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Abstract

We introduce a new kind of extended Hermite-based Frobenius type Eulerian polynomials
and then derive diverse explicit and implicit summation equations including some symmetric
formulas by utilizing series manupulation method. Multifarious summation formulas and
identities given earlier for some well known polynomials such as Eulerian polynomials and
Frobenius type Eulerian polynomials are generalized.
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1. INTRODUCTION

Special polynomials including the reputed Bernoulli, Hermite and FEuler polynomials and also their gener-
alizations with many applications have been investigated extensively and studied by many mathematicians
and also physicists, c¢f. [1-19]. For instance, Carlitz [2, 3] introduced and investigated the Eulerian polyno-
mials and higher order Eulerian polynomials, which are closely related with the Euler and Bernoulli numbers
and polynomials. Choi et al. [4] gave some formulae for the Frobenius-Euler numbers and polynomials via
the fermionic p-adic integral methods. Dattoli et al. [5] defined new forms of Bernoulli and Euler numbers
and polynomials by applying the series manipulation method, which are exploited to get further classes of
partial sums including generalized many index many variable polynomials. Khan [6] researched and acquired
some behaviors of the extended Apostol type Hermite-based polynomials. Kim et al. [7, 8] derived several
relations for the Eulerian polynomials in connection with Bernoulli, Euler, tangent and Genocchi numbers.
Kim et al. [9] provided a lot of new identities for the Frobenius-Euler polynomials and numbers. Kurt et al.
[10, 11] derived several new formulas for the Frobenius-Euler numbers and polynomials including generalized
Hurwitz-Lerch zeta function at negative integers, some of which are generalizations of known Carlitz’s results.
Pathan et al. [12-15] studied and investigated multifarious symmetric identities and summation formulas
for the some extended Hermite based polynomials covering Hermite-based Apostol Bernoulli polynomials,

© 2019 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints201908.0194.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 August 2019 d0i:10.20944/preprints201908.0194.v1

2

Hermite-based Apostol Euler polynomials, Hermite-based Apostol Genocchi polynomials. Srivastava [16]
investigated various general families of hypergeometric polynomials and their associated single-, double-,
and triple-integral representations of the Eulerian and other types, which are related to the Laguerre, Ja-
cobi, Bessel and Hermite polynomials. Srivastava et al. proved some explicit identities associated with the
Frobenius-type Eulerian polynomials in view of the generalized Stirling numbers of the second kind and de-
rive an explicit formula for the tangent numbers of higher order. Simsek [19] constructed novel exponential
generating functions for extended Eulerian type polynomials and numbers in order to provide a novel ap-
proach to derive relationships involving recurrence relations and multiplication identities for these numbers
and polynomials by using the differential and functional equations.

The Hermite Kampé de Fériet polynomials (2VHKAFP) H, (z,y) with two parameters, ¢f. [1, 5], are
defined as

[%] T —2T

y'x
Ho(z,y)=nS 22 1.1
(z,9) =n s rl(n — 2r)! (1.1)
It is readily seen by (1.1) that
1
H,(2z,—1) = H,(x) and H,(x, —5) = He,(z),

where H,(z) and He, (z) are known as ordinary Hermite polynomials. Also, we have
H,(z,0) = z".

The exponential generating function of the Hermite Kampé de Fériet polynomials of two parameters is given
by (see [6, 12-15]):

oo m
=3 ) (1.2)
n=0 ’

The Frobenius type Eulerian polynomials Asla) (z; \) of order @ € C are defined by means of the following
exponential generating function as follows (see [2, 3, 7, 8, 9, 18]):

1-A “ x = « "
(et()\l) _ A) e = ZASZ )(95;)\)57 (1.3)

n=0

where )\ is a complex number with A # 1. The corresponding numbers Ag{l) of the Frobenius-type Eulerian
polynomials are computed by

