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Abstract

We address the dynamics of two-dimensional Navier-Stokes models with infinite
delay and hereditary memory, whose kernels are a much larger class of functions than
the one considered in the literature, on a bounded domain. We prove the existence
and uniqueness of weak solutions by means of Faedo-Galerkin method. Moreover, we
establish the existence of global attractor for the system with the existence of a bounded
absorbing set and asymptotic compact property.
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1 Introduction

In this paper, we consider the two-dimensional Navier-Stokes model with past history and

infinite delay effect in a bounded domain 2 with smooth boundary 90f2 of the form

' 0w — vAu — / k(s)Au(t — s)ds
0

+ (u-V)u+Vp=f+ F(u), (z,t)€Qx(0,+00),
Vou=0, (z,1) € Q x (0, +00), (1.1)
u(z,t) =0, (x,t) € 09 x (0,400),
(

u(z, ) = ¢(x, 1), x,7) € QX (—00,0],

where v = u(x,t) = (u1,u2) is the unknown velocity vector, p = p(x,t) is the unknown
pressure, v > 0 is the kinematic viscosity coefficient, f = f(z) is a given force field, ¢ is

a given function, u; is the function defined by the relation w;(7) = u(t + 7), 7 € (—00,0].
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The convolution term stands for memory effect whose kernel x is a nonnegative summable
function of total mass [~ x(s)ds = 1 having the explicit form x(s) = [~ u(r)dr.

The Navier-Stokes equations reflect the basic mechanical law of viscous fluid flow, thus
are very significant both in a purely mathematical sense and in the fluid applications includ-
ing physics and biology. Since the first relative paper of Leray [24] published in 1933, the
Navier-Stokes equations have been the object of numerous works. Caraballo and Han [12]
considered the Navier-Stokes equations with delay effect which shows not only the present
state but also its history in both autonomous and non-autonomous cases (see [15, 31, 39]
and references therein). In 2001, Caraballo and Real [13] put forward the possibility of some
kind of delay appearing in the Navier-Stokes equations in an open and bounded domain
Q CRY (N =2 or 3) with regular boundary I':

{Otu—yAu+(u'V)u—i-Vp:f(t)-l-g(t,Ut), (12)

V.-u=0,

and they proved the existence and uniqueness of solutions. Subsequently, they established
the existence of a pullback attractor when N = 2 in [14]. Concerning the Navier-Stokes
equations with finite delay in an unbounded domain, Garrido-Atienza and Marin-Rubio
[20] addressed the existence and uniqueness of solutions for both the evolutionary and the
stationary cases. Especially, in the three-dimensional case, they only proved the existence
of solutions. These results were extended in R with 2 < N < 4 by Niche and Planas [37].
For unbounded delay, the authors investigated the well-posedness and asymptotic behavior
of solutions [30, 35] and their references. In addition, Liu, Caraballo and Marin-Rubio
[27] studied the existence and uniqueness of solutions for two-dimensional Navier-Stokes
equations with infinite delay by using the phase space BC'L_,(H) which will be defined
below rather than C,(H) carried out in [31] for a 2D Navier-Stokes model with infinite
delay due to lacking the term A(9dyu). Recently, Anh and Thanh [4] discussed the 3D

Navier-Stokes-Voigt equations with infinite delay of the form

Ou — vAu — &2 A(Ou) + (u- V)u+ Vp = f(t) + F(u),
V-u=0,

where « is length-scale parameter describing the elasticity of the fluid. Some results on
the existence and uniqueness of weak solutions and the existence of global attractors were
proved. Other types of delay including constant, bounded variable delay as well as bounded
distributed delay can be found in [10, 13] and references therein.

As for memory term, it plays an important role in the description of several phenomena
such as non-Newtonian flows, soil mechanics and heat conduction theory and prescribes
the effect of past history and provides a more realistic description (see [5] and references

therein). So far, there are some authors having studied the asymptotic behavior of solutions
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for the Navier-Stokes model incorporating memory effects. For example, Gatti, Giorgi and

Pata [21] considered the following system

ou — wAu — (1 — w) / kc(s)Ands + (u - V)u+ Vp = f,
0

om' = —0sn" + u,
V-u=0, Vo' =0.

Here, w € (0,1) is a fixed parameter, the memory kernel is defined by

ke = E%k (f) e€ (0,1

€

The authors proved the existence of global attractors and constructed a robust family of
exponential attractors. Furthermore, Gal and Medjo [19] considered the three-dimensional
Navier-Stokes-Voigt model with memory effect and proved the existence of uniform glob-
al attractors. In 2018, Di Plinio et al. [17] analyzed Navier-Stokes-Voigt model lacking

kinematic viscosity with memory

Ou — aA(Opu) — /OO g(s)Au(t — s)ds+ pu+ (u- V)u+ Vr = f,
0
V.-u=0,

which assumed the inequality
i () < —dp(s), (1.3)

holds for some § > 0 and achieved the well-posedness and asymptotic properties of solutions.

It is worth pointing out that the condition (1.3) is one of various types of memory condi-
tions scarcely. In fact, the evolution equations, viscoelastic equations have been considered
with following memory conditions to study the decay results of solutions. For example,
Alabau-Boussouira, Cannarsa and Sforza [2] considered the evolution equations with the

assumption
1
i (s) < —opu(s)" "7,

for some s > 0 and p > 2. Subsequently, Messaoudi and Mustefa [33] studied the stability

result for the memory type satisfying

1 (t) < =€),

where £ is a nonincreasing differentiable function on R*. Moreover, Alabau-Boussouira [1]
concerned the memory-dissipative evolution equations in a bounded domain with a positive

function satisfying the form
1 (s) < —x(u(s)), (1.4)

where Y is a nonnegative measurable function with x(0) = x/(0) = 0 and strictly increasing.

In addition, Messaoudi and Mustafa [34] discussed the Timoshenko system where p is a
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positive nonincreasing function satisfying

1 (s) < —H(u(s))

and H is a regular and convex function. Moreover, Guesmia [22] considered an abstract

linear dissipative integrodifferential equation with infinite memory satisfying

(H1) There exists an increasing strictly convex function ® : Rt — RT of class C1(RT) N
C?(R™) satisfying

®(0) = ®'(0) = 0 and tl}gloo ' (t) = +oo, (1.5)
such that - (&) (s)
P st osup — 2 e :
[ et 2 ety <+ o

For more similar arguments we refer the readers to [3, 8, 18, 25, 28, 32, 36].

