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1 Abstract: We propose a notion of (g, o, T)-differential graded algebra, which generalizes the notions
= of (0, T)-differential graded algebra and g-differential graded algebra. We construct two examples
s of (q,0,1)-differential graded algebra, where the first one is constructed by means of generalized
«  Clifford algebra with two generators (reduced quantum plane), where we use a (o, T)-twisted
s graded g-commutator. In order to construct the second example, we introduce a notion of
o (0, 7)-pre-cosimplicial algebra.

»  Keywords: g-differential graded algebra, (o, 7)-differential graded algebra, generalized Clifford
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10 1. Introduction

1 Skew-derivations or o-derivations are generalized derivations obtained by twisting the Leibniz
1z rule by means of an algebra map. They have been considered by physicists to study quantum groups
1z and to obtain g-deformations of algebra of vector fields like Virasoro algebra and also Heisenberg
1« algebras (oscillator algebras), see References [4,5,7,8,14]. The main example is given by Jackson
s derivative and lead for example to g-deformation of sly, Witt algebra and Virasoro algebra. A natural
s generalization consists of (¢, T)-derivations involving two twist maps [18]. It turns out that when using
1z o-derivations the commutator bracket does no longer satisfies Jacobi condition. This was a starting
e point of studying Hom-type algebras, where the usual identities are twisted by homomorphisms
1o [13,17]. Later development in the field of research of Hom-Lie algebras led to the introduction of a
20 notion of (o, T)-differential graded algebra [19], which generalizes the notion of differential graded
= algebra.

22 It is well known that the concept of differential graded algebra is based on the equation d = 0,
2 where d is a differential of differential graded algebra. In order to generalize the concept of differential
2« graded algebra, one can consider instead of d*> = 0 a more general equation dN = 0, where N is
2 an integer greater or equal to 2. This generalization was proposed and studied in Reference [15].
26 Later this generalization was developed in Reference [9], where the authors proposed a notion of
= g-differential graded algebra, where g is a primitive Nth root of unity. It is worth to mention that
2s  particularly in the case of § = —1 (primitive square root of unity, N = 2) the definition of g-differential
20 graded algebra gives the definition of differential graded algebra. Later it was shown that g-differential
30 graded algebras can be applied in the field theories [12] and in noncommutative geometry to develop
a1 a generalization of a notion of connection [2].

32 In this paper we propose and study a notion of (g, o, T)-differential algebra, where g is a primitive
ss Nthroot of unity and o, T two degree zero endomorphisms of a graded algebra. This notion generalizes
s« the notion of (o, 7)-differential graded algebra, introduced in Reference [19], as well as the notion
s of g-differential graded algebra, which was studied in [1,3,11]. We construct several examples of
ss  (q,0,T)-differential graded algebras by means of generalized Clifford algebra with two generators
sz (also called a reduced quantum plane) and by means of pre-cosimplicial algebra.
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s 2. First order (o, 7)-differential calculus with right partial derivatives

w

39 Let 2 be an associative unital algebra over K, where K is either the field of real R or complex
20 numbers C. Let 7, T be two algebra endomorphisms of L.

Definition 2.1. A first order (o, T)-differential calculus over an algebra 2 is the triple (U, d, ), where M is
an (2, A)-bimodule and d : A — O is a linear mapping, which satisfies the (o, T)-Leibniz rule

d(uv) = d(u) t(v) + o(u)d(v). 1)

a Particularly if o, T are the identity transformations of algebra 2, i.e. ¢ = T = idg, then the notion
«2 of first order (o, 7)-differential calculus amounts to the notion of first order differential calculus over
43 an associative unital algebra.

