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Abstract

We introduce a new kind of extended Hermite-based Frobenius type Eulerian polynomials
and then derive diverse explicit and implicit summation equations including some symmetric
formulas by utilizing series manupulation method. Multifarious summation formulas and
identities given earlier for some well known polynomials such as Eulerian polynomials and
Frobenius type Eulerian polynomials are generalized.
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1. Introduction

Special polynomials including the reputed Bernoulli, Hermite and Euler polynomials and also their gener-
alizations with many applications have been investigated extensively and studied by many mathematicians
and also physicists, cf. [1-19]. For instance, Carlitz [2, 3] introduced and investigated the Eulerian polyno-
mials and higher order Eulerian polynomials, which are closely related with the Euler and Bernoulli numbers
and polynomials. Choi et al. [4] gave some formulae for the Frobenius-Euler numbers and polynomials via
the fermionic p-adic integral methods. Dattoli et al. [5] de�ned new forms of Bernoulli and Euler numbers
and polynomials by applying the series manipulation method, which are exploited to get further classes of
partial sums including generalized many index many variable polynomials. Khan [6] researched and acquired
some behaviors of the extended Apostol type Hermite-based polynomials. Kim et al. [7, 8] derived several
relations for the Eulerian polynomials in connection with Bernoulli, Euler, tangent and Genocchi numbers.
Kim et al. [9] provided a lot of new identities for the Frobenius-Euler polynomials and numbers. Kurt et al.
[10, 11] derived several new formulas for the Frobenius-Euler numbers and polynomials including generalized
Hurwitz-Lerch zeta function at negative integers, some of which are generalizations of known Carlitz�s results.
Pathan et al. [12-15] studied and investigated multifarious symmetric identities and summation formulas
for the some extended Hermite based polynomials covering Hermite-based Apostol Bernoulli polynomials,
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Hermite-based Apostol Euler polynomials, Hermite-based Apostol Genocchi polynomials. Srivastava [16]
investigated various general families of hypergeometric polynomials and their associated single-, double-,
and triple-integral representations of the Eulerian and other types, which are related to the Laguerre, Ja-
cobi, Bessel and Hermite polynomials. Srivastava et al. proved some explicit identities associated with the
Frobenius-type Eulerian polynomials in view of the generalized Stirling numbers of the second kind and de-
rive an explicit formula for the tangent numbers of higher order. Simsek [19] constructed novel exponential
generating functions for extended Eulerian type polynomials and numbers in order to provide a novel ap-
proach to derive relationships involving recurrence relations and multiplication identities for these numbers
and polynomials by using the di¤erential and functional equations.
The Hermite Kamp�e de F�eriet polynomials (2VHKdFP) Hn(x; y) with two parameters, cf. [1, 5], are

de�ned as

Hn(x; y) = n!

[n2 ]X
r=0

yrxn�2r

r!(n� 2r)! : (1:1)

It is readily seen by (1.1) that

Hn(2x;�1) = Hn(x) and Hn(x;�
1

2
) = Hen(x);

where Hn(x) and Hen(x) are known as ordinary Hermite polynomials. Also, we have

Hn(x; 0) = x
n:

The exponential generating function of the Hermite Kamp�e de F�eriet polynomials of two parameters is given
by (see [6, 12-15]):

ext+yt
2

=
1X
n=0

Hn(x; y)
tn

n!
: (1:2)

The Frobenius type Eulerian polynomials A(�)n (x;�) of order � 2 C are de�ned by means of the following
exponential generating function as follows (see [2, 3, 7, 8, 9, 18]):�

1� �
et(��1) � �

��
ext =

1X
n=0

A(�)n (x;�)
tn

n!
; (1:3)

where � is a complex number with � 6= 1. The corresponding numbers A(�)n of the Frobenius-type Eulerian
polynomials are computed by

A(�)n (�) = A(�)n (0;�)

which are called the Frobenius type Eulerian numbers (see [2, 3]). Clearly, we have

A(�)n (x;�) =
nX

m=0

�
n

m

�
A(�)m (�)xn�m: (1:4)

The classical Eulerian polynomials An(�) given by

An(�) = A
(1)
n (0;�);

are de�ned by the following generating function:

1� �
et(��1) � � =

1X
n=0

An(�)
tn

n!
; (1:5)

and can be computed inductively as follows:

A0(�) = 1 and An(�) =
n�1X
m=0

�
n

m

�
Am(�)(�� 1)n�m�1; n � 1:

These numbers play a signi�cant role in combinatorial and number theory. Many authors investigated
the Frobenius type Eulerian polynomials (see [4, 10, 11, 16, 19]). An application to the normal ordering of
expressions involving bosonic annihilation and creation operators in [9].

