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In this paper, we use a new asymptotically flat and spherically symmetric solution in the general-
ized Einstein-Cartan-Kibble-Sciama (ECKS) theory of gravity to study the weak gravitational lensing
and its shadow cast. To this end, we first compute the weak deflection angle of generalized ECKS
black hole using the Gauss–Bonnet theorem in plasma medium and in vacuum. Next by using the
Newman-Janis algorithm without complexification, we derive the rotating generalized ECKS black
hole and in the sequel study its shadow. Then, we discuss the effect of the ECKS parameter on the
shadow of the black hole and weak deflection angle. In short, the goal of this paper is to give contri-
bution to the ECKS theory and look for evidences to understand how the ECKS parameter effects the
gravitational lensing.
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I. INTRODUCTION

It is known that general relativity (GR) is the most successful and accurate gravitational theory at classical level [1,
2]. In GR, gravity is described as a geometric property of spacetime continuum; thus wise generalizing special theory
relativity and Newton’s law of universal gravitation. Furthermore, the background spacetime of GR is nothing but
the Riemann manifold (represented as V4 ), which is torsionless. Let us recall that torsion is an antisymmetric part of
the affine connection and it was first introduced by Cartan [3].

There are various generalizations of Einstein’s GR theory; one of which is the Einstein-Cartan theory that modifies
the geometric structure of the manifold and relaxes the symmetric notion of affine connection. Einstein-Cartan
theory is also known as U4 theory of gravitation [4, 5] in which the underlying manifold is not Riemannian. In
fact, the non-Riemannian part of the spacetime is sourced by the spin density of matter such that the mass and spin
both play the dynamical role. In particular, Cartan proved that the local Minkowskian structure of spacetime is not
violated in the existence of torsion. So any manifold having torsion and curvature (with non-metricity = 0 [6, 7]) can
define physical spacetime very well. Since the works of Cartan [3], researchers have studied the theories of gravity
on a Riemann-Cartan spacetime U4 over the last century [8]. Among those studies, main framework of the Einstein-
Cartan theory was laid down by Sciama and Kibble [9]; thus the theory is called the ECSK theory, which also takes
into account effects from quantum mechanics. It not only provides a step towards quantum gravity but also leads
to an alternative picture of the Universe. This variation of GR incorporates an important quantum property known
as spin. In this theory, the curvature and the torsion are considered to be coupled with the energy and momentum
and the intrinsic angular momentum of matter, respectively. The gravitational repulsion effect resulting from such a
spinor-torsion coupling prevent the creation of spacetime singularities in the region with extremely high densities.
Namely, spacetime torsion would only be significant, let alone noticeable, in the early Universe or in black holes
[10]. In these extreme environments, spacetime torsion would manifest itself as a repulsive force that counters the
attractive gravitational force coming from spacetime curvature. The repulsive torsion could create a ”big bounce”
like a compressed beach ball that snaps outward. The rapid recoil after such a big bounce could be what has led
to our expanding Universe. The result of this recoil matches observations of the Universe’s shape, geometry, and
distribution of mass [11, 12]. The torsion mechanism in effect suggests an incredible scenario: every black hole will
create a new, baby Universe within. Therefore our own Universe may be inside a black hole that resides in another
universe. Even as we can not see what is happening inside the black holes in the cosmos, any observers in the parent
Universe will see what is happening within our cosmos.
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The ECSK and GR theories offer indistinguishable predictions in the low density region, since the contribution
from torsion to the Einstein equations is negligibly small. On the other hand, in the ECSK theory, the torsion field
is not dynamic, because the torsion equation is an algebraic constraint rather than a partial differential equation,
showing that the torsion field outside the distribution of matter vanishes since it can not disperse as a wave in
spacetime. Recently, Chen et al [13] presented a new asymptotically flat and spherically symmetric solution in the
generalized ECSK theory of gravity. They have also studied the wave dynamics of photon in the obtained geometry.
It was found that the spacetime has three independent parameters which play role on the sharply photon sphere,
deflection angle of light ray, and hence the gravitational lensing. In particular, there is a special case in the resulting
spacetime that there is a photon sphere but no horizon. In that particular case, the angle of deflection of a light ray
near the event horizon corresponds to a fixed value instead of diverging, which is not discussed in other spacetimes.
Moreover, the strong gravitational lensing and how the spacetime parameters affect the coefficients in the strong
field limit were also analyzed in [13]. It is worth noting that the gravitational lensing is a phenomenon of deflection
of light rays in curved spacetimes. Gravitational lensing can provide us with many essential signatures on compact
objects that can help us to detect black holes and test alternative gravitational theories. Since Eddington’s first
gravitational lensing observation [14], numerous works have been published on the gravitational lensing for black
holes, wormholes, celestial strings, and other compact objects in Ref.s [15]-[49]. Gibbons and Werner discovered a
very successful approach to obtain the angle of light deflection from non-rotating asymptotically flat spacetimes [50].
In the sequel, Werner [51] generalized the method to stationary space times. Gibbons and Werner’s mechanism has
been applied to many curved spacetimes over the last 10 years and very successful results have been accomplished
[52–98]. Their method is mainly based on the Gauss-Bonnet theorem and the optical geometry of the black hole’s
spacetime, where the source and receiver are located at IR regions. This approach was also extended to the finite
distances [81–87].