A (A) = AL (0:0)
which are called the Frobenius type Eulerian numbers (see [2, 3]). Clearly, we have

n

A (@) =Y (7’;) A (N, (1.4)

m=0
The classical Eulerian polynomials A, () given by
A, (A) = AV (0; ),

are defined by the following generating function:
1—\ = At
oDy = > n()\)m, (1.5)
n=0

and can be computed inductively as follows:

n—1
Ap(N) =land A,(A) = ) <”>Am(x)(x —)mmTln > 1.
m=0
These numbers play a significant role in combinatorial and number theory. Many authors investigated
the Frobenius type Eulerian polynomials (see [4, 10, 11, 16, 19]). An application to the normal ordering of
expressions involving bosonic annihilation and creation operators in [9].
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The Apostol type Bernoulli polynomials B,(La)(m;)\) of order «, the Apostol type Euler polynomials

E,(La) (z;\) of order o and the Apostol type Genocchi polynomials G;a)(:r; A) of order a are defined by
means of the following generating function (see [6, 12-15]):

t o o0 tn
<Aet - 1) e =) B (w: A, [t+logA| < 2m 17 =1, (1.6)
n=0 :
2 ¢ xt S () " a
tr1) € = Ef (@A), [t +logAl <m, 1% =1, (1.7)
n=0 :
2t “ xt S () 2 a
et + 1 € :ZGn (5”;)\)5’ [t +log A\ < m, 14 =1. (1.8)
n=0 :

Clearly, we have
B (N) = B (0; 1), ESY (V) = E{(0;0), GEY(A) = GLV(0; 0.

Pathan and Khan [13] introduced the generalized Hermite-Bernoulli polynomials of two variables HBﬁf‘) (x,y)
defined by

3 “ ztyt? - (a) "
<et_1) ey 7,;)HBR (xay)ma (19)

which is clearly a extension of Bernoulli polynomials, Bernoulli numbers, usual Hermite polynomials. For
a = 1, we get the Hermite-Bernoulli polynomials i B, (x, y) considered by Dattoli et al [5, p.386(1.6)] in the

form
t ety N tn
P e = EOHBn(xvy)a- (1.10)

The Stirling numbers of the second kind is defined via the following generating function (see [16, 19]):
1

(e — 1) :n!ZSQ(l,n)%, (1.11)

l=n

and its first kind is given by
(@) =2(@—1)-(z—n+1)=> S(,n) (1.12)
1=0

The reminder of the paper is organized as follows. We give a brief review of Hermite-based Frobenius type
Eulerian polynomials HA%Q)(QU, y; A) and their properties. Several general symmetry identities and implicit

summation formulae are acquired by utilizing different analytical means and applying series manipilation
method.

2. HERMITE-BASED FROBENIUS TYPE EULERIAN POLYNOMIALS HA%"‘)(x,y; A)

In this section, we firstly introduce Hermite-based Frobenius type Eulerian polynomials (HbFtEp) HA%O‘) (z,y; A)
and explicit formula for the Frobenius type Eulerian polynomials and investigate its properties. Now we
start at the following definition.

Definition 2.1. For A € C, the generalized Hermite-based Frobenius type Eulerian polynomials HA%O‘) (z,y; A)
of order « are defined by means of the following generating function:

1—X @ = 2 i a tm
<M> e =y A (3,430 (2.1)
n=0 :


https://doi.org/10.20944/preprints201908.0194.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 August 2019 d0i:10.20944/preprints201908.0194.v1

When z =y =01in (2.1), HA (0,0;A) = Aﬁla)()\) are called the n'" Frobenius type Eulerian numbers of
order a.

For x =0 in (2.1), we get
(3]

HA%Q)(Q%)\) = Z Agla 2m (N)Y™

m=0

n!

CEpTTE (2.2)

Theorem 2.1. The following series representation for the Hermite-based Frobenius type Eulerian polyno-
mials HA%O‘) (z,y;;A) of order « holds true:

A=) 5 A (A= Dz, (A= 1)%y;0) = g B (2,55 ). (2-3)
Proof. Consider the generating function (2.1), we have

2 gAY (A= Dz, A= 1)2y;0) L= A\ oy _ tn

where HEﬁf‘) (x,y; A) is called the Hermite-based Frobenius-Euler polynomials, which is defined by Pathan
and Khan [15] and comparing the coefficients of t", we arrive at the required result (2.3).