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 August 2019                   doi:10.20944/preprints201908.0194.v1

https://doi.org/10.20944/preprints201908.0194.v1
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The Apostol type Bernoulli polynomials B(�)n (x;�) of order �, the Apostol type Euler polynomials
E
(�)
n (x;�) of order � and the Apostol type Genocchi polynomials G(�)n (x;�) of order � are de�ned by
means of the following generating function (see [6, 12-15]):�

t

�et � 1

��
ext =

1X
n=0

B(�)n (x;�)
tn

n!
; jt+ log �j < 2�; 1� = 1; (1:6)

�
2

�et + 1

��
ext =

1X
n=0

E(�)n (x;�)
tn

n!
; jt+ log �j < �; 1� = 1; (1:7)

�
2t

�et + 1

��
ext =

1X
n=0

G(�)n (x;�)
tn

n!
; jt+ log �j < �; 1� = 1: (1:8)

Clearly, we have
B(�)n (�) = B(�)n (0;�); E(�)n (�) = E(�)n (0;�); G(�)n (�) = G(�)n (0;�):

Pathan and Khan [13] introduced the generalized Hermite-Bernoulli polynomials of two variables HB
(�)
n (x; y)

de�ned by �
t

et � 1

��
ext+yt

2

=
1X
n=0

HB
(�)
n (x; y)

tn

n!
; (1:9)

which is clearly a extension of Bernoulli polynomials, Bernoulli numbers, usual Hermite polynomials. For
� = 1, we get the Hermite-Bernoulli polynomials HBn(x; y) considered by Dattoli et al [5, p.386(1.6)] in the
form �

t

et � 1

�
ext+yt

2

=

1X
n=0

HBn(x; y)
tn

n!
: (1:10)

The Stirling numbers of the second kind is de�ned via the following generating function (see [16, 19]):

(et � 1)n = n!
1X
l=n

S2(l; n)
tl

l!
; (1:11)

and its �rst kind is given by

(x)n = x(x� 1) � � � (x� n+ 1) =
nX
l=0

S1(l; n)x
l: (1:12)

The reminder of the paper is organized as follows. We give a brief review of Hermite-based Frobenius type
Eulerian polynomials HA

(�)
n (x; y;�) and their properties. Several general symmetry identities and implicit

summation formulae are acquired by utilizing di¤erent analytical means and applying series manip¬lation
method.

2. Hermite-based Frobenius type Eulerian polynomials HA
(�)
n (x; y;�)

In this section, we �rstly introduce Hermite-based Frobenius type Eulerian polynomials (HbFtEp) HA
(�)
n (x; y;�)

and explicit formula for the Frobenius type Eulerian polynomials and investigate its properties. Now we
start at the following de�nition.

De�nition 2.1. For � 2 C, the generalized Hermite-based Frobenius type Eulerian polynomials HA(�)n (x; y;�)
of order � are de�ned by means of the following generating function:�

1� �
et(��1) � �

��
ext+yt

2

=
1X
n=0

HA
(�)
n (x; y;�)

tn

n!
: (2:1)
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When x = y = 0 in (2.1), HA
(�)
n (0; 0;�) = A

(�)
n (�) are called the nth Frobenius type Eulerian numbers of

order �.

For x = 0 in (2.1), we get

HA
(�)
n (0; y;�) =

[n2 ]X
m=0

A
(�)
n�2m(�)y

m n!

(n� 2m)! : (2:2)

Theorem 2.1. The following series representation for the Hermite-based Frobenius type Eulerian polyno-
mials HA

(�)
n (x; y; ;�) of order � holds true:

(�� 1)�nHA(�)n

�
(�� 1)x; (�� 1)2y;�

�
= HE

(�)
n (x; y;�): (2:3)

Proof. Consider the generating function (2.1), we have
1X
n=0

HA
(�)
n

�
(�� 1)x; (�� 1)2y;�

�
n!

tn

(�� 1)n =
�
1� �
et � �

��
ext+yt

2

=
1X
n=0

HE
(�)
n (x; y;�)

tn

n!
;

where HE
(�)
n (x; y;�) is called the Hermite-based Frobenius-Euler polynomials, which is de�ned by Pathan

and Khan [15] and comparing the coe¢ cients of tn, we arrive at the required result (2.3).