Another important event for the black hole is their shadow cast: a two dimensional dark zone in the celestial
sphere caused by the strong gravity of the black hole firstly studied by Synge in 1966 and then Luminet find the
angular radius for the shadow [99, 100]. Material, such as gas, dust and other stellar debris that has come close to
a black hole but outside of the event horizon to fall into it, forms a flattened band of spinning matter around the
event horizon called the accretion disk. Event horizon of black hole is invisible, however, this accretion disk can be
seen, because the spinning particles are accelerated to tremendous speeds by the huge gravity of the black hole, by
releasing heat and powerful x-rays and gamma rays out into the universe as they smash into each other [101–104].
Moreover, this accreting matter heats up through viscous dissipation and radiate light in various frequencies such
as radio waves which can be detected through the radio telescopes [105–107]. Namely, the dark region in the center
is termed the black hole’s “shadow”; this is the collection of paths of photons that did not escape, but were instead
captured by the black hole. [109]. We can say that this shadow is actually an image of the event horizon. The center
of galaxies is a playground of a gigantic black holes. Because of the gravitational lens effect, the background would
have cast a shade larger than its horizon size. The size and shape of this shadow can be calculated and visualized,
respectively. The radius of the black hole’s shadow calculated as rshadow =

√
27M = 5.2M [110, 111]. After that, the

shadows of black holes (and also the wormholes) have been investigated by several authors [112]-[182]
The aim of this work is to study the deflection angle provided by the regular black holes obtained in the ECSK

theory using the Gauss-Bonnet theorem and thus to investigate the effect of torsion on the gravitational lensing.
Since the torsion could be the source of ”dark energy” [183], a mysterious form of energy that permeates all of space
and increases the rate of expansion of the Universe, we do want to contribute to the work on the gravitational lensing
effects of dark matter. The paper is organized as follows. In Sec. II, we briefly review the black hole obtained in the
ECSK gravitational theory [13]. We compute the deflection angle by the ECSK black hole using the Gibbons and
Werner’s approach (i.e., via the Gauss-Bonnet theorem) in the weak field regime in Sec. III. Section IV is devoted
to the study of the deflection of light by the ECSK black hole in a plasma medium. We then introduce the rotating
generalized ECKS black hole and study its shadow cast in Secs. V and VI, respectively. Finally, we present our
conclusions in Sec. VII.

II. BLACK HOLES IN THE GENERALIZED EINSTEIN-CARTAN-KIBBLE-SCIAMA GRAVITY

In this section, we briefly review the black hole solution in generalized ECKS theory. The action for the generalized
ECKS theory with Ricci scalar R̃ and torsion scalar T is given by [13]:

S =

∫
d4x
√
−g
[
− 1

16πG

(
R̃+ R̃T

)]
, (1)
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where

R̃ = R+
1

4
QαβγQ

αβγ +
1

2
QαβγQ

βαγ +Qα βα Qγβγ + 2Qα βα;β ,

T = a1QαβγQ
αβγ + a2QαβγQ

αγβ + a3Q
α β
α Qγγβ . (2)

Note that R̃ and R stand for Riemann curvature scalar related with general affine connection Γ̃αµν and Levi-Civita
Christoffel connection Γαµν , respectively. Moreover, tensor Qαµν shows the torsion of spacetime defined by Qαµν =

Γ̃αµν− Γ̃ανµ. The affine connection Γ̃αµν can be calculated by using the Christoffel connection Γαµν : Γ̃αµν = Γαµν +Kα
µν ,

with the contorsion tensor: Kα
µν = 1

2

[
Qαµν −Q α

µ ν −Q α
ν µ

]
.

