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UNIFORM CONVERGENCE OF CESARO AVERAGES
FOR UNIQUELY ERGODIC C*-DYNAMICAL SYSTEMS

FRANCESCO FIDALEO

ABSTRACT. Consider a uniquely ergodic C*-dynamical system ba-
sed on a unital *-endomorphism ® of a C*-algebra. We prove the
uniform convergence of Cesaro averages L Z;S A7"®(a) for all
values A in the unit circle which are not eigenvalues corresponding
to ”measurable non continuous” eigenfunctions. This result gener-
alises the analogous one in commutative ergodic theory presented
in [19], which turns out to be a combination of the Wiener-Wintner
Theorem (c¢f. [22]) and the uniformly convergent ergodic theorem
of Krylov and Bogolioubov (cf. [15]).
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1. INTRODUCTION

Motivated by the question to justify the thermodynamical laws with
the microscopic principles of statistical mechanics (i.e. the so-called
the ergodic hypothesis), the investigation of the ergodic properties of
classical (i.e. commutative) dynamical systems has a long history.

Indeed, given a classical dynamical system (X, T, ), where X is a
compact space, T : X — X a continuous map, and finally x4 an in-
variant probability measure under the natural action of 7', the classical
ergodic theory primarily deals with the long time behaviour of the Ce-
saro means (ergodic averages)

M,(f) ::%nifoTk, fecC(X), neN,
k=0

of continuous functions, or more generally of any measurable function
f w.r.t. the o—algebra generated by the y—measurable sets.

Among the most famous classical ergodic theorems, we mention
the Birkhoff Individual Ergodic Theorem concerning the study of the
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point-wise limit lim,,_, 1 M, (f)(z), and the von Neumann Mean Er-
godic Theorem concerning the limit L2 —lim,, o, M,(f), whenever f
is square-integrable.

The quantity of results obtained in the commutative setting is too
huge to summarise an exhaustive description. However, a standard ref-
erence, dealing mainly with the classical case, is [14]. We also mention
several nonconventional ergodic theorems (e.g. [12]) which play also a
fundamental role in number theory.

Most of the known ergodic results concern the so-called W*-setting,
which roughly speaking involve the functions in the commutative W*-
algebra L>(X,du) = 7,(C(X))", see e.g. Theorem II1.1.2 in [21].

At the same way, also the investigation of uniform convergence of
ergodic averages (i.e. involving directly continuous functions in the
commutative C*-algebra C'(X)) is of great interest.

Among such kind of results, we mention the following one relative
to the so-called uniquely ergodic dynamical systems. The classical
dynamical system (X, T) is said to be uniquely ergodic if there exists a
unique probability Radon measure g which is invariant under the action
of the transformation 7". It was proven in [15] that (X,7') is uniquely
ergodic if and only if, for the Cesaro average of any f € C(X),

n—1

1
fim 3" fo T = [ fan,
A X

uniformly. In [19], the last result was generalised to averages of the

form
1 n—1
lim—Y A *foT",
non
k=0
for certain A in the unit circle T.

With the impetuous growth of the quantum physics, it was natural
to address the systematic investigation of ergodic properties of quan-
tum (i.e. noncommutative) dynamical systems. On the other hand,
the situation in quantum setting appears rather more complicated than
the classical situation. Typically, one must provide all statements in
terms of the dual concept of ” functions” instead of "points”. Therefore,
algebras of functions are replaced by general C* or W*-algebras 2(, and
the action on functions ®7(f) := f o T of the transformation T is re-
placed by that of a positive map ® : 2l — 2 acting directly on elements
of 2. Concerning some general ergodic properties of noncommutative
dynamical systems, the reader is referred to [2] and the literature cited
therein.
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The systematic study of some natural generalisations of ergodic prop-
erties to the quantum case has been carried out in the seminal paper
[17]. The reader is also referred to [4, 5, 7, 9] for some quantum versions
of nonconventional (called also "entangled”) ergodic theorems, and to
[6, 10, 11] for the investigation of strong ergodic properties of dynam-
ical systems arising from free probability, and generalising the unique
ergodicity. Some natural applications of ergodic results to quantum
probability are also carried out, see [3] and the references cited therein.

