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Abstract

In this paper, it is proved that s-iteration with error and Picard-Mann iteration with error iterative
processes converge strongly to the unique fixed point of Lipschitzian strongly pseudo-contractive map.
This convergence is almost F-stable and F-stable. Applications of these results to the operator
equationsFx = f, x + Fx = f, where F is a strongly accretive and accretive mappings of X into itself.
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1. Introduction and Preliminaries
Consider a normed space X, F: X — Xis a mapping, M is a function and A,,,n,, € (0,1), we present the
following iterative sequences

wy € X,

Wn+1 = M(Fl W/n);
is called s-iteration [1] if
W1 = A Fz, + (1 - }‘n)FW/n,’
Zp = NpFw, + (1 —m,)w,,Vn >0. (1.1)
%y € X,
Xp+1 = M(F' x/n)
is called Picard-Mann iteration [2] if
Xpn+1 = Fyp,
Yn=MAFx, +(1-1,)x,,Vn=0. (1.2)
wy € X,
Wn+1 = M(F, W/n);
is called s-iteration with errors if
W,i1 = AFz,+ (1 —2A,)Fw, +a,,
Zp = N fw,+ (1 —m,)w, +¢,,Vn=0. (1.3)
where ¥.7_olla, |l < o0, X7 llc, |l < oo.
%9 € X,
Xn+1 = M(F, xn)
is called Picard-Mann iteration with errors if
xn+1 = F’y”/n + a’/m

Yun=MFx, +(1—-2A,)x,,Vn=0. (1.4)
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where X 7_olla, || < .
Throughout this paper, we study three cases, convergence, almost stability and stability of schemes
of sequences define in (1.3) and (1.4). In the following, we recall needed definitions and lemmas.

Definition 1.1: [3]

An arbitrary iteration scheme x,,, = M(F,x,,) where M is function and (x,,) converges to a fixed
point p of F. Suppose that (q,,) be a sequence in X, then (x,,) is called Stable with respect to F (or F -
stable) if Al_r)r;lo 5, =0, implies to }Lllrgo dn = P,

where
8, = a1 — M(F,2,)ll, n = 0.
Definition 1.2: [4]
Let X, F,{(x,,+1),6,., 9., and p be as of definition (1.1), then the fixed point iteration procedure {(x,,) is
Almost stable with respect to F (or almost F-stable ) if Y 5_,5, < oo implies that r111—1>1c;lo de.=1D-

Definition 1.3:[5]

Let X be a normed space, and F: X — X be a mapping then for fixed m, 0 < m < oo, F is said
Lipschitzian if
|Fx — Fy|| < m ||x — yll, Vx, 4 € X. (1.5)
Definition 1.4: [6], [7]

Let X be a normed space, F: X — X be a mapping. Then F is called strongly pseudo-contractive if
there exist r = % where, [ > 1. such that

(Fx — Fy,j(x — ) < tllx — ¢|l*, vx, 4 €X. (1.6)

Definition 1.5: [8], [9], [10]

A mapping F: X — X, where X normed linear space is said to be
i-Strongly accretive, if therer > 0 such that for each x, 4 € Xthere exists j(x — ¢) € J(x — ¢)
(Fx — Fy,j(x — 9)) = tllx — ylI%. (1.7)
ii- Accretive if ||x — ¢l < |[x —» + x(Fx — Fy)|], (1.8)
alsoifr=0in(1.7).
Proposition 1.6: [7],[9], [10]

The relation between (strongly) pseudo-contraction mapping and (strongly) accretive mapping is that:

i- Fis (strongly) pseudo-contraction if and only if (I — F) is (strongly) accretive.
ii- Also, if (I — F) is (strongly) pseudo-contraction then F is (strongly) accretive, and the converse is true.