The static spherically symmetric spacetime in the generalized ECKS theory of gravity (1) is given by [13]

ds2 = −f(r)dt2 +
dr2

g(r)
+ r2(dθ2 + sin2 θdφ2), (3)

where H , and F are only functions of the polar coordinate r:

f(r) = 1− 2γm

r
+
q2

r2
,

g(r) =
1

(γ2m2 − q2)2

[
γ(γ − 1)m2 +

(1− γ)q2m+ (γm2 − q2)
√
r2 − 2γmr + q2

r

]2

, (4)

where m, q, and γ are constants. It is noted that this solution (4) is asymptotically flat because f(r) and g(r) go to 1
when r approaches to spatial infinity. Moreover, the solution (4) reduces to Reissner-Nordström black hole for γ = 1.
Remarkably, this solution corresponds to a scalar-tensor wormhole if the parameter replacement q2 → −β, γm→ m,
and (γm2 − q2)/(γ(γ − 1)m2)→ η. The event horizon is found to be [i.e., upon the condition of g(r) = 0]

rH = γm+
√
γ2m2 − q2. (5)

Thus, the surface gravity [185] can be computed as

κ =
1

2

√
grr

−gtt
−dgtt
dr

∣∣∣∣
r=rH

=
1

2

√
g(r)

f(r)

df(r)

dr

∣∣∣∣
r=rH

=
γm2 − q2√

γ2m2 − q2(γm+
√
γ2m2 − q2)2

. (6)

ECKS parameter γ can have a major impact on the path of photons moving in the cosmos. We shall try to take this
effect into account in the upcoming sections.

III. DEFLECTION ANGLE OF PHOTONS BY BLACK HOLE IN THE GENERALIZED
EINSTEIN-CARTAN-KIBBLE-SCIAMA GRAVITY USING GAUSS-BONNET THEOREM

In this section, we study the weak gravitational lensing in the background of the ECKS black hole by using the
Gauss–Bonnet theorem. To do so, we first obtain the optical metric within the equatorial plane θ = π/2:

dt2 =
1

f(r)g(r)
dr2 +

r2

f(r)
dϕ2. (7)

Afterwards, we calculate the corresponding Gaussian optical curvature K = RicciScalar
2 :

K =
2 f (r) g (r)

(
d2

dr2 f (r)
)
r − 2 g (r)

(
d
drf (r)

)2
r + f (r)

(
r d

drg (r) + 2 g (r)
)

d
drf (r)− 2 (f (r))

2 d
drg (r)

2f (r) r
, (8)

which reduces to the following form in the weak field limit approximation:

K ≈ 2
m2q2

r6
− 9/2

mq2

r5
− m

r3
+ 3

q2

r4
− 1/2

m2q2γ

r6
+ 3

m2γ

r4
− 3/2

mγq2

r5
− mγ

r3
− 3/2

m2q2γ2

r6
. (9)
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To calculate the weak deflection angle, we define a non-singular region DR with boundary ∂DR = γg̃ ∪CR and then
apply the Gauss–Bonnet theorem [50]:∫∫

DR

K dS +

∮
∂DR

κdt+
∑
i

θi = 2πχ(DR), (10)

where κ is for the geodesic curvature. Note that θi is the exterior angle at the ith vertex. One can choose the region
which is outside of the light ray and the Euler characteristic number χ(DR) = 1. Then, one can calculate the geodesic
curvature κ = g̃ (∇γ̇ γ̇, γ̈) using the unit speed condition g̃(γ̇, γ̇) = 1, with γ̈ the unit acceleration vector. When
R→∞, two jump angles (θO, θS ) is π/2. Then, the Gauss–Bonnet theorem can be written as follows:∫∫