To our best knowledge, there is no work about Navier-Stokes model (1.1) with a gen-
eral memory condition (H1). Motivated by the literature above, we are interested in the
well-posedness and asymptotic behavior of solutions for the two-dimensional Navier-Stokes
equations with memory and infinite delay in a bounded domain. Here we establish the
existence and uniqueness of solutions and global attractors on account of general memory
condition (H1). Compared with [4], problem (1.1) becomes much harder since the trilinear
term is out of control due to the absence of the voigt term A(9yu). To overcome this difficul-
ty, we combine the classical Galerkin approximation, energy method with two-dimensional
trilinear estimates to obtain the existence and uniqueness of solutions for Navier-Stokes
equations in two-dimensional case. For details, for the proof of the existence of solutions
in this case, we can not get the convergence of auxiliary function J like [4] due to the p-
resence of memory term HntH% ., here. For our purpose, we prove the strong convergence of
delay term by continuous definition and integral mean value theorem directly. Additionally,
to overcome the difficulty brought by the general memory condition (H1), we show the
existence of global attractors for the system S(t) by proving the existence of a bounded ab-
sorbing set through the use of a new lemma on the generalized differential inequality and the
asymptotical compactness of S(¢). It should be note that, for the case of three-dimensions,
the well-posedness of solutions is still open due to the difficulty of trilinear term estimates
where we don’t have ‘better’ exponents in the Sobolev embedding theorem.

The structure of this paper is as follows. In the next section, we recall some basic
assumptions and the related lemmas. In Section 3, we prove the existence and uniqueness of
weak solutions to problem (2.1) by using the Faedo-Galerkin method. Finally, the existence
of a global attractor for the continuous semigroup generated by the weak solutions is studied

in Section 4.
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2 Notation and preliminaries

In this section, we follow the notation used in [5]. Denote

2
(u,v) := /Q]z::lujvjdx, u = (u1,us), v=(v,v2) € (L*(Q))?,

2
((uw)) := /QZVuvajdx, u = (u1,uz), v=(vi,v2) € (H}(Q))?
j=1

and the associated norms |u|? := (u,u), ||ul|? := ((u,u)).

Subsequently, we consider the following usual abstract space
V={ue(C®N)?:V- -u=0}.

For simplicity of notation, we will denote by H the closure of V in (L?(02))2, and by V the
closure of V in (H}(2))2. In what follows, we denote the dual space of H by H' and the
dual space of V by V. It follows that V' C H = H' C V', where the injections are dense and
continuous. We will use || - ||« for the norm in V', and (-, -) for the duality pairing between
Vand V'. Now we define A:V — V' by (Au,v) = ((u,v)), and it satisfies

Au = —PAu, for all u € D(A),

where P is the Helmholtz-Leray orthogonal projection in (HZ(£2))? onto the space V.
Let us denote trilinear form bon V x V x V — V' by

2
bu,v,w) = 3 /S)uig?wjdx, Y u,0,we V.
ij=1 v

We recall that
b(u, v, w) = —b(u, w,v), for all u,v,w €V,
and consequently,

b(u,v,v) =0, for all u,v € V.

And the associated bilinear form B : V x V — V' is given by (B(u,v),w) = b(u, v, w) for
all u,v,weV.
As for prerequisites, the readers are expected to be familiar with the following lemma

used throughout the paper.

Lemma 2.1. [40] We have for all u,v € V,

_1
[b(u, v, u)| < Mullfpayellvll < 272 fulllull]v])-
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It is required that we choose a suitable phase space. There are several phase spaces
which allow us to deal with infinite delays (see e.g. [31]). In this paper, inspired by recent

works [27], we will use the following phase space

BCL_(H)={¢p € C((—00,,0;H) : lim ¢(7) exists in H},

T——00

which is a Banach space equipped with the norm

leller_ oy = sup  [o(7)].
TE€(—00,0]

We introduce some notations and assumptions on the delay operator. Let X be a Banach
space and consider a fixed T' > 0. Given u : (—o00,T) — X, for each t € (0,7"), we define the

function u; on 7 € (—00,0]. Referring to [4, 27], we now make the following assumptions:
(H2) f e H;
(H3) Assume that F':[0,7] x BCL_x(H) — H, then

(1) for any ¢ € BCL_o(H), the mapping [0,T] 3 t — F(t,£) € (L?(Q2))? is measur-
able,
(2) F(0) =0,

(3) there exists a constant Ly > 0 such that, for any ¢t € [0,7] and all {,n €
BOL_oo(H),

[F(§) = F(n)l < Lrll€ = nllper_..qmn)-

Remark 2.1. [t is noticed that the assumption (H3)(2) is not really restrictive. Indeed, if
|F(0)] € L2(0,T), we could redefine f(t) = f(t) + F(0) and F(u;) = F(us) — F(0), which
also fulfill the above assumptions. In addtion, conditions (2) and (3) imply that, for any
£ € BCL_(H),

[F(t O < Lrlélper ), — Vte€[0,T].

Example 2.1. We provide an example of the delay term F(u) as in [31]. We take F :
[0,T] x BCL_o(H) — H, for allt € [0,+00], £ € BCL_o(H). We take F' given by

R = [ Glts e
where the function G : [0,T] x (—00,0] x R? — R? satisfies the following assumptions:
(1) G(t,s,0) =0 for all (t,s) € [0,T] x (—00,0);
(2) There exists a function § : (—o0,0) — (0,00) such that

|G(t,s,u) — G(t,,s,v)|gz < I(s)|u — v|ge, Vu,v € R2V t€0,T],s € (—00,0).
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We check that F' satisfies the assumptions (H3)(3). It is well defined as a map with values
2

ro-rol= [ (/ 0 Glt,5.)(e) ~ Gt sn(s)@)e ) da

<[(/ ROZCE n(S)(x)IR2d8>2dx

<[(/ io s(eas) ([ Ooo (€ — ))Rads ) o

0
< 1801t ooy / 5(s) /Q £(s) () — 1(s) () Pdlrds
0
<10y [ 36) (sup / E(s) () — 17(5)(93)!201:6) s

s<0
<ol o001 = nllBer ..
As in [16], to deal with the memory term, we introduce a new variable which reflects

the past history of equation (1.1), that is,

nt(x, s) =n(x,t,s) = / u(z,t —r)dr, s >0,
0

then
o' (x,s) = u(z,t) — sn'(z, s), s> 0.

