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Abstract: The study of turbulent heat transfer in liquid metal flows has gained interest because of
applications in several industrial fields. The common assumption of similarity between the dynamical
and thermal turbulence, namely the Reynolds analogy, has been proven to be not valid for these fluids.
Many methods have been proposed in order to overcome the difficulties encountered in a proper
definition of the turbulent heat flux, such as global or local correlations for the turbulent Prandtl
number or four parameter turbulence models. In this work we assess a four parameter logarithmic
turbulence model for liquid metals based on RANS approach. Several simulation results considering
fluids with Pr = 0.01 and Pr = 0.025 are reported in order to show the validity of this approach. The
Kays turbulence model is also assessed and compared with integral heat transfer correlations for a
wide range of Peclet numbers.

Keywords: Turbulent heat transfer, Low-Prandtl fluids, RANS modeling, Logarithmic turbulence
model

1. Introduction

The fluid-dynamics of low Prandtl number liquid metals is currently studied because of an
increasing interest in the application of these fluids in engineering problems. Advanced nuclear reactor
designs cooled with liquid metals have been proposed in the Generation IV Forum and some liquid
metal fast nuclear reactors have been built and operated [1]. Liquid metal fluid dynamics is also studied
in other engineering fields as they are considered possible coolants for new solar power systems [2].
These fluids show a low dynamical viscosity with a high thermal conductivity, thus resulting in a low
Prandtl number. Liquid metals currently considered for Generation IV nuclear reactors are sodium and
Lead-Bismuth eutectic. Depending on the operational temperature of the reactor the coolant Prandtl
number changes, in particular with increasing temperature the Prandtl number decreases. The Prandtl
number of Lead-Bismuth eutectic is in the range of 0.03 to 0.01 while sodium has a lower Prandtl
with values ranging from 0.01 to 0.005 [3]. Despite the increasing interest for these fluids reliable
computational tools for the study of turbulent heat transfer in complex industrial applications with
liquid metals are still lacking in commercial codes. The study of reliable and robust computational
techniques to deal with this problem is still in the development phase [1,4-8].

Direct Numerical Simulation and Large Eddy Simulation are being used to investigate these
physical phenomena but an accurate prediction of heat transfer in industrial applications like heat
exchangers or nuclear reactor pools cannot rely on these techniques for limitations of the available
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computational resources [5,6,9-12]. On the other hand, numerical data obtained with these simulation
techniques are of strong interest for the validation of turbulence models based on Reynolds Averaging
Navier-Stokes approach because they can be used to finely tune the turbulence model in the low
Reynolds number regime. RANS modeling has been successfully employed in several Computational
Fluid Dynamics areas, such as aeronautical, automotive, nuclear and many other fields where the
studied fluid flow is turbulent and DNS is not affordable. In this framework it is very common to
assume similarity between the dynamical and thermal turbulent transfer and therefore to define a
constant turbulent Prandtl number as the ratio between the eddy viscosity and eddy thermal diffusivity.
For fluids with Pr ~ 1 the turbulent Prandtl number is set to Pr; = 0.85 — 0.9 but for liquid metal
flows this assumption is known to be not valid [4,5,7].

Several solutions have been proposed to deal with this problem. One possible method is to use a
correlation that gives the value of the turbulent Prandtl number as a function of the global parameters
of the flow, such as Reynolds or Peclet numbers. By doing so a constant Pr; is assumed on the whole
domain but its value changes with the case studied. Recently a correlation for the turbulent Prandtl
number as a function of the Peclet number has been suggested in [4]. Another possible solution is to
define a local turbulent Prandtl number as a function of some flow variables as the one proposed by
Kays [13]. In the work [5] the authors study this and other local or global correlations and compare
the results obtained in a few test cases. They conclude that Kays correlation is the most reliable one
among existing local correlations for RANS computations.

The key point in many of these approaches is that the correlation has to be defined and validated
for each geometry. In this work we use a different approach and define the turbulent heat diffusivity
with specific time scales which are resolved by the introduction of the rate dissipation of temperature
and velocity fluctuations. This type of models have been already studied by some authors for forced
convection and buoyant flows and should be more reliable in complex geometrical configurations
[7,8,14-19]. In particular, in [8,17-19], a four parameter turbulence model for liquid metal flows has
been developed and validated in several geometries. To extend this work we present a logarithmic
k-Q-kg-Q)g formulation of the four parameter turbulence model to improve its numerical robustness
and the implementation of the boundary conditions as explained in [20]. Moreover we present
numerical results obtained with two low Prandtl numbers, namely Pr = 0.01 and 0.025, in order to
show the possibility of studying different fluids with a operational temperature range. Finally we
report the results obtained by using the dynamical two-equation turbulence model together with Kays
correlation with different Peclet numbers and compare all the results with available experimental
correlations for the Nusselt number.

