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Abstract. In this paper, we introduce a new class of degenerate Hermite-Fubini
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1. Introduction

The 2-variable Hermite Kampé de Fériet polynomials (2VHKdFP) H,,(z,y) [1,
4] are defined as

_ 1.1
rl(n — 2r)! (1.1)
It is clear that

1
H,(2z,-1) = H,(x, Hy(z, —5) = He,(z), Hy(x,0) = 2™,

where H,(z) and He,(x) being ordinary Hermite polynomials.

The Hermite polynomial H,(x,y) (see ([12, 13]) is defined by means of the fol-
lowing generating function as follows:

e
tn
=3 o) (1.2)
n=0 '

Recently, Khan [7] introduced degenerate Hermite polynomials by means of the fol-
lowing generating function as follows:

o0 n

L+ M)XA+M)X =D Hy(x,y; N (1.3)
n=0
Note that
lim (14 M) = e,
A—0
It is evident that (1.3) reduces to (1.2). That is H,(z,y) limiting case of
H, (z,y;\), when limy__,¢.
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The explicit representation of degenerate Hermite polynomials H,(x,y; A) as
follows:

H,(z,y;\) =n! Z Jn- 27«(%%_ (1.4)

r'n—2r

For A € C, Carlitz introduced the degenerate Bernoulli polynomials given by the
generating function

: X = - z; ﬁ see
RSV ——EE%Bn( N (e [3,8,9,10,11) (1)
so that y
Ba@iN) =D 1) BN (Fn-m- (1.6)
EHECE

When 2 =0, 8,(A) = 8,(0; \) are called the degenerate Bernoulli numbers.
From (1.5), we note that

> " t .

5 R Y z

z::AinOBn(ac,/\)n! Jim TESYE 71( + At)>
t o tm

where By, (z) are called the Bernoulli polynomials (see [1-15]).

Geometric polynomials (also known as Fubini polynomials) are defined as follows

(see [2]):
x) = L ke, (1.8)
iy

where { Z } is the Stirling number of the second kind (see [5]).

For z = 1 in (1.8), we get n'" Fubini number (ordered Bell number or geometric
number) F, [2, 5, 6, 15] is defined by

am:ﬂ:i{Z%L (1.9)

k=0

The exponential generating functions of geometric polynomials is given by (see [2]):

1 "
N E@Y 1.10
1—a(et —1) Z (@) n! (1.10)
and related to the geometric series (see [2]):
d\™ 1 - 1 x
— =) kb= —F,(—), 1.
(xdx> 11—z kgo “ 1—=z (1—x)|x|<

Let us give a short list of these polynomials and numbers as follows:

Fo(z) =1, Fy(x) = 2, Fy(z) = 24222, F3(z) = 2+62° 4623, Fy(x) = 24+142° 43623 +242%,

and
Fo=1,F =1,F,=3,F3=13,F, =75.

Geometric and exponential polynomials are connected by the relation (see [2]):

= - z)e N
@7£¢M)dx (1.11)
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n (2016), Khan [7] introduced two variable degenerate Hermite-poly-Bernoulli
polynomials is defined by means of the following generating function:

Lip(1 — et £ g

so that

n
H%@@wwy:g;<zl)@ﬂAmﬂmuygy

The object of this paper, we consider generating functions for degenerate Hermite-
Fubini numbers and polynomials and give some properties of these numbers and poly-
nomials. We derive summation formulas of degenerate Hermite-Fubini numbers and
polynomials and we construct a symmetric identities of degenerate Hermite-Fubini

numbers and polynomials by using generating functions.
2. Degenerate Hermite-Fubini numbers and polynomials

In this section, we define three-variable degenerate Hermite-Fubini polynomials
and obtain some basic properties which gives us new formula for yF, x(x,y;z) as
follows:

We introduce 3-variable degenerate Hermite-Fubini polynomials by means of the
following generating function:

1
1—2((1+M)% — 1)
When z =y =0. z=11in (2.1), we have
HFn,)\(Oyo;Z) = Fn,)\(z)vHFn,)\(oaO; 1) = Fn,)w

Y

(14 X)X (14 MR ZHFn,\ T,452) (2.1)

Not that imy_,o g Fna(x,y;2) = gpFu(x, y; 2).

On setting y = 0 in (2.1), we obtain 2-variable Fubini polynomials which is de-
fined by Kim et al. [9].