Using the fact that u(s) = —+x/(s) and k(co) = 0, and applying the Helmholtz-Leray

projection to (1.1), we have

( +oo

Ou + vAu + / w(s)Ant(z, s)ds

0
+ B(u,u) = f + F(uy), (z,t) € Qx(0,400),

o' (z,s) = —0sn'(z, s) + u(x, t), (z,t) € Q x (0,400),s € (—o0,0],

u(z,t) =0, (x,t) € 92 x (0,400), (2.1)

n'(z,s) =0, (x,t) € 002 x (0,00), s € [0,00),

u(z, 1) = ¢(z,7), (z,7) € Q x (—00,0],

0

\ n°(x,s) = no(x,s) = 3 o(x,r)dr, (z,5) € Q x[0,00).

In consideration of memory term, let LZ(]RjL, H) be the Hilbert space of the functions

¢ : RT — H endowed with the inner product and norm respectively

(orealu= [ () o o) ds,

o= ([ M(S)!¢|2d5>% .

7
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Similarly, we make the Hilbert spaces L2(R", V) and L2 (R*, (H?*(Q2))*NV) with the inner
product

<" '>1,u = <V', v'),uv
<'7 ')2,/1 = <A7 A')uv
and endow with the norm ||¢l1,, and [|¢]|2,, respectively.

In addition, we define the space H* := BCL_(H) X Li(R*, V) with the following

norm

1, @3 = 1l + 12117 -

3 Existence and uniqueness of weak solutions

In this section, we first give the definition of weak solutions to (2.1) and state the main

result.

Definition 3.1. Given functionsug = ¢ € BCL_oo(H) andny = fi)s ¢(x,r)dr € L2 (RT, V).
Functions u € C((—o0,T); H) and n* € C’([O,T];LZ(R“‘,V)) are called a weak solution of
problem (2.1) forv eV and € € Li(]R*‘, V), if

(Oru,v) + v((u,v)) + (', 0)1, + b(u, u,v) = (f,0) + (F(uy),v),

(0" + 0’ )1 = (u, €)1,
hold in the sense of D'(0,T), where

(3.1)

€ L*(0,T;V*)

and

n' € C([0,T); L, (R, V).

Theorem 3.1. Assume that the assumptions (H1) — (H3) hold. Then foruy € BCL_(H),
Mo € Li(]RJF, V) and T > 0, there exists a unique weak solution (u,n') of problem (2.1).

Proof. (i) Existence. We outline the proof of the existence with three steps.

Step 1: Galerkin scheme. First of all, let {w;}72; be a smooth orthonormal basis
of H which is also orthogonal in V. Secondly, we select an orthonormal basis {(}32; of
L2(R*,V) with all & in D(R,V), where D(I, X) is the space of infinitely differentiable
X-valued functions with compact support in I C R, whose dual space is the distribution
space on I with values in X*, denoted by D(I, X*). And one can take a complete set of
normalized eigenfunctions for A in V' such that Aw; = A\jw;. Given an integer n, denote by
P, and @, the projections on the subspaces V,, = span{wi,ws,...,w,} and Li(RJF, V) =
span{(1,C2 ..., (,} respectively. Set

un(t) = Z aj(thw;  and 7 (s) = Z b ()¢ ().

8
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Therefore, we seek a function (u,,nt) satisfying
<(atun7 nﬁz,t)a ((,Uk, Cj)>HxLi(R+,V) = <(_VAU7L - /O M(S)AnZ(S)dS
- B(Um un) + f + F(unt)a Up — 8377;)7 (wka Cj)> s (32)
HxL%(R+,V)
(Un, nwtv,)ltZO - (PHUO) anO)u

for a.e. t € [0,T] and every k,j = 0,1,...,n, where wy, (o are the zero vectors. Then, we

take (wg, (o) and (wo, (k) in (3.2), and apply the divergence theorem to the term

o)
</ Anfzd57w/€> )
0

to get a system about the variable ay(t) and by (t) of the form

d n n
= —vAgag — Z b (G wr)1,u — b Z ajWs, Z ajWj, Wk
j=1 j=1 7j=1
+ (f,wi) + (F(unt), wr), (3.3)

7bk Za] W]aCk 1,0 Z Cj’Ck 1,5

with the initial conditions

ax(0) = (ug,wi) g
br(0) = (10, k)1,

The above system of ordinary differential equations with infinite delay fulfills the conditions
for the existence and uniqueness of local solutions in [23], so the appropriate solution (uy,n?)
exists.

Step 2: A priori estimates. Multiplying the first equation of (3.3) by a; and the second
by bg, then summing in k and adding the result, we get

1d
5z (unl® +ll,) = —vllunll® = @i w1+ (Frun) + (F (wnr), ). (3-4)

From the Cauchy’s inequality and Remark 2.1, it follows that
Hf [

(f tn) + (F(unt), un) < ellun|® + + Lplluntlbor_ - (3.5)

where we have used |u,| < ||unt||BOL Applying integration by parts, we arrive at

—oo(H)*

1 oo
Ottt =5 [ W) )]Pds > o (36)

Adding the (3.5) and (3.6) into (3.4) leads to
||f [F

d
X (lwnl? + 175113 ) + 2 = ) llunl® < + 2L |luntlBor viel0,T]. (3.7)

oo(H)’
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Choosing € > 0 small enough such that v — e > 0 and integrating (3.7) from 0 to ¢, we

obtain

t 112
(Il + [05112,) + 20 ) /O lan () 2dr < Juol? + [170)2 , + L=

t
+2LF/O lwnrlBer_ o dr

Thus,
¢
(luntll Ber_ oy + lmll% ) + 2(v =€) /0 lun(r) || 2dr

[HilE
2e

By the Gronwall inequality, we have

t
<(Juol® + I°[1% ,.) + T+2LF/0 (e + 1017 ) dr.

