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A NEW EXTENSION OF BETA AND HYPERGEOMETRIC
FUNCTIONS

GAUHAR RAHMAN, GULNAZ KANWAL, KOTTAKKARAN SOOPPY NISAR*, ABDUL
GHAFFAR

ABSTRACT. The main objective of this paper is to introduce a further extension of ex-
tended (p, g)-beta function by considering two Mittag-Leffler function in the kernel. We
investigate various properties of this newly defined beta function such as integral repre-
sentations, summation formulas and Mellin transform. We define extended beta distribu-
tion and its mean, variance and moment generating function with the help of extension
of beta function. Also, we establish an extension of extended (p, ¢)-hypergeometric and
(p, q)-confluent hypergeometric functions by using the extension of beta function. Vari-
ous properties of newly defined extended hypergeometric and confluent hypergeometric
functions such as integral representations, Mellin transformations, differentiation formu-

las, transformation and summation formulas are investigated.

1. INTRODUCTION

We start with the classical beta function which is defined by

51,52 /t(Sl 1 62 1dt (%(51) > 0,%((52) > 0) (11)
0
and its relation with well known gamma function
r(9) = / £ 1etdt, (R(D) > 0) (1.2)
0
is given by
I'(d1)I'(d2)
B(61,05) = ———=—=,R(61) > 0,R(d2) >0
(0082) = iy 5 RO > 0.R(5)
The Gauss hypergeometric and confluent hypergeometric functions which are defined (see
[16]) as
e N L . (51)n(52)n 2"
oI (01, 025 033 2) = ; Wﬁ’ (lz| < 1), (1.3)
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(51,52,53 €Cand dy £0,—1,-2 -3, ) and

(52 nz”
63;,15’('2‘ <1), (1.4)

((52, 03 € Cand 63 #0,—1,-2,-3,-- -), respectively.

The integral representation of hypergeometric and confluent hypergeometric functions are

(025 63;2) =

NE

Il
=)

n

respectively defined by
I'(05)
[(09)T'(d3 — 92

(%(53) > R(6,) > 0, |arg(1 — 2)] < 7r>, and

9 F1 (01,095 035 2) =

) /1 0271 (1 — )% 70271 (1 — 2) 7 dt, (1.5)

I'(d3)
['(92)[(05 — 92
(%(53) > R(6) > o).
Chaudhry et al. [4] introduced the extended beta function is defined by

e}

B(01,02;p) = By(01,02) = /tal_l(l — by e Tt (L.7)

0
(where R(p) > 0,R(d1) > 0,R(d3) > 0) respectively. When p = 0, then B(01,02;0) =

B(d1,05).
Also, they defined the following extended beta distribution by

61— do—
f(t) = { Bp(51 52)t (=) exp[—

1
D1 (0y; 035 2) = )/ 0271 (1 — ¢)%s 02 LA gy (1.6)
0

,0<t<1

T (1.8)

0, otherwise

The extended hypergeometric and confluent hypergeometric functions introduced in [5]
by using the definition of extended beta function B,(d1,d2) as follows:

. B,(05 +n,d3 — 03) Z"
Fy(01,02;0532) = ) pB(2<52 5 _352> 2 (O)n 77 (1.9)
n=0 ’ ’

where p > 0 and £(d3) > R(d2) > 0, |z| < 1 and

f:Bp 524‘71 53—(52)

52753’ (52,53 —(52) 7’L!7

(1.10)

n=

where p > 0 and R(d3) > R(d2) > 0.
In the same paper, they defined the following integral representations of extended hy-

pergeometric and confluent hypergeometric functions as

1
Fy(01,09; 035 2) = B(62. 05— 03)
1

X /0 02711 — )72 (1 — 2t) P exp (t(l_f t))dt’ (1.11)
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<p > 0,R(d5) > R(8) > 0, | arg(1 — 2)| < w>,

and

__ /1 %2711 — )% %2 L exp (zt S— )dt (1.12)
B(02,05 — d2) Jo t(1—1t)) "

(p > 0,R(55) > R(,) > o).

(I)p(52; 637 Z) -

It is clear that when p = 0, then the equations (1.9)-(1.12) reduce to the well known
hypergeometric and confluent hypergeometric series and their integral representation re-
spectively.

