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ABSTRACT: The present article addresses the long-standing problem of

the polymer brush bilayers under stationary shear flow at non-linear response

regime where the system gets a non-Newtonian fluid. The main idea behind

this research would be the fact that the immense lubricity of the polymer brush

bilayers originates from a global restructuring that takes place at large shear

rates. It is shown here that physical quantities like, stress tensor, viscosity

tensor, the friction coefficient and the chain extensions could become depen-

dent on the shear rate at non-Newtonian regime. Apparently, the sub-linear

scaling of the physical quantities at large shear rates is solely due to the fact

that the chains stretch in the shear direction.
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(DFT), Scaling arguments, Phenomenological arguments
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INTRODUCTION

Polymers are sort of macromolecular structures which form when a large number of atoms or

molecules, i.e. monomers, are connected together1,5. The monomers are connected together

by sharing their valence electrons and by making a covalent bond. In 1827, R. Brown

discovered that the atomic and molecular sized particles undergo thermal fluctuations. The

thermal fluctuations of monomers causes a constant change in conformation of the polymer

chain. Nevertheless, polymer chains in long term thermal agitation emerge an average length

scale representing the size of the chain. Polymers are widely spread in nature with infinitely

diverse structures. For instance, linear polymer chains which form when a large number

of monomers are connected together in a linear array. DNA strands are a fair example of

the linear polymer chains. One of the most functional polymeric structures are polymer

brushes2. Polymer brushes form when polymer chains are grafted to (from) a substrate

with moderately high grafting density. The steric repulsion among monomers of nearby

chains stretches the chains in the direction perpendicular to the substrate. Though, the

most known brush like structures are formed by linear chains, however, there are brushes

formed by nonlinear chains such as polymer stars (linear chains connected in one end)23,

dendrimers (branched chains connected in one end) etc. Since, the brush covered surfaces

have modified surface properties, one could manipulate the surface properties by varying

molecular parameters of the brushes. Glycol on the outside of the cell membranes and

the aggregans in synovial fluids of mammalian joints are brush like structures that could

be found in biological systems2. In synovial joints, nature modifies the bones surface to

decrease the friction between them by polymer brush bilayers (PBB). It turns out that

the sheared PBBs with moderate compression against each other decrease friction up to a

several orders of magnitude4,7–9,11–17. The reason for such an immense lubricity lays on the

fact that the whole system undergoes massive structural changes as the shear rate gets larger

than a critical value. In this global restructuring the chains stretch in the shear direction.

Apparently, this global restructuring is responsible for reduction of the friction coefficient

between the substrates as well as the viscosity of the polymeric solution in the middle. In

the present article, the problem of how PBBs respond non-linearly to large stationary shear
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rates is addressed in the context of theoretical Physics. In the next sections, theoretical

descriptions are represented followed by the concluding remarks.

THEORETICAL DESCRIPTION

PBBs at thermal equilibrium

The PBBs are formed by moderately densely grafting linear chains of degree of polymeriza-

tion N and the Kuhn length a with grafting density σ onto opposing flat plates of distance

D. Hypothetically, the plates assumed to be located at z = 0 and z = D. The strength

of binary correlations between monomers is defined by the second Virial coefficient b. As

long as the brushes do not interpenetrate, their perpendicular and lateral extensions are

calculated as follows3,18,20? ,

Rn =
(
2a2bσ

)1/3
N, (1)

Rs = aN1/2

Once, they get compressed over each other i.e. D < 2Rn, the perpendicular and lateral

dimensions read as follows20,

Rn =
1

2

(
D2

χ
+ χ−D

)
, (2)

Rs = aN1/2

Where χ is defines as follows,

χ =
(
−D3 + 6a2bN3σ + 2

√
3a2bN3σ(3a2bN3σ)

)1/3
It turns out that Rn satisfies the following universal power laws,

Rn ∼
a0.88b0.4σ0.38

D0.1
N (3)