Now we assume that (2, d, ) is a first order (o, T)-differential calculus, where 91 is a free finite

right 2-module of rank r with a basis el e2, ... ¢, ie. any element u of 9t can be uniquely written as

U= eu;, u; €

r
i=1

Then a structure of (2, 2A)-bimodule of 91 is uniquely determined by the commutation relations
ve' = 2 ¢/ Ri(v), ()
j=1
where the linear mappings R; : 2 — A satisfy

R;(uv) = R;»‘(u) Ri(v). (©)]

It is useful to compose the rth order square matrix R = (R;) such that a linear mapping R; is its entry
at the intersection of ith column and jth row. Then (3) can be written in the matrix form as follows
R(uv) = R(u) R(v). Hence the linear mapping R : 2 — M, (), where M,(2l) is the algebra of rth
order matrices over an algebra 2, is the algebra homomorphism. Define the right partial derivatives
9; : A — A (in a basis ¢) by the formula

du=Yy_ e 9;(u). 4)

i

Proposition 2.2. If (2, d, M) is a first order (o, T)-differential calculus over an algebra 2 and M is a free finite
right A-module with a basis el e?, ..., e", whose (2, 20)-bimodule structure is determined by the commutation
relations (2), then the right partial derivatives, defined in (4), satisfy

3i(u0) = 3i(u) T(v) + 1 Ri(o(1)) 9;(0). (5)
]

44
Proof. According to the definition of right partial derivatives, we can write

d(uv) =Y e'd;(uv).

1
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as  On the other hand, making use of (¢, T)-Leibniz rule, we get

duv) = d(u)t(v)+o(u)d(w) =Y (e du))t(v) +o(u) Y. ;)

]

= L) (o) + L ¢ Ri(0() (o) = Y ¢ (34(1)) 7(2) + Rl(0(1)) 3(2)).
i,j i

i
46 ]

a7 A first order (o, T)-differential calculus (2, d,9t), where 9 is a free right A-module of rank 7,
s whose (2, 2)-bimodule structure is determined by the commutation rule (2) and the right derivatives
« are defined by (4), will be referred to as a first order (o, 7)-differential calculus with right partial
so derivatives. If (2, d,9) is a first order (o, 7)-differential calculus with right partial derivatives, an
51 algebra A is generated by variables x4, x2,...,x" and dx!,dx2,...,dx" is the basis for a free right
52 2A-module 9M, then this first order (o, T)-differential calculus will be referred to as a coordinate first
ss order (0, T)-differential calculus with right partial derivatives.

s« 3. (g,0,7)-differential graded algebra

55 Let A = @, A" be a graded associative unital algebra and ¢, T be degree zero endomorphisms
ss of A. The degree of a homogeneous element u will be denoted by |u|. In what follows g will be a
sz primitive Nth root of unity, where N > 2. For instance, we can take g = exp (271i/N). We give the
ss following definition:

so Definition 3.1. A is said to be a (g, 0, T)-differential graded algebra if A is endowed with a degree one linear
o mapping d : A" — A" such that it satisfies the following conditions:

61 a) d commutes with endomorphisms 0,7, i.e. cod =doo,Tod =doT,
b) d satisfies the (q, 0, T)-Leibniz rule

d(uv) = d(u) T(v) + g o(u) d(v),

o2 ) dN(u) = 0 for any element u € A.

63 It is worth to mention that particularly if we take ¢ = 7 = id4, then the notion of
e« (q,0,T)-differential graded algebra amounts to the notion of g-differential graded algebra [1,2,11? ?
es |. If we choose N = 2, then g = —1 and the definition of (g, o, 7)-differential graded algebra gives a
s definition of (o, T)-differential algebra, which was introduced in Reference [19]. Finally if in the above
ez definition we choose both g = —1(N = 2) and ¢ = T = id 4, then Definition (3.1) gives the definition
es of differential graded algebra.

Let A = @,.A" be a (g, 0, T)-differential graded algebra. Obviously A" C A is the subalgebra
of A. Next it is easy to see that every subspace of homogeneous elements A" can be considered as
(A°, A%)-bimodule, where the left (right) .A°-module structure of A" is determined by the left (right)
multiplication by degree zero elements, i.e.