Theorem 2.2. The following series representation for the Hermite-based Frobenius type Eulerian polyno-
: (@) .. .
mials g Ay ' (z,y;;A) of order « holds true:

gA® (2,4 \) = Z (;)Af_)m(/\)Hm(may) (24)
m=0

Proof. Using equation (1.2) and (1.5) in the left hand side of equation (2.1) and then applying the Cauchy
product rule and equating the coefficients of same powers of ¢ in both sides of resultant equation, we get
representation (2.4).

Theorem 2.3. The following summation formulas for the Hermite-based Frobenius type Eulerian polyno-
mials HA%D‘) (x,y;; A\) of order « holds true:

n

g AT (24w, y 4+ uy\) = Z <:1> 7 AP (u, w; /\)HAn m(x Y; A) (2.5)

m=0

and
n

HAD (24 2y, \) Z( >A(") (23 N Hp(y, 2). (2.6)

=0
Proof. Applying Definition (2.1), we have

c- (a+8) ¢ 1= o (z+w)t+(y+u)t?
duAL @ty st wi )= = (oo e v
n=0 ’
_ (a) ) (8) S\
= ) HAS (2,95 ) > HAY (w3 ) —
n=0 m=0
a "
= E E ( )HA(B) u, W; )\)HA( ) m (@, Y3 ) —-
n.
n=0m=0

Now equating the coefficients of the like powers of ¢ in the above equation, we get the result (2.5). By
utilizing the same proof method above, the Eq. (2.6) can be shown.
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Theorem 2.4. The following recursive formulas for the Hermite-based Frobenius type Eulerian polynomials
of order « holds true:

GHAg{X) (,y; A)
Ox
Proof. The proof follows from (2.3). So we omit them.

O AL (z,y; \)

By =n(n— 1)HA£:X_)2($, y; A). (2.7)

= nHAEf‘_)l (x,y; A) and

Theorem 2.5. The following relation for the Hermite-based Frobenius type Eulerian polynomials HAsla) (z,y;; )
of order « holds true:

" YA TN O
(2A—1) 1;0 <m> A(@ N An-k(377 e 1)2,1 N
(z+y)A A2 (A—1)"
= n 5 Ry - - n ; 5 1-A T \n 2.
AgAn(z+y,z;0) — (1= N)gA ( o1 Z(/\—1)2 3 (2.8)
Proof. We set
22— 1 1 1

(=D = N (G- — (1 —\)) T o) )\ gth-1) _ (1-)\) (2.9)

From the equation (2.9), we see that
(1= N (1 — (1= A)et+=t" (1= eyttt \evt
(et(/\q) _ )\)(et()\fl) _ (1 _ )\)) - et(A—1) _ )
(1= M)evt+=* xet (1 — (1 — \))
- etO=1) — (1= \) ’

(2x-1)

and then
YA t(A— 2 H(A—1)\2
oy (L= Vet (1= (1= 2T SR ) (et zemt
(22— )(et(,\q) -\ JEESTIN (1)) - etO=1) _ )\
Tty t(A— 2 (N — 2
(1- A)e(il” S ) 1 - (1 )
et(k;l))‘f(lf)\) 3

which on using equations (1.5) and (2.1) in both sides, we have

(2A—1) (ZAkx)\ )(ZH n(_, (Ail)gg_A) (*;})"Z)

. WA X N
)\ZHA a:—l—y,z)\ ZHA ( —1 ,z(}\_l)2,1 A T

n=0
Applying the Cauchy product rule in the above equatlon and then equating the coefficients of like powers of
t in both sides of the resultant equation, assertion (2.8) follows.