Theorem 2.2. The following series representation for the Hermite-based Frobenius type Eulerian polyno-
mials HA

(�)
n (x; y; ;�) of order � holds true:

HA
(�)
n (x; y;�) =

nX
m=0

�
n

m

�
A
(�)
n�m(�)Hm(x; y): (2:4)

Proof. Using equation (1.2) and (1.5) in the left hand side of equation (2.1) and then applying the Cauchy
product rule and equating the coe¢ cients of same powers of t in both sides of resultant equation, we get
representation (2.4).

Theorem 2.3. The following summation formulas for the Hermite-based Frobenius type Eulerian polyno-
mials HA

(�)
n (x; y; ;�) of order � holds true:

HA
(�+�)
n (x+ w; y + u;�) =

nX
m=0

�
n

m

�
HA

(�)
m (u;w;�)HA

(�)
n�m(x; y;�) (2:5)

and

HA
(�)
n (x+ z; y;�) =

nX
m=0

�
n

m

�
A
(�)
n�m(x;�)Hm(y; z): (2:6)

Proof. Applying De�nition (2.1), we have
1X
n=0

HA
(�+�)
n (x+ y; z + w;�)

tn

n!
=

�
1� �

et(��1) � �

��+�
e(x+w)t+(y+u)t

2

=
1X
n=0

HA
(�)
n (x; y;�)

tn

n!

1X
m=0

HA
(�)
m (u;w;�)

tm

m!

=
1X
n=0

nX
m=0

�
n

m

�
HA

(�)
m (u;w;�)HA

(�)
n�m(x; y;�)

tn

n!
:

Now equating the coe¢ cients of the like powers of t in the above equation, we get the result (2.5). By
utilizing the same proof method above, the Eq. (2.6) can be shown.
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Theorem 2.4. The following recursive formulas for the Hermite-based Frobenius type Eulerian polynomials
of order � holds true:

@HA
(�)
n (x; y;�)

@x
= nHA

(�)
n�1(x; y;�) and

@HA
(�)
n (x; y;�)

@y
= n(n� 1)HA(�)n�2(x; y;�): (2:7)

Proof. The proof follows from (2.3). So we omit them.

Theorem 2.5. The following relation for the Hermite-based Frobenius type Eulerian polynomials HA
(�)
n (x; y; ;�)

of order � holds true:

(2�� 1)
nX
k=0

�
n

m

�
Ak(x;�)HAn�k(

y�

�� 1 ; z
�2

(�� 1)2
; 1� �) (�� 1)

n�k

�n�k

= �HAn(x+ y; z;�)� (1� �)HAn

 
(x+ y)�

�� 1 ; z
�2

(�� 1)2
; 1� �

!
(�� 1)n
�n

: (2:8)

Proof. We set
2�� 1

(et(��1) � �)(et(��1) � (1� �)) =
1

et(��1) � � �
1

et(��1) � (1� �) : (2:9)

From the equation (2.9), we see that

(2�� 1) (1� �)e
xt(1� (1� �))eyt+zt2

(et(��1) � �)(et(��1) � (1� �)) =
(1� �)eyt+zt2�ext

et(��1) � �

� (1� �)e
yt+zt2�ext(1� (1� �))
et(��1) � (1� �) ;

and then

(2�� 1) (1� �)e
xt

(et(��1) � �)
(1� (1� �))e

y�
��1

t(��1)
� +z �2

(��1)2 (
t(��1)

� )
2

e
t(��1)

� � � (1� �)
=
(1� �)eyt+zt2�ext

et(��1) � �

�(1� �)e
(x+y)�
��1

t(��1)
� +z �2

(��1)2 (
t(��1)

� )
2

�(1� (1� �))
e
t(��1)

� � � (1� �)
;

which on using equations (1.5) and (2.1) in both sides, we have

(2�� 1)
 1X
k=0

Ak(x;�)
tk

k!

! 1X
n=0

HAn

 
y�

�� 1 ; z
�2

(�� 1)2
; 1� �

!
(�� 1)n
�n

tn

n!

