of newly defined extended hypergeometric and confluent hypergeometric

functions such as integral representations, Mellin transformations, differentiation formu-

las, transformation and summation formulas are investigated.

1. introduction

We start with the classical beta function which is defined by

B(δ1, δ2) =

∞∫
0

tδ1−1(1− t)δ2−1dt, (ℜ(δ1) > 0,ℜ(δ2) > 0) (1.1)

and its relation with well known gamma function

Γ(ϑ) =

∫ ∞

0

tϑ−1e−tdt, (ℜ(ϑ) > 0) (1.2)

is given by

B(δ1, δ2) =
Γ(δ1)Γ(δ2)

Γ(δ1 + δ2)
,ℜ(δ1) > 0,ℜ(δ2) > 0.

The Gauss hypergeometric and confluent hypergeometric functions which are defined (see

[16]) as

2F1(δ1, δ2; δ3; z) =
∞∑
n=0

(δ1)n(δ2)n
(δ3)n

zn

n!
, (|z| < 1), (1.3)
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2 G. RAHMAN, G. KANWAL, K. S. NISAR, A. GHAFFAR(
δ1, δ2, δ3 ∈ C and δ3 ̸= 0,−1,−2,−3, · · ·

)
, and

1Φ1(δ2; δ3; z) =
∞∑
n=0

(δ2)n
(δ3)n

zn

n!
, (|z| < 1), (1.4)

(
δ2, δ3 ∈ C and δ3 ̸= 0,−1,−2,−3, · · ·

)
, respectively.

The integral representation of hypergeometric and confluent hypergeometric functions are

respectively defined by

2F1(δ1, δ2; δ3; z) =
Γ(δ3)

Γ(δ2)Γ(δ3 − δ2)

∫ 1

0

tδ2−1(1− t)δ3−δ2−1(1− zt)−δ1dt, (1.5)(
ℜ(δ3) > ℜ(δ2) > 0, | arg(1− z)| < π

)
, and

1Φ1(δ2; δ3; z) =
Γ(δ3)

Γ(δ2)Γ(δ3 − δ2)

∫ 1

0

tδ2−1(1− t)δ3−δ2−1eztdt, (1.6)(
ℜ(δ3) > ℜ(δ2) > 0

)
.

Chaudhry et al. [4] introduced the extended beta function is defined by

B(δ1, δ2; p) = Bp(δ1, δ2) =

∞∫
0

tδ1−1(1− t)δ2−1e−
p

t(1−t)dt (1.7)

(where ℜ(p) > 0,ℜ(δ1) > 0,ℜ(δ2) > 0) respectively. When p = 0, then B(δ1, δ2; 0) =

B(δ1, δ2).

Also, they defined the following extended beta distribution by

f(t) =

{
1

Bp(δ1,δ2)
tδ1−1(1− t)δ2−1 exp[− p

t(1−t)
], 0 < t < 1

0, otherwise
. (1.8)

The extended hypergeometric and confluent hypergeometric functions introduced in [5]

by using the definition of extended beta function Bp(δ1, δ2) as follows:

Fp(δ1, δ2; δ3; z) =
∞∑
n=0

Bp(δ2 + n, δ3 − δ2)

B(δ2, δ3 − δ2)
(δ1)n

zn

n!
, (1.9)

where p ≥ 0 and ℜ(δ3) > ℜ(δ2) > 0, |z| < 1 and

Φp(δ2; δ3; z) =
∞∑
n=0

Bp(δ2 + n, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
, (1.10)

where p ≥ 0 and ℜ(δ3) > ℜ(δ2) > 0.

In the same paper, they defined the following integral representations of extended hy-

pergeometric and confluent hypergeometric functions as

Fp(δ1, δ2; δ3; z) =
1

B(δ2, δ3 − δ2)

×
∫ 1

0

tδ2−1(1− t)δ3−δ2−1(1− zt)−δ1 exp
( −p

t(1− t)

)
dt, (1.11)
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A NEW EXTENSION OF BETA AND HYPERGEOMETRIC FUNCTIONS 3(
p ≥ 0,ℜ(δ3) > ℜ(δ2) > 0, | arg(1− z)| < π

)
,

and

Φp(δ2; δ3; z) =
1

B(δ2, δ3 − δ2)

∫ 1

0

tδ2−1(1− t)δ3−δ2−1 exp
(
zt− −p

t(1− t)

)
dt, (1.12)(

p ≥ 0,ℜ(δ3) > ℜ(δ2) > 0
)
.

It is clear that when p = 0, then the equations (1.9)-(1.12) reduce to the well known

hypergeometric and confluent hypergeometric series and their integral representation re-

spectively.