Theorem 2.6. The following relation for the Hermite-based Frobenius-type Eulerian polynomials HA%O‘) (z,y; A)
of order « holds true:

n

At An (5 ) = Z(;)HAnk<x,y;A><A—1>’“—<1—A>Hn<m,y>. (2.10)
k=0

Proof. Consider the following identity

A _ 1 1
tO—1) — Net(=1) — (gt(3=1) —_ \) et(-1)"
( ) ( )

(2.11)
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Evaluating the following fraction using identity (2.11), we find
A(1 = A)ertut? (1= N)ertHvt® (1 — \)erttut”

(etO=1) — \)etA=1) - (etO=1) = )) - et(A—1)

e k 0 n

Applying the Cauchy product rule in the above equatlon and then equating the coefficients of like powers
of t in both sides of the resultant equation, assertion (2.10) follows.

Theorem 2.7. The following relation for the Hermite-based Frobenius-type Eulerian polynomials HAS{X) (z,y; \)
of order « holds true:

A (2,5 A Zn:( ) [ sV EAY (1= Nz, y; \) —)\An,k()\)HA,(f)(:z,y;)\)]. (2.12)

k=0

Proof. Consider generating function (2.1), we have

t" 1-X etO=D )\ S W
ZHA (@2 ._<et(/\—1)—)\>( 1— X )(et(’\—l)—)\) e

_ 1 ]. _)\ e(}\_l)t ]. _)\ ae$t+yt2 _)\ ]. —)\ ]. —)\ aewt+yt2
1=\ et(A=1) _ et(A=1) _ et(A=1) _ ) et(A=1) _ )

1 | (o) tk — (@) tk
- — > A, ZHA Dz, y; )E—AZA ZHA (.9 055 | -

n=0 n=0 " k=0

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers of
t in both sides of the resultant equation, assertion (2.12) follows.

Theorem 2.8. For 0 < n € N and p, ¢ € R, the following formula for HA%U‘)(Q:, y; A) holds true:
tn

HA'SLOC) (p.’L', qya =n! kZO]ZO HA ZE Y5 )(( - 1)x)k_2j((q - 1):’/)] (n —k— 2])']']45' : (213)

Proof. Rewrite the generating function (2.1), we have

tn 1—A ¢
1= Z HA(a p:v qY; )\) <e()‘1)t>\> €$t+yt26(p71)wte(q71)yt2
n=0 n!

e’} n 0 k & 27
- (ZHA;@(x,y;A);) ( ((p— 1)z >k§d> > (a1

n=0 =0 §=0

k=0 j

o n oo 00 k425
) <Z HA;@(a:,y;A)fﬂ) (Z (=10 (0= 100 g |

replacing k by k — 27 in above equation, then

@ ot S 2 j_ t
I = (;HA% )(z,y,A)n!> (kgj((pl)fﬂ)k ? (¢ —1)y) m
= > > m A @,y N((

n=0 k=2;

| -
p— 1)) ((q - 1)y) m
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Again replacing n by n — k in the above equation, we have

I= Z Z Z a A, (g (0 — D)2) 2 (g — 1)y n—k in2j)!j!k!'

n=0 k=0 j=0

Finally, equating the coefficients of t™ on both sides, we acquire the result (2.13).

Theorem 2.9. For n € N, p,q € R and z,y € C, then we have

n

gAY (pz, qu; ) = Z (77:1) HAn k(m Y NVH((p— Dz, (¢ — 1)y). (2.14)

k=0

3. SUMMATION FORMULAE FOR HERMITE-BASED APOSTOL TYPE FROBENIUS-EULER POLYNOMIALS

In this section, we provide implicit formulae, the Stirling numbers of the second kind and some rela-
tionships for Hermite-based Frobenius type Eulerian polynomials of order a associated with Apostol type
Bernoulli, Genocchi and Euler polynomials. We now begin with the theorem given below.