T
sup Jun()P 4 14020 < (ol + 02, + M) 2t (3.8)
7€[0,t] 28

which explains that there exists a constant C dependent of Lg, f,T, R such that
luntllBor_ ooy <C, Yt €[0,T],
where R > 0 and [|¢||por_ () < R. Especially, it’s easy to imply that
{un} is bounded in L>(0,T; H).
Also, we claim that
{nL} is bounded in L>(0, T} Li(]RJr, V), (3.9)

{u,} is bounded in L*(0,T;V).
Through the Banach-Alaoglu theorem, there exists a function (u,nt) such that

{un} — u weakly star in L>°(0,T; H),
{nh} — n' weakly star in L=(0,T; L2 (RT,V)), (3.10)
{u,} — u weakly in L*(0,T;V).

Subsequently, we give the time derivative of the weak solution in L2(0,T; H). Assume that

¢ € V. Taking the L? product of the Galerkin equation
“+o0o
Oyun + vAu, + / w(s)Ant (z, 8)ds + B(u,u) = f + F(un),
0
with ¢, we obtain

+o0
(et @) + (v A, ) + < | oo 9as w> T (Bu,u), )

(3.11)

10
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We estimate the norm ||Opuy||y+ through the estimates of the right-hand side of the above

identity. It is easy to get the estimates

[(vAun, p)| < [V(Vun, Vo) | < vllun|lel, (3.12)
oo t ee ¢ t
([ moant@sase) < ([ uwit s ve )| < st el

(3.13)
(fro) < I flllell- (3.14)

For the nonlinear term, by Lemma 2.1, we obtain
(B(u, u), ¢) < clun[|ualllle]l- (3.15)

Using the Poincaré inequality, we get
_1

(F(unt), ) < LeX * lune|lporn o mn ll@ll- (3.16)

Plugging estimates (3.12) — (3.16) into (3.11), we deduce the differential inequality

_1
10punlly+ < vlfunll + clunllunll + &O)17 1+ 1 Flb + LEA ® luntllpor gy, 317

which shows that
{Oyuy,} is bounded in L%(0,T; V™). (3.18)

Also, we get

/OT/Q(un.V)unijdxdt_)/()T/Sz(u.v)uijdxdm

through the argument in the Theorem 3.2 in [6], for any function w; in the basis and any
continuously differentiable function ¢ on [0, T7.

Nevertheless, it is not sufficient to pass to the limit in the delay term F'(u;) because of
its discontinuity, we need some kind of strong convergence.

Step 3: Approximation in BCL_.,(H) of the initial datum.

In this part, we establish

Upt — Uz in [0,T] x BOL_o(H) Vte (—o0,T], (3.19)
by proving the following:

Pop— ¢ in [0,T] x BCL_so(H),

(3.20)
up, = u in C([0,T]; H).

Let us check the first convergence of (3.20). Indeed, if not, then there exists ¢ > 0 and a

subsequence (relabeled the same), such that
|Pn¢(9n) - ¢(9n)| > €. (3'21)

11
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One can assume that 6, — —oo, otherwise if 6, — 6, then P,¢(6,) — ¢(0,), since
|Pho(6rn) — &(0)] < |Pod(6rn) — Pogp(0)| + |Pop(0) — #(0)] — 0 as n — +oo. However,

with 6, — —o0 as n — 400, if we denote z = elim ¢(0), we get
——00

[Patp(0n) — &(0n)| < |Pn((0n)) — Poz| + [Pz — 2| + 2 — ¢(6n)] — O,

which is a contradiction with (3.21), so the first formula of (3.20) holds. Now, we prove the
strong convergence of {u,} to u in C([0,T]; H) via embedding theorem. From Step 2, we

have
Un () — u(t) in H for a.e. t € (0,7). (3.22)

Observing that
t
Up(t) — up(s) = / (up)'(r)dr in V' Vs,tel0,T],

and (3.18), we have that {u,} is equi-continuous on [0,7] with values in V’. And from
the compactness of V into V', (3.9) and the equi-continuity in V', using the Arzela-Ascoli

theorem, we obtain

Un () — u(t) in C([0,T]; V). (3.23)
On account of (3.9), we obtain that for any sequence {t,,} C [0,T] with t,, — t,
Up (tn) — u(t) weakly in H, (3.24)

where we have used (3.23) to identify the weak limit w(t). At present, we prove the
second convergence of (3.20) by a contrary argument. If it is not so, then considering
u € C([0,T]; H), there would exist ¢ > 0, a value to € [0,7] and subsequences (relabeled
the same) u,, and t,, C [0,T] with nEI—&I-loo t, = to such that

|un(tn) —ulto)| > e, V n. (3.25)

On the one hand, Since u(-) is continuous at tg, then for every € > 0, there exists a § > 0
such that

lu(t,) — u(to)* < 5 Ym=ms (3.26)

On the other hand, using the fact that
un(t) = u(t)  in L*(0,T; H),

we are easy to get

to+o
[ hts)  u(e)Pas <,
to—90

then there is a t' € (tg — d,t9 + d) such that
fun(#) = () < 3, (3.27)
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with the integral mean value theorem. In addition, using the fact that u(¢) is continuous

and choosing [t, — | < |[t, — to| + |[to — t'| < 2J, we can obtain
[n (tn) = u(to)” < 2(Jun(tn) — u(ta)* + |u(ta) — ulto)|?)
< 2[2(Jun(tn) = un (@) + [un(t) — u(t)? + [u(t) — u(ta)?) ~ (3.28)
+ [u(tn) — u(to) ]
Combining (3.26) and (3.27), we deduce that
[un(tn) — ulto)|* <,
which contradicts (3.25). It impies obviously that

|un (tn) — u(to)* = 0.

Hence, we conclude
F(upt) = F(uy) in L*(0,T; H).