1
1—2((1+ M) — )
Theorem 2.1. For n > 0, we have

(14+Xt)% = ZFn,\LL‘Z . (2.2)

Proof. Using definition (2.1), we have

> tn 1 . y
Foa(r,y;2)— = 14+ M3 (1 4+ 22X
ZH Ayl 1—2((1+ )% fl)( S )

=Y Fualz )f:, Hm(r,y;k)%
n=0 m=0
S (E(0)rmtrmies)

n=0 \m=0
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Comparing the coefficients of tn—n, yields (2.3).

Theorem 2.2. For n > 0, we have

HFn,)\(-T'ay;z):Z(Z}> n— rxya ZZ k'SQ’/’k (24)

r=0
Proof. Using definition (2.1), we have

tn x y
Foa(z,y;2)— = T4+ M) (1+ M2
> (o) = T T (LR

= (1+A)3X(1+ 223 izk((l + At — 1)k

tT‘

tn
1

n
L.H.S = Z(Z( ) (T, Y3 A szk|52rk>
Equating the coefficients of L % in both sides, we get (2.4).

Theorem 2.3. For n > 0, the following formula for degenerate Hermite-Fubini
polynomials holds true:

e S G Y CE ) PRI S () D SR C Y At
m=0 r=0 k=0
(2.5)
Proof. We begin with the definition (2.1) and write
S Faa(r o) = S e oL
— ’ nt 1—z(L+X)> —1)
Let
1 1 1 - x
— 14+ M) 2.6
1z(1152(1+>\t)i1> 1—z(1+Mt)> z:: (26)
o0 o0 tr
_ k
-3 (X))
k=0

1 1
1—-=2 -1+
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Then, we have

o0

S bty = 7 3 (52) 5 (S sten)

n=0 m=0
(1 - Z) Hn—m,x(xvy)> g (2.8)

[ - n
=1_22(2 () Fu
Comparing the coefficients of % in equation (2.7) and (2.8), we get (2.5).

n=0 \m=0

Theorem 2.4. For n > 0, the following formula for degenerate Hermite-Fubini
polynomials holds true:

Hn,)\(mv y) = HFn,A(:L'v Y Z) - zHFn,)\("I; + la Y; Z) + ZHFn,)\(x7 Y; Z) (29)
Proof. We begin with the definition (2.1) and write
1—2((1+At)

(14+ )5 (1+ A% =

o )(1 + )X (14 A%
L—z((1+A)% - 1)
LA A)FA M 2((14 At)> —1)
Tl A)E 1) 1T—z((1+A)F —1)
Then using the definition of Kampé de Fériet generalization of the degenerate Hermite
polynomials H,, x(z,y) (1.3) and (2.1), we have

(14 X)X (14 X)X,

oo n

t’n/
Z Ho\(,9)— = Z [ Fux(@,y:2) = 2aFa (@ + 1,y 2) + 20 Foa (@, 952)] —.
Finally, comparing the coefficients of 5, we get (2.9).

Theorem 2.5. For n > 0 and 21 # 2z, the following formula for degenerate Hermite-
Fubini polynomials holds true:

n
n
Z ( I )HFn—k,,\(JJhy1;Zl)HFk,A($2,y2;22)
k=0
_ 2o Fna (@1 + 22,51 +12322) — A aFa (T + 22,91 + Y23 21) (2.10)
zZ9 — 21 ' '
Proof. The products of (2.1) can be written as

QAT (L AD)T (L AT (1L A2

[o oo o}

mFn (1,915 21 HFk(x27y27Z2) =
nz%,;) ) n! KU 1 — 2 (T4 A — 1) 1T—2((1+M)% —1)
Z (Z ( 3 ) HFn—k(xl,yl;Z1)HFk($2,y2;22)> =~
n=0 \k=0 "
 (LHA)TT2 M) 2 (L) TR (AR
zo—z1 1—z((1+ )% —1) Zo—21 1—z((1+ )% —1)
_ (z2uFa(@1 + 32,41 +y2i22) — s Fn(@ + 22,51 +y2521) | 1
Z2 — 21 n!’

By equating the coefficients of fl—n, on both sides, we get (2.10).
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Theorem 2.6. For n > 0, the following formula for degenerate Hermite-Fubini
polynomials holds true:

zaFoa(z+1,y;2) = (L+ 2)p Fua (2,95 2) — Hoa (2, ). (2.11)
Proof. From (2.1), we have
> " A4+ A5+ MD)R 1
Fox(z+1,y;2) — gFoa(z,y;2)] — = T 1+ A)x —1
3 liFuae 4 1,352) ~ wFaale i) = (S (A0 E )

n=0

— 1+ X)X+ MH)X

1 [(1+)\t) S+ A%
2121+ A)F - 1)
= Y [nFalayiz) — ol o
n=0

Comparing the coefficients of % on both sides, we obtain (2.11).