The goal of the present note is to provide the quantum generali-
sation of the interesting result proved in [19] involving the uniform
convergence of Cesaro averages relative to uniquely ergodic quantum
dynamical systems. More precisely, let (2, ®,¢) be a uniquely er-
godic C*-dynamical system based on a unital C*-algebra, a unital
s-homomorphism ¢ : 2 — 2 with ¢ € S(2) as the unique invari-
ant state. Consider the covariant Gelfand-Naimark-Segal representa-
tion (7—[@, Ty, Vo, @,) associated to the state ¢, together with the pe-
ripheral pure-point spectra (see below for the definition) o2(®) and
o2 (V,,,0) of ® and the isometry V, o € B(H,,), respectively. We easily
see that 0Pl (®) C 0B(V,, ), but in general they are different. Put for
a€c€Aand A €T,

n—1

1
Ma(n) :=1lim =Y "A*®*(@a), neN.
n n
k=0

We show that, in the norm topology of 20 (compare with Proposition
3.2 in [17]),

(i) if A € o5 (®) then My x(n) = @(uja)uy, where uy € 2 is a
unitary eigenvector (i.e. a ”continuous eigenfunction” in the
language of [19]) corresponding to A, which is uniquely deter-
mined up to a phase-factor;

(i) if A € o8 (V,,.0)¢ (i-e. A does not admit any nontrivial ”measur-
able eigenfunction” in the language of [19]) then M, x(n) — 0.

We end the paper with some example based on the tensor product,
which is however non trivial, of an Anzai skew product and a uniquely

mixing noncommutative dynamical system for which the sequence { M, (n) }n o

does not converge for some a € A and X € oB2(V,,4)\0o50(F). Some
more complicated examples are presented elsewhere [8].
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2. PRELIMINARIES

With T := {\ € C | |\| = 1} we denote the unit circle of the complex
plane. It is homeomorphic to the interval [0,27) by @ € [0,27) — e,
after identifying the endpoints 0 and 2.

A (discrete) C*-dynamical system is a triplet (2(, ®, ) consisting of
a C*-algebra, a positive map ® : 2 — 2 and a state ¢ € S(2A) such
that ¢ o ® = . Consider the Gelfand-Naimark-Segal (GNS for short)
representation (e.g. [21]) (M, Ty, &p). If in addition

¢(P(a) ®(a)) < p(a*a), ac,

then there exists a unique contraction V,, ¢ € B(H,,) such that V,, 6§, =
§, and

Voomo(a)§y = mp(®(a))éy, a€A.

The quadruple (’HW T, Voo b f(p) is called the covariant GNS represen-
tation associated to the triplet (A, @, p).

If ® is multiplicative, hence a *-homomorphism, then V¢ is an
isometry with final range V,, 4V, 4, the orthogonal projection onto the

subspace 7, (2)&,, see e.g. Lemma 2.1 of [17].

Now we specialise the matter to C*-dynamical systems (21, ®, ) such
that 21 is a unital C*-algebra with unity 1 = Iy, and ® is multiplicative
and unital preserving.

Denote by 2A® := {a € A | ®(a) = a} the fixed-point subalgebra,
and

o2 (®) := {A € T | Ais an eigenvalue of ®}

the set of the peripheral eigenvalues of ® (i.e. the peripheral pure-point
spectrum), with 2l the relative eigenspaces. Obviously, T € A® = 2.
For £ € H, and n € Z, consider the sequence

P e 8 ifn <o,
Proposition 2.1. For each £ € H,,, the sequence {,u}(n)}nez is posi-

tive definite, and therefore it is the Fourier transform of the a positive
bounded Radon measure jig on the unit circle T.

Proof. Since ® is multiplicative, V,, ¢ is an isometry. Consider its Sz-
Nagy dilation (c¢f. [20])

. (v;,,q) I, — vﬁ,q)v;@)
0 _VQP’(D
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acting on the direct sum H, @ H,,, together with its spectral resolution
(e.g. [18])

27
U= / e qE(9),
0

and finally the vector

Ne = (g) EHQO@HLp-
Notice that )
fe(n) = / e (B (), )

and therefore fig(n) is the Fourier transform of the positive bounded
Radon measure pe = d{(E(0)ne, ne). O

Consider the pure-point peripheral spectrum
o2 (Vo) = {A € T | Xis an eigenvalue of V, 4 }

of V,,&. Denote with Py, € B(H,) the orthogonal projection onto the
eigenspace generated by the eigenvectors associated to A € T, with the
convention Py = 0 if A ¢ o28(V,. ).

With an abuse of language, ¢ is the spectral measure of V,, ¢ relative
to & € H,. Therefore, if A = e~ € T then pe({0}) = || PE|*

The C*-dynamical system (2(, ) made of a unital C*-algebra 2 and
a unital x-homomorphism & : 2 — 2 is said to be uniquely ergodic if
there exists only one invariant state ¢ for the dynamics induced by ®.
For a uniquely ergodic C*-dynamical system, we simply write (2, @, ¢)
by pointing out that ¢ € S(2) is the unique invariant state.