!

= �
1X
n=0

HAn(x+ y; z;�)
tn

n!
� (1� �)

1X
n=0

HAn

 
(x+ y)�

�� 1 ; z
�2

(�� 1)2
; 1� �

!
(�� 1)n
�n

tn

n!
:

Applying the Cauchy product rule in the above equation and then equating the coe¢ cients of like powers of
t in both sides of the resultant equation, assertion (2.8) follows.

Theorem 2.6. The following relation for the Hermite-based Frobenius-type Eulerian polynomials HA
(�)
n (x; y;�)

of order � holds true:

�HAn(x; y;�) =
nX
k=0

�
n

m

�
HAn�k(x; y;�)(�� 1)k � (1� �)Hn(x; y): (2:10)

Proof. Consider the following identity

�

(et(��1) � �)et(��1) =
1

(et(��1) � �) �
1

et(��1)
: (2:11)
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Evaluating the following fraction using identity (2.11), we �nd

�(1� �)ext+yt2

(et(��1) � �)et(��1) =
(1� �)ext+yt2

(et(��1) � �) �
(1� �)ext+yt2

et(��1)

�
1X
n=0

HAn(x; y;�)
tn

n!
=

1X
n=0

HAn(x; y;�)
tn

n!

1X
k=0

(�� 1)k t
k

k!
� (1� �)

1X
n=0

Hn(x; y)
tn

n!
:

Applying the Cauchy product rule in the above equation and then equating the coe¢ cients of like powers
of t in both sides of the resultant equation, assertion (2.10) follows.

Theorem 2.7. The following relation for the Hermite-based Frobenius-type Eulerian polynomials HA
(�)
n (x; y;�)

of order � holds true:

HA
(�)
n (x; y;�) =

1

1� �

nX
k=0

�
n

m

�h
An�k(�)HA

(�)
k ((1� �)x; y;�)� �An�k(�)HA(�)k (x; y;�)

i
: (2:12)

Proof. Consider generating function (2.1), we have
1X
n=0

HA
(�)
n (x; y;�)

tn

n!
=

�
1� �

et(��1) � �

��
et(��1) � �
1� �

��
1� �

et(��1) � �

��
ext+yt

2

=
1

1� �

��
1� �

et(��1) � �

�
e(��1)t

�
1� �

et(��1) � �

��
ext+yt

2

� �
�

1� �
et(��1) � �

��
1� �

et(��1) � �

��
ext+yt

2

�
=

1

1� �

" 1X
n=0

An(�)
tn

n!

1X
k=0

HA
(�)
k ((�� 1)x; y;�) t

k

k!
� �

1X
n=0

An(�)
tn

n!

1X
k=0

HA
(�)
k (x; y;�)

tk

k!

#
:

Applying the Cauchy product rule in the above equation and then equating the coe¢ cients of like powers of
t in both sides of the resultant equation, assertion (2.12) follows.

Theorem 2.8. For 0 � n 2 N and p; q 2 R, the following formula for HA(�)n (x; y;�) holds true:

HA
(�)
n (px; qy;�) = n!

nX
k=0

[ k2 ]X
j=0

HA
(�)
n�k(x; y;�)((p� 1)x)

k�2j((q � 1)y)j tn

(n� k � 2j)!j!k! : (2:13)

Proof. Rewrite the generating function (2.1), we have

I =
1X
n=0

HA
(�)
n (px; qy;�)

tn

n!
=

�
1� �

e(��1)t � �

��
ext+yt

2

e(p�1)xte(q�1)yt
2

=

 1X
n=0

HA
(�)
n (x; y;�)

tn

n!

! 1X
k=0

((p� 1)x)k t
k

k!

!0@ 1X
j=0

((q � 1)y)j t
2j

j!

1A
=

 1X
n=0

HA
(�)
n (x; y;�)

tn

n!

!0@ 1X
k=0

1X
j=0

((p� 1)x)k((q � 1)y)j t
k+2j

n!k!j!

1A ;
replacing k by k � 2j in above equation, then

I =

 1X
n=0

HA
(�)
n (x; y;�)

tn

n!

!0@ 1X
k=2j

((p� 1)x)k�2j((q � 1)y)j tk

(k � 2j)!j!