At last, we will show that the limit (u,n') is a weak solution of (2.1). Choosing the

arbitrary test function
¥ = (¢,€) € D((0,T],V N L¥(Q)) x D([0,T], D[R", V))
of the form

p(t)=> aj(thw; and =) bi(t)¢,
j=1 Jj=1

where n is a fixed integer, and {a;}7_; and {b;}}_; are given functions in D((0,7)). We
replace (wg, ¢j) with (¢, ) in (3.2). Then integrating the resulting equation over (0,7") and

passing to the limits, we obtain
T
| orun(e).0) + 0 1,
T T
= —V/ [((u(?), ) + <nt,¢>]dt—/ b(u(t), u(t), p)dt (3.29)
0 0

T T
" /0 (o) + (Flur), @))dt + /0 (= (0" €)1 + {1, )1 ]l

Using a density argument, we have that (u,n') satisfies the equation in the weak sense.
Moreover, we check that (u,n?) also fulfill the initial datum (u,n')(0) = (ug,n°). Therefore,
it implies (u,n') is a weak solution of problem (2.1).

(i) Uniqueness. We assume that (u1,7n%) and (ug2,n}) are different solutions of (2.1).

Let (u37ng) = (ula 77%) - (u21 773)7 then

Oy + vy + [ (o) An(a,5)ds + Blur, )
0

- B(UQ, u2) = F(ult) - F(UQt).

(3.30)

13
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Multiplying the equation (3.30) by ug, and using the fact that
b(ul, ui, U3) — b(’u,g, ug, ’Ltg) = b(U3, ui, ’U,3),

we can get

1d o0
§d—|u;3|2 + vl|uz||® + b(us, u1,uz) + / u(s)/ Vi Vugdzds
t 0 Q

:(F(ult) — F(ugt), U3).

(3.31)

Briefly, we get
|(F(ue) — F(uze),us)| < LrllusiBern -

Integrating by parts, we obtain

/ u(s) / Vi Vude = / u(s) / VnsVomsda + / p(s) / Vi Vizdeds
0 Q 0 Q 0 Q

1d t12 1 > / / t2
== — = dads.
sarlblE =5 [ o) [ vngPasas

In particular,
_1 1
|b(us, w1, ug)| < 272 fug[[ug|[|ud || < vljusl® + 87HU1H2!U3|2'
Therefore,
d 2 t112 1 2 2 2
s +lnslli,) < oo lhalPlusl” + 2Lrllusilipor_ . m
1
< (g hunl? + 220 ) (B on + IIE)

Whence applying the Gronwall inequality, we get

1 t
sup fua(r)? + 513, < (uar) + IR exe ( (g +22r ) ([ 0+ T Phar ) ).
T€[0,t] v 0

L]

Remark 3.1. The argument presented in Theorem 3.1 also shows that the existence of uy

is global in time. In fact, one can clarify that (us,n') € H*.

4 Existence of global attractor

For each (ug,n°) € H*, satisfying ug = ¢ and ° = ffs ¢(x,r)dr, we denote a semigroup
S(t) : H* — H* by the formula

S®)(uo, 1) = (u(t+7),7"), 7€ (~00,0],

where (u(t),n') is the unique global weak solution of (2.1). In this section, we will prove

the existence of a compact global attractor for the semigroup S(t).

14
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4.1 Continuity of the semigroup in H*

Proposition 4.1. Assume that conditions (H1) — (H3) hold. For (ug,n°) € H*, the semi-

group S(t) is continuous on H*.

Proof. Denoting (u;,n}) for i = 1,2, the corresponding solutions to initial datum (uq;, 7]?) €
‘H*. Considering the equations satisfied by w; for ¢ = 1,2, acting on the element u; — uo,
and taking the difference, we get

1d

1 oo
5z (= wel + lInf = mallu) + vlw —wel® = 3 /0 w (s)IV (11 — m)[*ds

+ b(ug,ur, ur —u2) — b(ug, ug, uy —uz) = (F(ui) — F(ua), ur — ug).
As in the proof of Theorem 3.1, using the Ladyzhenskaya’s inequality, we get
[b(w1, ur, ur — uz) — b(ug, ug, ur — ug)| = [b(uy — ug, u1, ur — ug)|
< Cluy — ug|llur — ual|[[usl]-
And by the assumptions on delay term, we yields
lu1e — u2t| por_ (i)
= sup |ui(t+7)—ua(t+7)]

T€(—00,0]

:max{ sup  [¢1(t+7) — g2t +7)[; sup |U1(t+7)—u2(t+7)|}
TE€(—00,—t] T€[—1,0]

SmaX{||¢1 - ¢2||BCL,OO(H)§Tr2[aO)§} lur () — U2(T)|} )

where ¢1, 9y € BCL_(H) are the initial datum of uw. Therefore,

t
lur — ua*+[nf — nbll1. + QV/O [y — ug|*dr = [u1(0) — u(0)* + [ — 3|17,

t t
+ 2/ b(up — ug,uy, uy — ug)dr + 2/ (F(u1t) — F(uie), up — ug)dr,
0 0

then, we conclude that
ur — ua|* + [Inf — n5ll1u
0 0
<1010 a0 +| [ vortnar- [ Voarar

—S

2
C t
+ 5 [l - wafar
1, vJo
t
2Ll — dallmen /0 fus(r) — wa(r)dr

+2LF/O lu(r) —uz(r)|TmaX |ur (7) — ua(7)|dr

€[0,r]
0 0 2
< |¢1(0) — <z51(0)|2 + H Vori(z,r)dr — Voa(z,r)dr
—s —s 1,
t
+— [ max [lug|*ur () = ua(7)Pdr + Lrllér — ¢2llporn o

v Jo T€[0,r]
t

t
+ LF/ lug — ug|?dr +2Lp [ max |ui(7) — ug(7)|*dr.
0 o0 T€[0,r]
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Substituting ¢ by r € [0, ¢], then

2 t
Trg[z&)g]ml ug|” + [l — nall1,p

0 2

0
<160 = 0P + | [ Vontaar = [ Gortonar| +Lelor - oallcrn

L

trc
+/ <||u1H2 + 3LF> max_|up(7T) — u2(7)|2dr
0 v T€[0,r]