DR

K dS +

∮
CR

κdt
R→∞

=

∫∫
D∞

K dS +

π+α∫
0

dϕ = π. (11)

Note that κ(γg̃) = 0. Since γg̃ is a geodesic, we have

κ(CR) = |∇ĊRĊR|, (12)

in which CR := r(ϕ) = R = const. The radial part is calculated as follows:(
∇ĊRĊR

)r
= ĊϕR

(
∂ϕĊ

r
R

)
+ Γ̃rϕϕ

(
ĊϕR

)2

. (13)

The first term in the above equation vanishes and second term is found by using the unit speed condition. Then, κ
is obtained as follows:

lim
R→∞

κ(CR) = lim
R→∞

∣∣∣∇ĊRĊR∣∣∣ .
→ 1

R
. (14)

At the large limits of the radial distance, one gets

lim
R→∞

dt → (R) dϕ. (15)

Combining the last two equations, one can get κ(CR)dt = dϕ. Using the straight light approximation, we find
r = b/ sinϕ, where b is the impact parameter. Hence it is shown that Gauss–Bonnet theorem reduces to this form for
calculating deflection angle [50]:

α = −
π∫

0

∞∫
b

sinϕ

KdS. (16)

Solving the above integral with the Gaussian curvature, the weak deflection angle up to the second order terms is
found as follows:

α ≈ 2
mγ

b
− 3q2π

4b2
+ 2

m

b
. (17)

It is obvious that the ECKS parameter γ increases with the weak deflection angle as seen in Figs. (1-2).

IV. DEFLECTION ANGLE OF PHOTONS IN PLASMA MEDIUM BY BLACK HOLE IN THE GENERALIZED
EINSTEIN-CARTAN-KIBBLE-SCIAMA GRAVITY

In this section, we study the effect of a plasma medium on the weak deflection angle by generalized ECKS black
holes. The refractive index of the cold plasma medium n(r) is obtained as [52]:

n(r) =

√
1− ω2

e

ω2
∞

(
f(r)

f∞

)
, (18)
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FIG. 1: α versus b to see the influence of γ parameter on
weak deflection angle.
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FIG. 2: α versus b to see the influence of γ parameter on
weak deflection angle.

in which ωe is the electron plasma frequency and ω∞ is the photon frequency measured by an observer at infinity.
Afterwards, we calculate the corresponding optical metric:

dσ2 = gopt
ij dxidxj =

n2(r)

f(r)

(
dr2

g(r)
+ r2dϕ2

)
. (19)

The Gaussian curvature for the above optical metric is calculated as follows:

K ≈ −γmωe
2

ω∞2r3
− γm

r3
− 2

mωe
2

ω∞2r3
− m

r3
+ 5

q2ωe
2

ω∞2r4
+ 3

q2

r4
, (20)

We have also

dσ

dϕ

∣∣∣∣
CR

= n(R)

(
r2

f(R)

)1/2

, (21)

which has the following limit:

lim
R→∞

κg
dσ

dϕ

∣∣∣∣
CR

= 1 . (22)

At spatial infinity, R → ∞, and by using the straight light approximation r = b/ sinϕ, the Gauss-Bonnet theorem
reduces to [50, 52]:

lim
R→∞

∫ π+α

0

[
κg
dσ

dϕ

] ∣∣∣∣
CR

dϕ = π − lim
R→∞

∫ π

0

∫ R

b
sinϕ

KdS. (23)

We calculate the weak deflection angle in the weak limit approximation as follows:

α ≈ −5/4
q2ωe

2π

ω∞2b2
− 3/4

q2π

b2
+ 2

γmωe
2

bω∞2
+ 2

γm

b
+ 4

mωe
2

bω∞2
+ 2

m

b
. (24)

Hence, we show that the photon rays move in a medium of homogeneous plasma. Note that ωe/ω∞ → 0, Eq. (24)
reduces to Eq. (17), and thus the effect of the plasma is terminated.