Choi et al. [6] introduced the extended (p, ¢)-beta function is defined by

,q)-
B(01,62;p,q) = Byg(01,02) /t51 L1 — )t i madt (1.13)

0
(where R(p), R(q) > 0,R(d1) > 0,R(2) > 0) respectlvely When p = ¢, then B, ,(61,02;0) =
B,(61,02) and if p = ¢ = 0, then B, ;(1,92;0) = B(d1, d2).

Also, they [6] defined the following extended beta distribution by

61—1 o1
ft) = Bt L =) texp[—% —
0, otherwise

-l 0<t<1
D) : (1.14)

The extended hypergeometric and confluent hypergeometric functions introduced in [6]
by using the definition of extended beta function B, ,(d1,02) as follows:

[e. o]

Bp’q<52 + n, 53 — 62) "

F Oy 2) = . 1.15
pa(01:02; 033 2) 2 B(0,05 — 02) O (1.15)
where p,q > 0 and R(d3) > R(d2) > 0, |z] < 1 and
> B (52"‘7); (53—52)2«'“
By (00 2) = 3 Do ) z 1.16
pvQ(627 537 Z) o B((SQ, 53 . 52) n' ) ( )

where p,q > 0 and R(d3) > R(J2) > 0.
In the same paper, they defined the following integral representations of extended hy-
pergeometric and confluent hypergeometric functions as

1
Fpq(01, 025033 2) = B(65.05 — 63)
1

% / t§2—1<1 i t)53—52—1(1 . Zt)_él exp (%p — (1 z t))dt7 (117)

<§R(p), R(q) > 0,R(53) > R(2) > 0, |arg(1 — 2)| < 7r>,

and

1 ! —
(I)p,q((sg; 53, Z) = m/ t62_1(1 - t)63_62_1 exp (Zt — —p — d ; )Clt, (118)

d0i:10.20944/preprints201801.0074.v1
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(p > 0, R(d5) > R(55) > o).

It is clear that when p = ¢, then the equations (1.15)-(1.18) reduce to the well known
extended hypergeometric and confluent hypergeometric series and their integral represen-
tation respectively (see e.g., (1.9)-(1.12)).

Very recently, Pucheta [15] introduced a new and modified extension of gamma and

beta function which are respectively defined by

T(6)) = /OOO 1B (—bo), R(5,) > 0 (1.19)

B61,65) = /1 911 — t)‘sQ_lEA< ~pt(1— t))dt, (1.20)

0

where R(d;) > 0, R(52) > 0 and E) () is the Mittag-Leffler function. Obviously, when
A=1and P = 0 then B;\((Sl,aQ) = B(51,52).

Very recently Shadab et al. [7] introduced a new and modified extension of beta function
as:

Bg(al,az):/Olt‘”_l(l—t)”?_lEa<—t(lp_t)>dt, (1.21)

where £(o1) > 0, R(o2) > 0 and E, () is Mittag-Leffler function defined by

Ea(z) - 2#11) (1.22)

Obviously, when a = 1 then B} (x,y) = Bpy(x,y) is the extended beta function (see[4]).
Similarly, when when a = 1 and p = 0, then B}(z,y) = Bo(z,y) is the classical beta
function.

They [7] also defined extended hypergeometric function and its integral representation

BZ(O—Q +n,o3 — 02) Z"

oo
F(01,02;03;2) = 21} (01702;03;231), 04) = Z(Ul)n B(os, 05 — 03) ol

n=0
. B(oy +n,03 — 09;p, ) 2"
= n — 1.23
;(01) B(og, 05 — 03) n! (1.23)
where p,a > 0, 01, 09,03 € C and |2| < 1.
Fo(o1, 09105 2) = o /1 1= ) (1 = 1) B (- )
Blog; 03 — 02) Jo t(1—t)

(1.24)

where R(p) > 0, R(a) > 0, R(03) > R(02) > 0. In they same paper defined the following
extended confluent hypergeometric function and its integral representation as:

> By(o2 +n,03 — 03) 2"

Qo (09;03;2) = <I><a1,02;0'3;2;p, a) = —
p s B(02,0'3 — 0'2) n'

d0i:10.20944/preprints201801.0074.v1
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(o —i— n,o3 — oo, P, ) 2"