0 2

0
g|¢1<o>—¢1<o>|2+H Vor(a,r)dr— | Voo(a,r)dr

—S

+ Le|é1 — d21lBer_ ()
Lu

t/C
+ [ (||u1||2+3LF) max {Jur(7) — ua(r)? + [l — 5|2} dr.
0 v T€[0,7] ’
This complete the proof. O

4.2 Existence of a absorbing set for the semigroup

In this subsection, we state and prove the existence of a bounded absorbing set. Before

proving the result, let us first introduce the “modified” energy

A 1
E(t) = §(||UtH2BCL,OO(H) +

1) (4.1)
which has the following relation to the energy associated to the problem (2.1)
1 .
E(t) = 5 (lu®)* +In'l17,.) < E(1).
A direct differentiation to (2.1); leads to
! 2 1 > / t(2
Et) = —vlu®"+5 [ w6)lnlds+ [ fude+ | F(u)udz, (4.2)
0 Q Q
and then using the Young’s inequality, we get
| fuda < vl + cal 112

in conclusion,

. 1 [
B0 <5 [ W@l s+ alf1E + lulbes o (4.3)

Lemma 4.1. Assume that (H1) — (H3) are satisfied, then there exists a bounded absorbing
set for the semigroup S(t).

The proof of Lemma 4.1 is based on three lemmas.

Lemma 4.2. Under the assumptions (H1) — (H3), the functional
Kaft) =~ [ [ ulsp'asd.
Q 0
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satisfies, for allt € R,

K1(t) <= (k(0) = e — en)lweler ) — 03/0 w (9)[ln*[[2ds + (cav + co)[|u()]|?

+ (e5 + c6 4 cs|u(t)* + cio + ca2) [1°]12 . + eo | FI7,

(4.4)

where ¢;,1 =1,2,...,12 are suitable constants.

Proof. Let us now multiply (2.1); by [;° u(s)n'ds. We get

<3tu, /0 h ,u(s)ntd5> + <VAu, /0 h u(s)ntds> + < /0 " u(s) Antds, /0 h ,u(s)ntds>
T <uu /0 h ,u(s)ntds) _ < , /0 h ,u(s)ntds> + <F(ut), /0 h u(s)ntds> .

By (2.1),, we find

<8tu, /0 - ,u(s)ntds> _ 9, <u /0 - ﬂ(s)ntd5> _ <u /0 - u(s)@mtds>
=~ K3(0) ~ RO - (u, [~ wonfas).

therefore,
K{(t) = =s(0)|u(®)]* + L+ T2+ I3 + I+ I5 + I, (4.5)

I =— <u /OOO ,u'(s)ntds> , I = <VAu, /OOO ,u(s)ntds> ,
Iy = < /O " (s) Antds, /0 h ,u(s)ntds> L Li=b <u u, /0 h u(s)ntds> ,
== (7 [ tontas) == (Fw). [ uontas).

can be estimated in this way

I < Ku / u’(S)ntdS>‘ <elu®f —es [ W) s,
0 0

2
1

where

I - <vAu, / M(S)ntd8> < carlu®)? + sl 12
0

I3 = </0 M(S)Antd&/o M(S)ntd5> < CG“WH%W

I, < b<u,/ ,u(s)ntds,u>
0

Iy < <f, / M(S)ntd8>‘ < coll I + el I,
0

< Ju@® a7 10 < erllu®)? + eslu(®) |07 .,

o0
Is < <F<ut>, / u(s)ntds>\ < enllulor_n + ol

by means of the Young’s inequality and Lemma 3.2 in [22]. Taking above estimates into

account, we are easy to get (4.4). O

17
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Lemma 4.3. Under the assumptions (H1) — (H3), the functional
1
KQ(t) = §(u,u),
satisfies, for allt € R,

K3(t) < —(v = es)[u@®)* + (13 + ern)Jwellporany + caalln’ i + sl fIIZ (46)
where ¢;,1 = 13,14, ...,16 are suitable constants.

Proof. Multiplying (2.1); by u and using the Young’s inequality, then we can obtain the
desired result. O

For positive constants M7, My, we define a Lyapunov functional
Li(t) = MU E(t) + MoKy (t) + Ka(t).
Combining the (4.1), Lemma 4.2 and Lemma 4.3, we arrive at

Ly(t) < — [Ma((0) — 2 — c10) — c13 — cvrllwellper
M &
# 5t = M| [ s+ Mol o) = v+ exlulo)]
0

+ [Ma(cs + c6 + crlu(t)]* + c1o + c12) + cud]InlIF . + [Micr + Maco + cig] || f12.

Then we choose M7 large enough such that

M
L Myes >0,
2
and choose My satisfying
ci13 +c¢ V—=c
0< B3 TH7 M,y < 715’
IQ(O) — C2 — C10 CqV + Cg
where
c13 + cir vV —_C15

k(0) —cg —c10  cav +cg

Thus, there exist two positive constants m and ¢ such that
Ly < —mE(t) +cl|n'[1F , + el FII3- (4.7)
In addition (see [9]), we can choose M; large enough so that
Li(t) ~ B(1),

i.e., L1(t) is equivalent to F(t). Here, we introduce an approach to estimate F(t) and refer

the readers to [22] for more details.
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Lemma 4.4. Under the assumptions (H1) — (H3), there exists a constant 1 > 0 such that
for every &g > and t € RT,

' QEM)IIIF . < =BUEW) — el FIZ + lluellber_ ) + Broo B (0 E(1).  (4.8)

Proof. From the assumption (H1), without loss of generality, we can assume that p/(s) < 0.

