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Some second-order tensor calculus identities
and applications in continuum mechanics
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To extend the calculation power of tensor analysis, we introduce four new definition of
tensor calculations. Some useful tensor identities have been proved. We demonstrate the
application of the tensor identities in continuum mechanics: momentum conservation law
and deformation superposition.
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Nomenclature

a, b, ¢, d, vector in lower case;

A, B, tensor in capital case;

X, Y, position vector in reference (undeformed) state;
x, y, position vector in current (deformed) state;

v, velocity;

ek, base vector;

G, base vector in undeformed state;

gi, base vector in deformed state;

F'| deformation gradient;

F°, deformation gradient;

F?  deformation gradient;

V, gradient nabla;

V x, gradient nabla respect to X;

V., gradient nabla respect to x;

€, permutation tensor;

d;j, Kronecker delta;

I = d;5e; ® ej, unit tensor;

-, dot product;

X, cross product;

®, tensor product;

o, Cauchy stress tensor defined in current configuration;
7, Kirchhoff stress tensor defined in current configuration;
P, the first Piola-Kirchhoff stress tensor;

S, the second Piola-Kirchhoff stress tensor;

T, dislocation density tensor;

J = det(F'), the Jacobian of deformation gradient F;
p, mass density in current configuration;

pr, mass density in reference configuration;

f, body force in current configuration;

fr, body force in reference configuration.
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2 Bohua Sun
Table 1: Given two tensors A = A;je; ® e; = A;je;e; and B = B;je; @ e; = Bjje;e;

(A-B)xV |Vx(A-B)|(A-B)V|V-(A-B)| (A-B)V | V(

: B
(AxB)xV|Vx(AxB)|(AxB)-V|V-(AxB)|(AxB) V|V(Ax B)
(AB)xV | Vx(AB) | (AB)-V | V-(AB)

1. Introduction

In mathematics, a tensor is an arbitrarily complex geometric object that maps in a (multi-
)linear manner geometric vectors, scalars, and other tensors to a resulting tensor. Tensor analysis
emphasise independence of any selection of a coordinate system, which is useful in formulation
of physics laws Truesdell & Toupin (1960); Truesdell & Noll (1969); Eringen (1980); Green &
Zerna (1950); Guo (1980, 1988); Huang & Lu (2003); Hassani (2006); Xie (2014); Sun (2017,
2018a,b,c¢); Zhao (2016).

Generally speaking, there are two kind of tensor representations (expression), one is in com-
ponent form and another is in total one. The former is denoted by indexed, e.g., A;; and later
by boldface, e.g., A, with relation A = Ai]-ei Qe = AVe; @ e = Agei ®Rej = A§~ei ® e’ i
Each form has its own advantages. The boldface representation of a tensor is index-free form,
which is getting more popular. This article will use both representation. In tensor calculus, ten-
sor identity is important. In this article, we will derive some useful tensor identities which have
never been seen in literature before (listed in Table 1).

To extend the calculation power of tensors, we define a new type of tensor products, namely,
dot-tensor g , tensor-dot product % , cross-tensor product  , and tensor-times product

®

S .

The paper is organized into various sections, namely: Section II highlights preliminaries of
tensor calculus; Section III introduces some new tensor calculations; Section IV proves some
lemmas; Section V proves some tensor calculus identities; Section VI demonstrates application in
momentum conservation law; Section VII demonstrates application in deformation superposition
and dislocation density tensor; and, finally, Section VIII concludes with perspectives.

2. Preliminaries of tensor calculus

Kronecker symbol: §;; = e; - e;;

Permutation symbol: € = ¢;;.e5ejex

The unit tensor: I = §;;e;e; = e;e;

Vector: a = axex

Dot product - a-b=b-a

Cross product x: axb=-bxa=e:ab=ab:c=—-ba:c=—¢c:ba

Tensor product ®: a ® b or simply ab

2nd order tensor: A = A;je; @ e; = Ajjeie;

Double dot product of tensors: (a ® b) : (c® d) = (ab) : (c

Double cross product of tensors: (a ® b) % (c®d) = (ab) %
x
X

e

X

Dot-cross product of tensors: (a ® b) § (c® d) = (ab)
Cross-dot product of tensors: (a ® b) ; (c®d) = (ab)
The Hamilton (Nabla) operator: V = ei% = e;0;
Left gradient of tensor A: VA = e, 0y A = ey, %A =erA}