V. ROTATING GENERALIZED ECKS BLACK HOLE

Here, we briefly review the method of Newman-Janis without complexification presented by Azreg-Ainou [184]
for transforming static spacetimes to stationary spacetimes. The generic four dimensional static and spherically
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symmetric spacetime can be written as follows:

ds2 = −f(r)dt2 +
dr2

g(r)
+ h(r)

(
dθ2 + sin2 θdφ2

)
. (25)

First, the above metric is transformed into the advanced null Eddington-Finkelstein (EF) coordinates (u, r, θ, φ) by
defining the transformation of du = dt − dr√

fg
. Afterwards, the metric in EF coordinates takes the following form

[177]:

ds2 = −fdu2 − 2

√
f

g
dudr + h

(
dθ2 + sin2 θdφ2

)
. (26)

Secondly, one should write the inverse metric gµν with a null tetrad Zµα = (lµ, nµ,mµ, m̄µ) using the form of gµν =
−lµnν − lνnµ + mµm̄ν + mνm̄µ, in which m̄µ is the complex conjugate of mµ. Moreover, the tetrad vectors must
satisfy the following relations: lµlµ = nµn

µ = mµm
µ = lµm

µ = nµm
µ = 0, and lµn

µ = −mµm̄
µ = −1. Using the

above conditions, null tetrads become

lµ = δµr , n
µ =

√
g

f
δµu −

g

2
δµr , m

µ =
1√
2h

(
δµθ +

i

sin θ
δµφ

)
. (27)

Afterwards, using the transformation r → r′ = r + ia cos θ, u→ u′ = u− ia cos θ, with the spin parameter a.
Third step is to use complexification which is proposed by the Azreg-Ainou[184]. Using this method: the metric

functions f(r), g(r) and h(r) transform to F = F (r, a, θ), G = G(r, a, θ) and H = H(r, a, θ), respectively. Then we
can write the null tetrads in terms of new metric functions:

l′µ = δµr , n′µ =

√
G

F
δµu −

G

2
δµr , (28)

m′µ =
1√
2H

(
ia sin θ(δµu − δµr ) + δµθ +

i

sin θ
δµφ

)
. (29)

Then the inverse metric become:

gµν = −l′µn′ν − l′νn′µ +m′µm̄′ν +m′νm̄′µ. (30)

Hence, we can write the new spacetime metric in the EF coordinates as follows

ds2 = −Fdu2 − 2

√
F

G
dudr + 2a sin2 θ

(
F −

√
F

G

)
dudφ+ 2a

√
F

G
sin2 θdrdφ+Hdθ2

+ sin2 θ

[
H + a2 sin2 θ

(
2

√
F

G
− F

)]
dφ2. (31)

After that, we transform the above metric to the Boyer-Lindquist (BL) coordinates using du = dt′ + ε(r)dr and
dφ = dφ′ + χ(r)dr:

ε(r) = − k(r) + a2

g(r)h(r) + a2
, (32)

χ(r) = − a

g(r)h(r) + a2
, (33)

k(r) =

√
g(r)

f(r)
h(r). (34)

Fixing some terms, one can get the unknown functions F , G, and H :

F (r) =
(g(r)h(r) + a2 cos2 θ)H

(k(r) + a2 cos2 θ)2
, (35)
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G(r) =
g(r)h(r) + a2 cos2 θ

H
. (36)

Hence, the stationary spacetime metric is found as follows:

ds2 =
H

k + a2 cos2 θ

[(
1− σ

k + a2 cos2 θ

)
dt2 − k + a2 cos2 θ

∆
dr2 +

2aσ sin2 θ

k + a2 cos2 θ
dtdφ

−
(
k + a2 cos2 θ

)
dθ2 −

[(
k + a2

)2 − a2∆ sin2 θ
]

sin2 θ

k + a2 cos2 θ
dφ2

 . (37)

in which σ(r) ≡ k − gh, ∆(r) ≡ gh+ a2, and k ≡
√

g(r)
f(r)h(r). Here h(r) = r2 and the other metric functions of the

rotating black hole solution are given by

σ(r) = 2 γmr +

√√√√√− (γ2m2 − q2)
2

(2 γmr − q2 − r2)(
(γm2 − q2)

√
−2 γmr + q2 + r2 +m (γ − 1) (γmr − q2)

)2 r
2 − q2 − r2 (38)

∆(r) = −2 γmr + a2 + q2 + r2, (39)

and

k =

√√√√√− (γ2m2 − q2)
2

(2 γmr − q2 − r2)(
(γm2 − q2)

√
−2 γmr + q2 + r2 +m (γ − 1) (γmr − q2)

)2 r
2. (40)

The horizons of the rotating generalized ECKS black hole are obtained from the condition of grr = 0 (one can see
that grr = H

∆(r) ) . In the non-rotating limit, h = lima→0H , the horizons are easily obtained from ∆(r) = 0.