Remark 2.3. On setting z = y =0 and x = —1 in Theorem 2.6, we find
2 Fn (1,05 2) = (14 2) n Fu A (0,05 2), (212)

and

ZHFn)\(0,0;Z) = (1 + Z)HFn’)\(—l,O; Z) — (_)\)n (/1\) . (213)

Theorem 2.7. For n > 0, p,q € R, the following formula for degenerate Hermite-
Fubini polynomials holds true:

aFax(pz,qy; 2)

NI g P (@, 95 2) (W) o <(q _Al)y>j (n—k 1— 27)151°

k=0 j=0
(2.14)
Proof. Rewrite the generating function (2.1), we have
o0
> uFu(pz, q; ,Z)ﬁ = ! (1A 5 (L) ¥ (1a) B0 (1 2)
St TR TR VAT S

n=0

— (gHFn,A(x,y;z)j:> <i ((p_)\l)x) )\kt ) i( q—1)y )j)\atj

k=0 J=

(ZHFMxy, ) ZZ( >k<(q—)\1)y>j,\k+ji!+;j

k=0 j=0

Replacing k£ by k — 2j in above equation, we have

o0 o X ((p=Da (¢—1) t*
L.H.S. = (Z HFn(:z:,y;z)n!> DN <pA>k_2j ( : ) y)J, (k — 2j)!5!

n=0 k=2j

Again replacing n by n — k in above equation, we have

L.H.S. = iiZAk TnFnoka (@02 )<( _Al) )k_%((q_/\l)y)j(n—kin%) Tl

n=0 k=0 j5=0

Finally, equating the coefficients of ¢ on both sides, we acquire the result (2.14).
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Theorem 2.8. For n > 0, the following formula for degenerate Hermite-Fubini
polynomials holds true:

n l
aFaa(x+ry;2) = Z < ? ) Hy_x(z,y) szk!SQ’)\(l +rk+r). (2.15)

1=0 k=0
Proof. Replacing « by = + r in (2.1), we have

> " (14 M)
ZHFn,)\(x—"ﬁy;z)ﬁ: ( )
n=0

= (1+ A5 (1 + D)X (1 +an)k izk((l AR — 1)k

= (14 M)FA+M)X A+ A5 D 25D kIS(, k
k=0 =k

:ZHn)\(:ﬂy Z Zk'SgAl—l—rk—l—r)l
n=0 " 1=0 k=0

Replacing n by n — [ in above equation, we get

00 oo n l
t" n t"
> HEu(z4r,y;2) = = Z:O (Z < ! ) Hyoi(2,y) Y2 KISoa(L+ 7k + 7”)) g

n=0 1=0 k=0

Comparing the coefficients of % in both sides, we get (2.15).
3. Summation Formulae for degenerate Hermite-Fubini polynomials

First, we prove the following result involving the degenerate Hermite-Fubini
polynomials g F, »(z,y; ) by using series rearrangement techniques and considered
its special case:
Theorem 3.1. The following summation formula for degenerate Hermite-Fubini

polynomials g F,(z,y; z) holds true:

HFn,)\(uav;Z)HFm,)\(Uav; Z) = Z < ,:L > < Zz >HT,A(Uxavy)HFn—r,A(x,y;Z)
r,k=0

XH&)\(U*X,V7Y)HFm,k7)\(X,Y;Z). (31)
Proof. Consider the product of the degenerate Hermite-Fubini polynomials, we can
be written as generating function (2.1) in the following form:

1 x y 1 x Y
T+ A)X(1+ MH)N . L+ AT (14 AT
1T—2((1+ M) — )( )*( ) 172((1+)\T)X71)( ) )
n= 'm 0
Replacing « by u, y by v, X by U and Y by V in (3.2) and equating the resultant to
itself,
ZZHFnAUUZ)HFm/\(UVZ)' |
m!

n=0m=0

= (1M T 1+ M) T (L4 AT) > (14 AT >
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XZZHFn)\xya )HFm)\(XYZ) m!7
n=0m=0
which on using the generating function [14] in the r.h.s., becomes
tmrm
ZZHFn)\’U,U AaFn(U,V; 2) 5 —
n! m!
n=0m=0
0o tn+7« 00 Tm+k
= Y Hoa(u=,0-9)nFox(@,952) = > Hia(U=X, V=Y )Pz (X, Y Z)
n,r=0 m,k=0
(3.3)

Finally, replacing n by n — r and m by m — k and using the lemma [14] in the
r.h.s. of the above equation and then equating the coefficients of like powers of ¢ and
T, we get assertion (3.1) of Theorem 3.1.