Theorem 3.1. The following summation equality for Hermite-based Frobenius type Eulerian polynomials
HAS?)(x, y; A) of order a holds true:

Kl
o - l k et o
waern = 3 (0)(E)e - o ua e, (3.1)
n,m=0
Proof. We replace t by ¢ + w and rewrite the generating function (2.1) as

1—-X w)2 —a(t4w th w!
<e()\1)(t+w))\> ey(t+ ) = =€ (t+w) Z HAk+l($ y,)\)E77 (See [6, ].4, 15}) (32)

k,1=0 o

Changing = by z in the equality above and then equating the resulting equation, we attain

)t (a) th wt > tF wt
(z o) (t+w) Z Ak+l T,Y; )EW = Z HAk.H(Z Y; A)EW (33)
k,l1=0 ’ k,1=0 T
On expanding exponential function (3.3) yields
= (z—2)(t+w)V th w! = o tF !
Z N Z Ak+l T, Ys )EW = Z HA,(CJr)l(z,y; /\)ET" (3.4)
N=0 ’ k,1=0 ) k,1=0 o
which on applying formula [17,p.52(2)]
Z f(v = H;O flntm) =, (35)
in the left hand side becomes
2 (2= x)Mre™ O (@) th w! s ) th w!
> P D HA @Y N G = D H A (2,5 N (3.6)
n,m=0 o k,1=0 o k,1=0 o
Here replacing k by k —n, and [ by [ — m in the left hand side of (3.6), we obtain
> Z — :L‘ +m (@) tk w! _ > (@) ) th w!
> 3 oA e - A 07
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Lastly on comparing the coefficients of the like powers of ¢ and w in the equation above, we derive the desired
result.

Corollary 3.1. The following summation formula for Hermite-based Frobenius type Eulerian polynomials
wAY (2, y: ) of order a holds true:
k

r ATy = Y (Z) (2 = )" A (@3 ). (38)

n=0
Remark 3.1. Substituting z by z+ 2 and choosing y = 0 in Theorem (3.1), we obtain the following formula
involving Hermite-based Frobenius type Eulerian polynomials HA%Q) (x,y; A) of one variable
Kl

wa e = 3 (1) (5)ermual . (39)

m n
n,m=0

while by taking z = 0 in Theorem 3.1, we then acquire another formula involving Hermite-based Frobenius
type Eulerian polynomials HA%Q)(x, y; A) of one and two variables
Kl

AL N = Y <i><l> Ay A) () (3.10)

m
n,m=0

Theorem 3.2. The following summation identity for Hermite-based Frobenius type Eulerian polynomials

wAY (2, y: ) of order a holds true:

AL (2, A Z( ) (N AL (@, ;). (3.11)

Proof. From (2.1), we have
1-A =X " e - & N Lt
e(A=1t _ ) (eo\l)t — ,\) e = e =Dt _ ) Z HASH)(x’y’A)ﬁ
m=0
11—\ a+1 ry? 1-\ [e%S) gm
xt+yt _ () . v
(e()\l)t — A) € e(Afl)t — T;HATTL (:C?yv >\) m!

Now changing n by n —m and comparing the coefficients of t" leads to formula (3.11).

Theorem 3.3. The following summation formulae for Hermite-based Frobenius type Eulerian polynomials
HAS?)(x, y; A) of order a holds true:

gAY (+1,y; Z < )HA( T, Y; A). (3.12).

Proof. Using definition (2.1), we have

= " 1—2X « 2
a) . _ ztt+yt? t
> " A (x+1,y,>\)n! = (e(Al)t)\> "t e
n=0

oo k n
- (Sraen) (55) = £3 (st wnn’s

n=0 n=0 k=0

Lastly, comparing the coefficients of the like powers of ", we get (3.12).
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Theorem 3.4. The following relation

A (2,5 ) Z()Z( ") D $20.0) O~ 17 (o) (3.13)

Jj= =0

holds true.
Proof. In view of (2.1), we get

o0 « _ —
t" 1-—A 2 2 eth=1) _ 1

E () . _ zt+yt? _  xttyt

_ HAn (xayv)‘)n| - <€t(/\_1) _)\> € =€ <1+ 17_)\ )