Let ®* be the convex conjugate of ® in the sense of Young (see [7]), so for all t € RT,
() = (@)1 (t) — () H(1) < ¢(@) (D)
Let g, 1,72 > 0. Using the general Young’s inequality: tite < ®(t1) + ®*(t2) for

& (S0 £(1))pu(s) |11
Ot (=mop/(s)[I*1?)

tr =@ (—me(8)|In*]?), ty =

we deduce that for all ¢t € R,

a1 oy LGOI
| romira n@f(csozs(t))/o > el I ) o)

T2

_ > /S t)2 s
S /0 W (5)lInf|Id

1 o [ 1® (G E®)u(s)lIn']I? .
ﬁqv( ())/ ¢ <<I>—1(—T2u’(s)HntH2) )d

(B 5(t) — a1l 112 = el 3 )
- 1@ (5B (t))

< W s (PGB
+ | Tt < @) <¢1<—w<s>||ntu2>>d’

(4.9)
where we used (4.3) and (4.2). Observe that &~ is concave and ®~1(0) = 0. Thus, for any
0 < 51 < 89, the function K(s) = ﬁ(s) satisfies

51 51 52
K(Sl) = < — — = :K(Sz).
o1 (8—152 +(1-2)0) 5T () FA=5)07H0) 27Hs)
S92 52
Notice that [;° zu(s)||n*[|*ds is bounded. Then we can find a suitable constant N1 such that
In*|I* < Ny (4.10)

On the other hand, using the fact that (®’)~! is nondecreasing and (4.10), we get

! r; $)Intl2 P n
<<I>’>—1< e )=<¢>’>—1( B k(- szs)nntn?))
< ((I)l)—l (7’1@/(_535;(())”( ) ( TQNLL/(S)))

)
g [ TN (S0 E(t)) pu(s)
= (@) ( Q=L (—m N1/ (s)) )
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Therefore, (4.9) can be rewritten as

” 203 () = el £12 = lall, o)
| wlias < - 1~ Iedcr_o on
0 T (60 E(t))

0 w(s) PR 71N1‘I’I(50E(t))ﬂ(3)
+N1/o ‘D‘l(—ﬁNlu’(S))(q)) ( O (= N1pt/(s) >d8'

(4.11)

From Assumption (H1), it is evident to show that for some positive constants Ny and N3,

Ssu L = 0 an w& S .= (0. @]
S G pi(sy) T 2 teo and /0 o1(pi(s) P N = e

Then, choose 71 = ﬁ, Ty = N% in (4.11). This yields

00 2N2(E/(t) —allfl? - ”utH2BCL m) -
SIntl2ds < — _ UL L Ny NSO E(t),
|l pas < PGB 1NsboE()

which gives (4.8) with §; = max{2Na, N1 N3}. O

Proof of Lemma 4.1. Multiplying (4.7) by ® (5OE(t)), we obtain

' (S0E (1) LY (1) < —md' (S0 B (1)) E(t) + @' (S0 B (1)) |0 |17, + c®' (S0 E(1)[| 112
< —m®' (5B (1) E(t) — cBi(E'(t) — el FI12 = luel e om)
+ P60 E() (5o E(t)) + @' (SoE(2)) | 113
< —(m — cp180) E(t)® (3o E(t)) — cBi(E'(t) — eall 12 = Nuellor o)
+ e (S0E ()| £112
< —(m — eBr00)E)® (6o E(t)) — cBLE (t) + ¢

where we have used the fact that ® is bounded. Choosing &y small enough such that

B2 :=m — ¢B16p > 0 and introducing the functional
Lo(t) = ' (GoE(1) La(t) + B E(D),
we are led to the following differential inequality (note that ®'(6yE(t)) is nonincreasing. )
Lh(t) < ®'(S0E (1) Ly (t) + cBrE'(t) < —Bo® (S E(t))E(t) + ¢ < —a® (S0 La(t)) La(t) + ¢
due to Ly(t) ~ E(t). Finally, applying the Lemma 4.5 introduced below, we get
Lo(t) < Hy ' (Bat) + Hy ! <;2> ,

where Hy(t ft 7 (S yds and Hy(t) = Ly(t)® (8o La(t)). The equivalence Lo(t) ~ E(t) give
the fact that there exists a pg > 0 so that

||(uta 77t)||7-l* < £0,
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for all (ug,n°) € B and t > tg, where

B { eH : ol < \/Hf%fo) +Hy (ﬂ) }

is the bounded absorbing set. O

Lemma 4.5. [29] Let y(t) be a positive absolutely continuous function on (0, +00) satisfying

Colt) < —BH (1) +7

for 8>0,~v>0. Then for any t >0,

y(t) < HyY(8) + H' <;> ,

where H{ ', Hy'' are defined as follow

1
1
Hy(t) = ds, 412
0= [ gt (412)
and
t if ® is linear on [0, €],
Hy(t)={ o ) (4.13)
t®'(eot) if ®(0) =0 and ®" >0 on [0,¢€].

and Hl_l, H2_1 represent the inverse function of Hi, Ha respectively.

4.3 Asymptotical compact of the semigroup

To show that the semigroup S(t¢) exists a global attractor, it remains to prove that S(t)
is asymptotically compact. It is necessary to consider the difficulty caused by the lack of
the compactness of L?(RT, (H?(Q))2NV) < L?(RT,V). Now we recall some preliminary

results what we need.

4.3.1 Decomposition of the equation

It is convenient to make asymptotic estimates when we decompose the solution S(t)(ug, n°) =

(ug,nt) of problem (2.1) as
S(t)(uo, 1°) = S1(t)(uo, 1°) + S2(t) (uo, 1°).
where S (t)(ug,n°) = (v§, ¢*) and So(t)(ug,n°) = (w*, £¥) with

u = v +ws7 77t — Cts +§t€,

2= (05,¢9), 2= (w,£°),
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where (v¢, () and (w®, £') are respectively the unique solutions of the problems

O + v AV® + / p(s)A¢*ds + B(u,v?) = F(ug) — F(wf)
0

Vv =0,
0" (w,5) = —05C" (w, 5) + 0% (, 1), (4.14)
v (2, t)]o0 = 0, v (2, 7) = ¢($7T)’TE(—OO,0]7

0
¢*(z, s)]an = 0, Oz, s) = 3 ¢(x,r)dr,

and
( Jw® + vAw® + / p(s)A¢ds + B(u,w®) = F(ws) + f
0

V-w® =0,
Ot (z,5) = —Dt (x, 5) + wt(x, ), (4.15)
w(z,t)oo =0,  w(z,7)=0,

L £ (z, 5)|aq = 0, e%(z,5) = 0.