Theorem 3.2. The following summation formula for degenerate Hermite-Fubini
polynomials g F,(z,y; z) holds true:

" n
HFn,A(m+way+U;Z) = Z < s > HFn—s,)\(xay;z)Hs,A(wvu)' (34)
s=0

Proof. We replace x by x + w and y by y + w in (2.1), use (1.3) and rewrite the
generating function as:

1 & s

1+ Mt 1+ A2) 5" Foa(z,y; Hgx(w,u)—

1_z(<1+At)%—1)( FH ZH a2 !Z: A
o0 tn
:ZHFn,/\(erwveru;Z)E

n=0
Now replacing n by n — s in Lh.s. and comparing the coeflicients of ¢ on both sides,
we get the result (3.4).

Theorem 3.3. The following summation formula for degenerate Hermite-Fubini
polynomials g F), »(z,y; z) holds true:

HFn,A(xay; Z) = Z < n ) anr)\(m — W, Z)Hr,)\(w)y)' (35)

r
r=0
Proof. By exploiting the generating function (1.3), we can write equation (2.1) as
1
1—2((1+ )% —1)

Y

v u " o tr
(14X8) 57 (14+48) X (14A¢%) X ZFM T—w; 2) !ZHT,A(w,y)ﬁ-

On replacing n by n — r in above equation, we get

ZHF’I’L)\ x,Y;z ZZFTL 7‘)\ )HT,A(w7y>(nj77;)!r!'

n=0r=0

Equating the coefficients of the like powers of ¢ on both sides, we get (3.5).

Theorem 3.4. The following summation formula for degenerate Hermite-Fubini
polynomials g F), x(x,y; z) holds true:

- 1
wFas 12 =3 (1 ) ubaaa) (3) 40 @0)

r=0
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Proof. Using the generating function (2.1), we have

(oo} tn o0
doaFaa@+1Lyi2) = > wFua(n,y:2)
n=0

n=0
]_ 1 x Yy
= L4+ At)> — 1)(1+ M) (L4 At?)>
(1—1—2((1+At)i_1>(( ) : I )
[e'e) [e s} 1
" (3), A"
= ZHFn,)\(l'vy;Z)a (Z )‘T -1
n=0 r=0
oo n [ee) % )\T'tr (e e)
- ZHFn,A(x7ya Z ZHFn,)\(xay;Z)
n=0 T r=0 n=0
ZZ( >HFnr,)\(may;z) () )‘ri_ZHFn)\x:%
n=0r=0

Finally, equating the coefficients of the like powers of t on both sides, we get (3.6).
4. Symmetric identities for degenerate Hermite-Fubini polynomials

In this section, we establish general symmetry identities for the degenerate Hermite-
Fubini polynomials i F,, x(z,y; z) by applying the generating function (2.1) and (2.2).

Theorem 4.1. Let z,y,z € R and n > 0, then the following identity holds true:

n
n T _Nn—r
Z < r ) b"a HFn—r,)\(bzbey; Z)HFT,,\(G%CLZZ/;Z)

r=0

— Z < > a"b" " g F,_r 2 (az, azy; z)HFrv,\(bm,b2y; z). (4.1)

Proof. Start Wlth
a2 2
(14 At) X" (1 + M2) 5"

A(t) = —
1—2((L+ )% — 1)) (1 —2((1+ )% — 1)

Then the expression for A(t) is symmetric in @ and b and we can expand A(t) into
series in two ways to obtain:

- bt)"
At):ZHFn,k(bxabev ( ZHFTA axa?ﬁ )( )
n=0
> = n t"
At) = Z (Z ( ., ) bra"’"HFn_n)\(bx,b?y;Z)HF,.,A(ax,azy;z)> E (4.2)
n=0 \r=0
Similarly, we can show that
_ = 2 (0" = 2\ (at)"
t) = T;OHFn,A(G%G Y; 2) ] ;HFT,)\(bmab Y; 2) o
o0 n tn
At) = Z (Z ( ::L ) a’"b"_THFnT’A(ax,a2y;z)HFr,A(bx,be;z)> o (4.3)
n=0 \r=0