The above power law indicates that the chains are strongly stretched ∼ N , however, they

weakly stretch as distance ∼ D−0.1 decreases. The weak stretch upon squeezing the distance
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could be due to interpenetration of the brushes. The equation of state of the PBBs reads as

following,

p =
1

240 a4 bN4D4
(435D8 + 720 a2 bD5N3σ − 187D7 χ

1/3
0 − 192 a2 bDN3σχ1χ

1/3
0

+ 187D6 χ
2/3
0 − 600 a2 bN3 σ χ1 χ

2/3
0 + 2D4 χ

1/3
0 χ2 + 4D3 χ

2/3
0 χ3) (4)

where the following volumes are introduced for the sake of having shorter formula,

χ0 = (6 a2 bN3 σ −D3 + 2
√

3 a2 bN3 σ (3 a2 bN3 σ −D3))

χ1 = (3 a2 bN3 σ +
√

3 a2 bN3 σ (3 a2 bN3 σ −D3))

χ2 = (−351 a2 bN3 σ + 151
√

3 a2 bN3 σ (3 a2 bN3 σ −D3))

χ3 = (−558 a2 bN3 σ + 169
√

3 a2 bN3 σ (3 a2 bN3 σ −D3))

It turns out that, the equation of state of the PBBs satisfies the following universal power

laws,

p ∼ a−0.88 b0.8 σ1.55

(
N

D

)2/3

(5)

However, at b� 3, the plot shows the power law p ∼ b0.58.

PBBs under stationary shear motion at linear response regime

Once, the properties of the PBBs at equilibrium are known, the transport properties of the

PBBs under stationary shear motion could be discussed. In order to find out the transport

properties of the PBBs under shear, one needs to know some basics of the fluid dynamics.

The dynamics of a Newtonian fluid at small scales is governed by the Stokes equation as

follows,

η∇2u(x, t) = ∇p (6)

where u(x, t) is the velocity of fluid at position x and time t and η is the fluid viscosity.

Assuming a shear flow in x-direction, one would need to solve the following equation,
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η
∂2ux
∂z2

=
∂p

∂x
(7)

In the absence of external flow, the pressure gradient vanishes i.e. ∂p
∂x

= 0. The no-slip

boundary conditions imply that ux(z = 0) = −v and ux(z = D) = v, so the solution of Eq.

(7) could be read as follows,

ux(z) = γ̇ z − v (8)

here γ̇ = 2v/D is the shear rate. It turns out that the fluid velocity behaves linearly in

z and it gets vanished at the middle of channel z = D/2. One would get the stress tensor as

follows,

Π = η∇u− pI (9)

The normal and shear stress are the only non-zero elements of the stress tensor. The

normal stress is the diagonal element and the shear stress is the off-diagonal element of the

stress tensor.

Πn = p Πs = η γ̇ (10)

The above relations show how the normal and shear stresses are related to the equation

of state and the viscosity under the stationary shear motions.

At linear response regime, the equation of state of the system does not perturbed by the

shear flow. It means that the equation of state of the PBBs at equilibrium holds in the linear

response regime as well. The time scale below which the PBBs respond linearly to the shear

flow is the largest relaxation time of the chains which is given as follows,

τc = τ0N
2 =

N2a2ξ

3π2kBT
(11)

with τ0 = (a2ξ/3π2kBT ) the relaxation time of a monomer. As long as the shear rate is

smaller than the critical time scale, the PBBs reside in the linear response regime. It means

that the chains do not stretch in the shear direction. The viscosity at linear response regime

is an intrinsic property of the system which could be calculated by the equation of state and
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the collision time of the monomers. The collision time of the monomers τ is an intrinsic time

scale representing the average time interval between two subsequent collisions of monomers.

Alternatively, τ is a measure of how long it takes a monomer to travel its mean free path.