Lemma 1.7: [11]
Let {p,, }be a nonnegative sequence which satisfies the following inequality, p,+1 < (1 —v,)pPn + Hp
where y,, € (0,1), foreachn € N, Yy, = 0 and u,, = o(y,) . Then lim p, = 0.
n—-oo

Lemma 1.8: [12]
Let {€,,} be a nonnegative sequence that satisfies the inequality €,,,; < (1 —v,)¢,, + b, + u,,,n = 0.
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Wherey, € [0,1],Vn EN, Xy, = o, and b, = 0(Yp), 2im=o by < . Then lim ,, =0
n—-oo

Lemma 1.9: [13], [14]

Let X real Banach space, F: X — X be a mapping such that :
i- If F continuous and strongly pseudo-contractive, then F has a unique fixed point .
ii- If F continuous and strongly accretive, then the equation Fx = f has a unique solution for any f € X.
iii- If F continuous and accretive, then F is m-accretive. Also the equation x + Fx = f has a unique
solution for any f € X.

2. Main Results
Firstly, define condition (4,) as
IfA,.,n, € (0,1),re (0,1)and m > 0, then
/m((/m + 1A +n,) +A,m?*2+ (m — 1)nn)) -Q2-v\,Cm+mim—1)n,) <vm-—e,
where e € (0, m).

Theorem 2.1: Let X real Banach space, let F: X — X is Lipschitzian strongly pseudo-contractive

mapping . Suppose that (w,,) be in (1.3), lim a,, = lim ¢,, = 0 and condition (4,) satisfied .
171—00 17M—00

Then:

1- (w,,) converges strongly to the unique fixed pointp .

2-lgper =PIl €8, + llanll + [1 = 5=1lla, — pll + [Bm + m?]llc,|l, va 2 0.

Ane
1+A,

Proof:
From Lemma (1.9), we obtain F has unique fixed point, and from (1.3), (1.6), and proposition (1.6),
we have
Fw, = w41 + A, Fw,, — A, Fz, —a,
=Wy + A Fw,, =2 Fz, —a, + 20, W01 — 20, W1 — TA, Wy g + 1A, Wy g
— A Fwpg A, Fw, g
= (1 + }\/n)wn+1 + )\/n(l —-F- rI)V\’/n+1 - (1 - r)}\nFW/n + (2 - r)}\i(FWn - an) +

}\n(Fan+1 - an) - (1 + (2 - r))\n)a’/n (21)
p=0+2A)p+A,(I-F—-1xDp—-(1—-1A,p (2.2)
So that
FW/n —pb= (1 + 7Ln)(VV'rHl - p) + }\/n[(l —F- rI)an+1 - (I —F- rI)p] - (1 - r)}\n(FWn - p) +
(2 - r)}\%z(FW/n - Fz/n) + }\fn(FWn+1 - an) - (1 + (2 - r))\n)a'n (2-3)
Ay
Fw,, = pll = (14 A, || (s = ) + 5 [0 = F = tDw, oy = (1= F =Dl

- (1 - r)}\fn”Fan - p” - (2 - r)}\i”FWn - an” - }\n”FWn+1 - an” - 3”“%”
Thus

1+ 2)lWyeq — pll
< (1 + (1 - r)}\n)”FW/n - p” + (2 - r)}\i”FWn - an” + An”FW/n+1 - an” + 3||a’n”



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 June 2019

||Wn+1 - p” < [(1 + (1 - r))\n)”FWn - p” + (2 - r))\f%z”FWn - an”

1+A,
+ 7L4/1,”1;‘VV4¢+1 - an” + 3”“%”]

||Wn+1 - p” < [(1 + (1 - r))\n)mllwn - p” + (2 - r))\f%z”FWn - an” +

1+2,
AnllFWoiq — Fz,ll + 3lla,.ll] (2.4)
Observe that
IFw,, — Fz,|l < lIFw,, = pll + llp = Fz, |l < mllw,, — pll + mllz,, —pll
< 2m+ m(m — n,llw,, — pll + mllc,l| (2.5)
IFw,p1 = Fz,ll < mllw,yy — 2,
< [m(m +1) + A, mQ2m + m(m — Dn,llw, —pl) + n,m(m + D]llw, —pll + mlla,ll +
mlle,ll + A, m?|lc,| (2.6)
Now, putting (2.6), (2.5) in (2.4)

w41 —pll < [(1+ (1 —-1)A,)m|w, —pll

1+2,
+ A, ([mm + 1) + A, m2m + m(m — 1)n,) +n,m(m + 1)]||lw,, — pl|
+ mlla,ll + mlic,ll + A, m?lc, ) +
(2 =A% (2m + m(m — Dn,llw, — pll + mlle,ll) + 3lla,ll]