For the sake of completeness, we collect some standard results which
are probably known to the experts.

Proposition 2.2. Let the C*-dynamical system (A, ®, ) be uniquely
ergodic. Then agg(é) is a subgroup of T, and the corresponding eigenspaces

An, A € o2 (D) are generated by a single unitary wy.

Proof. Since (2, @, ¢) is uniquely ergodic, we have for the ergodic av-
erage,

n—1

1

EZ@’“(&) — p(a)I, ae,
k=0

uniformly, where ¢ is the unique invariant state. Suppose a € A®.
We get a = %ZZ;& ®*(a) — p(a)1, and thus a is a multiple of the
identity.
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Fix now A € o2(®) and a,b € 2,\{0}. Then a*b = oI and ba* =
BT for some numbers «, 3. Suppose a = 0. Since aa® is a nonnull
multiple, say ¢, of the identity, we have aa*b = 0, which means b = 0,
a contradiction. At the same way, we verify ba* # 0. Now, o~ 'a* and
B~ ta* are left and right inverses of b. This means that b is invertible
and b~! = a~'a*. At the same way, a is invertible too. Moreover,
ab™' = alaa* = a~'cl. This means a = o~ 'cb, that is a is a multiple
of b. Since aa* = cl, we argue that 2, = Cu, for the unitary u, =
ca.

Let now \; € o2 (®) with uy, unitaries in 2y, j = 1,2. First uj,
is a unitary eigenvector corresponding to )\j_l because @ is a real map.
Second wuy,uy, is a unitary eigenvector corresponding to A\ A2 because
® is multiplicative. U

Corollary 2.3. Let the C*-dynamical system (A, ®, @) be uniquely er-
godic. Then o%(®) C o2 (V,0).

Proof. Fix A € oBl(®), together with a unitary eigenvector uy € 2y
which exists by the previous proposition. For 7y := m,(u\)§, € H,,
first we get Vi, o) = My, and second [|ny||* = p(ujuy) = 1. O

The key-point of our analysis is the following result, which is nothing
but the noncommutative version of Lemma 2.1 in [19].

Lemma 2.4. Consider the uniquely ergodic C*-dynamical system (2, @, ),
together with a sequence of states {wy}nen C S(A). Then for each
ac€Aand \=e,

n—1

Z wy (P (a)) A7 .

k=0

. 1
o ore, ({03)'/* > Timsup —

Proof. With A = e~ consider the C*-tensor product C(T) @ A =
C(T;A) together with the x-homomorphism ¢ : C(T;2() — C(T;2)
given by

B(f)(s) = B(f(s+6). [e€C(T:N).
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For {wy}nen C S(A), let {w,neny C S(C(T;A)) be the sequence of
states given by

Notice that for the function f(s) := ae* € C(T;2A),

n—1

Z wy (P (a)) A7,

k=0

wn(f) =

SRS

Let {n;}jen C N be a subsequence such that

n—1

Z wy, (P*(a)) A"

k=0

1
= lim —
J Ny

lim sup —
n n

Y

JZ: W, (@k(a)))\’k

and consider any *-weak limit point w of the sequence {w,; } jen Which
exists by the Banach Alaoglu Theorem. By passing to a subsequence
if necessary, we get

5(f)| :n}mnij S o (@) A,

Let w € S(2A) be the marginal of w defined on constant functions
fa(s) == a by
w(a) =w(f,), ac.

By construction, w is invariant under P, Therefore, w is invariant under
® as well, which means w = ¢ because (2, @, ¢) is uniquely ergodic.

Let (H@,VQ’&)7W§,§G) be the covariant GNS representation associ-
ated to w. By computing as in Lemma 2.1 of [19], we then conclude
for the spectral measures associated to Va,&S and Vi, s,

:um:(f)&;({o}) = ,um;(a)gg;({e}) :
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Therefore, with P.onst € B(Hg) the orthogonal projections onto the one
dimensional subspace Clg(ra) = C ® Iy,

pmp(are, ({OD'? =iy ({0172 = [IPLA = [ Peonst ()]

3. THE MAIN RESULT

The present section is devoted to the following ergodic result we want
to prove.

Theorem 3.1. Let (A, @, ) be a uniquely ergodic C*-dynamical sys-
tem. Fiz X € oB8(®)JoB(V,0)°. Then for each a € 2,

n—1

1 . "

lim 37 S (@A = x gy (Vi)
k=0

P

uniformly for n — +oo, where uy € 2y is any unitary eigenvalue
corresponding to X € oP(®).