2. Transport equations and turbulence model

The Reynolds Averaged Navier-Stokes equations for incompressible flows can be written as

V.-u=0, @
5 _

pa*l; +p(u-V)u=-VP+ V. [;1 (Vu—l— VuT) —pu’u’} + 08, 2)

oCp (%fﬂu-V)T) -V [/\VT—pCpW} +Q, ®)

where u is the average fluid velocity, P the pressure, T is the average temperature and Q represents the
volumetric heat source or sink. The fluctuating quantities are denoted by the upper-script . The RANS
equations are similar to the Navier-Stokes equations, except for the terms —pu’u’ and —pC,u'T’, where
the operator (-) means the time average. These terms depend on the values of fluctuating velocity u
and temperature T’ and are introduced in (2-3) as a result of the time average of the convective terms.

We normally refer to these new terms as the Reynolds stresses TR and the turbulent heat flux qR [21,22]

™R = pu'u’ qf = pCpu'T’. 4)
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These terms can be either calculated by the solution of proper transport equations or modeled using
known variables. The first option is very expensive in terms of computational cost because it would
add 9 transport equations, which need to be modeled, to the system (1-3). The latter option is the
most used in RANS modeling because it allows to obtain reliable results with a smaller computational
cost. With this method the Reynolds stresses and the turbulent heat flux are calculated using the mean
velocity u, the mean temperature T and two new variables, the eddy viscosity v; and the eddy heat
diffusivity a¢. They are thus calculated as

R = —pt (Vu—l—VuT) —l—p%kl, (5)

q® = —pCpa; VT, 6)

where the eddy viscosity v; and the eddy heat diffusivity a; must be properly defined in the turbulence
model. In (5) k represents the turbulent kinetic energy which is defined as

1—5

With these new variables the system (1-3) becomes
V-u=0, 8)
ou 1 T
§+u-Vu_75VP+V-[(v+vt)(Vu+Vu )}+g, )
a—T+u~VT=V~[(zx+rxt)VT] < (10)

at "o,
For fully developed flows with a null volumetric source Q and with a uniform and constant heat flux
per unit area g applied on wall surfaces, the temperature grows linearly with the axial coordinate. It is

then possible to split the mean temperature field T as the sum of various contributions:

3 dT
T(x,y,2z) = Two — T(x,y) + E(Z — Ziy), (11)

where Ty is the wall temperature at the axial position z;,. The derivative dT/dz is a constant and
uniform value across the transverse section of the pipe, so the term T,0 + dT/dz(z — z;,) is equal to the
wall temperature at the generic axial position z. The temperature field T(x, y) represents the difference
between this wall temperature and the temperature of the transverse cross section. The field T(x,y)
does not depend on the axial coordinate. The temperature gradient along the axial direction dT/dz
can be calculated through an integration of (10) on the whole domain, obtaining

4
VT.4— 2 (12)
WinigPCp Dy
where 4 is the unit vector parallel to the axial direction, w,,;; is the average axial velocity on the cross
section of the domain, Dj, is the hydraulic diameter and f}, is the ratio between the heated and the wet
perimeter of the domain cross section. The energy balance equation (10) in T becomes

oT g -~ s 4qfn
i a-VI=V-[(ata)VT] +u-a— "
[( t) ] wmidePDh

5 (13)

where 4 is the unit vector in the axial direction. The last term in (13) is a source which depends on the
heat flux on the wall and on the fluid velocity and geometry. This change of variables allows us to
impose a homogeneous Neumann boundary condition on the inlet and outlet surfaces for T and to set
a simple Dirichlet condition on the wall, T = Ty.
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2.1. Turbulence model k-Q-kg-Qg

In this paper we propose a new four parameters logarithmic turbulence model, the k-0)-ky-Q)g,
hereinafter referred to as the KLW model. The model is obtained through a change of state variables
in the k-e-ky-¢4 turbulence model [8,15,23,24]. We recall the definitions of the turbulence variables
k-e-kg-€g. k is the turbulent kinetic energy and ¢ its rate of dissipation. They are defined as

k:=-u'", e:=v||Vud'|?. (14)
kg is the mean squared temperature fluctuations value and ¢y is its dissipation rate. They are defined as
1> =TS

k@ = ET/ y g 1= IXHVT/HZ . (15)

To compute the time scales of turbulence we decide to employ the logarithmic values of k and ky
specific dissipation rate w and wy,

(- —In (-2
Q—ln(cyk>, Qo ln(cyk9>’ (16)

where C;, is a model constant.