(u,0) € Ax A" 5 uve A", (v,u) e A" x A = vuc A"

Hence the triple (A% d, A') is the first order (c,T)-differential calculus, because A' is the
(A%, A%)-bimodule and d : A? — A! satisfies in this case the (¢, T)-Leibniz rule

d(uv) = d(u) T(v) + o(u)d(v), u,ove A
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oo 4. Construction of (g, 0, 7)-differential graded algebra by means of graded g-commutator

70 In this section we show that given an associative unital graded algebra one can construct a
= (q,0,7)-differential graded algebra with the help of graded g-commutator, where g is a primitive Nth
72 root of unity.

73 Let A = @,.A" be a graded algebra over C, 1 be its unit element and ¢, T be two degree zero
7« endomorphisms of A.

Theorem 4.1. Let & € A be an element of degree one. Define the degree one linear mapping d : A" — A"1
by the following formula

d(u) =g t(u) —g"lo(u)¢. ©)
75 IJC
76 a) q is a primitive Nth root of unity,
77 b) &N = A1, where A is non-zero complex number,
7 o o) =1(&) =& cotr=100, oN=1N,

7o then a graded algebra A endowed with the degree one linear mapping d is the (q, o, T)-differential graded algebra.

80
e1  Proof. First we prove 0 od = d o ¢. For any homogeneous u € A, we have

cod(u) = o(&t(u)—q"o(u)e) = (@) oot(u)—q" o?u)o(E)
= ¢roo(u) —qMe*(u)§ =doo(u).

=2 Analogously we can prove T od = d o 7. Starting with the right-hand side of (g, o, 7)-Leibniz rule
es  (Definition 3.1) we get

A() 7(0) + g o () d(o) = (E7(u) - g"o(u)8)T(0) + 4" o(u) (£ T(0) - g7 0 (0) €)
— &(uo) — q"lo(u) ET(0) + o) E7(0) — g+l (u0) & = d(wo),

and the (g, 0, T)-Leibniz rule is proved. For Nth power of d we have the following power expansion
(see Reference [3])

N
i

d¥(u) =3 (1) p; l ] NN o (u) ¢, @)
i=0 q

where p; = g/l“+1(0) and u(i) = 1) - According to the assumption g is a primitive Nth root of uni ,
pPi=4q M 2 & p q p ty

which implies for the quantum Newton binomial coefficients

[ Ij} =0, i=1,2,...,N—-1,
q

and the terms in power expansion (7) labelled by i = 1,2,..., N — 1 vanish. Thus there are only two
non-trivial terms in (7)
dN(u) - A (TN(M) + (71)N qN(N_l)/ZO'N(u)).

If N is an odd positive integer then
dV(u) = A (TN () — (V)T oN(w)) = A(eN(u) — N (u)) = 0.
If N is an even positive integer then

dN(u) = A(TV () + (q)N) = A(TV () + (—D)N oV () = AN (u) — N (u)) = 0.
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84 O

In order to construct a matrix example of (g, o, T)-differential graded algebra, we apply Theorem
4.1 to a generalized Clifford algebra. We recall you that a generalized Clifford algebra is an associative
unital algebra over C generated by variables x1,x2,...,x", which are subjected to the relations
X =qgxx (i<j), N=1, ij=12,...,n 8)
ss Where g is a primitive Nth root of unity and 1 is the unit element of generalized Clifford algebra. A
ss generalized Clifford algebra will be denoted by ¢, where 1, N are independent integers, 7 is the
ez number of generators and N > 2 is an exponent at which Nth power of every generator equals to
ss identity element 1.
We consider the generalized Clifford algebra €)Y with two generators x = x!, & = x2. Then from
relations (8) it follows

xé=qéx, *N=0N=1. )

e The associative unital algebra generated by two variables x, ¢, which are subjected to the relations
% (9),is also called the algebra of functions on a reduced quantum plane. This algebra has the matrix
o1 representation by Nth order complex matrices. Indeed we can identify the generators x, { with the
.2 following Nth order matrices