By comparing the coefficients of % on the right hand sides of the last two equa-
tions, we arrive at the desired result (4.1).
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Theorem 4.2. For each pair of integers a and b and all integers and n > 0, the
following identity holds true:

n k
n— k A
g ( Z ) a" " * b Py (b, by 2) E ( ; > o (b’a - 1) Fy—ix(au; 2)

k=0 i=0
n k
n n—k k ar. a2u: 2 k o i B (b, .
I;)( k )b Hank,A( , Y5 );( i ) z(aab 1) kaz,)\(b ; ) (44)
Proof. Let
B(t) = (1 4+ A5 (1 4 A2 2 (1 M) % — 1)
(1—2((L+ A% — 1)1 —2(L+M)F = D)((L+ A% — 1)((1+M)F —1)

abu

' —1) (14 At)5*
—1) (1—2((1+ )% —1))

> bt)*
) (};} Fia(ay; Z)(k')>

(i 11 o (b, b2y 2) (a;!)n> (ii ( f ) bro; (za = 1) Fki,k(au;z);f:!>

n=0

abx a2b2y

(T+ X)X (1+A2) > ((1+ )
(I—2(1+AM)% —1)) 1+ )

_ )T (&
B(t) = 1—z((1+ )% — 1)) <Z“<b’“ 1)

(bt)’
il

_ i (En: ( Z > a""‘“kaank,,\(b%b%;Z)Z ( f ) o (2,(1 — 1) Fki,A(@U;Z)) i—n'
)

k
n=0 \k=0 =0
(4.5

On the other hand, we have

B(t) = i (Zn: ( Z ) bk ak By ga(az, a?y; 2) Ek: < f > o (21; - 1) Fk_lv,,\(bu;z)> g

n=0 \k=0 =0
(4.6)

By comparing the coeflicients of ¢™ on the right hand sides of the last two equations,
we arrive at the desired result.

References

[1] Bell, E. T, Exponential polynomials, Ann. of Math., 35(1934), 258-277.

[2] Boyadzhiev, K. N, A series transformation formula and related polynomials,
Int. J. Math. Math. Sci., 23(2005), 3849-3866.

[3] Carlitz, L, Degenerate Stirling Bernoulli and Eulerian numbers, Util.Math.,
15(1979), 51-88.

[4] Dattoli, G, Lorenzutta, S and Cesarano, C, Finite sums and generalized forms
of Bernoulli polynomials, Rendiconti di Mathematica, 19(1999), 385-391.

[5] Graham, R. L, Knuth, D. E, Patashnik, O, Concrete Mathematics, Addison-
Wesley Publ. Co., New York, 1994.

[6] Gross, O. A, Preferential arrangements, Amer. Math. Monthly, 69(1962),
4-8.

[7] Khan, W. A, A note on degenerate Hermite-poly-Bernoulli numbers and poly-
nomials, J. Classical Anal., 8(1)(2016), 65-76.


https://doi.org/10.20944/preprints201904.0334.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 April 2019 d0i:10.20944/preprints201904.0334.v1

11

[8] Haroon, H, Khan, W. A, Degenerate Bernoulli numbers and polynomials
associated with degenerate Hermite polynomials, Commun. Korean Math.
Soc., (accepted), (2018), In Press.

[9] Kim, T, Kim, D. S, Jang, G. W, A note on degenerate Fubini polynomials,
Proc. Jangjeon Math. Soc., 20(4)(2017), 521-531.

[10] Kim, D. S, Dolgy, T and Komatsu, D. V, Barnes type degenerate Bernoulli
polynomials, Adv. Dtud. Contemp. Math., 25(1)(2015), 121-146.

[11] Kim, T, Barnes type multiple degenerate Bernoulli and Euler polynomials,
Appl. Math. Comput., 258(2015), 556-564.

[12] Pathan, M. A and Khan, W. A, Some implicit summation formulas and sym-
metric identities for the generalized Hermite-Bernoulli polynomials, Mediterr.
J. Math., 12(2015), 679-695.

[13] Pathan, M. A and Khan, W. A: A new class of generalized polynomials as-
sociated with Hermite and Euler polynomials, Mediterr. J. Math., 13(2016),
913-928.

[14] Srivastava, H. M and Manocha, H. L, A treatise on generating functions, Ellis
Horwood Limited. Co., New York, 1984.

[15] Tanny, S. M, On some numbers related to Bell numbers, Canad. Math. Bull.,
17(1974), 733-738.


https://doi.org/10.20944/preprints201904.0334.v1