Using the similar argument to the proof of Theorem 3.1, we can establish the existence and
uniqueness of solutions to problem (4.14) and (4.15). Furthermore, as for problem (4.15),
we can show the solution (w?, (%) is a strong solution for the reason that f¢ € H and the

initial values are zero. Now, we make the a priori estimates to the above problems.

4.3.2 The first a priori estimates

We show the decay estimates for the solution of problem (4.14).

Lemma 4.6. Under the conditions (H1) — (H3), for any € > 0, the solution of problem
(4.14) has the following estimate: there exists a constant dg > 0, such that for every t > 0,

151(8) (o, n) 3+ < QU (o, 1°) [l )e ="

Proof. Multiplying the first equation of (4.14) by v and integrating over 2, we get

1d 2 te (|2 2 > d te |12
(P ICURD + v+ [ ) S s

=(F(ut) = F(wg), v%).

(4.16)

The right hand of (4.16) cen be eatimated in this way

(F(ur) = F(wf),v%) < Lrllvi | 5or_ -

Hence, by Poincaré inequality
d €12 te |2 €12 > d te |2 £112
g o7+ ICEIRL) + vt + 2 ; p(8) T NCEIL uds < 2Lpllvillpor_ . omy-

22


https://doi.org/10.20944/preprints201909.0008.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 February 2021 d0i:10.20944/preprints201909.0008.v2

Similarily to the proof in Lemma 4.1, we obtain

d
S (FOF +1CEIE,) < (v + ICEIT,) @ @ (o= (OF + 1CI17,0)), (4.17)

which implies that
151.(8) (w0, n°) 13- < QU (w0, 1) [l )e ™",

for some dg > 0. O

4.3.3 The second a priori estimates

Since the presence of the convolution integral in which the embedding Li(Rﬂ (H?(2))2N
V) — Li(R*, V') is not compact, we apply the compactness theorem and the construction

of the compact subspaces in [5] to overcome the difficulty.

Lemma 4.7. Under the assumptions (H1) — (H3), for any € > 0 and the initial data
(ug,n°) € H*, there exists M > 0 such that for any given T > 0,

||S2(t)(uoan0)||%/xLi(R+,(H2(Q))2nV) <M, Vit=>T,
where M depends on |u?||u|l?, ||f]|? and 20|35

Proof. Multiplying the first equation of (4.15) by Aw® and using the Cauchy inequality,

then we get

1d £112 te v €12 >~ d te)|2 € 3
5zl H IR ) + o Awt P+ [ ) T B s+ b, Aw?)
0 (4.18)
*”fHQ ”wt”BCL_OO(H)'
Recall that
€ € 1 1 et g2 v €12 c 2 2 £112
b(u, w®, Aw®) < Clulz ||ul[> [|w*||2| Aw®|2 < Z|Aw®|" + { —[ul[Jul” ) [l
4 v
hence,
1d v C
3 31 1P+ 16212, + 140 < (Shuul? ) bl + 112 + 5k ey
and using Poincaré inequality then we conclude that
1d v C
2C1t(HwEIIZ +le1T ) + le‘lwel2 < <VIUIZIIUI|2> [ + ||f||2 o || iBer o
By Gronwall inequality, we can find a T" > 0 large enough such that
||52(t)(u07nO)H%/XL%H(RJr’H%Q)va) < M, f07“ all t>T.
O
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Besides, for any & € Li(Rﬂ V), the Cauchy problem (see [11], [38])

{atft = _8S§t + w, > 07
& = &,

has a unique solution ¢' € C(R*, L7 (RT,V)) and

t /Osw(tr)dr, 0<s<t,
§'(s) = (4.19)
/tw(t —r)dr, s> t.

0

Then, we have
/ w®(t — r)dr, 0<s<t,

c 0

£=(s) = . (4.20)
/ w® (t — r)dr, s>t

\ Jo

Let By be the bounded absorbing set obtained in Lemma 4.1. We have the following results.

Lemma 4.8. Assume that the assumptions (H1) — (H3) are satisfied, set
K% = RS3(T') By,

for every given T > 0 large enough, where R : H* — Li(R*‘, V') is the canonical projection
operator. Then there exists a positive constant N = N (||Bol|y+) such that

(1) K% is bounded in LZ,(RT, (H*())*NV)NHL(R", H);

(2) sup [lE(s)If < NV,
¢eKs,

where {Sa(t) }+>0 is the solution semigroup of (4.15).

Proof. By (4.20), we have
w(t — s), 0<s<t,
asftg =
0, 5> 1.

Combining with the Lemma 4.7, we conclude that (1) holds. Afterwards, from (4.20) we

can deduce that

s T
/ [ (T — )| 2dr < / [0 (T — ) 2dr,  0<s<T,
1€ < ¢ 7%, 0
/ |w(T — r)|3-dr, s>T.
0
On account of Lemma 4.7 again, we have that (2) holds. O
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Moreover, due to (H2(2))2NV < V compactly, we have that K. is relatively compact
in L2 (R*,V) thanks to the following lemma.

Lemma 4.9. (/26, 38]) Suppose that p € C1(RT) N LY(RT) is a nonnegative function and
satisfies the following condition: if there exists a so € R such that u(sp) = 0, then u(s) =0
for all s > sg. Let Ag, A1, Ao be Banach spaces, where Ag, As are reflexive and satisfy

A() — A — Ag,
and the embedding Ay — A1 is compact. Let C C Li(R+,A1) satisfy
(i) C is bounded in Li(R+,A0) N HEL(RJF, As);

(ii) sg;c) In(s)II4, < h(s) for all s € RY, where h € L2 (R").
7

Then C is relatively compact in Li(RJF, Aq).

The semigroup S(t) has a bounded absorbing set in H* and S(¢) is asymptotically

compact in H*, thus we can get the main result as follows.
Theorem 4.1. Under the assumptions (H1) — (H3), S(t) has a global attractor Ay in H*.

Proof. From Proposition 4.1, Lemma 4.1 and the fact that S(t) is asymptotically compact

in ‘H*, we are easy to complete the proof. O
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