= [+ @A —-0A)m+ A, m(m+ 1)(1+n,) + 225m? +
1+,

}\314%2(4% - 1)“//1, + (2 - r)}\,i((zm + 4’I’L(4’I’L - 1)n/n]||w/n, - p” +

A 3 2 — 1)) zZ
|+ ]||an||+[@m+—“(m2+m) leal

1+, 1+, 1+2, 1+,
<[1-1 j‘r“)\n [mr — m((m + 1)1 +1,) + A, m?Q2 + (m —1n,)) +
—(2 =) (Cm + m(m — D, ]llw, — pll + [m + 3]lla,ll + [3m + m?]lc,l
=[1- 1}1‘;% Iw,, = pll + [m + 3]lla,ll + [3m + m?]|lc, |

By applying Lemma (1.7), we yield limw,, =p.
n—oo
For (2) :

Let(q,,)be a sequence inX,defined {6,,}by 8, = ||q+1 — 8n — @, |l,Where
g0 = M Fz, + (1= 2,)Fq,, 3, =N,Fq, + (1 —1M,)q, +¢,,mn =0.
a1 =PIl < lldns1 = 6 — @nll + llanll + llgn = pll < 8, + lla,ll + llg. — pll (2.7)
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Since
Fq, = g, + A, Fq,, —A,.Fz,
=1+1,)g,+A,(0I—-F—rDg,— (2-1r)A,a,+ A, Fq, + 1A, (Fg,—Fz,)
=1+A)8,+A,0—F—rDg,— (1 -1r)A,Fq, +(2-r)A%(Fq, —Fz,) +
(2.8)A,,(Fg,, — Fz,,)
Thus
p=0Q+2)p+A,d-F—-rDp—(1—-0r)A,p (2.9)
Fq, —p=Q+2A)(@—p) + 2, [0 -F—rDg, —(I—-F—rDp] - (1 - r)A,(Fq,, — p)
+ (2 —-1)A4(Fq, — Fz,) + A,(Fg, — Fz,.).
So that
1P =l > (@ +2) 6o = )+ 35 [0 = F = 1D, = (= F = sbpl]| - (1= ),
IFa, — pll = (2 = DALNFa, — Fz,ll — A, lIFg, — Fz,ll
= (1+2)llgn — pll = (1 = DALNIFq, — pll = 2 = DAL NFG, — Fz,ll — A, [IFg, — Fz, |l
Thus
llgn —pll < 1T [(1+ (1 = DA)IFq, —pll + 2 = AL1Fq, — Fz,ll + A, lIFgy — Fz, 1]
llgn = pll < 1+1M [1+ A —vr)mllg, —pll + 2 —OALIFQ, — Fz,ll + A.lIFe, — Fz,ll] - (2.10)
Observe that
IFq,, — Fz,ll < lIFq, —pll + llp — Fz,ll < mllq,, —pll + mllz, - pll
< 2m +m(m — Dn,llq, — pll + mllc,| (2.11)
IFa, = Fa,|| < mlla, - =
< m[lFq, — qull + 2. 1Fq, — Fz,ll + 0. lla, — Faull + lle,ll]
< [mm+1)+A,mQ2m+m(m—1n,) +n,m(m + Dlllq, —pll +
ml|c, || + A,,m2 |, (2.12)

Now, putting (2.12), (2.11) in (2.10), we get

1
141,

DN, +nm(m + Dlllg, — pll + mlle,ll + A, mP e, ) + (2 — A2 ((2m +
m(m — 1)n,llq, — pll + mllc,l)]

g, — pll < [1+ (A —-A)mllg, —pll + A, ([m(m + 1) + A, mQ2m + m(m —
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= on [(1+ @A —o)A)m+ A, m(m+ 1)(1+1n,) + 2A5m? + Aom?*(m — D1, +