Right gradient of tensor A: AV = Aexdr = %Aek = A e

Left divergence of tensor A: V- A =er0r-A=ey- M%A =e,- Ay
Right divergence of tensor A: A-V = A - er0r = %A ey =Ay e
Left curl of tensor A: V x A = e X Or A = ex X %A =ep XAy

1 In cartesian coordinates, it does not need to distinct between lower and upper index, the
second-order tensor is always expressed in the form A = A;je; ® e;
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Table 2: Given four vectors abed

Dot-tensor product of tensors | (ab) & (cd) = (a-c)(b®d) = (a-c)(bd)
Tensor-dot product of tensors | (ab) € (cd) = (a®c)(b-d) = (ac)(b-d)
Cross-tensor product of tensors | (ab) 3 (ed) = (a x ¢)(b® d) = (a x ¢)(bd)
Tensor-cross product of tensors | (ab) ¢ (ed) = (a ® c)(b x d) = (ac)(b x d)

Right curl of tensor A: A x V = A x e,0p = M%A xXep=ApXeg

3. New tensor calculations

To extend the calculation power of tensors, we introduce some new type of tensor calculations:

Dot-tensor ¢ , tensor-dot product ® | cross-tensor product % » and tensor-times product
®

% -
Their definitions are listed in 2 below.
In the following, the above-mentioned calculations are shown very useful in formulation of
total expression of tensor identities.

4. Lemma

Before we start our work, it is important to note that all the results obtained for cartesian
tensors in this article also apply to tensors in any coordinate system Huang & Lu (2003).

LEMMA 1. e, - AXxen=A 3 I

PROOF 1. ey, - A X €y, = €y, - Ajjeie; X ey, = Ajjen, - eiej X e, = Ajje; - enej X ey, =
Aij(eiej) ; (em X em) =A ; I.

LEMMA 2. e, X AXen=A I

PROOF 2. ey X AX e = em X Ajjeiej X em = Ajjen X €€ X en = —Ajje; X eme; X ey =
—Aij(eiej) i (em X em) =—A i I.
LEMMA 3. AV  I=—-AV  I=-AV:e=-AxV

X

PROOF 3. From the curl definition AXV = 0;Axe; = A;xe;, and e;ejen, & epeq = e;i(e;-

ep)(em X €q), we have AV 3 I = [(Aijeiej)emOmn] 3 Opgepeq = Aijmlpgei€jem 5 epeq =
AijmOpgei(ej-ep)(em X eq) = Aijmeidpgdjp(€m X €q) = Aigmei(em X eq) = —Aigmei(eq X em),
since (eq X em) = (eqem) : €, thus AV § I = —Aj;meieen, 1€ = —A e, e =—AV :
e =—AXxXV.

LEMMA 4. I ; VA=-1 ; VA=-e:VA=-VxA

PROOF 4. I | VA = Ajjp(emem) » epeie; = Ajjplem X ep)(em - €i)e; = Ajjplem X
epymizj = Apmjplem X eple; = —Apjplep X em)e; = —Apmjpe @ epepme; = —e : VA =
— >< ,

5. Tensor calculus identities

PrROPOSITION 1. (A-B)xV=A-(BxV)+(AxV)-B
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PROOF 5. (A-B)xV = (A-B)Xendn = (An - B+A-B,)xe, =A, Bx
em+A - Bnxen=An Bxen+A-(BxV)where A-B, xen=A (BxV), and
A7m - B X em = [(AV) . em] . [Bklekel X em] = AV . Bkl(em . ek)(el X em) = AV . Bkl(ek .
en)(er X em) = AV - Byi(erer) » (emem) = AV -B § I. Notice B §, I = -1 | B, and
using the Lemma 1, we have A ,,-Bxen, = —AV-1 | B=—-AV ; B=-AV ; (I-B) =
—(AV ; I)-B=(AxV)-B.

Therefore, we have proven the tensor prop: (A-B)x V=A-(BxV)+ (AxV)-B.