1A
=

1X
n=0

1X
k=2j

HA
(�)
n (x; y;�)((p� 1)x)k�2j((q � 1)y)j tn+k

(k � 2j)!j!n! :
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Again replacing n by n� k in the above equation, we have

I =
1X
n=0

nX
k=0

[ k2 ]X
j=0

HA
(�)
n�k(x; y;�)((p� 1)x)

k�2j((q � 1)y)j tn

(n� k � 2j)!j!k! :

Finally, equating the coe¢ cients of tn on both sides, we acquire the result (2.13).

Theorem 2.9. For n 2 N, p; q 2 R and x; y 2 C, then we have

HA
(�)
n (px; qy;�) =

nX
k=0

�
n

m

�
HA

(�)
n�k(x; y;�)Hk((p� 1)x; (q � 1)y): (2:14)

3. Summation formulae for Hermite-based Apostol type Frobenius-Euler polynomials

In this section, we provide implicit formulae, the Stirling numbers of the second kind and some rela-
tionships for Hermite-based Frobenius type Eulerian polynomials of order � associated with Apostol type
Bernoulli, Genocchi and Euler polynomials. We now begin with the theorem given below.

Theorem 3.1. The following summation equality for Hermite-based Frobenius type Eulerian polynomials
HA

(�)
n (x; y;�) of order � holds true:

HA
(�)
k+l(z; y;�) =

k;lX
n;m=0

�
l

m

��
k

n

�
(z � x)n+mHA(�)k+l�n�m(x; y;�): (3:1)

Proof. We replace t by t+ w and rewrite the generating function (2.1) as�
1� �

e(��1)(t+w) � �

��
ey(t+w)

2

= e�x(t+w)
1X

k;l=0

HA
(�)
k+l(x; y;�)

tk

k!

wl

l!
; (see [6, 14, 15]): (3:2)

Changing x by z in the equality above and then equating the resulting equation, we attain

e(z�x)(t+w)
1X

k;l=0

HA
(�)
k+l(x; y;�)

tk

k!

wl

l!
=

1X
k;l=0

HA
(�)
k+l(z; y;�)

tk

k!

wl

l!
: (3:3)

On expanding exponential function (3.3) yields
1X
N=0

[(z � x)(t+ w)]N
N !

1X
k;l=0

HA
(�)
k+l(x; y;�)

tk

k!

wl

l!
=

1X
k;l=0

HA
(�)
k+l(z; y;�)

tk

k!

wl

l!
; (3:4)

which on applying formula [17,p.52(2)]
1X
N=0

f(N)
(x+ y)N

N !
=

1X
n;m=0

f(n+m)
xn

n!

ym

m!
; (3:5)

in the left hand side becomes
1X

n;m=0

(z � x)n+mtnwm
n!m!

1X
k;l=0

HA
(�)
k+l(x; y;�)

tk

k!

wl

l!
=

1X
k;l=0

HA
(�)
k+l(z; y;�)

tk

k!

wl

l!
: (3:6)

Here replacing k by k � n, and l by l �m in the left hand side of (3.6), we obtain

1X
k;l=0

k;lX
n;m=0

(z � x)n+m
n!m!

HA
(�)
k+l�n�m(x; y;�)

tk

(k � n)!
wl

(l �m)! =
1X

k;l=0

HA
(�)
k+l(z; y;�)

tk

k!

wl

l!
: (3:7)
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Lastly on comparing the coe¢ cients of the like powers of t and w in the equation above, we derive the desired
result.

Corollary 3.1. The following summation formula for Hermite-based Frobenius type Eulerian polynomials
HA

(�)
n (x; y;�) of order � holds true:

HA
(�)
k (z; y;�) =

kX
n=0

�
k

n

�
(z � x)nHA(�)k�n(x; y;�): (3:8)

Remark 3.1. Substituting z by z+x and choosing y = 0 in Theorem (3.1), we obtain the following formula
involving Hermite-based Frobenius type Eulerian polynomials HA

(�)
n (x; y;�) of one variable

HA
(�)
k+l(z + x;�) =

k;lX
n;m=0

�
l

m

��
k

n

�
zn+mHA

(�)
k+l�n�m(x;�); (3:9)

while by taking z = 0 in Theorem 3.1, we then acquire another formula involving Hermite-based Frobenius
type Eulerian polynomials HA