1 0 0 ... 0 0 1 0 0
0 g! o0 .. 0 0 0 1 ... 0

x=| 0 0 g2 .. 0 ,e=1 0 ] (10)
0 0 0 1
0 0 0 .. gW-D 1 0 0 0

o3 because these matrices satisfy the relations (9). Thus we have the matrix representation for the
s generalized Clifford algebra with two generators. It is worth to mention that the matrices (10) generate
s the whole algebra of Nth order complex matrices My (C).
%6 In order to define a structure of graded algebra on ¢} we attribute degree zero to the unit element
oz 1 and the generator x, degree one to the generator ¢ and extend this degree to any product of the
os generators x, ¢ by defining the degree of a product as the sum of degrees of its cofactors. Then the
e whole algebra ¢} splits into the direct sum of subspaces of homogeneous elements and a subspace
1o Of elements of degree k will be denoted by Qﬁé\’ *, where k runs over the residue classes modulo N, i.e.
w1 k=0,1,...,N — 1. Obviously the subalgebra of elements of degree zero (’Sé\] 0 will be generated by
102 the generator x, i.e. (‘lg] ¥ js the algebra of polynomials of x. We consider the generator x as an analog
103 Of coordinate function of one-dimensional space. Thus the algebra of "functions" is the algebra of
1a  polynomials of x. In order to emphasize that we consider the elements of Qié\l Y as analogs of functions,
105 we will denote the elements of Qlé\]’o by f(x),g(x), h(x).
Let o, T be two degree zero endomorphisms of the generalized Clifford algebra €)' such that they
commute, 0(&) = (&) = & oN = NV and 1(x) — go(x) is invertible element of Qé\’ Y. According to
Theorem (4.1), we define the differential d; : Qﬁé\l Ky Cé\] k1 by the formula

de(u) = & t(u) —q" o(u)¢, (11)

10s where u is a homogeneous element of generalized Clifford algebra €}’ and |u| is its degree. Since
107 all the assumptions of Theorem (4.1) are fulfilled, the algebra of Nth order complex matrices My (C)
10s endowed with the structure of Zy-graded algebra, which is based on |x| = 0, || = 1, and with the
wo differential dg is the (g, o, T)-differential graded algebra.
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We conclude this section by considering the structure of first order differential calculus of matrix
(g, 0, 7)-differential graded algebra ¢}Y. It is easy to show that (Qﬁév 0 dg, 65\[ 1) is the coordinate first
order (o, 7)-differential calculus with right derivative. Indeed, we have

de(x) = ¢1(x) —o(x)g = ¢ (T(x) —q0(x)).

Because we assume that 7(x) — g o(x) is invertible element of Qlé\l 0 the differential dg(x) of coordinate
function x can serve as the basis for the right szv'l—module. The commutation relation, which
determines the Qﬁé\] _bimodule structure of @é\] ’1, has the form

f(x)dx = dxR(f(x)),

where R : f(x) € €Y — f(qx) € €)? is the automorphism of algebra. Thus, according to (4), the
differential dz induces the right derivative

def(x) = dex d{i(;), (12)

where f is a polynomial of x. According to Proposition (2.2), this derivative satisfies

& 80 = LD (g()) + o)) BE). 13

1o Since ¢, T are linear mappings, the left-hand side of (12) can be written as

def(x) = ¢t(f(x)) —o(f(x) & =E(f(r(x)) - flo(qx)))

_ f(x(x) = flolqx)) _ ,  f(T(x)) = flo(qx))
= L) T o T o)
where 1
(T(x) - U(qx))il = T(x) — (T(qx)
is inverse of T(x) — o(gx). From this it follows
df(x) _ f(z(x)) — f(o(qx))
dx t(x)—o(gx) (14)

m The derivative (14) is called (o, T)-twisted Jackson g-derivative [13]. Thus the differential d¢, defined
112 in (11), determines the coordinate first order (¢, 7)-differential calculus with (o, 7)-twisted Jackson
us  type g-derivative.