_ Z 2 3 2 p? ) - (125)
0'2, 03 — 02) n'

where p,a > 0, , 05,03 € C, and
! / 1t"2*1(1 — )72 L exp(t2) E (— b )dt (1.26)
B(og;03 — 02) J “ t(r—t)y/ 7
where R(p) > 0, R(«) > 0, R(o3) > R(09) > 0.
Obviously when o = 1, then (1.23)-(1.26) will reduce to the extended hypergeometric

(095035 2) =

function (1.9)-(1.12) and similarly when o = 1 and p = 0 then the hypergeometric function
(1.23) will reduce to the hypergeometric function (1.3)-(1.6).
The extended beta distribution function is defined in [7] as:

S1—1(1 _ #\0a—1
f(t):{ it (1 0B (g ) 0 < <1 (1.27)

0, otherwise
For various extensions and generalizations of beta function and hypergeometric func-
tions the interested readers may refer to the recent work of researchers (see e.g., [1-
3,9, 11-14]).
2. EXTENSION OF BETA FUNCTION AND ITS PROPERTIES

In this section, we define a new extension of beta function and its properties such as

Mellin transforms and integral representations.

Definition 2.1. The extension of extended beta function is defined as:

1
A _ S1-1(1 _ \d2—1 b 49
Bp (51,52) = /0 z (1 Z) E)\ ( Z) E)\ ( —(1 — Z)) dZ, (21)
where R(61) > 0,R(d2) > 0, p,q > 0, R(A) > 0 and E\(.) is Mittag-Leffler function.

Remark 2.1. Note that:

(i) if X =1, then (2.1) reduces to the well known extended beta function (1.13).

(ii) if A\ =1 and p = q, then (2.1) reduces reduces to the classical beta function (1.7).
(1ii) if A\ =1 and p = q = 0, then (2.1) reduces reduces to the classical beta function (1.1).

Theorem 2.1. The extension of extended beta function have the following Mellin trans-

form relation:
M{B;\,q((sla 52);p — T,q — 5} = B(51 + 17,00 + S)F/\(T)FA(S)7 (2-2>
where R(s) > 0, R(01 + s) > 0 and R(d2 + s) > 0.

Proof. Applying the Mellin transform on (2.1), we have

M{B q(51752)p—>7“q—>s} // r=1gs-1

X (/O B-l(]  p)lp, (—g) E\ (_(132«)) dz> dpdq

d0i:10.20944/preprints201801.0074.v1
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Interchanging the order integrations, we have

1
M{Blg\vq((Slvé?);p — s} = /0 Z51_1(1 _ Z)52—1

AT [ ()

(2.3)

T3 in (2.3), we have

Substituting v = g and v = ( q
1
M{B;\,q(51762>;p — S} = / 251+T—1(1 . Z)62+s—1
0

X {/Ooour_lEA(—w) du}{/ooovs_lEA(—v) dv}dz. (2.4)

By applying the definition of I'*(.) to (2.4) (see [15]), we get the following desired result.

M{B},(81,82);p = s} = B3 + 1,85 + )P (r)T(s).

O

Corollary 2.1. The following integral representation holds true

/0 By (61,62)dp = B(61 + 1,0 + 1).

Proof. By taking r = s =1 and A = 1 in Theorem 2.1, we get the required result. 0

Theorem 2.2. The following integral representations holds true

A _ H 261—1 f 31.289—1 p q
By (01,09) = 2/0 oS 0 sin“*2 HE,\( — c0529>E>‘< - m)d@, (2.5)
00 01—1
A _ u’ p(1 +u)

Bp,q(517 (52) = /0 mEA( — T)EA( — Q(l + U))du, (26)

1

33(51,52):21—61—52/ (1+u)51_1(1—u)52_1E,\<— 2P )EA(— 24 )du (2.7)

1 1+u 1—u
and
B;‘(a:, y) = (c—a) =% /ac(u —a)" (e - u)62_1E,\< — ]ZELC__;))>E,\< — q((cc__;)>>du(2.8)

(p,q >0 ) A > Oa §):E(p) > 0,%((]) > 07 %(}\) > Oa §R(51) > 07 §}%((52> > O)

Proof. Equations (2.5)-(2.8) can be easily obtained by taking the transformation ¢ =

cos?, t = et = 22 and ¢ = “=2 in (2.1), respectively. O
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3. PROPERTIES OF EXTENDED BETA FUNCTION

In this section, we investigate various properties of the extended beta function B;}(él, 52).