The introduction of logarithmic variables brings important advantages to the turbulence model
robustness, in particular the original variables w = ¢/C,k and wg = €4/ C, kg are always kept positive
because they are calculated as the exponential values of the new logarithmic variables. Another
important feature is the fact that logarithmic variables have profiles which are smoother than the ones
of the natural variables so a less fine mesh should be needed near the wall [20]. By substituting the
new definitions (16) in the k-¢ formulation of the turbulence model we obtain [8,15,23,24]

ok o Vt Q
S U Vk=V KH%)W}W" Cuke?, (17)

N va-v. Kw”) VQ]Jr
ot O¢

42 <v+:;t> Vk-vo+(u+:f> vQ- VOt

k € €
Ce1 —1 Q
+ k Pk - Cy (ngfg - 1) e 7 (18)
akg Xt Q
¥+u-Vk9:V~ DC+; Vky +’Pk9—cyk9€ 0, (19)
0
90y

-Vv. A
7+UVQQ—V |:(06+0_89>V09:|+

+2 <a+"”) Vky - VO + <a+"”> VO VOu+
k9 0'89 0'89
Cpl -1

+k9

Cp2
Pro + %Pk — (a1 — 1) e — cppCpe?. 29

The term Py is the source term for the turbulent kinetic energy
Peim — i i Vg 4 w2 1)
N0y T 2 '

while Pjy is the source term for the temperature fluctuations

Pro:=—uT - VT =a ||VT|>. (22)
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The model constants for the KLW model are reported in Table 1, while f, and Cj, are two functions
needed to correct the behavior of the turbulence model near the wall [15,23,24]

fo= (1 _ 670.32261(5)2 (1 _ 0'3670.02371{%) , (23)

Cap = [19 (1- 037787 ) 1] (1- e*0~°308R5)2 . (24)

The parameters R; and R, are defined in section 2.2.

Cie C Cu o 0 1 Cp2 Ca1 Op
15 19 009 14 14 1025 19 11 14

Table 1. Values of the model constants for (17) - (20).

2.2. Model for eddy viscosity and eddy heat diffusivity

The eddy viscosity v; and the eddy heat diffusivity a; are modeled using the turbulent kinetic
energy k and two local characteristic time scales 1;,, and 1y, the first for the dynamical turbulence and
the latter for the thermal turbulence

v = Cyleu ’ ar = Coktyg . (25)

In order to model the characteristic time scales we use the turbulent Reynolds number R; and the
nondimensional length Ry, as suggested in [15,23,24]. These two quantities are defined using the
variables k and ¢, in particular

s 0

Rt = Rd = W ’ (26)

7
143

where ¢ is the wall distance and (13 /¢)1/# is the Kolmogorov length scale [15]. Using the logarithmic
variables, R; and R are calculated as

k
R = —— 27
t VCVEQ, ()
o | k
Ri=—\/—4=. 28
TV VR )

We also define a characteristic dynamical time scale 7, = k/e =1/ CﬂeQ and a characteristic thermal
one g =ky/eg = 1/Cy€09.
The local characteristic dynamical time scale T, is modeled as sum of different contributions

[8,15,23,25]
Tu = (flyAly +f2yA2y) ’ (29)
where
fiu= (L= e /M2, (30)
Aty =1, (31)
f2;4 _ f1H872.5x10‘5R§ , (32)
Ay (33)

= Tyu——=77 -
uR‘E’/4
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The term Ay, is the bulk dynamical time scale while Ay, is the correction term for the near wall
behavior. The function f;, decreases rapidly as the wall distance increases, so the term fy, Az, is
significant only in the near wall region. With this modeling we can correctly reproduce the near wall
behavior of the eddy viscosity v e« §°.

A useful term employed in the modeling of the local thermal characteristic time scale is the
thermal to dynamical time scale ratio R = 1p/ 1, = kge/ (keg) = e~ The time scale 1y is modeled
as [8,15,17,18,23,25]

Tig = (f19B1o + f20B2s) , (34)

where
fro = (1—e/PrR/19) (1 cRa/1t) (35)

T
Big = Pr? , (36)
,00
2R 2R 1.3
= o —— 7
f20B2p = T <f2“9C7+R + favo [ 5, Per/‘*) , (37)
with

foa0 = flee_(R*/“r’oo)2 , (38)
fore = flef/’_(Rt/zoo)2 . (39)

The time scale Tjg is calculated as the sum of two terms: the first, By, is a bulk term that is a function
only of the dynamical time scale 7;,. This term is the most important in the region far from the wall.
The second term, Byy, is the sum of two contributions: a near wall term that is proportional to the
time scale 7,v/R = \/TuTp and a term that is proportional to the mixed time scale 7, = 7,R/(C, + R).
This last time scale is calculated as the harmonic mean between the time scales T, and 15. With this
formulation the model is able to reproduce the near wall behavior of the eddy thermal diffusivity,
which is a; « 8%, when no thermal fluctuations are assumed on the wall surface, and a; « 82, when
thermal fluctuations are present on the wall surface [8,15,23,25].