ua 5. Construction of (g, 0, 7)-differential graded algebra by means of (¢, 7)-pre-cosimplicial algebra

115 In this section we introduce a notion of (o, T)-pre-cosimplicial algebra and show that a
ue (q,0, T)-differential algebra can be constructed with the help of a (o, T)-pre-cosimplicial algebra.
First we recall you the notion of a pre-cosimplicial vector space [16]. A pre-cosimplicial vector
space (2, ;) is a positive graded vector space A = @,>oA" together with coface homomorphisms
(linear mappings of vector spaces) f; : 2" — A"*1, where i runs from 0 to n + 1, such that

fiofi=fiofi-1, i<j. (15)
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Thus every pair of vector spaces 2", A"*! is equipped with the n + 2 coface homomorphisms
fo,f1,- -, fnr1, where f; @ A" — A"+ For example, in the case of vector spaces AL A2 there are
three coface homomorphisms fy, f1, f2 : Al — 22, which satisfy

frofo=13 faofo=foof1, frofi =fi

1z The following definition generalizes the notion of a pre-cosimplicial algebra, which can be found in
1s Reference [10].

Definition 5.1. Let o, T be two degree zero endomorphisms of a pre-cosimplicial vector space (2, §;) such that
they commute with coface homomorphisms, i.e.

cofi=fjioo, Tofi=fioT.
ue A pre-cosimplicial vector space (2, 1;) is said to be a (o, T)-pre-cosimplicial algebra if
120 1) A = B,>oA" is a graded algebra,

121 2) o, T are degree zero endomorphisms of a graded algebra A,
3) for any homogeneous elements u,v € A and any integer i € {0,1,..., |u| + |v| + 1} we have

fi(u)T(0), if |ul =1,
fi(uv) = { . . fluj+1 () T(0) = o (u)fo(v). (16)
o(u) fiopu (), i 0<|ul <i,
122 Particularly if we take ¢ = T = idy then the above definition reduces to the definition of a

123 pre-cosimplicial algebra.

Theorem 5.2. Let (2, f;) be a (o, T)-pre-cosimplicial algebra. Define the degree one linear mapping d : A" —
Qn+l by

n
d=Y 05— 9" fus1, (17)
k=0

124 where q is a primitive Nth root of unity. Then a (o, T)-pre-cosimplicial algebra 2 endowed with the degree one
12s  linear mapping d is the (q, o, T)-differential graded algebra.

126 Proof. According to Definition (5.1), degree zero endomorphisms o, T of a positive graded vector
12z space 2 commute with coface homomorphisms §; and this immediately implies that o, T commute
12¢ with d. It is proved in Reference [11] that for any pre-cosimplicial vector space 2 the degree one linear
120 mapping d, defined in (17), satisfies dN = 0, i.e. according to the terminology adopted in Reference
10 [11], d is N-differential. Since the right-hand side of the formula for d does not depend on degree zero
131 endomorphisms o, T, the same result holds in the case of (¢, T)-pre-cosimplicial algebra. Hence we
122 only need to prove that d satisfies the (g, o, T)-Leibniz rule.
Let u € 2 be a homogeneous element of degree k and v € 2. Our aim is to prove

d(uv) = d(u) T(v) + gF o (u) d(v). (18)

11z Making use of the formula (17) and the formula (16), we can write the left-hand side of (g, o, T)-Leibniz
13« rule as follows

d(uv) fo(uo) + 1 (u0) + ... + g" Fe(uo) + 4 fepg (o) + ..+ 4" Fu(u0) — 4" fp1 (u0)
= fou)T(®) +qfi(u) () +...+ 4" fie(w) T(v) + ¢ o (u)fi (v)

o " 0 fuk(0) — 00 frpri(0). (19)
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135 The right-hand side of the same formula can be written in the form
d(u)T(0) + ¢ o(u)d(o) = fo(u) T(v) + g f1 (1) T(v) + ... + 4" fi(u) T(0) —W
+g5eanfo(0) + 4o (Wi (0) + .+ o (W) u—k(0) — ¢ o ()11 (0), (20)