Theorem 3.1. The extension of beta function satisfies the following integral representa-
tion

B2 (81 +1,85) + B)61,05 + 1) = B (81,05). (3.1)
Proof. Consider the left hand side of (3.1), we have

By, (0 +1,62) + Bp (61,05 +1)
1
== t(5 1_t52—1+t61—1 ].—t(SE _EE _ q dt,
/0[1< ) - E( - 2)E (- )

which proves the desired result. 0

Corollary 3.1. The following result holds true
B, 4(61 4+ 1,69) + By (01,02 + 1) = By, 4(61, 02). (3.2)
Proof. Setting A =1 in Theorem 3.1, we get the desired result. 0
Corollary 3.2. The following integral representation holds true
B,(81 4+ 1,05) + By(61,02 + 1) = B,(61,02). (3.3)
Proof. Setting A =1 and p = ¢ in Theorem 3.1, we get the required result. O
Corollary 3.3. The following integral representation holds true
B(61 +1,02) + B(61,02 + 1) = B(01,02). (3.4)
Proof. Setting A =1 and p = ¢ = 0 in Theorem 3.1, we get the required result. 0

Theorem 3.2. The extension of beta function satisfies the following summation formulas

- (52)71
B (01,1 —6,) =Y —

n=0

Bj,(61+n,1), (R(p) > 0,1 > 0), (3.5)
Proof. Consider the generalized binomial theorem

(1= 1) = Sy (1 < 1), (3.6)

n=0

Applying (3.6) to the definition (2.1) of extended beta function

1 5 d1+n—1
=)= [ O (D)

Now, interchanging the order of summation and integration in above equation and using
(2.1) proves the desired result. O

d0i:10.20944/preprints201801.0074.v1
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Theorem 3.3. The extension of beta function satisfies the following infinite summation

formulas
L (01,05) = Z (61471, + 1), (R(p), R(p) > 0,\ > 0). (3.7)

Proof. Replacing the following series representation in (2.1)

L=t =1—t)”> ",
n=0

we obtain

)= [0S e (- E)a (- i)

By interchanging the order of integration and summation in above equation and using
(2.1), we get the desired result. O

Theorem 3.4. The following relation holds true

n

B (a,~a—n)=3" ( i ) B (a+k,—a—k),(n e N). (3.8)

k=0

Proof. The fundamental relation gives
A A _ pA
By (u+1,v)+ By (u,v+1) =B (z,y).
Taking © = a and v = —a — n in above relation, we have
By (a,—a—mn) =B, (a,—a—n+1)+ B) (a+1,—a—n).
Starting with n =1,2,3---, we have
A _ pA A
By (a,—a—1) = B (a,—a)+ B; (a+1,—a—1),
A _ pA A A
By (a,—a—2) = By (a,—a)+2B, (a+1,—-a—1)+ By (a+2,—a—2),
A _ pA A A
By (a,—a—=3) = B (a,—a)+3B, (a+1,—a—1)+3B; (a+2,—a—2)
+ By (a+3,—a-23),
and so on. The above series behaves like as finite binomials series does. Thus, we can
finally obtain the desired relation (3.8). O

Note that, we can also prove the desired inequality by applying induction on n.

Theorem 3.5. For extension of beta function, we have the following Mellin transforma-
tion formula:

~y1+ioo  pyatLoo F)\ ( ) (61 —+ 7’) ((52 + 8) —r —s
(51’52 27TL / /2 —100 (01 + 62 47+ 5) pradds 69

Y1 —Lo0

(%(p) >0,R(A) > 0,71,72 > 0>.

Proof. Applying the inverse Mellin transform on both sides of (2.2), we get the desired
result. OJ

d0i:10.20944/preprints201801.0074.v1
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4. THE EXTENDED BETA DISTRIBUTION

Like extended beta function By(z,y) and B, ,(z,y) there will be many application of
further extension of beta function B[j\,q(:c, y). One application of this newly extension of
beta function Bg‘jq(x,y) is to define beta distribution to a variables §; and ¢, with an
infinite range, which is an extension of extended beta distribution defined by Chaudhary
et al. and Choi et al. (see [4, 6]).