Choi et al. [6] introduced the extended (p, q)-beta function is defined by

B(δ1, δ2; p, q) = Bp,q(δ1, δ2) =

∞∫
0

tδ1−1(1− t)δ2−1e−
p
t
− q

(1−t)dt (1.13)

(where ℜ(p),ℜ(q) > 0,ℜ(δ1) > 0,ℜ(δ2) > 0) respectively. When p = q, thenBp,q(δ1, δ2; 0) =

Bp(δ1, δ2) and if p = q = 0, then Bp,q(δ1, δ2; 0) = B(δ1, δ2).

Also, they [6] defined the following extended beta distribution by

f(t) =

{
1

Bp,q(δ1,δ2)
tδ1−1(1− t)δ2−1 exp[−p

t
− q

(1−t)
], 0 < t < 1

0, otherwise
. (1.14)

The extended hypergeometric and confluent hypergeometric functions introduced in [6]

by using the definition of extended beta function Bp,q(δ1, δ2) as follows:

Fp,q(δ1, δ2; δ3; z) =
∞∑
n=0

Bp,q(δ2 + n, δ3 − δ2)

B(δ2, δ3 − δ2)
(δ1)n

zn

n!
, (1.15)

where p, q ≥ 0 and ℜ(δ3) > ℜ(δ2) > 0, |z| < 1 and

Φp,q(δ2; δ3; z) =
∞∑
n=0

Bp,q(δ2 + n, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
, (1.16)

where p, q ≥ 0 and ℜ(δ3) > ℜ(δ2) > 0.

In the same paper, they defined the following integral representations of extended hy-

pergeometric and confluent hypergeometric functions as

Fp,q(δ1, δ2; δ3; z) =
1

B(δ2, δ3 − δ2)

×
∫ 1

0

tδ2−1(1− t)δ3−δ2−1(1− zt)−δ1 exp
(−p

t
− q

(1− t)

)
dt, (1.17)(

ℜ(p),ℜ(q) > 0,ℜ(δ3) > ℜ(δ2) > 0, | arg(1− z)| < π
)
,

and

Φp,q(δ2; δ3; z) =
1

B(δ2, δ3 − δ2)

∫ 1

0

tδ2−1(1− t)δ3−δ2−1 exp
(
zt− −p

t
− q

(1− t)

)
dt, (1.18)
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p ≥ 0,ℜ(δ3) > ℜ(δ2) > 0

)
.

It is clear that when p = q, then the equations (1.15)-(1.18) reduce to the well known

extended hypergeometric and confluent hypergeometric series and their integral represen-

tation respectively (see e.g., (1.9)-(1.12)).

Very recently, Pucheta [15] introduced a new and modified extension of gamma and

beta function which are respectively defined by

Γλ
b (δ1) =

∫ ∞

0

tδ1−1Eλ(−bv),ℜ(δ1) > 0 (1.19)

Bλ
p (δ1, δ2) =

∫ 1

0

tδ1−1(1− t)δ2−1Eλ

(
− pt(1− t)

)
dt, (1.20)

where ℜ(δ1) > 0, ℜ(δ2) > 0 and Eλ

(
.
)
is the Mittag-Leffler function. Obviously, when

λ = 1 and p = 0 then Bλ
p (δ1, δ2) = B(δ1, δ2).

Very recently Shadab et al. [7] introduced a new and modified extension of beta function

as:

Bα
p (σ1, σ2) =

∫ 1

0

tσ1−1(1− t)σ2−1Eα

(
− p

t(1− t)

)
dt, (1.21)

where ℜ(σ1) > 0, ℜ(σ2) > 0 and Eα

(
.
)
is Mittag-Leffler function defined by

Eα

(
z
)
=

∞∑
n=0

zn

Γ(αn+ 1)
. (1.22)

Obviously, when α = 1 then B1
p(x, y) = Bp(x, y) is the extended beta function (see[4]).

Similarly, when when α = 1 and p = 0, then B1
0(x, y) = B0(x, y) is the classical beta

function.

They [7] also defined extended hypergeometric function and its integral representation

F α
p (σ1, σ2; σ3; z) = 2F1

(
σ1, σ2; σ3; z; p, α

)
=

∞∑
n=0

(σ1)n
Bα

p (σ2 + n, σ3 − σ2)

B(σ2, σ3 − σ2)

zn

n!

=
∞∑
n=0

(σ1)n
B(σ2 + n, σ3 − σ2; p, α)

B(σ2, σ3 − σ2)

zn

n!
(1.23)

where p, α ≥ 0, σ1, σ2, σ3 ∈ C and |z| < 1.