13s  Where the crossed out terms cancel each other because of the second relation in (16). Comparing (19)
137 with (20), we see that their left-hand sides are equal and this ends the proof. [

Let A be an associative unital algebra, whose unit element will be denoted by 1, and ¢, T be
two endomorphisms of A. The tensor algebra T(A) = @,>0%"(A) is the graded algebra, where a
subspace of elements of degree 7 is the tensor product ®" 14, i.e. ¥ (A) = ®" 14, and the algebra
multiplication (#,v) — uv, whereu = g @ u; ®...Quyand v = v ® V1 & ... ® v, are homogeneous
elements of degree n and m respectively, is defined by

UD=U)R U R ... QU1 QU RV R ... R Uy (21)
We extend endomorphisms o, T to the tensor algebra T(.A) by
o(u) =c(ug) @c(uy) @...00(uy), T(u)="1(p) @T(U1) ® ... T(Up).
1s  Obviously o, T are degree zero endomorphisms of graded algebra T(.A).

139 Theorem 5.3. Foranyu = ug@u1 ® ... R u, € T*(A) define the linear mappings fi : "(A) — I"1(A),
1o wherek € {0,1,...,n+1}, by

fo(u) = 1@7(uo) ©T(u1) ®... @ T(un),
frlu) = o) @c(u) ®...00 (U 1) 1@ T(U) ®@...@T(uy), k=1,2,...,n—1,
frp1(u) = o(u) ®o(u) ®@...00(u,) ®1. (22)

1ax Then (T(A),fy) is the (o, T)-pre-cosimplicial algebra and fy are its coface homomorphisms. If we endow the
w2 (0, T)-pre-cosimplicial algebra (T(A), fr) with the N-differential d, defined in (17), then (T(.A), fx) becomes
s the (q,0, T)-differential graded algebra.

Proof. Letu =4y Qu1 ®...Quy, v =19 ® 1] ® ... v, be two homogeneous elements of tensor
algebra T(.A). Then their product

U =UgR U X ... 0 Uy_1 R UKV RV X ... R Uy

is the element of the subspace S”“”H(A) and, consequently, we have fo,f1,...,fy4m+1 coface
homomorphisms from the subspace T"*"(A) to the subspace ¥"*"*+1(A). For the coface
homomorphisms fy, f1, . . ., f» we have to prove the formula

fe(uv) = fr(u) t(v), k=0,1,2,...,n. (23)
According to the definition of coface homomorphisms, we can write the left-hand side as follows
fr(uo) = o(ug) ® ... Q0 (1) @1 T(Uy) @ ... R T(Unv) @ ... R T(Vm).
The right-hand side can be written as follows

fr)T(0) =0(ug) @ ...o(p_ 1) 1R T(UE) @ ... T(up)T(v9) @ ... T(Vp).
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Since T is an endomorphism of algebra, we have 7(u,v9) = T(u,)T(vp) and the formula (23) is proved.
For coface homomorphisms f,,41, ..., fp+m+1 We have to prove

fe(uo) = oc(W)fp_p(v), k=n+1,...,.n+m+1. (24)

The proof of this formula is similar to the proof of the (23). Finally, we have to prove the second relation
in (16), i.e.
Fu1(1)7(0) = o (w)fo(0).

The left-hand side of this relation can be written as
frr1(u)T(0) = 0(up) (1) @ ... Q0 (uy) ®17T(v9) R ... R T(v)),
and the right-hand side can be written as
a(u)fo(v) = o(ug) @o(u1) ®@... @0 (un) 12 7(v0) @ ... @ T(0m)),
14s and we see that they are equal. O
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