(�)
n (x; y;�) of one and two variables

HA
(�)
k+l(y;�) =

k;lX
n;m=0

�
k

n

��
l

m

�
HA

(�)
k+l�n�m(x; y;�)(�x)

n+m: (3:10)

Theorem 3.2. The following summation identity for Hermite-based Frobenius type Eulerian polynomials
HA

(�)
n (x; y;�) of order � holds true:

HA
(�+1)
n (x; y;�) =

nX
m=0

�
n

m

�
An�m(�)HA

(�)
m (x; y;�): (3:11)

Proof. From (2.1), we have

1� �
e(��1)t � �

�
1� �

e(��1)t � �

��
ext+yt

2

=
1� �

e(��1)t � �

1X
m=0

HA
(�)
m (x; y;�)

tm

m!�
1� �

e(��1)t � �

��+1
ext+yt

2

=
1� �

e(��1)t � �

1X
m=0

HA
(�)
m (x; y;�)

tm

m!

=
1X
n=0

An(�)
tn

n!

1X
m=0

HA
(�)
m (x; y;�)

tm

m!
:

Now changing n by n�m and comparing the coe¢ cients of tn leads to formula (3.11).

Theorem 3.3. The following summation formulae for Hermite-based Frobenius type Eulerian polynomials
HA

(�)
n (x; y;�) of order � holds true:

HA
(�)
n (x+ 1; y;�) =

nX
k=0

�
n

k

�
HA

(�)
k (x; y;�): (3:12):

Proof. Using de�nition (2.1), we have
1X
n=0

HA
(�)
n (x+ 1; y;�)

tn

n!
=

�
1� �

e(��1)t � �

��
ext+yt

2

et

=

 1X
k=0

HA
(�)
k (x; y;�)

tk

k!

! 1X
n=0

tn

n!

!
=

1X
n=0

nX
k=0

�
n

k

�
HA

(�)
k (x; y;�)

tn

n!
:

Lastly, comparing the coe¢ cients of the like powers of tn, we get (3.12).
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Theorem 3.4. The following relation

HA
(�)
n (x; y;�) =

nX
j=0

�
n

j

� jX
k=0

�
��
k

�
k! (�1)k S2(j; k) (�� 1)j�kHn�j(x; y) (3:13)

holds true.
Proof. In view of (2.1), we get

1X
n=0

HA
(�)
n (x; y;�)

tn

n!
=

�
1� �

et(��1) � �

��
ext+yt

2

= ext+yt
2

�
1 +

et(��1) � 1
1� �

���

=
1X
k=0

�
��
k

��
et(��1) � 1
1� �

�k 1X
n=0

Hn(x; y)
tn

n!

!

=
1X
k=0

�
��
k

�
k!

(1� �)k
1X
n=0

S2(n; k) (�� 1)n
tn

n!

 1X
n=0

Hn(x; y)
tn

n!

!

=
1X
n=0

 
nX
k=0

�
��
k

�
k! (�1)k S2(n; k) (�� 1)n�k

!
tn

n!

 1X
n=0

Hn(x; y)
tn

n!

!

=
1X
n=0

0@ nX
j=0

�
n

j

� jX
k=0

�
��
k

�
k! (�1)k S2(j; k) (�� 1)j�kHn�j(x; y)

1A tn

n!
:

On comparing the coe¢ cients of t
n

n! in both sides, we get (3.13).

Theorem 3.5. The following formula:

HA
(�)
n (x; y;�) =

nX
j=0

nX
k=0

�
n

j

��
�+ k � 1

k

�
k!S2(j; k) (�� 1)j�kHn�j(x; y) (3:14)

holds true.
Proof. By using generating function (2.1), we have

1X
n=0

HA
(�)
n (x; y;�)

tn

n!
=

�
1� �

et(��1) � �

��
ext+yt

2

=

�
1 +

et(��1) � 1
1� �

���
ext+yt

2

=
1X
k=0

(�1)k
�
�+ k � 1

k

��
et(��1) � 1
1� �

�k 1X
n=0

Hn(x; y)
tn

n!

!

=
1X
k=0

�
�+ k � 1

k

�
k!

(�� 1)k
1X
n=0

S2(n; k) (�� 1)n
tn

n!

 1X
n=0

Hn(x; y)
tn

n!

!

=
1X
n=0

 
nX
k=0

�
�+ k � 1

k

�
k!S2(n; k) (�� 1)n�k

!
tn

n!