We report also Kays model which has been suggested for RANS simulations of liquid metal flows
[5,13]. This model can be used to compute the eddy heat diffusivity a; while the eddy viscosity v;
needs to be defined in the turbulence model. We consider v; as in (25) with the appropriate time scales
and model functions already defined. «; is computed through the definition of a variable turbulent

Prandtl number,

0.7 Vt
Pri =085+ — = —,
T + 7 o Pr,

v

(40)

where v; /v is the eddy viscosity ratio. This model has some advantages because it is very simple and
not computational expensive and it allows to compute the Pr; as a local function.

In the Numerical Results Section we compare the results obtained with these two models with
DNS data and an experimental correlation for liquid metal flows.
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2.3. Boundary conditions for the turbulence models

Mean components ‘ Fluctuating components

u= Ay + Ay + Ay’ | W = aqy + axy? +azy’
v= +Boy? + Bsy® | o' = +boy? + bay?
w=Ciy+Cy? +Cap° | W' =cry+ ey’ + sy’
T =Dg+ Dyy+ Dz]/z T =dg+ dyy + dzyz

Table 2. Near wall Taylor series expansion for the components of the mean velocity u, of the fluctuating
velocity u’, of the mean temperature T and of the fluctuating temperature T’ in a plane channel case
where x-z are the axial coordinates and y is the distance from the wall.

In this section we describe the boundary conditions that can be imposed on the variables of the
KLW model. When a near-wall approach with no wall function is preferred, the boundary conditions
that must be set on wall boundaries can be obtained using a near wall Taylor series expansion for the
turbulence variables. For the description of the boundary conditions we refer to the case of a plane
channel where x-z are the axial coordinates and y is the wall distance.

We follow the definitions (14-15) and calculate the near wall behaviors of k, ¢, kg and ¢g, which
are denoted by the lower-script w. Then we combine these behaviors in order to derive the ones of ()
and ()y. In Table 2 the near wall Taylor series expansions are reported for the mean and fluctuating
velocity components and for the mean and fluctuating temperature.

For the dynamical turbulence variables we obtain

1 1
ko 2 5 (a1 +)y* = 580°, (41)
ew = v(ad +c3) = V¢, (42)
2v

As we can see from (41) the turbulent kinetic energy tends to zero as the square of the wall distance.
By taking the derivative of k in the wall normal direction y we obtain

ok

@ =fy=—", (44)

w y

so for this variable we can impose the Neumann boundary condition (44). We see that the dissipation
of turbulent kinetic energy, ¢, in the near wall region does not depend on the wall distance. The
near wall behavior is e;, = v, where ¢ is a constant value which depends on the fluctuating velocity
components. This value cannot be determined a priori and it should be calculated as & = 2k;,/y?. On
wall surfaces we thus impose a Dirichlet b.c. ¢, = v¢ with ¢ varying iteration by iteration. This could
be a reason of KE model showing poor numerical stability. The KLW model is not affected by this issue
because (), depends only on the known kinematic viscosity v, wall distance y and model constant C,,,
so that it is possible to impose an exact Dirichlet b.c.. If we take the () derivative in the wall normal

direction we obtain
5]Q) 2

— =--, (45)
Wl Y

so we can also impose a Neumann b.c. on wall surfaces. The boundary conditions for the dynamical

turbulent variables of the KLW model are summarized in Table 3.
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Boundary condition Boundary condition
Variable Dirichlet Neumann Variable Dirichlet Neumann
akw _ 2kw akew — 2k6w
o ; oy = ke - ' =y
_ 2v 00y 2 _ 20 0N 2

Table 3. Boundary conditions that can be set on the variables of the KLW model, where the MX b.c. are
considered for the thermal variables.