PROPOSITION 2. VX (A-B)=(VxA)-B+ A-(V x B)

PROOF 6. VX (A-B) = endm X (A-B) =emn X (Am -B+A -Bn) =en XA,
BienwxA By =(VxA) BtenXxA Byp=(VxA) BtenxA en VB =
(VXA)~B+em><A¢jeiej~em-VB = (VXA)-B—Aijeixemej~em~VB = (VXA)-B—Aij(ez'X
en)(ej-en) VB =(VxA)-B-A;jlee;) , (em-en) VB=(VxA)-B—(A ; I)-VB=
(VXA)-B—A N I-VB:(VXA)-B—A X VB:(VXA)-B—(A-I) VB =

(VxA)-B-—A-(I  VB)=(VxA)-B+A-(V x B).
PropoOsSITION 3. (A-B)-V=A.-(B-V)+ AV :B

PROOF 7. (A-B)-V = (A-B)-€mdm = (Am -B+A B.)-€m = Am-B-em+A-Bn-en =
A, -B-en+A (B-V)=AV-e, B-e,+A - (B-V). Since €r-B-e, = en-(B;je.e;) en =
Bij(ei-em)(ej-em) = Bij(eie;)(emen) =B:I1=1:B, thus(A-B)-V =AV e, -B-e,+
A (B-V)=AV . (I:B)+A-(B-V)=AVir(B))+A-(B-V)=(AV): B+ A-(B-V).

PRrOPOSITION 4. V- (A-B)=VA-B+A:VB
PROOF 8. V-(A-B) = €,0m (A-B) =en-(Am-B+A-B,,)) =emn-An -Bten A

B
(V-A) - B+en-A-B,,=(V-A)-B+en-A-e, - VB=(V-A) -B+A:I-VB
(V-A)-B+A:VB.

PROPOSITION 5. (A-B)V = A-BV + AV - BT

ProOF 9. (A-B)V =(A-B)epndm =(An-B+A-Bp)en, =A,, -Ben+A B.e,=
A-(BV)+ A, -Be,=A-(BV)+(AV) - en - Be,,, where e, - Bep, = e, - (Bijei€j)em =
Bnjejem = BT, thus (A- B)V = A-(BV)+ (AV) -e,, - Be,, = A- (BV) + (AV) - BT.

PROPOSITION 6. V(A-B)=VA-B+ A" . VB

ProoF 10. V(A -B) =e,0m(A-B)=e,(An-B+A-B,,)=enA., -B+e,A-B,, =
(VA)-B+enA-B,, =(V-A)-B+enA-en- VB, where enA - en = en(4ijeie;) en =
Aijemeie;-em = Aijemeidjm = Aimeme; = AT, thus V(A-B) = (V-A)-B+enA-e,-VB =
(VA)-B+ AT . VB.

PROPOSITION 7. (A: B)V =AV :B+ A: BV

ProOF 11. (A: B)V =(A:B)endn =(Am: B+A:B)e, =
B:(AV)+ A: BV = (AV): B+ A: BV, where the prop A: B =

B:A,entA: BV =
B : A has been applied.

PROPOSITION 8. V(A: B)=VA:B+A:VB

PrOOF 12. V(A: B) =€,0m(A:B)=en(Am : B+A:B,)=e,A,,: B+e,A:
B,,=(VA):B+enzBn,:A=(VA):B+VB: A=VA:B+A:VB.

PROPOSITION 9. (A X B)xV = AXx (B XV)—-(AV)-(B X I) or (Ax B)xV =
Ax (B xV)-(AV) - (tr(B)I — BT)
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PROOF 13. (AXB)XV = (AXB)x(€n0m) = Om(AxB)xem = (A mxXB+AXB n)Xen =
A, xBxen+AXBypXxen=AXx(BXV)+A,nxBxen=Ax(BXV)+ (AV)-
em X B X €, where e, X B X ey, = Bij(em X €;)(e; X em) = —Bij(ei X en)(ej X en) =
—B;j(eie;) % (emem)=—-—B  I. Thus(AxB)xV =Ax(BXxV)+(AV)-em xBXen, =
A X (B X V)—(AV) - (B } I). In which, the B I can be further simplified as follows
B [ I=Bij(eie;) ; (emem)
= Bij(eixem)(ejxem) = Bijeimpepejmeeq = Bij€impejmqepeq = Bij(—1)emip(—1)emjq€peq =
Bl-jemipaquepeq. Notice EmipEmjq = 6ij6pq—6iq5pj, thus B i I = Bijsmipsquepeq = Bij(éij(qu—
8iq0pj)ep€q = Bijbij0pgepeq — Bijbigopjepeq = (B : I)I — Byyepe, = tr(B)I — BT . Therefore,
we have (A x B) x V=Ax (B x V) - (AV) - (tr(B)I — BT).

ProproSsITION 10. V><(A><B) =(VxA)xB-(A I -(VB)orVx(AxB)=
(V x A) x B~ (tr(A) — AT) - (VB)

PROOF 14. VX(AXB) = (€m0m)X(AXB) = € X0m(AXB) = enX(AmXB+AXB,,) =
emXAmxXBtenXxAXB , = (VxA)XxB+enxAxen (VB) = (VxA)xB—-(A } I)(VB)
=(V x A) x B— (tr(A) — AT) - (VB).