F α
p (σ1, σ2; σ3; z) =

1

β(σ2;σ3 − σ2)

∫ 1

0

tσ2−1(1− t)σ3−σ2−1(1− tz)−σ1Eα

(
− p

t(1− t)

)
dt,

(1.24)

where ℜ(p) > 0, ℜ(α) > 0, ℜ(σ3) > ℜ(σ2) > 0. In they same paper defined the following

extended confluent hypergeometric function and its integral representation as:

Φα
p (σ2; σ3; z) = Φ

(
σ1, σ2;σ3; z; p, α

)
=

∞∑
n=0

Bα
p (σ2 + n, σ3 − σ2)

B(σ2, σ3 − σ2)

zn

n!
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=
∞∑
n=0

B(σ2 + n, σ3 − σ2; p, α)

B(σ2, σ3 − σ2)

zn

n!
(1.25)

where p, α ≥ 0, , σ2, σ3 ∈ C, and

Φα
p (σ2; σ3; z) =

1

B(σ2;σ3 − σ2)

∫ 1

0

tσ2−1(1− t)σ3−σ2−1 exp(tz)Eα

(
− p

t(1− t)

)
dt, (1.26)

where ℜ(p) > 0, ℜ(α) > 0, ℜ(σ3) > ℜ(σ2) > 0.

Obviously when α = 1, then (1.23)-(1.26) will reduce to the extended hypergeometric

function (1.9)-(1.12) and similarly when α = 1 and p = 0 then the hypergeometric function

(1.23) will reduce to the hypergeometric function (1.3)-(1.6).

The extended beta distribution function is defined in [7] as:

f(t) =

{
1

Bp(δ1,δ2)
tδ1−1(1− t)δ2−1Eλ

(
− p

t(1−t)

)
, 0 < t < 1

0, otherwise
(1.27)

For various extensions and generalizations of beta function and hypergeometric func-

tions the interested readers may refer to the recent work of researchers (see e.g., [1–

3, 9, 11–14]).

2. Extension of beta function and its properties

In this section, we define a new extension of beta function and its properties such as

Mellin transforms and integral representations.

Definition 2.1. The extension of extended beta function is defined as:

Bλ
p (δ1, δ2) =

∫ 1

0

zδ1−1(1− z)δ2−1Eλ

(
−p

z

)
Eλ

(
− q

(1− z)

)
dz, (2.1)

where ℜ(δ1) > 0 ,ℜ(δ2) > 0, p, q ≥ 0, ℜ(λ) > 0 and Eλ(.) is Mittag-Leffler function.

Remark 2.1. Note that:

(i) if λ = 1, then (2.1) reduces to the well known extended beta function (1.13).

(ii) if λ = 1 and p = q, then (2.1) reduces reduces to the classical beta function (1.7).

(iii) if λ = 1 and p = q = 0, then (2.1) reduces reduces to the classical beta function (1.1).

Theorem 2.1. The extension of extended beta function have the following Mellin trans-

form relation:

M{Bλ
p,q(δ1, δ2); p → r, q → s} = B(δ1 + r, δ2 + s)Γλ(r)Γλ(s), (2.2)

where ℜ(s) > 0,ℜ(δ1 + s) > 0 and ℜ(δ2 + s) > 0.

Proof. Applying the Mellin transform on (2.1), we have

M{Bλ
p,q(δ1, δ2); p → r, q → s} =

∫ ∞

0

∫ ∞

0

pr−1qs−1

×
(∫ 1

0

zδ1−1(1− z)δ2−1Eλ

(
−p

z

)
Eλ

(
− q

(1− z)

)
dz

)
dpdq
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Interchanging the order integrations, we have

M{Bλ
p,q(δ1, δ2); p → s} =

∫ 1

0

zδ1−1(1− z)δ2−1

×
{∫ ∞

0

pr−1Eλ

(
−p

z

)
dp
}{∫ ∞

0

ps−1Eλ

(
− q

(1− z)

)
dq
}
dz

(2.3)

Substituting u = p
z
and v = q

(1−z)
in (2.3), we have

M{Bλ
p,q(δ1, δ2); p → s} =

∫ 1

0

zδ1+r−1(1− z)δ2+s−1

×
{∫ ∞

0

ur−1Eλ (−w) du
}{∫ ∞

0

vs−1Eλ (−v) dv
}
dz. (2.4)

By applying the definition of Γλ(.) to (2.4) (see [15]), we get the following desired result.

M{Bλ
p,q(δ1, δ2); p → s} = B(δ1 + r, δ2 + s)Γλ(r)Γλ(s).

�

Corollary 2.1. The following integral representation holds true∫ ∞

0

Bλ
p (δ1, δ2)dp = B(δ1 + 1, δ2 + 1).