(2-DA%
14,

2 - DA2(@m + m(m — Dn,lld, — pll + | 1 (m? + )|l

Ay
1+A,

2 - r)M((Zm +m(m — D, lllq, = pll + [(2 = O)A5m + (m? + m)AL]llc, |

<[1- [mr — m((m + 1)1 +n,) +A,m*2+ (m — 1)7],,,)) +

=[1-0 = lla,. — pll + Bm + m?]lic,llllc,ll. (2.13)
Substituting(2.13) in (2.7) to obtain

ldn+1 =PIl < lQpn+1 — gn — anll + lla,ll + g — pll < 8, + llanll + llg, — pll

<8, + laull + |1 =22 g, — pll + [3m + m2]lic, . (2.14)

14+,
Theorem 2.2: Assume that X, F, p, {w,}, {z.} {q,.}, (A.}, {(n.}, and {8,,} be as in Theorem (2.1).
Then (w,,) is almost F-stable.
Proof: Assume that }.7_,6,, < c. Then, we prove that lim q,, = p.

n—->oo

Ane

Now, using (2.14) such that denote €,, = ||q, — pll, Y, = o
b, = [3m + m?]|lc,|l + lla,ll, and p,, =6,,,Vn=0.

Note that lim b, = 0, thus Lemma (1.8) holds such that

n—oo

lim &, =0 yields 11m d.=D-

n—oo

Theorem 2.3: Let X, F, p, {a.} (A} () {an} {c,.},and {5,} be as in Theorem (2.1) . Then {w,,}
is F-stable.
Proof: Assume that lim §,, = 0. Then, we prove that limq,, =p.

n—oo

41—>00

By application lemma (1.7) on (2.14) of Theorem (2.1), we obtain limq,, = p.
n—oo

Example 2.4:
Let X=1[0,1], F: X — Xby Fx = z hence the conditions (1.5), (1.6) satisfy as shown

IFx - Fyll = |5 - 2| _—||x— yll
(Fx — Fy,j(x - y))<rllx ylI? < (Fx — Fy)(x — ¢)

< 5——| e —yl = —||x yll?
Now, put A, ,qn =1 ,Vn = 0,since 11m g, = 0, to show that lim §,, = p = 0.
n—»>oo
(1-2,) q
= Nns = Znaall = Mnes ~ Fan 4l = [mr = 2] = | 5s - B 512, - 22
- ||n+1____|| ﬂil_r)EOSW =
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Corollary 2.5 : LetX, F, p, m, {q,}, {A.}, (N} {a.}, {c,.}, {5,} be as in Theorem (2.1), and {w,,}
defined by (1.1), Then {w,,} :

1- converges strongly to the unique fixed point p .

2- Almost F-stable .

3- F-stable.

To prove the next results, we replace the inequality in the condition (4,) by
m(1+m?+21,(1+m)) <m?—e,
and call it (4,) .
Theorem 2.6: Suppose X real Banach space,let F:X — X is Lipschitzian strongly pseudo-
contractive mapping. For w, € X, let (x,,) be in (1.4), ¢1L1_r)r010 a,, = 0 and condition (4,) satisfied
.Then:
1- (x,,) converges strongly to the unique fixed pointp .

A
2-l1gne1 =PIl < 8, + [1 = 725 llq — pll + llayll, v 2 0.