PRrROPOSITION 11. (AXB)-V=Ax(B-V)—(AV)- (B [ I)or(AxB)-V=AXx (B
V) — (AV) - (B : €), where the permutation tensor € = €;;,€;€;€y.

PROOF 15. (AXB)-V =(AXB)-(€mOm) =0m(AXB)-em=(AnXB+AXB) e, =
A xB-em+AXB-en=Ax(B:V)+A, . xB-e,=A%x(B-V)+(AV)-en XB-en,
where €m X B - en = Bijen X e;e; - en = Bij(en X e;)(e; - em) = —B;j(e; X en)(e; - em) =
—Bij(eie;) i (emem)=—B ; I. Thus(AXxB)-V=Ax(B-V)+(AV)-em X B e, =
Ax(B-V)—(AV)- (B 5 I) Since B, I =-B | I =B :e¢, therefore (Ax B)-V =
AXx (B-V)—(AV)-(B:e¢)

PROPOSITION 12. V- (AxB) = (V-A)xB+(A  I))VB orV-(AxB)=(V-A)xB—(A:
€)-VB

PROOF 16. V- (A x B) = (emOm) - (A X B) = em - Om(A X B) = en - (Am X B+
AxB,)=en AnxB+en-AxB, = (V- A)><B—|—em-A><em-(VB), where
emn-Axe,=A , I=—-A:e ThusV-(AxB)=(V-A)xB+en-AXen- - (VB)=
(V-A)xB+(A ; I)-(VB)=(V-A)xB—-(A:¢)-(VB).

PROPOSITION 13. (A x B)V =A X (BV)—(AV)-(B g I)

PROOF 17. (A X B)V = (A X B)(€mOm) = Om(A X B)ey, = (Am X B+ A X B ,)en =
A, xXBen+AXxB e, =Ax(BV)+ A, xBe,=Ax(BV)+(AV) e, x Bey,, where
en xBe,, = Bij(enxe;)(ejen) = —Bij(eixen)(ejenm) = —Bijeie;) 5 (emem)=—-B ;5 I.
Thus (A x B)V = A x (BV)+ (AV)-en X Beyy = AXx (BV)—(AV)- (B 3 I)

PROPOSITION 14. V(AXx B)=VAxB - (I ¢ A)-(VB)

PROOF 18. V(A X B) = (€m0m)(A X B) = €mOm(A X B) =en(A,n x B+ AX B,,) =
emAmxXB+enAxB,,=(VA) xB+enAXen (VB)=(VA)Xx B+enAijee; Xen-
(VB) = (VA) X B — Ajjemeien X e;- (VB) = (VA) x B— Ajj(enmei)(enm X e;) - (VB) =
(VA) x B— Ajj(emen) ¢ (eej)- (VB)=(VA)xB—-(I 2 A)-(VB).

PROPOSITION 15. (AB)x V = A(B x V) — (AV)-(I ¢ B), where AB=A® B.
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PROOF 19. (AB) X V = (AB) X (€m0Om) = Om(AB) X ey, = (A mB+ A X By) X €y =
A.Bxen+AB,, Xen, =ABxV)+ A, ,Bxe,=A(BXV)+(AV)- emB X €y =
A(B X V)—l—(AV)emB”ele] Xemym = A(B X V)—(AV)emB”ezem xXe; = A(B X V)—(AV)
Bij(emei)(emxej) = A(BXV)f(AV)-Bij(emem) % (eixej) = A(BXV)*(AV)(I % B)

PROPOSITION 16. V x (AB)=(AxV)B—-(A 2 I)-(VB)

PRrROOF 20. V x (AB) = (€m0m) X (AB) = €,0m x (AB) = x (AmB + AB ) =
em XAmB+enxAB,, =(VxA)B+en., X Aen - (V ):( X )B—|—em><A”eze]em-
(VB) =(V x A)B — Ajje; X enejen - (VB) = (V x A)B — A;j(e; X em)(ejen) - (VB) =
(VX A)B — Aij(eie;)  (emem)  (VB)=(VxA)B-(A ; I)-(VB).