Proof. By taking r = s = 1 and λ = 1 in Theorem 2.1, we get the required result. �

Theorem 2.2. The following integral representations holds true

Bλ
p,q(δ1, δ2) = 2

∫ π
2

0

cos2δ1−1 θ sin2δ2−1 θEλ

(
− p

cos2 θ

)
Eλ

(
− q

sin2 θ

)
dθ, (2.5)

Bλ
p,q(δ1, δ2) =

∫ ∞

0

uδ1−1

(1 + u)δ1+δ2
Eλ

(
− p(1 + u)

u

)
Eλ

(
− q(1 + u)

)
du, (2.6)

Bλ
p (δ1, δ2) = 21−δ1−δ2

∫ 1

−1

(1 + u)δ1−1(1− u)δ2−1Eλ

(
− 2p

1 + u

)
Eλ

(
− 2q

1− u

)
du (2.7)

and

Bλ
p (x, y) = (c− a)1−δ1−δ2

∫ c

a

(u− a)δ1−1(c− u)δ2−1Eλ

(
− p(c− a)

(u− a)

)
Eλ

(
− q(c− a)

(c− u)

)
du,(2.8)

(
p, q ≥ 0 , λ > 0, ℜ(p) > 0,ℜ(q) > 0,ℜ(λ) > 0,ℜ(δ1) > 0,ℜ(δ2) > 0

)
.

Proof. Equations (2.5)-(2.8) can be easily obtained by taking the transformation t =

cos2 θ, t = u
1+u

, t = 1+u
2

and t = u−a
c−a

in (2.1), respectively. �
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3. properties of extended beta function

In this section, we investigate various properties of the extended beta functionBλ
p (δ1, δ2).

Theorem 3.1. The extension of beta function satisfies the following integral representa-

tion

Bλ
p,q(δ1 + 1, δ2) +Bλ

p (δ1, δ2 + 1) = Bλ
p,q(δ1, δ2). (3.1)

Proof. Consider the left hand side of (3.1), we have

Bλ
p,q(δ1 + 1, δ2) + Bλ

p,q(δ1, δ2 + 1)

=

∫ 1

0

[
tδ1(1− t)δ2−1 + tδ1−1(1− t)δ2

]
Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt,

which proves the desired result. �

Corollary 3.1. The following result holds true

Bp,q(δ1 + 1, δ2) +Bp,q(δ1, δ2 + 1) = Bp,q(δ1, δ2). (3.2)

Proof. Setting λ = 1 in Theorem 3.1, we get the desired result. �

Corollary 3.2. The following integral representation holds true

Bp(δ1 + 1, δ2) +Bp(δ1, δ2 + 1) = Bp(δ1, δ2). (3.3)

Proof. Setting λ = 1 and p = q in Theorem 3.1, we get the required result. �

Corollary 3.3. The following integral representation holds true

B(δ1 + 1, δ2) +B(δ1, δ2 + 1) = B(δ1, δ2). (3.4)

Proof. Setting λ = 1 and p = q = 0 in Theorem 3.1, we get the required result. �

Theorem 3.2. The extension of beta function satisfies the following summation formulas

Bλ
p,q(δ1, 1− δ2) =

∞∑
n=0

(δ2)n
n!

Bλ
p,q(δ1 + n, 1), (ℜ(p) > 0, λ > 0). (3.5)

Proof. Consider the generalized binomial theorem

(1− t)−δ2 =
∞∑
n=0

(δ2)n
tn

n!
(|t| < 1). (3.6)

Applying (3.6) to the definition (2.1) of extended beta function

Bλ
p (δ1, 1− δ2) =

∫ 1

0

∞∑
n=0

(δ2)nt
δ1+n−1

n!
Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt

Now, interchanging the order of summation and integration in above equation and using

(2.1) proves the desired result. �
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Theorem 3.3. The extension of beta function satisfies the following infinite summation

formulas

Bλ
p,q(δ1, δ2) =

∞∑
n=0

Bλ
p,q(δ1 + n, δ2 + 1), (ℜ(p),ℜ(p) > 0, λ > 0). (3.7)

Proof. Replacing the following series representation in (2.1)

(1− t)δ2−1 = (1− t)δ2
∞∑
n=0

tn,

we obtain

Bλ
p,q(δ1, δ2) =

∫ 1

0

(1− t)δ2
∞∑
n=0

tδ1+n−1Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt.

By interchanging the order of integration and summation in above equation and using

(2.1), we get the desired result. �

Theorem 3.4. The following relation holds true

Bλ
p,q(a,−a− n) =

n∑
k=0

(
n

k

)
Bλ

p,q(a+ k,−a− k), (n ∈ N0). (3.8)

Proof. The fundamental relation gives

Bλ
p,q(u+ 1, v) +Bλ

p,q(u, v + 1) = Bλ
p,q(x, y).