The boundary conditions to be imposed for the thermal turbulent variables are under broad
discussion, [8,9,15,23,25]. As it concerns the energy equation, in this paper we apply only boundary
conditions of uniform heat flux on the wall surfaces. This kind of b.c. has to be satisfied by both
instantaneous and averaged temperature, so the derivative of the fluctuating temperature in the wall
normal direction has to be null. In this paper we use the Mixed boundary condition (MX) in which
the temperature fluctuation and its derivative on the wall, so the terms dy and d; in the near wall
expansion in Table 2, are set to zero.

With these assumptions on the fluctuating temperature field we obtain the following near wall

behaviors
d2
kow = 247, (46)
Eow = wd3, (47)
20

We observe that, as for the case of dynamical turbulence, the mean squared temperature fluctuations kg
is proportional to the squared wall distance while its dissipation €g,, has a constant value. The variable
€ is thus affected by the same issue of ¢4, 50 we can only apply a Dirichlet b.c. with a value ad3 that
varies iteration by iteration. For the variable kg, we impose a Neumann b.c.

= — gy = (49)

while for (g, we can impose either an exact Dirichlet b.c. or a Neumann b.c., in a similar way as
explained for the dynamical turbulence. The boundary conditions that can be imposed on the thermal
turbulence variables of the KLW model are reported in Table 3.

We finally observe that if we impose the exact Dirichlet b.c. on the variables () and )y then the
thermal to dynamical characteristic time scale ratio R is

R = ¢ = (In(v/0) — py (50)

The value of R is equal to Pr on the wall surface, condition that is observed also in DNS simulations
with MX b.c. [9].
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3. Numerical results

Property Symbol Value  Unit
Viscosity H 0.00184 Pas
Density P 10340  Kg/m?®
.. Pr=10.01 26.818
Thermal conductivity A Pr—0025 10.7689 W/(m K)
Heat specific capacity Cp 146 J/(Kg K)

Table 4. Physical parameters used in the CFD simulations.

In this section we show the results obtained from the simulations performed with the KLW model
and with Kays model. We investigate fully developed turbulent flows in plane channels and cylindrical
ducts for several values of the Reynolds number. In particular the simulations reported are obtained
for a fluid with Pr = 0.01 in the plane channel and for fluids with Pr = 0.01 and Pr = 0.025 in the
cylindrical pipes. By reporting these results we aim at extending the validation of our turbulence
model to fluids with different Prandtl number. In Table 4 we report the values of the physical properties
employed for the simulations.

We implement and solve the system (17-20) together with the Navier-Stokes equations (8-9-13)
in an in-house parallel finite element code. We employ Taylor-Hood finite elements for the system
of Navier-Stokes in order to satisfy the inf-sup condition and this system is solved with a standard
projection method. The two systems of turbulence equations are solved with standard quadratic finite
elements.

3.1. Plane channel

The plane channel is one of the most simple geometries and one of the most studied with
Direct Numerical Simulations for fully developed turbulent flows of low Prandtl number fluids [9,10].
We report three simulation results of fully developed turbulent flows, in particular for the cases of
Rer = 180 (A), Rer = 395 (B) and Re590 (C). The corresponding bulk Reynolds number for these
cases are respectively Re = 5760, 14160 and 22170. DNS data are available for both the dynamical
and thermal turbulence for a fluid with Pr = 0.01 for the studied cases [10]. We compare the DNS
data and the results obtained with the KLW model. The physical domain consists of two plates
located at a mutual distance L = 0.0605 m. On the wall surfaces a uniform heat flux g per unit area is
applied, in particular g = 3.6 x 10° W/m?2. We simulate only half of the physical domain because the
fully developed turbulent flows presents a symmetry with respect to the middle channel axis. The
boundary conditions we apply are reported in Tab. 5. We denote with x the direction normal to the

Var. Fsym i UT ot Ty

u u=0 =0 =0
v Bz v 4

k dk %k _ ok _ 2k
ox ay ox — )
0 _ Q0 _ _ 2v

7 of _ oT _ 7

T 5 =0 5 =0 T=0
ok _ ok _ oko _ 2ke
an_ aQH_ _ 2w

Table 5. Boundary conditions imposed for the simulations of fully developed turbulent flows in plane

channel.
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wall surfaces and with y the axial direction. The inlet and outlet surfaces are represented with I';, and
[out respectively, while I'sy, indicates the symmetry plane and I'y, the wall surface. The results are
nondimensionalized using the kinematic viscosity v of the fluid, the friction velocity v = m,
with 7, the wall shear stress and p the fluid density, and the friction temperature T; = g/ (vaCp),
where Cy, is the fluid specific heat capacity.