The collision time for the PBBs is calculated as the mean free path (D/2Nσ)1/3 divided by

the diffusion constant of the monomers (kBT/Nξ) which is given as follows,

τ =

(
D

2σ

)2/3
N1/3ξ

kBT
(12)

Therefore, the intrinsic viscosity of the PBBs could be calculated and it turns out that

the intrinsic viscosity satisfies the following universal power laws,

η ∼
(σ
a

)0.88
b0.8Nξ (13)

Having obtained the intrinsic viscosity η and the equation of state of the PBBs, one

could calculate the shear and normal stresses as well as the friction coefficient. It turns out

that the shear and normal stresses and the friction coefficient satisfy the following universal

power laws,

Πs ∼
(σ
a

)0.88
b0.8Nξγ̇ (14)

Πn ∼ a−0.88 b0.8 σ1.55

(
N

D

)2/3

µ = τ γ̇ ∼
(
D

2σ

)2/3
N1/3ξ

kBT
γ̇

As it is seen, the shear stress and the friction coefficient scale linearly with the shear

rate, however, the normal stress and the viscosity are independent from the shear rate. This

shows that at the linear response regime, only the shear quantities are affected by the shear

flow. The fact that refers back to relaxation of the chains during the shear motion. Another

interesting point here is that the shear stress scales linearly with the degree of polymerization

N , however, the normal stress scales as ∼ N2/3. This will help us in calculation of the shear

and normal stresses at the nonlinear response regime.
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PBBs under stationary shear at nonlinear response regime

As the shear rate increases the chains gradually start to stretch along the shear direction.

It turns out that the critical time scale in which the chains start to stretch in the shear

direction is equal to the τc in Eq. (11). This will throw the system into a different dynamical

regime where neither the equation of state nor the linear response (the shear rate exponent)

hold. In principle, one could not get any information about the nonlinear response regime

where the complex fluid becomes non-Newtonian. The statistical mechanics and the fluid

dynamics are unable to approach this problem and find out how the Physical quantities

depend upon the molecular parameters22. Nevertheless, one could tackle the problem of the

non-Newtonian regime and get some basic information by using the phenomenological point

of view and the scaling arguments22. First of all, the Weissenberg number is introduced as

the approperiate scaling variable as follows,

W = τc γ̇

The Weissenberg numbers lower than one (W � 1) correspond to the linear response

regime and the Weissenberg numbers (W � 1) to the regime of nonlinear response. In this

powerful method, the dynamical and transport properties of the PBBs at non-Newtonian

regime could be constructed through multiplying the linear response regime quantities by

an appropriate universal scaling function Ξ(W )22. Let us start by tackling the components

of the stress tensor at non-Newtonian regime. The shear stress could be written as follows,

Πs(W � 1) = Πs(W � 1) Ξ(W )

The universal scaling function Ξ(W ) is in the form of Wα with α a real number in

(−∞,+∞). To find α one could use the phenomenological arguments as follows. The key

point is that Πs(W � 1) ∼ N and Πn(W � 1) ∼ N2/3, and, at the non-Newtonian regime

they swap the power laws. It means that, at the non-Newtonian regime, the power laws must

be Πs(W � 1) ∼ N2/3 and Πn(W � 1) ∼ N . This comes from the fact that, the scaling of

the stress with the degree of polymerization solely is determined by the direction in which

the chains are stretched. The golden key in the problem of the PBBs under shear is that

7

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 December 2019                   doi:10.20944/preprints201912.0248.v1

https://doi.org/10.20944/preprints201912.0248.v1


just the normal and shear stresses swap the power laws of N by passing through the critical

shear rate. So, inserting the Weissenberg number as a function of molecular parameters into

the Eq. (15) and the fact that Πs(W � 1) ∼ N2/3, one obtains exponent α by equalizing

the power laws of N in both sides of Eq. (15) as follows,

2α + 1 =
2

3
−→ α = −1

6

After simplifying Eq. (15), one would get the following universal power law for Πs(W �

1),

Πs(W � 1) ∼ (3π2kBT )1/6
σ0.88b0.8N2/3ξ5/6

a1.22
γ̇5/6 (15)

where it has been considered that γ̇1+α. As it is seen, the shear stress scales sub-linearly

with the shear rate. The same phenomenological argument could be used to calculate

Πn(W � 1). Here, one must consider the fact that at (W � 1), Πn(W � 1) ∼ N as

the chains stretch in the shear direction now. The calculations lead to the following univer-

sal power law for the Πn(W � 1),

Πn(W � 1) ∼ b0.8σ1.55Nξ1/6

(3π2kBT )1/6a0.54D2/3
γ̇1/6 (16)