Taking u = a and v = −a− n in above relation, we have

Bλ
p,q(a,−a− n) = Bλ

p,q(a,−a− n+ 1) +Bλ
p,q(a+ 1,−a− n).

Starting with n = 1, 2, 3 · · · , we have

Bλ
p,q(a,−a− 1) = Bλ

p,q(a,−a) +Bλ
p,q(a+ 1,−a− 1),

Bλ
p,q(a,−a− 2) = Bλ

p,q(a,−a) + 2Bλ
p,q(a+ 1,−a− 1) +Bλ

p,q(a+ 2,−a− 2),

Bλ
p,q(a,−a− 3) = Bλ

p,q(a,−a) + 3Bλ
p,q(a+ 1,−a− 1) + 3Bλ

p,q(a+ 2,−a− 2)

+ Bλ
p,q(a+ 3,−a− 3),

and so on. The above series behaves like as finite binomials series does. Thus, we can

finally obtain the desired relation (3.8). �

Note that, we can also prove the desired inequality by applying induction on n.

Theorem 3.5. For extension of beta function, we have the following Mellin transforma-

tion formula:

Bλ
p,q(δ1, δ2) =

1

(2πι)2

∫ γ1+ι∞

γ1−ι∞

∫ γ2+ι∞

γ2−ι∞

Γλ(r)Γλ(s)Γ(δ1 + r)Γ(δ2 + s)

Γ(δ1 + δ2 + r + s)
p−rq−sdrds (3.9)(

ℜ(p) > 0,ℜ(λ) > 0, γ1, γ2 > 0
)
.

Proof. Applying the inverse Mellin transform on both sides of (2.2), we get the desired

result. �
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4. The Extended beta distribution

Like extended beta function Bp(x, y) and Bp,q(x, y) there will be many application of

further extension of beta function Bλ
p,q(x, y). One application of this newly extension of

beta function Bλ
p,q(x, y) is to define beta distribution to a variables δ1 and δ2 with an

infinite range, which is an extension of extended beta distribution defined by Chaudhary

et al. and Choi et al. (see [4, 6]).

We define the extension of beta distribution by

f(t) =

{
1

Bλ
p,q(δ1,δ2)

tδ1−1(1− t)δ2−1Eλ

(
− p

t

)
Eλ

(
− q

(1−t)

)
, 0 < t < 1

0, otherwise
(4.1)

It is clear that the beta distribution (4.1) is the extension of beta distribution defined by

Chaudhary et al. and Choi et al. (see [4, 6]).

If v is any real number, then the mean of extended beta distribution (4.1) is defined as;

E(Xv) =
Bλ

p,q(δ1 + v, δ2)

Bλ
p,q(δ1, δ2)(

p, q > 0, λ > 0,−∞ < δ1, δ2 < ∞
)
.

When v = 1, then we get the mean of the distribution

µ = E(X) =
Bλ

p,q(δ1 + 1, δ2)

Bλ
p,q(δ1, δ2)

.

The various of the distribution can defined by

σ2 = E(X2)− {E(X)}2

=
Bλ

p,q(δ1, δ2)B
λ
p,q(δ1 + 2, δ2)− {Bλ

p,q(δ1 + 1, δ2)}2

{
Bλ

p,q(δ1, δ2)}2.

The moment generating function of the distribution is defined by

M(t) =
∞∑
n=0

tn

n!
E(Xn) =

1

Bλ
p,q(δ1, δ2)

∞∑
n=0

Bλ
p,q(δ1 + n, δ2)

tn

n!
. (4.2)

The cumulative distribution of (4.1) can be defined as

F (x) =
Bλ

x,p,q(δ1, δ2)

Bλ
p,q(δ1, δ2)

(4.3)

where

Bλ
x,p,q(δ1, δ2) =

∫ x

0

tδ1−1(1− t)δ2−1Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt, (4.4)

(
p, q > 0, λ > 0,−∞ < δ1, δ2 < ∞

)
is an extension of incomplete beta function.
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5. Extension of hypergeometric functions

In this section, we introduce further extension of hypergeometric and confluent hyper-

geometric functions by using the extension of beta function (2.1).

Definition 5.1. The extension of extended hypergeometric function is defined as;

F λ
p,q

(
δ1, δ2; δ3; z

)
=

∞∑
n=0

(δ1)n
Bλ

p,q(δ2 + n; δ3 − δ2)

B(δ2; δ3 − δ2)

zn

n!
, (5.1)

where p, q ≥ 0 , λ > 0 ,ℜ(δ3) > ℜ(δ2) > 0, |z| < 1 and Eλ(.) is the Mittag-Leffler function.