 1X
n=0

Hn(x; y)
tn

n!

!

=
1X
n=0

0@ nX
j=0

nX
k=0

�
n

j

��
�+ k � 1

k

�
k!S2(j; k) (�� 1)j�kHn�j(x; y)

1A tn

n!
;

which completes the proof.
Theorem 3.6. The following relation between the Hermite-based Frobenius type Eulerian polynomials

HA
(�)
n (x; y;�) and Apostol type Bernoulli polynomials Bn(x;�) holds true:

HA
(�)
n (x; y;�) =

n+1X
k=0

�
n+ 1

k

�
HA

(�)
n�k+1(0; y;�)

n+ 1

 
�

kX
r=0

�
k

r

�
Bk�r(x;�)�Bk(x;�)

!
: (3:15)
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Proof. Consider generating function (2.1), we have
1X
n=0

HA
(�)
n (x; y;�)

tn

n!
=

�
1� �

et(��1) � �

��
ext+yt

2

�
t

�et � 1

��
�et � 1
t

�

=
1

t

 
�

1X
n=0

HA
(�)
n (0; y;�)

tn

n!

1X
k=0

Bk(x;�)
tk

k!

1X
r=0

tr

r!
�

1X
n=0

HA
(�)
n (0; y;�)

tn

n!

1X
k=0

Bk(x;�)
tk

k!

!
: (3:16)

On equating the coe¢ cients of same powers of t after using Cauchy product rule in (3.16), assertion (3.15)
follows.

Theorem 3.7. The following relation between the Hermite-based Frobenius type Eulerian polynomials

HA
(�)
n (x; y;�) and Apostol type Euler polynomials En(x;�) holds true:

HA
(�)
n (x; y;�) =

nX
k=0

�
n

k

�
HA

(�)
n�k(0; y;�)

2

 
�

kX
r=0

�
k

r

�
Ek�r(x;�) + Ek(x;�)

!
: (3:17)

Proof. Consider generating function (2.1), we have
1X
n=0

HA
(�)
n (x; y;�)

tn

n!
=

�
1� �

et(��1) � �

��
ext+yt

2

�
2

�et + 1

��
�et + 1

2

�

=
1

2

 
�

1X
n=0

HA
(�)
n (0; y;�)

tn

n!

1X
k=0

Ek(x;�)
tk

k!

1X
r=0

tr

r!
+

1X
n=0

HA
(�)
n (0; y;�)

tn

n!

1X
k=0

Ek(x;�)
tk

k!

!
: (3:18)

On comparing the coe¢ cients of same powers of t after using Cauchy product rule in (3.18), the desired
result (3.17) follows.

Theorem 3.8. The following relation between the Hermite-based Frobenius type Eulerian polynomials

HA
(�)
n (x; y;�) and Apostol type Genocchi polynomials Gn(x;�) holds true:

HA
(�)
n (x; y;�) =

n+1X
k=0

�
n+ 1

k

�
HA

(�)
n�k+1(0; y;�)

2 (n+ 1)

 
�

kX
r=0

�
k

r

�
Gk�r(x;�) +Gk(x;�)

!
: (3:19)

Proof. Consider generating function (2.1), we have
1X
n=0

HA
(�)
n (x; y;�)

tn

n!
=

�
1� �

et(��1) � �

��
ext+yt

2

�
2t

�et + 1

��
�et + 1

2t

�

=
1

2t

 
�

1X
n=0

HA
(�)
n (0; y;�)

tn

n!

1X
k=0

Gk(x;�)
tk

k!

1X
r=0

tr

r!
+

1X
n=0

HA
(�)
n (0; y;�)

tn

n!

1X
k=0

Gk(x;�)
tk

k!

!
:

On equating the coe¢ cients of same powers of t after using Cauchy product rule in above equation, we get
(3.19).