T T TTTTT T TTTTTTT T T T TTTT T T TTTTTT T T T 17117 T T TTTTTT] T T TTTTTT] T T TTTTTT]
| | —— KLW e | KLW
— — - DNS 0.8 |- - - DNS *
10 |
I 0.6 |
B N —~
B Q)X/ 1L
+ AN 2
° - T 04 =
- 2
- 0.2 —
10° R 0 f————m— c/ -
Bl Lol Lol Lol Lol Lol Lol Lol
10° 10" 102 103 107t 10° 10* 10% 102
y" yt
a) b)
Figure 1. Plane channel, Pr = 0.01. Non dimensional mean axial velocity v™ profiles a) as a function
of the nondimensional distance from the wall y* and nondimensional Reynolds stresses b) plotted
against the nondimensional wall distance y ™. Results obtained with KLW model are compared with
DNS data [10].
- T T T TTTTT7] T \\\HH‘ T \\\HH‘ T \\\HH‘ ] TTTT] T TTTTT T T
101 = KLW =
F|--- DNs E 0.1 .
10° £ E
B 1 T
+ -1 1 N
& 1070 1t 005 :
B 1 2
1072 f E
10-3 B 200 400 600 | 0 B
E Lol Lol Lol ?\J\\\HH‘ ; Ll Ll Ll Ll
1071 10° 10t 102 103 10° 10! 102 108
yt y*
a) b)

Figure 2. Plane channel, Pr = 0.01. Non dimensional mean temperature T+ profiles a) as a function
of the nondimensional distance from the wall y™ and nondimensional turbulent heat flux b) plotted
against the nondimensional wall distance y*. The results obtained with KLW model are compared
with DNS data [10].

In Fig. 1 the nondimensional axial velocity profiles v™ are reported together with the DNS results.
We see that the linear behavior v* = y™ is well reproduced in the viscous region, while the typical
logarithmic behavior v+ = 1/xIn(y™) + 5.2 is not reproduced for these small values of the Reynolds
number. The comparison with the DNS data shows an overall good agreement between the results.
The nondimensional Reynolds stresses 7" = (1/Tv'*) are plotted against the nondimensional wall
distance y™ in Fig. 1 b) and compared with the DNS data. The comparison is good in the logarithmic
region (y* > 30), while some discrepancies are present in the buffer region (5 < y* < 30) and in a
part of the viscous region.
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The nondimensional mean temperature profiles T' are shown in Fig. 2 a). We see that the
linear behavior T = Pry™ is perfectly reproduced and the comparison with the relative DNS data is
excellent.

In Fig. 2 b) we report the profiles of the nondimensional turbulent heat flux q** - i = (u'*T'T)
where 7 is the unit vector normal to the wall surface. We see that the agreement with the DNS data is
good in the viscous region, while for the remaining part of the domain the agreement with the DNS
data is better for the case of Re; = 590. However this difference in the turbulent heat flux does not
affect the temperature profile because the molecular heat flux has a great importance for this very low
Prandtl and Reynolds number also for very high vy, see [5].

3.2. Cylindrical pipe

In this section we analyze the results we obtained from the simulations of fully developed
turbulent flows in a cylindrical pipe. The physical domain consists of a cylinder with a diameter
D = 0.0605 m. On the wall surface a uniform heat flux g per unit area is applied with value of 3.6 x 10°
W/m?2. As for the case of plane channel, we denote with I'y, the wall surface, with I';; and Iy, the inlet
and outlet sections and with I's;, the cylinder axis which is the axial symmetry axis of the problem.
The boundary conditions we set are reported in Table 6, where r is the radial coordinate, u the radial
component of the mean velocity field and v the axial one.

Var. I“Sym rinUrout l“w
u u=20 g—;: u=20
v du _ v _ v _ }
ar ay ar 0
k %k _ %k o ok _ 2k
ar ay a )
0 _ 0 _ _ 2v
7 o _ oT _ 7
oky _ oky _ ok _ 2ke
ke =0 =0 b=
00y 00y _ _ 20
Qp =0 Fe=0 0y=In(Z)

Table 6. Boundary conditions imposed for the simulations of fully developed turbulent flows in the

cylindrical duct geometry.

Case A B C D E F G

Re: 180 360 550 1000 3580 5840 6860
Re 5760 12770 20700 41000 165000 286000 341000

Table 7. Fully developed turbulent flows simulated cases for the cylindrical geometry.