Definition 5.2. The extension of extended confluent hypergeometric function is defined

as;

Φλ
p,q

(
δ2; δ3; z

)
=

∞∑
n=0

Bλ
p,q(δ2 + n; δ3 − δ2)

B(δ2; δ3 − δ2)

zn

n!
, (5.2)

where p, q ≥ 0 , λ > 0 ,ℜ(δ3) > ℜ(δ2) > 0 .

Remark 5.1. It is clear that

(i) if we letting λ = 1, then (5.1) and (5.2) reduce to the (p, q)-extended hypergeometric

and confluent hypergeometric functions (1.15) and (1.16) respectively.

(ii) if we letting λ = 1 and p = q, then (5.1) and (5.2) reduce to the extended hypergeo-

metric and confluent hypergeometric functions (1.9) and (1.10) respectively.

(iii) if we letting λ = 1 and p = q = 0, then (5.1) and (5.2) reduce to the classical

hypergeometric and confluent hypergeometric functions (1.3) and (1.4) respectively.

6. Integral representations of extended hypergeometric functions

In this section, we define the integral representations of extended hypergeometric and

confluent hypergeometric functions (5.1) and (5.2).

Theorem 6.1. The extended hypergeometric has the following integral representation;

F λ
p,q

(
δ1, δ2; δ3; z

)
=

1

B(δ2, δ3 − δ2)

×
∫ 1

0

tδ2−1(1− t)δ3−δ2−1(1− tz)−δ1Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt (6.1)

where p, q, λ > 0, p, q = 0, ℜ(δ3) > ℜ(δ2) > 0 and | arg(1− z)| < π.

Proof. By using (2.1) in (5.1), we have

F λ
p,q

(
δ1, δ2; δ3; z) =

1

B(δ2, δ3 − δ2)

×
∫ 1

0

tδ2−1(1− t)δ3 − δ2 − 1Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

) ∞∑
n=0

(δ1)n
(zt)n

n!
dt.

(6.2)

Thus by using
∑∞

n=0(δ1)n
(zt)n

n!
= (1− tz)−δ1 in (6.2), we get the desired result. �
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Theorem 6.2. The following integral representations holds true:

F λ
p,q

(
δ1, δ2; δ3; z

)
=

1

B(δ2, δ3 − δ2)

×
∫ 1

0

uδ2−1(1 + u)δ1−δ3(1− u(1 + z))−δ1Eλ

(
− p(1 + u)

u

)
Eλ

(
− q(1 + u)

)
dt,

(6.3)

F λ
p,q

(
δ1, δ2; δ3; z

)
=

2

B(δ2, δ3 − δ2)

×
∫ π

2

0

(sin θ)2δ2−1(cos θ)2δ3−2δ2−1

(1− z sin2 θ)δ1
Eλ

(
− p csc2 θ

)
Eλ

(
− q sec2 θ

)
dθ

(6.4)

and

F λ
p,q

(
δ1, δ2; δ3; z

)
=

2

B(δ2, δ3 − δ2)

×
∫ ∞

0

(sinh θ)2δ2−1(cosh θ)2δ1−2δ3−1

(cosh2θ − z sinh2 θ)δ1
Eλ

(
− p coth2 θ

)
Eλ

(
− q cosh2 θ

)
dθ.

(6.5)

Proof. By substituting t = u
1+u

, t = sin2 θ and t = tanh2 θ in (5.1) respectively, we get the

desired representations (6.3)-(6.5) �

Next, we prove integral representations of extended confluent hypergeometric function.

Theorem 6.3.

Φλ
p,q

(
δ2; δ3; z

)
=

1

B(δ2; δ3 − δ2)

∫ 1

0

tδ2−1(1− t)δ3−δ2−1 exp(zt)Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt

(6.6)

and

Φλ
p,q

(
δ2; δ3; z

)
=

exp(z)

B(δ2; δ3 − δ2)

×
∫ 1

0

(1− t)δ2−1tδ3−δ2−1 exp(−zt)Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt (6.7)

Proof. By using definition of extended beta function (2.1) in (5.2), we have

Φλ
p,q

(
δ2; δ3; z

)
=

1

B(δ2; δ3 − δ2)

×
∫ 1

0

tδ2−1(1− t)δ3−δ2−1Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)( ∞∑
n=0

(zt)n

n!