We define the extension of beta distribution by

f(t):{ et (= 1) 1EA(——>EA< o )) 0<t<l1 @)

0, otherwise

It is clear that the beta distribution (4.1) is the extension of beta distribution defined by
Chaudhary et al. and Choi et al. (see [4, 6]).
If v is any real number, then the mean of extended beta distribution (4.1) is defined as;

B;:q(él + v, 52)
B2 (31, 02)

E(X") =

(paq > 0,A>0,—00 < 41,02 < oo)
When v = 1, then we get the mean of the distribution

B} (01 +1,02)
B2 (61, 02)

The various of the distribution can defined by

o° = E(X? —{EX)}?
BI)’\q(élv 52)31),‘(1(51 +2,8;) — {B) (01 +1,6)}?

= 2 2 { ekl B;\,q(él, (52)}2.

The moment generating function of the distribution is defined by

p=EX)=

n

M(t) = n—E(X”)— 517 5 Z 61+ 7, 52) (4.2)

%

n=0

The cumulative distribution of (4.1) can be defined as

F(z) = % (4.3)
where
qu((Sl, da) = /Ow t‘sl*l(l — t)‘srlE)( — %)EA< — {a z t))dt’ (4.4)

<p,q>0,)\>0,—00<517(52<oo)

is an extension of incomplete beta function.

d0i:10.20944/preprints201801.0074.v1
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5. EXTENSION OF HYPERGEOMETRIC FUNCTIONS

In this section, we introduce further extension of hypergeometric and confluent hyper-
geometric functions by using the extension of beta function (2.1).

Definition 5.1. The extension of extended hypergeometric function is defined as;

B)‘ (52 + n; (53 - (52) ik
A LS. § p,q ’
F;)’q<5175275372> (51)71 3(52,63 — 62) n!’ (51>

where p,q > 0, X > 0,R(d3) > R(d2) > 0, |2] <1 and E\(.) is the Mittag-Leffler function.

Definition 5.2. The extension of extended confluent hypergeometric function is defined

as;

> B>‘ (52 +n; (53 — (52) 2"
A . . _ p,q )
Pha (52’ 03 Z) - ano B(0;05 — 05) !’ (5:2)

where p,q > 0,X > 0,R(d3) > R(dy) >0 .

Remark 5.1. It is clear that

(i) if we letting A = 1, then (5.1) and (5.2) reduce to the (p,q)-extended hypergeometric
and confluent hypergeometric functions (1.15) and (1.16) respectively.

(ii) if we letting A = 1 and p = q, then (5.1) and (5.2) reduce to the extended hypergeo-
metric and confluent hypergeometric functions (1.9) and (1.10) respectively.

(#1) if we letting A = 1 and p = q = 0, then (5.1) and (5.2) reduce to the classical
hypergeometric and confluent hypergeometric functions (1.3) and (1.4) respectively.

6. INTEGRAL REPRESENTATIONS OF EXTENDED HYPERGEOMETRIC FUNCTIONS

In this section, we define the integral representations of extended hypergeometric and
confluent hypergeometric functions (5.1) and (5.2).

Theorem 6.1. The extended hypergeometric has the following integral representation;

1
A e v ) —
Fp7q<51,52,53,z) "~ B(05,05 — 0,)
1
So—1(1 _ 1\63—02—171 _ 4.\—61 _p 9
X/Ot (1 -0y (1 t2) 5 By (- D) By (1_t)>dt (6.1)
where p,q, A >0, p,q =0, R(d3) > R(d2) > 0 and |arg(l — 2)| < 7.
Proof. By using (2.1) in (5.1), we have
1
F)\ Y — -
p7q<6176275372) B<52753 _ 62)
1 )
Bl e s P g (=0)"
x/o #4101 = )8 — b — 1~ 2) By 1 _t)) > (Gt
(6.2)

Thus by using Z?:O(él)n% = (1 —t2)"% in (6.2), we get the desired result. O

d0i:10.20944/preprints201801.0074.v1
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Theorem 6.2. The following integral representations holds true:

1
A L5 - -
Fp,q<51’52753’z> - B(52’53 . 52)
1
x / w2 (1 4 ) (1 — (1 + z))—‘leA( - ZM)EA( —q(1+ U)>dt
0 u
(6.3)
2
Fp):q(51752;53;z) (52753 )

E/\( — pesc? «9>E>\< — gsec? 9)d0
(6.4)

y /72r (sin §)%2=1(cos §)203 2021
0 (1 — zsin? §)%

and
2

FA(61,0:03,2) = ——————
p7q< 1,92, 3?2) B(52753 _52)
y /o" (sinh 0)?°2~1(cosh §)?01—2%-1
0 (cosh20 — zsinh? §)%

E,\( — pcoth? 0) EA< — g cosh? 9) do.