Proof. First consider the case A € o2(®), and take a unitary eigenvec-
tor uy € %Ay. Since ® is multiplicative, we have

n—1 n—1
1 1
p(uya)uy = uy lim <— E @k(uﬁ\a)> = lim (— E @k(a)A_k) :
n n n n
k=0 k=0

Let now A ¢ o2(V,,4), and suppose = "o ®*(a)A7* - 0 uniformly.
Then it would exist a sequence of states states {wy, fnen € S(2A) such

that for A = ¢, limsup, = - wy (®F(a)) A" > 0. By Lemma

2.4,
n—1
1
MW¢(G)5¢({0})1/2 Z lim Supﬁ an(Q)k(a>))\—k >0
" k=0
which contradicts A ¢ ggg(v(p, o). -

We end by constructing simple noncommutative examples for which
o (®) C o2 (V,0) by tensoring a uniquely mizing (see [6]) noncom-
mutative C*-dynamical system (B, 5,w) based on the *-automorphism
BB — B, with some Anzai skew product (cf. [1]) as those described
in Section 3 of [19].

Consider the free group [ on infinitely many generators {g; },ez, to-
gether with the one-step shift g; — g;;1 acting on the generators. Such
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a shift induces an action of the group of the integers on the reduced
group C*-algebra C} (Fz) generated by all powers of the correspond-
ing *-automorphism o(A(g;)) = A(gj+1). {)\(gj)}jez C Cr4(Fz) being
the unitary generators of the reduced group C*-algebra.

It was shown in Corollary 3.3 of [6] that the C*-dynamical system
(C’:ed(FZ), 0) is uniquely mixing, and thus uniquely ergodic, with the
canonical trace 7 as the unique invariant state.

Denote by (HT,WT, Vw,&) the GNS covariant representation asso-
ciated to (Ciy(Fz),0,7). In particular, we have o¥2(V; ) = {1}.

Let (21, «, ¢) be the tensor product C*-dynamical system, where 2 :=
C(T2’ C’1iked (]FZ)) )

a(f)(s) = o (f(Ts)), s=(s1,8) € T?, feC(T*Cry(F2)),
and finally

oty = ( [or)in = [ ) dsian. e cmicuE).

Here, s = (s1, 82) € [0,2m)% ~ T2, and T'(s1, s2) = (Rgs1, h(s1) + s2) is
the Anzai skew product corresponding to the rotation Ry of the angle
6 € [0,27) such that §/27 is irrational, and to the continuous function
h:T —T.

Proposition 3.2. If the Anzai skew product T' is uniquely ergodic, then
the above C*-dynamical system (A, o, @) is uniquely ergodic as well.

In addition, there exist Anzai skew products T such that op,(cor) C
Opp (Vo) and the limit

n—1
1
lim — E aF(a)A7*
non
k=0

fails to exist in the weak topology, for some a € A and \ € T.

Proof. Since (Cly(Fz),0,7) is uniquely mixing and the Anzai skew
product (T?, T, d?s/4r) is supposed to be uniquely ergodic, by Theorem
3.7 of [16] we argue that (2, «, ¢) is uniquely ergodic.

Notice that o,,(0) = {1} = 0pp(V; ). Therefore, by Lemma 4.17 of
[13], each eigenvector ny € H,, = L*(T?,d%s/4m; H,) corresponding to
the eigenvalue A € oy,,(V,,,) is of the form wy(s)¢, for some unitary
function u, € L?(T? d%s/4r) (i.e. a measurable eigenvector in the
language of [19]) which is an eigenvector of the Anzai skew-product (i.e.
ux(T's) = Auy(s)) corresponding to the same value of A. If moreover
uy € C(T?) (i.e. a continuous eigenvector in the language of [19]), then
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A € 0pp(Br), Pr being the dual action of T" on functions: Br(f)(s) =
f(Ts). Summarising, we have

opp(Br) = opp(@) C opp(Vipa) = Upp(vfﬁ:r) .
In order to check the latter assertion, it is enough to consider an
Anzai skew product and a continuous function f € C(T?) as in Propo-

sition 3.1, such that
hm Z f(T*t)

fails to exist for the point t € T2 and A € T. Therefore, for the element
F(s) = f(s)1cs r,) € 2 and state w =6 @ 7 € S(A), we get

1
li —§ : FNAF =1 § : (TFt)\
im — w(a(F))\™ im — f(
which fails to exist. OJ
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