Proof: From Lemma (1.9), we obtain F has a unique fixed point .
Fyn=%p41—a,
=Xp41 T 200 X041 — 200 X041 — WA X F A FX 0 — A F 0 A FR g —ay,
= (1 + }\/n)x/n+1 + Afn(l —-F- rI)x/n+1 + }\fn(Fx/n+1 - F’ouV/n) - (1 - r)}\nF’y’n

—-1+2-9vA)a, (2.15)
=A+2)p+A,A-F—tDp— (1 —1)A,.p (2.16)
So that

F/y’/n —p= (1 + }‘/n)(xfn+1 - p) + }\n[(l -F- rI)x/n+1 - (I —F- rI)p] - (1 - r))\n(F/y’n - p)
+ )\fn(Fxn+1 - F’y’/n) - (1 + (2 - r)}\n)a’n

A
IFg = pll = (1+2,)| [ = F =Dty = (= F = eDp|
1+4,

_(1 - r)}\n”F'y'n - p” - )\n”Fxn+1 - F/y’fn” - 3”“%”

(x/n+1 - p) +

Thus

A+ 2)M%041 —pll
< (1 + (1 - r)kn)”Fyfn - p” + }\n”Fxn+1 - F%/n” + 3”(1%”

I 41 — pll < 1+1M [(1+ (1 =DA)Fy, — pll + AullFx, 41 — Fypll + 3lla,ll] (2.17)
Observe that

IFy, — pll < m[(1 —2A,)|lx, — pll + A, lIFx, — pll]
=m(1— A, + mA,)lx, — pll < m?||x,, — pll (2.18)

(Since 1 < myields (1 -7, + mA,) <m

”Fxn+1 - F’y‘/n” < m”xn+1 - /y"n”

< m[”F?f’n - x/n” + }\n”xn - Fxn” + ”a'n”]
= m[(1+m* + X, (1 +m))|lx, — pll + lla,ll] (2.19)
By substituting (2.19) and (2.18) in (2.17), we yield

%041 =PIl < [+ (1 —DA,)m?

1+4,
+A,m[(1+m? + A, (1 +m)]llx, —pll + lla,ll] + 3lla,ll]
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lxns1 —pll = ) [(1+ (1 —DA)m? + A, m((1+m? + 4, (1 +m))]llx, — pll
I
A, 3
* [1 T, T ;\n] .|
A
<[1- n +%7\ [m?*r — m(1+ m? +A,(1 + m))]llx, — pll + [m + 3]lla,ll
M
Ane
=[1- T+ ll,, — pll + [m + 3]lla,.l

By applying Lemma (1.7), we get limx,, =p.
n—-oo

For (2):
Let(q,) c X, defined {6,,} by 6,, = llqs+1 — n — @, ||, where
On = F, ¥ = AuFq, + (1 —A)q, +¢,,m 2 0.
l9n+1 =PIl < l9ns1 = 8n — @pll + llanll + llg. — pll < 8, + lla,ll + llg. — pli (2.20)
Since
F¢n = 6n
= G + 20,80 — 2A, 8y — TA, 8, + 1A, Fg, — A, Fg, + A, Fay,
= (1 + )\/n)gn + An(l -F- rl)gn - (2 - r)}\nFyn + )\/ann

= (1 + }\/n)gn + }\/n(l —-F- 1‘I)gn + }\n(an - Fy’/n) - (1 - r)}\nF’y’/n (221)
=1+2)p+A,(I-F—=tDp— (1 —1)A,p (2.22)
So that

F/y"/n —p= (1 + }\/n)(gn - p) + )\/n[(l -F- rl)gn - (I -F- rDp] - (1 - r)}\n(Fy’/n - p)
+ )\/n(an - Fyn)
Ay

P, = pll 2 (142, |8y = ) + 55 [0 = F =g, = (1 = F —xDpl

_(1 - r)}\n”Fyn - p” - }\n”an - F/y’fn”
= (1 + }\fn)”gn - p” - (1 - r))\n”F’y’n - p” - )\n”an - F’y’n”
This implies to
1
llgn =PIl < T
Hence

[(1+ (1 =A)IFy, = pll + AsllFg, — Fy,ll] (2.23)