So, it turns out that Πn(W � 1) ∼ γ̇1/6, which tells us that the normal stress scales

sub-linearly with the shear rate as well. Here, the exponent α has been satisfied the equation

2α + 2
3

= 1 and it sets to α = 1/6. The kinetic friction coefficient at non-Newtonian regime

could be calculated as follows,

µ(W � 1) =
Πs(W � 1)

Πn(W � 1)
∼ 3.09

(kBT )1/3(Dξ)2/3

a0.68N1/3σ0.67
γ̇2/3 (17)

It is interesting to see that the friction coefficient has been ended up with the universal

power law µ(W � 1) ∼ γ̇2/3 because its sub-linear scaling is confirms the result of the work

already publishes4.

At the non-Newtonian regime, the shear flow is so strong that decomposes even the

viscosity into shear and normal components. One could calculate the shear viscosity as

follows,
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ηs(W � 1) =
Πs(W � 1)

γ̇
∼ (3π2kBT )1/6

σ0.88b0.8N2/3ξ5/6

a1.22
γ̇−1/6 (18)

and the normal viscosity could be calculated as,

ηn(W � 1) =
Πn(W � 1)

τ
∼ 22/3(kBT )5/6σ2.21b0.8N2/3

(3π2)1/6a0.54D4/3ξ5/6
γ̇1/6, (19)

The same argument with a phenomenological approach could be utilized to calculate the

lateral and perpendicular extensions of the PBB chains at non-Newtonian regime. One could

write the lateral and perpendicular extensions at (W � 1) as follows,

Rs(W � 1) = Rs(W � 1) Ξ(W ), (20)

Rn(W � 1) = Rn(W � 1) Ξ(W ),

The phenomenological argument that helps calculating the universal scaling function

which is in the form Ξ(W ) = Wα is again related to the swap between normal and perpen-

dicular extensions at (W � 1). At (W � 1) one would expect Rs(W � 1) ∼ N1/2 and

Rn(W � 1) ∼ N . However, at (W � 1), one would expect a swap between normal and

lateral extensions to become Rs(W � 1) ∼ N and Rn(W � 1) ∼ N1/2. By using these

phenomenological arguments, one could obtain the following universal power laws for the

lateral and normal extensions,

Rs(W � 1) ∼ a3/2Nξ1/4

(3π2kBT )1/4
γ̇1/4, (21)

Rn(W � 1) ∼
(

3π2kBT

ξγ̇

)1/4
N1/2a0.38σ0.38b0.4

D0.1

The results above has been obtained as the scaling variable α has been calculated from

2α + 1
2

= 1 for the lateral extension and from 2α + 1 = 1/2 for the normal extension. As

one could realize, the lateral extension scales sub-linearly with the shear rate and increases

as ∼ γ̇1/4, however, the normal extension decreases by the shear rate as ∼ γ̇−1/4.
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CONCLUDING REMARKS

One of the most fascinating areas of Physics that has attracted physicists interests in the last

decades has been the soft matter and Biological Physics. The significance of these research

area would get more distinguished when they deal with the mechanisms occur in the human or

animals body. The PBBs which are present in mammalian joints are one of those significant

systems which has attracted an abundant attention. What makes the PBBs high-priority

for research is their prodigious ability in reducing friction. In a simple word, when the PBBs

are subjected to a low shear rate, they behave very close to the simple fluids and respond

linearly with the shear rate. Nevertheless, at sufficiently large shear rates the sub-linear

responses loom. For decades, it has been thought that the reduction of the interpenetration

between the opposing brushes would be responsible for that sub-linear scaling4. The present

research that is based on the statistical mechanics, the density functional theory (DFT) and

the scaling theory, brings a new idea up that, apparently, a global restructuring could be

responsible for the effect. The global restructuring takes place such that the chains stretch in

the shear direction rather than in the perpendicular direction. It is suggested that this could

reshape the system to a quite distinct conformation. The results presented here, would be

a true triumph for the human intellect as it integrates the statistical mechanics, the density

functional theory (DFT), the fluid dynamics and scaling theory to approach dynamics of one

of the most intricate problems in theoretical Physics of complex fluids, polymer solutions,

soft matter and biological systems etc.
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