The simulated cases of fully developed turbulent flows with both Pr = 0.01 and Pr = 0.025 are
reported in Table 7 together with the relative value of the turbulent Reynolds number Re; and of the
Reynolds number Re. The physical properties of such fluids are reported in Table 4. We compare the
different thermal results of the two fluids and see how the turbulent variables are influenced by the
different Prandtl number. Finally we compute the Nusselt number values of every simulation and
compare them with the experimental correlations in order to demonstrate that the turbulence model
gives reliable results for different Prandtl numbers. In this geometry we study also the Kays model.
The same test cases are carried out for this model and the same comparison with the experimental
correlations is given.
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Figure 3. Cylindrical pipe. Non dimensional profiles of the mean temperature T+ a) and of the root
mean squared temperature fluctuations T, b) for the simulations of Pr = 0.025 and Pr = 0.01 with

the KLW model.

Re Pr = 0.01 Pr = 0.025
T

T Tomsm  Tomsm/ T T Timsm  Timsm/ Tar
180 062 0025 0041 146 0112 0076
360 117 0075 0064 253 0275  0.108
550 171 0134 0078 344 0402 0117
1000 282 0268  0.095 516 0609 0117
3578 635 0711 0.111 930  0.895  0.09
5843 7.85 0814 0103 1082 0.89%  0.082
6852 834 083 0100 1132 0918  0.081

Table 8. Cylindrical pipe. Mean values across the transverse section of the pipe: RMS temperature
fluctuations T},};; ,,, mean temperature T,; and the ratio T}, .,/ T -

In Fig. 3 a) the nondimensional temperature T profiles are reported for the simulated cases.
We see that the linear behavior T+ = Pry™ is well reproduced. In Fig. 3 b) the nondimensional root
mean squared temperature fluctuation kg is plotted against the nondimensional wall distance y* for
all the simulated cases and for both Pr = 0.01 and Pr = 0.025. We can see how the different molecular
Prandtl number affects the temperature fluctuations. In particular we see that the simulations with
Pr = 0.01 are characterized by a maximum value of T};;; which is smaller than the one obtained with
Pr = 0.025 and the peak position is shifted nearer the pipe middle axis. In Table 8 we report the mean
values across the pipe transverse section of nondimensional mean temperature and nondimensional
RMS temperature fluctuations

) D/2 D/2
Ti=o [ Trar  Thaw= [ Tidr, (51)
0 0
together with their ratio T}, ,,/T,;. These parameters allow to compare the mean temperature

fluctuations modulus with the mean difference between the fluid temperature and the solid wall one.
For low velocities with Re; < 1000 we see that the temperature fluctuations increase for increasing
mean velocities and are higher for Pr = 0.025 than for Pr = 0.01. For the cases Re; > 1000 we observe
that the importance of the temperature fluctuations, relative to the mean temperature, decreases for
increasing velocities and that it is higher for Pr = 0.01 than for Pr = 0.025.
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The heat transfer between a wall surface and a fluid flow is usually evaluated through the
calculation of the Nusselt number. This is a nondimensional parameter that takes into account the
thermal conductivity A of the fluid, the hydraulic diameter D, of the transverse section of the pipe and
the convective heat transfer coefficient 1. The Nusselt number is then calculated as

_ hDu

N
=2

(52)
For the case of a constant heat flux per unit surface g applied on wall surfaces, the convective heat
transfer coefficient can be expressed as

__ 19
=t (53)

where T, is the wall surface temperature and T}, is a representative temperature of the fluid. Normally
Ty is the bulk temperature of the fluid

_ [, Tu-ndA

o= A

(54)

where 11 is the unit vector normal to the transverse section A of the pipe.
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Figure 4. Cylindrical pipe heated with constant heat flux. Representation of the Nusselt number
experimental correlations (56)—(61) as a function of the Peclet number.

In literature many correlations based on experimental results of liquid metal flows in cylindrical
geometry for the calculation of the Nusselt number are available. The general form of these correlations

is
Nu = A+aPe", (55)
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where Pe is the Peclet number and A, a and n are constant positive numbers. We report some of the
main correlations for the case of cylindrical pipe heated with constant heat flux with their range of
validity expressed in terms of Reynolds number value or Peclet value.

0.8
Nu = 7.0+ 0.025 <11;:> 10* < Re < 5-10°, (56)
t
Nu = 4.82 + 0.0185P¢"8%7 10* < Re < 5-10°, (57)
Nu = 6.3 + 0.0167Pe"8 py008 10* < Re < 5-10°, (58)
Nu = 4.5+ 0.014P%® 10* < Re < 5-10°, (59)
Nu = 3.6 + 0.018P¢"8 88 < Pe < 4000. (60)
Nu = 4.5+ 0.018P%8 10* < Re < 5-10°. (61)

All these correlations (56)—-(61) are plotted in Fig. 4. The correlation proposed by Lyon (56) is one of
the first correlations for liquid metals and uses the turbulent Prandtl number Pr; [26,27]. In Fig. 4 the
Lyon’s correlation is plotted with Pr; = 0.9. As we can see the correlation gives values of the Nusselt
number which are much greater than the ones of the other correlations. The Skupinski and Sleicher
correlations (57, 58) were obtained using experimental heat transfer data of NaK [28,29]. Ibragimov
derived (59) using experimental data of LBE heat transfer while (60) is based on values of heat transfer
obtained using mercury by Stromquist [30,31]. Recently Kirillov proposed a new correlation based on
a long analysis on existing correlations and experimental data as (61) [32].