VI. SHADOW CAST OF ROTATING GENERALIZED ECKS BLACK HOLE

In this section, we employ the Hamilton–Jacobi formalism to study the null geodesic equations in the rotating
generalized ECKS black hole spacetime. Our aim is to calculate the celestial coordinates parametrized with the
radius of the unstable null orbits. Then, we shall obtain the shadow of rotating generalized ECKS black. To this end,
we first describe the motion of the particle on the rotating generalized ECKS black hole by the following Lagrangian:

L =
1

2
gνσẋ

ν ẋσ, (41)

where ẋν = uν = dxν/dλ; let us recall that uν is four velocity of particle with the affine parameter λ. Since the
conjugate momenta pt and pφ are conserved because of the symmetry of black hole, the metric does not depend on
the variables t and φ. Afterwards, we can write energy E and angular momentum L:

E = pt =
∂L
∂ṫ

= gφtφ̇+ gttṫ, L = −pφ = −∂L
∂φ̇

= −gφφφ̇− gφtṫ. (42)

Then, one can get

Σṫ = −a(aE sin2 θ − L) +
(r2 + a2)P (r)

∆(r)
, (43)

Σφ̇ = −
(
aE − L

sin2 θ

)
+
aP (r)

∆(r)
, (44)

in which P (r) ≡ E(r2 + a2)− aL. To find the geodesics equations, we use the Hamilton-Jacobi (HJ) equation:

∂S

∂λ
=

1

2
gνσ

∂S

∂xν
∂S

∂xσ
. (45)
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One can define the following ansatz as follows

S =
1

2
µ2λ− Et+ Lφ+ Sr(r) + Sθ(θ). (46)

Note that µ is proportional to the rest mass of the particle. For the stationary black hole spacetime, the HJ equation
becomes:

1

2
gtt

∂S

∂xt
∂S

∂xt
+ gφt

∂S

∂xt
∂S

∂xφ
+

1

2
grr

∂S

∂xr
∂S

∂xr
+

1

2
gθθ

∂S

∂xθ
∂S

∂xθ
+

1

2
gφφ

∂S

∂xφ
∂S

∂xφ
= −∂S

∂λ
. (47)

The solutions for the Sr and Sθ, respectively, are given by [134]:

Σ
∂Sr
∂r

= ±
√
R(r), (48)

Σ
∂Sθ
∂θ

= ±
√

Θ(θ), (49)

with

R(r) ≡ P (r)2 −∆(r)
[
(L− aE)2 +Q

]
, (50)

Θ(θ) ≡ Q+ cos2 θ

(
a2E2 − L2

sin2 θ

)
. (51)

Here, R and Θ are effective potentials for moving particle in radial r and angular θ directions, respectively. Note that
Carter constant can be calculated as follows: Q ≡ K − (L − aE)2 where K is a constant of motion. R(r) and Θ(θ)
should be positive for the photon motion. We can introduce the impact parameters η and ξ:

ξ ≡ L

E
, η ≡ Q

E2
, (52)

where E is the energy and L stands for the angular momentum. Eq. (41) can be rewritten in terms of dimensionless
quantities η and ξ for the photon case:

R(r) =
1

E2

[
(r2 + a2)− aξ

]2 −∆
[
(a− ξ)2 + η

]
. (53)

Afterwards, the equation of Sr is obtained as follows [177]:

(
∂Sr
∂r

)2 + Veff = 0, (54)

where the effective potential Veff :

Veff =
1

Σ2

[
(r2 + a2)− aξ

]2 −∆
[
(a− ξ)2 + η

]
. (55)

To find the unstable circular orbits, we maximize the effective potential:

Veff =
∂Veff
∂r

∣∣∣∣
r=r0

= 0 or R =
∂R

∂r

∣∣∣∣
r=r0

= 0, (56)

in which r = r0 is the radius of the unstable circular null orbit. It is noted that we locate the photons and the observer
at the infinity (µ = 0) and assume that photons come near to the equatorial plane (θ = π