)
dt. (6.8)

Using
∞∑
n=0

(zt)n

n!
= exp(zt),

in (6.8), we get the proof of (6.6). To prove (6.7), substituting t = 1− t in (6.6). �
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7. Differentiation formulas for the extended hypergeometric functions

In this section, we derive differentiations formulas for the extended hypergeometric and

confluent hypergeometric functions.

Theorem 7.1. The following formula hold true:

dn

dzn

{
F λ
p,q

(
δ1, δ2; δ3; z

)}
=

(δ1)n(δ2)n
(δ3)n

F λ
p,q

(
δ1 + n, δ2 + n; δ3 + n; z

)
(7.1)

Proof. Differentiating (5.1) with respect to z, we have

d

dz

{
F λ
p,q

(
δ1, δ2; δ3; z

)}
=

d

dz

∞∑
n=0

(δ1)n
Bλ

p,q(δ2 + n; δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!

=
∞∑
n=1

(δ1)n
Bλ

p,q(δ2 + n; δ3 − δ2)

B(δ2, δ3 − δ2)

zn−1

(n− 1)!
. (7.2)

Changing n to n+ 1 in (7.2), we have

d

dz

{
F λ
p,q

(
δ1, δ2; δ3; z

)}
=

∞∑
n=0

(δ1)n+1

Bλ
p,q(δ2 + n+ 1; δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
. (7.3)

Since

B(b, c− b) =
c

b
B(b+ 1, c− b) (7.4)

Applying (7.4) to (7.3), we get

d

dz

{
F λ
p,q

(
δ1, δ2; δ3; z

)}
=

δ1δ2
δ3

∞∑
n=0

(δ1 + 1)n
Bλ

p,q(δ2 + n+ 1; δ3 − δ2)

B(δ2 + 1, δ3 − δ2)

zn

n!

=
δ1δ2
δ3

F λ
p,q

(
δ1 + 1, δ2 + 1; δ3 + 1; z

)
. (7.5)

Again differentiating (7.5) with respect to z, we obtain

d2

dz2

{
F λ
p,q

(
δ1, δ2; δ3; z

)}
=

δ1(δ1 + 1)δ2(δ2 + 1)

δ3(δ3 + 1)
F λ
p,q

(
δ1 + 2, δ2 + 2; δ3 + 2; z

)
. (7.6)

Continuing up to n times, we get the required result. �

Theorem 7.2. The following formula hold true:

dn

dzn

{
Φλ

p,q

(
δ2; δ3; z

)}
=

(δ2)n
(δ3)n

Φλ
p,q

(
δ2 + n; δ3 + n; z

)
. (7.7)

Proof. Applying the similar procedure used in Theorem 7.1, we get the desired result. �
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8. Mellin transformation of extended hypergeometric functions

In this section, we derive the Mellin transformation of extended hypergeometric and

confluent hypergeometric functions (5.1) and (5.2).

Theorem 8.1. The extended hypergeometric function has the following Mellin transform;

M
{
F λ
p,q

(
δ1, δ2; δ3; z

)
; p → s

}
=

Γλ(r)Γλ(s)B(δ2 + r, δ3 + s− δ2)

B(δ2, δ3 − δ2)

× F
(
δ1, δ2 + r; δ3 + r + s; z), (8.1)

where ℜ(δ2 + r) > 0, and ℜ(δ3 + s) > 0.

Proof. Applying Mellin transform on both sides of (6.1), we have

M
{
F λ
p,q

(
δ1, δ2; δ3; z

)
; p → r, q → s

}
=

1

B(δ2, δ3 − δ2)

×
∫ ∞

0

∫ ∞

0

pr−1qs−1

∫ 1

0

tδ2−1(1− t)δ3−δ2−1(1− tz)−δ1Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dtdpdq

Interchanging the order of integrations in above equation, we have

M
{
F λ
p,q

(
δ1, δ2; δ3; z

)
; p → r, q → s

}
=

1

B(δ2, δ3 − δ2)

∫ 1

0

tδ2−1(1− t)δ3−δ2−1(1− tz)−δ1

×
{∫ ∞

0

pr−1Eλ

(
− p

t

)
dp
}{∫ ∞

0

qs−1Eλ

(
− q

(1− t)

)
dq
}
dt (8.2)

Using the following definition of Γλ(.) (see [15]) in above equation, we get the desired

result.{∫ ∞

0

pr−1Eλ

(
− p

t

)
dp
}{∫ ∞

0

q−sEλ

(
− q

(1− t)

)
dq
}
= tr(1− t)sΓλ(r)Γλ(s),

by substituting u = p
t(1−t)

and v = q
(1−t)

. �

Theorem 8.2. The following result holds true;

F λ
p,q

(
δ1, δ2; δ3; z

)
=

1

(2πι)2B(δ2, δ3 − δ2)