(6.5)
Proof. By substituting ¢ = 17, ¢ = sin 20 and t = tanh? @ in (5.1) respectively, we get the
desired representations (6.3)-(6.5) O

Next, we prove integral representations of extended confluent hypergeometric function.

Theorem 6.3.
CID;"q (52; 3; Z) = m /01 0271 (1 — ¢)% 02t exp(zt)E,\( — g)EA( T z t))dt
(6.6)
and
@;’q (52;53; z> = B((;;};(g—g(?(b)

) /01(1_ t)az_ltag-az—lexp(_zt)EA<_E)EA(- (1ft))dt (6.7)

Proof. By using definition of extended beta function (2.1) in (5.2), we have

1
A . . _
Pha (52’ 03 Z) "~ B(0y; 03 — &)

' p
X / t62_1(1 — t)53_62_1E>\( — E)E)\< —
0

gt)> (i (Z; Jat. (638)

n=0

Using

> E — espan),

n (6.8), we get the proof of (6.6). To prove (6.7), substituting ¢t =1 — ¢ in (6.6). O

d0i:10.20944/preprints201801.0074.v1
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7. DIFFERENTIATION FORMULAS FOR THE EXTENDED HYPERGEOMETRIC FUNCTIONS

In this section, we derive differentiations formulas for the extended hypergeometric and

confluent hypergeometric functions.

Theorem 7.1. The following formula hold true:

%{FQQ(&,&; 03; Z>} - %Féq@l +n, 03 + 0505 + 1 Z)

Proof. Differentiating (5.1) with respect to z, we have

d d & BA (52 +n; (53 — 52) Ak
d [ o _a P.q jall
dz{ p’q(617527637z>} dz ;(51)n B<52,53 _62) n!

p7q(52 +n;03 —dy) 2t

=2_(6)n B(0s,05— 63)  (n— 1)

Changing n to n + 1 in (7.2), we have

d A ) ] . b Bz))\,q(62 +n 4+ ]., (53 — (52) Zn
E{Fp,q (51,52, 53) Z)} - Z<51)n+1 B(52,53 _ 52) m

n=

Since
B(b,c—b) = gB(b+ 1,c—b)

Applying (7.4) to (7.3), we get

dz S =
by
=5

B(52+1,53—(52) n!

Again differentiating (7.5) with respect to z, we obtain

dz? 03(05 + 1)

Continuing up to n times, we get the required result.

Theorem 7.2. The following formula hold true:

%{‘D;},q (52; d3; z)} = EZ;:(I);’(I <52 +n; 03 + n; z>

i{F;q(al,(sQ;ag;z)} _ 80y i<51 o1y Bhlortn 18— 6)

& {Fﬁq (51, 09; 03; z)} = 01(01 + 1)%(% + 1)F;q (51 + 2,00 + 2;03 + 2; z)

(7.3)

(7.4)

(7.7)

Proof. Applying the similar procedure used in Theorem 7.1, we get the desired result. [J
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8. MELLIN TRANSFORMATION OF EXTENDED HYPERGEOMETRIC FUNCTIONS

In this section, we derive the Mellin transformation of extended hypergeometric and
confluent hypergeometric functions (5.1) and (5.2).

Theorem 8.1. The extended hypergeometric function has the following Mellin transform;

F/\(T)FA(S>B((52 + 7, 53 + s — (52)
M{Fp):q<5175215372>7p — 8} = B(62,53 _ 62)

F<(51,52+r;53—|—7"—|—8;z), (8.1)

where R(6 + 1) > 0, and R(03 + s) > 0.
Proof. Applying Mellin transform on both sides of (6.1), we have
M{F,iq (51, 025 03; Z);p —T,q— 8}

1
B(d2, 03 — 02)

/ / / R e Y L G e KL

Interchanging the order of integrations in above equation, we have
M{Fﬁq@l,%; 53;Z>;p —T,q— 8}

1 1
- - t52—1 1—+¢ 03—0d02—1 11—tz —01
sl AAUEL AR (R

AL rE el s (e 6

Using the following definition of T'*(.) (see [15]) in above equation, we get the desired

result.