2 ). Then, we solve Eq. (56) to
find the celestial coordinates:

ξ =
r2 − r∆− a2

a(r − 1)
, (57)

η =
r3[4∆− r(r − 1)2]

a2(r − 1)2
. (58)
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Here r corresponds to the radius of the unstable null orbits. The apparent shape of the shadow cast is found by using
the celestial coordinates [112]:

Y = lim
r0→∞

(
−r2

0 sin θ0
dφ

dr

∣∣∣∣
(r0,θ0 )

)
, (59)

X = lim
r0→∞

(
r2
0

dθ

dr

∣∣∣∣
(r0,θ0)

)
, (60)

in which (r0, θ0) is for the coordinates of the observer. Hence, the limiting the celestial coordinates become

Y = − ξ

sin θ0
, (61)

X = ±
√
η + a2 cos θ2

0 − χ2 cot2 θ0 , (62)

where the shadow corresponds to the parametric curve of Y and X in which r stands as a parameter. Note that there
is a special case in which the observer is on the equatorial plane of the black hole with the inclination angle θ0 = π/2
[158]. Hence, we have

Y = −ξ
X = ±√η

(63)

Then the radius of the shadow can be calculated as follows:

Y 2 +X2 = ξ2 + η = R2
s (64)

Hence

ξ =
2r0(2γmr0−q2)−(r0+γm)(r20+a2)

a(r0−γm)

η =
4a2r20(γmr0−q2)−r20[r0(r0−3γm)+2q2]

2

a2(r0−γm)2

(65)

Shadows of the rotating generalized ECKS black hole having different values of spin a and parameter γ are de-
picted in Fig.s (1-10). The region bounded by each curve corresponds to the black hole’s shadow where the observers
are located at spatial infinity and in the equatorial plane (i = π/2). Region in angular momentum space is occupied
by the plunge orbits for particles in parabolic orbits, or photons, incident upon a black hole from infinity. Left/Right
side of the figures correspond to the prograde and retrograde circular photon orbits, respectively.

VII. CONCLUSIONS

In this paper, we have made a detailed analysis of the gravitational lensing problem of four dimensional ECKS
black hole in the weak field approximation. For this purpose, we have first considered the static ECKS black hole.
After employing the Gauss-Bonnet theorem and a straight line approach, we have obtained the light deflection angle
by the static ECKS black hole at the leading order terms. Furthermore, we have also computed the deflection angle
of light from the static ECKS black hole, which is in a plasma medium. Then, we have extended our study to the
rotating version of this black hole. To derive the stationary ECKS black hole solution, we have used the Newman-
Janis algorithm without considering the complexification. Then, we have thoroughly discussed the gravitational
lensing in the rotating ECKS black hole geometry.

For both cases (static and stationary), we have shown that the ECKS parameter γ plays an important role on the
path of the photons moving in the curved spacetime of the ECKS black hole. In particular, it is seen that the weak
deflection is increased with the increase of ECKS parameter γ; the latter remark may shed light on the presence of
the ECKS black holes in future cosmological observations. Another remarkable point is that as ωe/ω∞ → 0, the
plasma effect on the deflection angle is vanished. It is also worth noting that the deflection angle obtained with the
Gauss-Bonnet theorem has been computed by taking the integral over the particular domain, which is outside the
impact parameter. Thus, our gravitational lensing computations include the global effects. Shadows of the rotating
ECKS black hole with different values of spin a and parameter γ have been depicted in Figs. (1-10).

Finally, our findings have the potential to indirectly indicate the presence of the torsion that may be the source of
dark energy, a mysterious type of energy that permeates all of cosmos and increases the Universe’s rate of expansion
[186]. Therefore, due to its impact on the gravitational lensing, indirect proof of the torsion will provide a sound
foundation for the scenario in which each black hole’s interior is a new Universe.
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FIG. 3: m = γ = 1 and the plots for q = 0.1. The dashed
line is for Schwarzschild black hole.
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FIG. 4: m = γ = 1 and the plots for q = 0.2. The dashed line
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[60] A. Övgün, Phys. Rev. D 99, 104075 (2019).
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