IFg, —pll < m[(1 —A)llq, —pll + A, lIFq, — pll]
=m(1 -2, + mi,)lq, —pll < m?|lq, —pll (2.24)
(Since 1 < myields (1 -7, +mA,) <m
”an - F@n” < ’WL“Qn - y’n”
< m[”F?f’n - q/n” + }\n“qn - Fqn”]
= m[(1+m* + X, (1 +m))]llq, — pll (2.25)
By substituting (2.25) and (2.24) in (2.23), we yield

llgn = pll < 75— (1 + (A = DA m? + Xym (1 +m? + 2, (1 +m))]lla, - pll
An An
< [1 - [mPr—m(1+m? + 1, (1 + m)llla. — pll = [1 = 7212, — pll (2.26)

substitute (2.26) in (2.20) to obtain
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An
2 lla, = pll + lla, - (2.27)
Theorem 2.7: Assume that X, F, p, {x,}, {q,}, {A,}, and {8,,} be as in Theorem (2.6). Then (x,,) is
almost F-stable .
Proof: Let)%_,6, < o, to prove that lim q,, = p.

n—>oo

||Qn+1 - p” < 8n + [1 -

By using the conclusion (2.27) of Theorem (2.6) and an application of Lemma (1.8), we get
lim q,, =p.

Nn—>00

Theorem 2.8: Let X, F, p, {q,}, {A.}, {a,.}and {5,} be as in Theorem (2.6) . Then {«x,,} is F-stable.
Proof: Suppose that lim §,, = 0, to show that limq,, =p.
MN—0 n-—o

By expresses (2.27) in the form p,.q1 < (1 — y,)pn + Wy, Of Lemma(1.7),where y,, = %

on = 9,, —pll and p,, = 6,, + ||a,|l, this impliesto lim q,, = p.
Mn—co

Corollary 2.9: LetX, F, p, m, {q,}, {A.}, {a,.}, {5,.} beasin Theorem (2.6) and (x,,) be in (1.2) .
Then (x,,):

1- converges strongly to the unique fixed point p .

2- Almost F-stable .

3- F-stable .

3. Applications

Theorem 3.1: An arbitrary real Banach space X, let F: X — X is Lipschitzian strongly accretive mapping .

Define $: X — X by Sx = f+x — Fx. Let (A,.), (M), (@), (c,)as are in Theorem (2.1) . For wy, f € X,
Wyt = MS%, +(1—1A,)8w, +a,,
Zp=MNSW,+(1—m,)w, +¢,Vn=0.

Then (w,,) is:

1- converge strongly to the fixed point p* the unique solution of the equation Fx = f.

2- Almost S-stable .

3- S-stable.

Proof: The mapping § is Lipschitzian with a constant m, = 1 + m, and from Lemma (1.9) the equation
Fx = thas unique solution p*, that implies § has a unique fixed point p* .

From (1.7) and proposition (1.6), hence

(U=8x— -8y, jx—1y)) =(Fx — Fy,j(x —4)) = t|lx — 4||? thisimplies S is strongly
pseudo-contractive, therefore the proof follows from Theorems (2.1), (2.2), (2.3) .

Corollary 3.2: Let X, F, §, p*,m,{q,}, {A.}, {(n.},{6,.} beasin Theorem (3.1) and (w,,) defined by
Wpt1 = A8z, + (1 —1,)8w,
Zp =N SW,+(1—1m,)w,,Vn=>0.

Then (w,,) is:

1- Converge strongly to the fixed point p* the unique solution of the equation Fx = f.

2- Almost S-stable .
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3- §-stable.

Theorem 3.3: Let X real Banach space, F: X — X is Lipschitzian accretive mapping . Define §: X — X
by Sx = f—Fx. Let (A,,), M), {(a,.), {c,.) as are in Theorem (2.1) . For wy, f € X,
Woe1 = M 3S8%, +(1—1A,)8w, +a,,
Zp=MNSW,+A—m,)w, +¢,,Vn=0.