PROPOSITION 17. (AB)-V = A(B-V)+(AV)-(I ¢ B)

PrOOF 21. (AB)-V = (AB)-(€m0m) = (A mB+AXB ) -en =AnB-en,+AB e, =
AB-V)+A,B-em=A(B-V)+(AV)-emB-eyn = A(B:-V)+ (AV)-enBijeie;-en =
A(B . V) -+ (AV) . emBijeiem ce; = A(B . V) + (AV) . Bij(emei)(em . ej) = A(B . V) =+
(AV) - Bij(emen) € (eixe;)=A(B-V)+ (AV)-(I ¢ B).

PROPOSITION 18. V- (AB)=(A-V)B+(A 2 I)-(VB)

PRrROOF 22. V- (AB) = (em0m) - (AB) =€y (A mB+AB,) =€en-AnB+e, AB,, =
(V-A)B+ey-Aen-(VB)=(V-A)B+en-Aijeiejen, - (VB) = (V-A)B+A;je;-enejen, -
(VB) = (V- A)B + Aij(ei - en)(ejem) - (VB) = (V- A)B + Aij(eie;) ¢ (emem)  (VB) =
(V-A)B+ (A ; I)-(VB).

6. Application: The momentum conservation law
In continuum mechanics Truesdell & Toupin (1960); Truesdell & Noll (1969); Eringen (1980);
?); Zhao (2016) the momentum conservation law can be expressed by the Cauchy stress: V -
o+ pf = pdt, as well as in other stress tensors, namely, Vx - P + prfr = pR[ 2]r and
Vx - (FS)+ prfr = pr[%2]r, where the lower index R denotes the reference (undeformed)

configuration, and the first Piola-Kirchhoff stress tensor P = 7 - F~ T and the second Piola-
Kirchhoff stress tensor S = F~'. P.

From the above tensor identities, we rewrite the momentum conservation law in the first
Piola-Kirchhoff stress tensor

_ _ _ dv
V- Ptprfr=Vx(r-F ")tprfr = (Vx7)F 47 (VxF )tprfr=prl g lr (6.1)
and in second Piola-Kirchhoff stress tensor

Vx (FS)+prfr=(VxF)-S+F:(VxS)+prfr= PR[C(%}R (6.2)

7. Application: Deformation superposition Sun (2017, 2018a,b)

If total deformation gradient F = g¢;®G" = F;;g'®G? = F;;g'G’ can be decomposed into the
multiplication of deformation gradients F'* and F'?, namely F' = F°-F?, where the deformation
gradient F° = g; ® e’ = F;9' ® & = Ff;g'e’ and FP=¢e,®G' = FpeZ QG = FpeZGJ
and G, e;, g; are the base vectors correspondlng to the reference, intermediate and current
configuration, respectively. The deformation decomposition is shown in Figure 1.

PROPOSITION 19. The dislocation density tensor is given by T = —FxV = —(F°-FP)xV =
—F°. (FPxV)— (F°xV)-F?

The relation has been proved by the author in Sun (2018b) in the case of elasto-plastic
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Current
configuration
Reference
configuration
F=FF
I
FL’
\\, Intermediate
F configuration

Figure 1: Superposition of deformation.

deformation. Just for information of application, we can list it again by taking into account the
variable base vectors, namely G, e, g, are the function of coordinates X. (F° - FP) x V =
(F¢FP)XG"V o = [(FV) - FP+F¢-(FPV )] XG™ = F¢-(FPV) XG4+ (F°Vp) - FPXG™,
where V,, is covariant derivative, F'°- (FPV,,)x G™ = F°¢-(F?x V), and (F°V,,) - F' xG™ =
(F°V)-Gn)-[F}e*G' xG™] = F°V-F}(e"-Gn)(G' xG™) = F°V -F}(erG') & (GnG™) =
F°V -F? { I =—-F°V | FP = —-F°V | I-F?)= —(F°V { I)-F? = (F°x V) F?
where the unit tensor I = G,,G™ = 6;;G'G’ in reference configuration. Therefore, we have the
relation T = —F XV = —(F°-FP)xV =—F°¢. (FP x V) — (F¢ x V) - FP.

In similarly way, the tensor identity can also be applied to the polar decomposition of de-
formation gradient F = R-U = V - R, where R is rotation tensor (the orthogonal tensor),
RT =R !, and U and V are right and left stretch tensor, respectively.

8. Conclusions

Although here we only demonstrated some identities for the 2nd order tensor, more com-
plicated tensor calculus calculations can be done in similar way. The new tensor calculation
definitions introduced in this paper has shown its usefulness in tensor calculus. With the new
definitions, we can enjoy the power of tensor calculations. As a conclusion, we want to emphasize
again that all the results obtained for cartesian tensors in this article also apply to tensors in
any coordinate system.
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