4. Identities for Hermite-based Frobenius type Eulerian polynomials

In this part, we give general symmetry relations for the Hermite-based Frobenius type Eulerian polynomials

HA
(�)
n (x; y;�) and extended Frobenius type Eulerian polynomials A(�)n (x;�) by using the generating func-

tions (1.5) and (2.1).
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Theorem 4.1. Let a; b;> 0 with a 6= b and x; y 2 R. For n � 0, the following identity
nX
k=0

�
n

k

�
bkan�kHA

(�)
n�k(bx; b

2y;�)HA
(�)
k (ax; a2y;�)

=
nX
k=0

�
n

k

�
akbn�kHA

(�)
n�k(ax; a

2y;�)HA
(�)
k (bx; b2y;�) (4:1)

holds true.
Proof. Let

A(t) =

�
(1� �)2

(e(��1)at � �)(e(��1)bt � �)

��
eabxt+a

2b2yt2 : (4:2)

The formula A(t) is symmetric in b and a, we then obtain

A(t) =
1X
n=0

HA
(�)
n (bx; b2y;�)

(at)n

n!

1X
k=0

HA
(�)
k (ax; a2y;�)

(bt)k

k!

=
1X
n=0

 
nX
k=0

�
n

k

�
bkan�kHA

(�)
n�k(bx; b

2y;�)HA
(�)
k (ax; a2y;�)

!
tn

n!
:

Analogously, we can derive

A(t) =
1X
n=0

HA
(�)
n (ax; a2x;�)

(bt)n

n!

1X
k=0

HA
(�)
k (bx; b2y;�)

(at)k

k!

=
1X
n=0

 
nX
k=0

�
n

k

�
akbn�kHA

(�)
n�k(ax; a

2y;�)HE
(�)
k (bx; b2y;�)

!
tn

n!
:

On comparing the coe¢ cients of tn on the last two equations, we attain the desired result (4.1).

Remark 4.1. For � = 1 in Theorem 4.1�the result reduces to

nX
k=0

�
n

k

�
bkan�kHAn�k(bx; b

2y;�)HAk(ax; a
2y;�)

=
nX
k=0

�
n

k

�
akbn�kHAn�k(ax; a

2y;�)HAk(bx; b
2y;�): (4:3)

Theorem 4.2. Let a; b;> 0 with a 6= b and x; y 2 R. For n � 0, the following identity

nX
k=0

�
n

k

� a�1X
i=0

b�1X
j=0

(��)i+jan�kbkHA(�)n�k

�
bx+

b

a
i+ j; b2z;�

�
A
(�)
k (ay;�)

=
nX
k=0

�
n

k

� b�1X
i=0

a�1X
j=0

(��)i+jbn�kakHA(�)n�k

�
ax+

a

b
i+ j; a2z;�

�
A
(�)
k (by;�): (4:4)

holds true.
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Proof. Consider the identity

B(t) =

�
(1� �)2

(e(��1)at � �)(e(��1)bt � �)

��
1 + �(�1)a+1eabt
(�eat + 1)(�ebt + 1)

eab(x+y)t+a
2b2zt2

=

�
1� �

e(��1)at � �

��
eabxt+a

2b2zt2
�
1� �(�e�bt)a
�ebt + 1

��
1� �

e(��1)bt � �

��
eabyt

�
1� �(�e�at)b
�eat + 1

�
=

�
1� �

e(��1)at � �

��
eabxt+a

2b2zt2
a�1X
i=0

(��)iebti
�

1� �
e(��1)bt � �

��
eabyt

b�1X
j=0

(��)jeatj

=

�
1� �

e(��1)at � �

��
ea

2b2zt2
a�1X
i=0

b�1X
j=0

(��)i+je(bx+ b
a i+j)at

1X
k=0

A
(�)
k (ay;�)

(bt)k

k!
;

then

B(t) =
1X
n=0

a�1X
i=0

b�1X
j=0

(��)i+jHA(�)n

�
bx+

b

a
i+ j; b2z;�

�
(at)n

n!

1X
k=0

A�k (ay;�)
(bt)k

(k)!

=

1X
n=0

nX
k=0

�
n

k

� a�1X
i=0

b�1X
j=0

(��)i+jan�kbkHA(�)n�k

�
bx+

b

a
i+ j; b2z;�

�
A
(�)
k (ay;�)

tn

n!
: (4:7)

On the other hand, we have

B(t) =

1X
n=0

nX
k=0

�
n

k

� b�1X
i=0

a�1X
j=0

(��)i+jbn�kakHA(�)n�k

�
ax+

a

b
i+ j; a2z;�

�
A
(�)
k (by;�)

tn

n!
: (4:8)

Comparing the coe¢ cients tn on the last two equations, we investigate the asserted result (4.4).
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