Then (w,,) is:
1- converge strongly to the unique solution p*of the equation x + Fx = f.
2- Almost S-stable .
3- S-stable.
Proof: From Lemma (1.9), hence the equation x + Fx =f has a unique fixed point p*, (i.e. S has
aunique fixed point p*) . By using (1.8), we obtain
lx — ¢l < llx —y +x(Fx — Fy)ll = llx — 4 + x(Sx — Sy)ll (3.1)
Since

Sw, =w, 1 +A,8w, — A, 83, —a,

= (1 + )\n)wfn+1 — A SWypq + }‘/n(‘sw/n+1 - SZ,n)SW,n + }\nZ(SW,n - SZ%) - (1 + )\n)a’n

p* = (1 + }‘/n)p* - }‘n‘sp*
By using (3.1), we get

Ay
5w = Il 2 (L4 20D | Wy = p) + 5 (S W —

= AalSw, = Sz,ll = (1 + An)lla,ll
2 (14 A W1 =PIl = A% MISW, = S2, 01 = XIS W1 — Szl = (1 + A) [l
This implies to

- }\n”‘swn+1 - SZn”

2

M
1+4,

llSw,, —p"ll +

ISWi1 =Sz, +

Wprr =PIl < ISw,, = Sz, ll + lla,ll

1+2, 1+ )\
The proof completes by a same way of Theorems (2.1), (2.2), (2.3).

Corollary 3.4: Let X, F, S, p*,m,{q,.}, {A.}, (..}, {6,.} be as in Theorem (3.3) and (w,,) defined by
Wot1 = A83, + (1 —2A,)8w,
=1n,8w,+(1—-n,)w,,Vn=>0.
Then (w,,) is:
1- converge strongly to the unique solution p*of the equation x + Fx = f.
2- Almost S-stable .
3- S-stable.

Theorem 3.5: Suppose Xreal Banach space, F: X — XLipschitzian strongly accretive mapping .Define
§:X — XbySx =f+x—Fx.Let(A,) (a,) asarein Theorem (2.6) . For x,,f € X,
Xpi1 = SYn + Ay,

Yo =ASx, +(1 -1, )x,,Vn=0.
Then (x,,) is:
1- converge strongly to the fixed point p* the unique solution of the equation Fx = f.
2- Almost S-stable .
3- §-stable.

10
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Proof: The proof follows by a same way of Theorem (3.1) .

Corollary 3.6: Let X, F, §, p*, m, {q,}, {A,.}, {6,,} beas in Theorem (3.5) and (x,,) defined by
Xpn+1 = ’Sy’/n,a
Yu=ASx, +(1—A)x,,Vn =0.
Then(x,,) is:
1- converge strongly to the fixed point p* the unique solution of the equation Fx = f.

2- Almost S-stable .
3- S-stable.

Theorem 3.7: Let Xreal Banach space, F: X — X is Lipschitzian accretive mapping . Define §:X — X
by Sx = f—Fx. Let (A,,),{(a,), be as in Theorem (2.6) . For x,, f € X,
Xpi1 = SYn + Ay,

Yu=ASx, +(1—A,)x,,Vn =0.
Then (x,,)is:
1- converge strongly to the unique solution p*of the equation x + Fx = f.
2- Almost S-stable .
3- S-stable.
Proof: The proof follows by a same way of Theorem (3.3) .

Corollary 3.8: Let X, F, §, p*, m,{q,.}, {A,.},{6,.} beasin Theorem (3.7) and (x,,) defined by
Xpt1 = SYn,
Yn =AuSx, + (1 =A,)x,,V 1 2 0.
Then (x,,) is:
1- converge strongly to the unique solution p*of the equation x + Fx = f.

2- Almost S-stable .
3- S-stable.

Open Problem
Let B be a nonempty closed convex subset of a Banach space X and {T;,S;, Vi = 1,2, ...,k} be two
families of total asymptotically quasi-nonexpansive self-maps. Abed and Hasan [16] studied the
convergence of following iteration sequence (a,) :

w; €EB

Wiit = (1 — i) S{'Wn + win T b

bin = (1 —wyp)Si'a, + WinTinb(i—l)n

bi-1yn = (1 — @—1yn)Si1Wn + @—1n T 1bi—2yn

by = 1- WZn)Sélan + aZnTanln
bln = (1 - aln)S{an + alnTlnbOn

11



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 June 2019

Where by, = w, and (a,)n=; are sequence in [0, 1].
We suggest studying the stability of this sequence.
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