B et

k=0 n=0 n=0
&S] n a - m [eS) n
=3 (X ()R en samm - ) P S Hate) ,)
n=0 \k=0 n=0
> " n J —Q k ik tm
S () () e im0 -0 e | 5
n=0 \j=0 M/ =0 :
On comparing the coefficients of % in both sides, we get (3.13).
Theorem 3.5. The following formula:
gAY (2, y; A Z ( ) (0‘ k- >k!Sg(j,k) A=1Y""H, ;(z,y) (3.14)
j=0 k=0

holds true.
Proof. By using generating function (2.1), we have

t(A—1) _ 1 o
Z HA( (z, 95 A < t(A—1) ) ezt+yt2 = (1 + S —— - ) emt+yt2
e _ —

i@ (a+k—1>(“”—1> (ZH z,9) )

(OH_]]; 1> kZSan A1) t"(i[{ g:yi)

S
n=0

k=0

_ ﬁ_o: f:f: <’;> (a +1]§ - 1)k!52(j, k) (A= 1% Ho (2 y) g

which completes the proof.
Theorem 3.6. The following relation between the Hermite-based Frobenius type Eulerian polynomials
HAsla)(x, y; A) and Apostol type Bernoulli polynomials B,,(x; A) holds true:

n+1
HASLQ)(ZU,H; A) _ Z ( ;‘1) HAn 11;—:1_]? y’ (/\Z < >Bk r(Z; )\) Bk(IL‘,A)> . (315)

k=0


https://doi.org/10.20944/preprints201908.0194.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 August 2019 d0i:10.20944/preprints201908.0194.v1

10

Proof. Consider generating function (2.1), we have

00 tn 1—)\ @ 2 t )\et -1
(@) . LA A xt+yt
ZHAn (xvyv)‘)n| (et()\l))\) € (/\et—1> ( t )

n=0

) . oo .
_ % (AZHA;Q)(Q% ZBk z A" ) Z* - ZHA«I 0,1: );%Bk(x;)\);J . (3.16)

On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.16), assertion (3.15)
follows.

Theorem 3.7. The following relation between the Hermite-based Frobenius type Fulerian polynomials
HA;Q)(:C, y; A) and Apostol type Euler polynomials F,,(z; A) holds true:

A (2, \) = Zn: <k)HA"kM (AZ ( >Ek () + By (a A)) (3.17)

k=0

Proof. Consider generating function (2.1), we have

9] ny 11—\ « 2 2 Ae! +1
(a) . ol - rttyt
TLZ:;)HATL (@,y;0) 5 = (et(x—n _)\> ¢ ()\et—l—l) ( 2 )

1 o N r N tn oo tk
=3 (AZHA; )(0,y; \) ZEk ; A )2 Z +ZHA( (0,y; )EZEk(x; A)k,> : (3.18)
n=0 n=0 " k=0 ’

On comparing the coefficients of same powers of t after using Cauchy product rule in (3.18), the desired
result (3.17) follows.

Theorem 3.8. The following relation between the Hermite-based Frobenius type Eulerian polynomials
HAsla)(x, y; A) and Apostol type Genocchi polynomials G,,(x; \) holds true:

n+1 (a)
HAgla)(x’y’)\):Z(’I’LZl)HAnQ(]c’,;Ll()ly’ (}\Z( >Gk: r LL’ )\)—I—Gk(x )\)) (319)

k=0

Proof. Consider generating function (2.1), we have

[e'e] tn 1 _ >\ @ 2 2t )\et + ]-
(a) k [ A xt+yt
;HAn (33797)\)”! = <et(’\_1) _ /\> € ()\et + 1> < 2t )

(o] r o0 n o0 k
21t<AZ%HA;a>(o,y, ZkaA klzt +2)HA (0, 4; )Zlkzoak(x;x)’;!)