∫ γ1+ι∞

γ1−ι∞

∫ γ2+ι∞

γ2−ι∞

Γλ(r)Γλ(s)Γ(δ2 + r)Γ(δ3 + s− δ2)

Γ(δ3 + r + s)

× F
(
δ1, δ2 + r; δ3 + r + s; z)p−rq−sdrds, (γ1, γ2 > 0). (8.3)

Proof. Taking the inverse Mellin transform of both sides on (8.1), we get the required

result. �

In similar way, we can prove the following theorems for extended confluent hypergeo-

metric functions.
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Theorem 8.3. The extended confluent hypergeometric function has the following Mellin

transform;

M
{
Φλ

p,q

(
δ2; δ3; z

)
; p → r, q → s

}
=

Γλ(r)Γλ(s)B(δ2 + r, δ3 + r − δ2)

B(δ2, δ3 − δ2)

× Φ
(
δ2 + s; δ3 + r + s; z), (8.4)

where ℜ(δ2 + s) > 0, and ℜ(δ3 + s) > 0.

Theorem 8.4. The following result holds true;

Φλ
p,q

(
δ2; δ3; z

)
=

1

(2πι)2B(δ2, δ3 − δ2)

∫ γ1+ι∞

γ1−ι∞

∫ γ2+ι∞

γ2−ι∞

Γλ(s)Γλ(r)Γ(δ2 + r)Γ(δ3 + s− δ2)

Γ(δ3 + r + s)

× Φ
(
δ2 + r; δ3 + r + s; z)p−rq−sdrds, (γ1, γ2 > 0). (8.5)

9. Transformation and summation formulas

In this section, we obtain transformation and summation formulas for the extended

hypergeometric and confluent hypergeometric functions as follows:

Theorem 9.1. The following transformation for extended hypergeometric function holds

true for p, λ > 0:

F λ
p,q

(
δ1, δ2; δ3; z

)
= (1− z)−δ1F λ

p,q

(
δ1, δ2; δ3;−

z

1− z

)
, (9.1)

where | arg(1− z)| < π.

Proof. Replacing t by (1− t) in (6.1), we get the desired result. �

Theorem 9.2. The following transformation for extended confluent hypergeometric func-

tion holds true for p, λ > 0:

Φλ
p,q

(
δ1, δ2; δ3; z

)
= exp(z)Φλ

p,q

(
δ3 − δ2; δ3;−z

)
, (9.2)

where | arg(1− z)| < π.

Proof. From (6.6) and (6.7), we can easily establish the required result. �

Theorem 9.3. The following summation formula holds true

F λ
p,q

(
δ1, δ2; δ3; z

)
=

Bλ
p,q(δ2, δ3 − δ1 − δ2)

B(δ2, δ3 − δ2)
, (9.3)

where p, q ≥ 0, λ > 0 and ℜ(δ3 − δ1 − δ2) > 0.

Proof. Taking z = 1 in (6.1), we have

F λ
p,q

(
δ1, δ2; δ3; 1

)
=

1

B(δ2, δ3 − δ2)

∫ 1

0

tδ2−1(1− t)δ3−δ1−δ2−1Eλ

(
− p

t

)
Eλ

(
− q

(1− t)

)
dt

By applying definition (2.1) to the above equation, we get the desired result. �
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10. Concluding remarks

In this paper, the authors established the extension of extended beta function. They

defined several properties, integral representations and extension of beta distribution.

Also, they defined further extension of extended hypergeometric and confluent hyperge-

ometric functions with the help of newly defined beta function and established various

properties, integral representations and differentiation formulas of extended hypergeomet-

ric and confluent hypergeometric functions. The authors conclude that if we letting λ = 1

throughout in the paper then all the results will be reduced to the work of Chaudhry et

al. (see [6]). Also, if we letting λ = 1 and p = q throughout in the paper then all the

results will be reduced to results of extended beta function, extended beta distribution,

extended Gauss hypergeometric and extended confluent hypergeometric functions ( see

[4, 5]). In similar way, if we letting λ = 1 and p = q = 0 throughout in the paper then

all the results will be reduced to the classical results of beta function, beta distribution,

Gauss hypergeometric and confluent hypergeometric functions (see [8], [16]).
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[11] E. Özergin, M. A. Özarslan, Abdullah Altn, Extension of gamma, beta and hyperge-

ometric functions, J. Comput. Appl. Math., 235 (2011), 4601-4610.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 January 2018                   doi:10.20944/preprints201801.0074.v1

http://dx.doi.org/10.20944/preprints201801.0074.v1


16 G. RAHMAN, G. KANWAL, K. S. NISAR, A. GHAFFAR
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