{ /OooprlEA( B %)dp}{ /0°° qisEA( e i t)>de} =1"(1 = )T (r)I(s),

— _9
by substituting v = ( 5 and v = T 0

Theorem 8.2. The following result holds true;

1 Teo (1200 PA(y s)I'(dy + )03 + s — 6
AR p— MONCELNCEERLY
(27TL) B(ég, 63 - (52) A1 —100 A2 —100 F((sg +7r—+ S)
X F(51, 0y + 703+ 71+ 5;2)p "q *drds, (71,72 > 0). (8.3)

Proof. Taking the inverse Mellin transform of both sides on (8.1), we get the required
result. U

In similar way, we can prove the following theorems for extended confluent hypergeo-

metric functions.
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Theorem 8.3. The extended confluent hypergeometric function has the following Mellin

transform;

FA(T)F/\(S)B@Q + 17,03 +1 — 02)

M{(I);\7q<52;53;z>;p —7r,q— s} =

B(6a, 03 — 62)
x¢)<52+5;(53+r+5;z), (8.4)
where R(dg + s) > 0, and R(d5 + s) > 0.
Theorem 8.4. The following result holds true;
\ 1 yiteeo (12000 PAHTA(P) T (G + 7)[(63 + s — Oo)
d (52; 03; z) =
pa (27TL)2B(52, 03 — 52) =100 Jya—100 F(ég +7r—+ S)
x O ((52 + 703+ 71+ 8;2)p g *drds, (71,72 > 0). (8.5)

9. TRANSFORMATION AND SUMMATION FORMULAS

In this section, we obtain transformation and summation formulas for the extended
hypergeometric and confluent hypergeometric functions as follows:

Theorem 9.1. The following transformation for extended hypergeometric function holds
true for p, A > 0:

z
Fp):q (51; 025 03; Z> = (1 — Z>—51F;:q ((51, 093 03; — 1_ >, (91)
where |arg(l — 2)| < 7.
Proof. Replacing ¢t by (1 —t) in (6.1), we get the desired result. O

Theorem 9.2. The following transformation for extended confluent hypergeometric func-
tion holds true for p, A > 0:

CI);q <51, (52; (53; Z) = eXp(Z)(I);},q ((53 — 52; 53; —z), (92)
where |arg(l — 2)| < 7.
Proof. From (6.6) and (6.7), we can easily establish the required result. O

Theorem 9.3. The following summation formula holds true
B2, (62,05 — 0y — 6)
B(02,03 — d3)

F;q<51,52;53;2) =
where p,q > 0, A > 0 and R(d3 — 5, — d9) > 0.

Proof. Taking z =1 in (6.1), we have

F;:q (51’ 6 1) _ m /01 t52_1(1 _ t)53_51_52_1E,\< — §>E/\( — § z t)>dt

By applying definition (2.1) to the above equation, we get the desired result. 0

d0i:10.20944/preprints201801.0074.v1
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10. CONCLUDING REMARKS

In this paper, the authors established the extension of extended beta function. They
defined several properties, integral representations and extension of beta distribution.
Also, they defined further extension of extended hypergeometric and confluent hyperge-
ometric functions with the help of newly defined beta function and established various
properties, integral representations and differentiation formulas of extended hypergeomet-
ric and confluent hypergeometric functions. The authors conclude that if we letting A = 1
throughout in the paper then all the results will be reduced to the work of Chaudhry et
al. (see [6]). Also, if we letting A = 1 and p = ¢ throughout in the paper then all the
results will be reduced to results of extended beta function, extended beta distribution,
extended Gauss hypergeometric and extended confluent hypergeometric functions ( see
[4, 5]). In similar way, if we letting A = 1 and p = ¢ = 0 throughout in the paper then
all the results will be reduced to the classical results of beta function, beta distribution,
Gauss hypergeometric and confluent hypergeometric functions (see [8], [16]).
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