On equating the coefficients of same powers of ¢ after using Cauchy product rule in above equation, we get
(3.19).

4. IDENTITIES FOR HERMITE-BASED FROBENIUS TYPE EULERIAN POLYNOMIALS

In this part, we give general symmetry relations for the Hermite-based Frobenius type Eulerian polynomials
n ALY (z,y; \) and extended Frobenius type Eulerian polynomials Agf‘)(x; A) by using the generating func-
tions (1.5) and (2.1).
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Theorem 4.1. Let a,b,> 0 with a # b and z,y € R. For n > 0, the following identity

Z (Z) bka"_kHAgloi)k(bx, b2y; )\)HA,(ca) (az, a’y; \)

k=0
(1 ek (@) 2 (@) 2
= Z (k>a V" gAY (ax,aty; N g Ay (b, b7y A) (4.1)
k=0
holds true.
Proof. Let
. (1 B >‘)2 “ abzt+a2b2yt2
Alt) = <(e(>\—1)at “ Ny ) € : (4.2)

The formula A(t) is symmetric in b and a, we then obtain

> t o bt)k
A = 3 A b ) DS A a2y )
n=0 k=0 ’

Z (Z( )bk n—k A(a (b, b2y,)\)HA,(€a)(ax,a2y; )\)) %

Analogously, we can derive

e8] [es] k
t)=> A (az,a’z; /\ Z ) (ba, b2y; \) (“]:,)
n=0 nl k=0 ’

= Z <Z( > akpnk A( @) (acr:,agy;)\)HE,(f)(bm,bzy; A)) %

On comparing the coefficients of t” on the last two equations, we attain the desired result (4.1).

Remark 4.1. For a = 1 in Theorem 4.1,, the result reduces to

n

Z <Z> Veam kg A,y (b, bPy; N g Ay (az, a®y; )
k=0

= Z (Z) a*b" R g A (az, aPy; ) g Ay (b, D2y N). (4.3)
k=0

Theorem 4.2. Let a,b,> 0 with a # b and z,y € R. For n > 0, the following identity

a—1b—1
Z“a’“kkaA(_) br 4+ —i+ j,b%2; A Al ay; \
n—k a k

k=0 =0 j:[]
n n b—1la—1 ) a
=> (k) S (= A b H gk AL (aa: + it a’z; /\) AL (by; A). (4.4)
k=0 1=0 j=0

holds true.
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Proof. Consider the identity

B(t) — (1 - )\)2 ¢ 1 + )\(_1)(1+1€abt ab(z+y)t+a2b22t2
e(A—1)at )\) e(A—l)bt — )\) ()\eat + 1)()\ebt + 1)

abwt+a2b2zt2 1 - )‘(_eibt)a 1-2 i byt M
Aebt +1 e(A=1ot — X et 41

a—1 1 A a b—1
_ abmt+a2bzzt2 i _bti B abyt atj
= <e()\ Dat _ )\) D (Ve (e(A—l)bt ) ! et

e()\ 1)at A

=0 j:()
a—1b—-1 k
szth z+ bw+ i+j)at (a) (bt)
GDat 1)at 2;;) e ’ kZOA (ay; M)
then
NSNS i @) b o ) (@) S e (0D
B(t) = ZZZ(—/\) gAY ( br + al—F],b 2z A ' ZAk(ay;)\) )
n=0 i=0 j=0 k=0
co n a—1b—
=> >, lel( ytian i A, (b4 ik 02250 ) AL (ag N 4.7
- k - a n—=k x+az+]» Z; k (a’yv )ﬁ ( )
n=0 k=0 i=0 j=0

On the other hand, we have

0o n b—1la—1 n
= Z Z (Z) Z Z ”jb"*kakHA;oi)k (aac + %z’ +j,a%z; A) A,(Ca)(by; )\)% (4.8)

n=0 k=0 1=0 5=0

Comparing the coefficients ¢ on the last two equations, we investigate the asserted result (4.4).
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