As it can be seen from Figure 4 there is an overall disagreement between the different correlations
that have been proposed for the Nusselt number. An explanation for these discrepancies is given in [4].
By a comparison with the only freely available experimental data present in literature [4,33] it is shown
that the Kirillov correlation is the one that fits better the experimental points in the low Peclet region
(Pe < 1000), while in the high Peclet region (Pe > 2000) the Stromquist correlation shows a better
agreement with the experimental values. For this reason the authors in [4] proposed a new correlation
based on a fit of these two correlations in the range of their best approximation,

Nu = A+ 0.018P8,

45 Pe < 1000, 62)
A= 54—9x10"*Pe 1000 < Pe < 2000,
3.6 Pe > 2000.

This new correlation is equal to the Kirillov one in the low Peclet region and it is equal to the Stromquist
in the high Peclet region, with an extension of its validity beyond Pe = 4000.
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Figure 5. Cylindrical pipe. Nusselt number values for the simulations performed for fluids with
Pr = 0.025 and Pr = 0.01 with KLW and Kays model. The values are compared with the Kirillov
correlation and with the Cheng correlation.

Reynolds number
341360 285800 165400 41000 20680 12760 5760

KLW 29.4092 26.1685 18.5608 9.2123  7.5382 6.6523 5.6329
Kays 429137 38.1888 27.0105 12.4689 9.3894 7.9416 6.3323

Pr Source

0.025 Kirillov  29.6295 26.3008 18.5779  9.1108 7.1690 6.3135 5.4593
Cheng 287295 254008 17.6779 9.0885 7.1690 6.3135 5.4593
KLW 159311 14.4070 10.8496 6.7213  6.0596 5.7411 5.3430
0.01 Kays 229363 20.7126 154458 8.6137 7.1788 6.5008 5.7193

Kirillov  16.6110 15.0068 11.2848 6.7221 5.7863 5.3740 4.9623
Cheng 15.7110 14.1068 10.6900 6.7221 5.7863 5.3740 4.9623

Table 9. Nusselt number values obtained with the KLW and Kays model for Pr = 0.025 and Pr = 0.01
compared with the Kirillov and the Cheng correlation.

In Figure 5 we compare the results obtained with the KLW and with Kays model for the
simulations of fully developed turbulent flows of fluids with Pr = 0.025 and Pr = 0.01 with the
Kirillov correlation and the one reported in [4]. For a better interpretation of the obtained results we
report in Table 9 the values obtained with the turbulence models together with the values of Kirillov
and Cheng correlation. In the Table the values of Nu for Pr = 0.025 and Pr = 0.01 are compared for
the different cases in terms of Reynolds number. As we can see, for the case of Pr = 0.025 the values
of the KLW model are closer to the Kirillov correlation than to the Cheng correlation as it concerns
Pe > 1000, while the values obtained for Pr = 0.01 are closer to the Cheng correlation. In general
we observe that the values obtained with the KLW model lay between the Kirillov and the Cheng
correlations, in the high Peclet region, while in the low Peclet region they are slightly greater than the
Kirillov correlation. With respect to Kays model we can see that for low Peclet and Prandtl numbers
the results are greater than those obtained with KLW model and predicted by both correlations while
with increasing Peclet the mismatch becomes very large. This fact can be explained by looking at the
definition (40): if the eddy viscosity ratio becomes very high, as it happens for high Peclet numbers,
the average turbulent Prandtl number of the channel as computed in (40) approaches 0.85 which is
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known to be not valid for liquid metal flows. Given the differences with the reference data in this very
simple geometry the Kays model should be used with care.

4. Conclusions

In this work we have discussed the problem of turbulence modeling to study turbulent heat
transfer in liquid metal flows with different low-Prandtl numbers. Two approaches have been
compared, Kays model and a logarithmic k-Q-ky-Q)g turbulence model, to be used in engineering
applications involving the study of fully developed turbulent liquid metal flows. Numerical results
in plane and channel geometry have been reported for two different Prandtl numbers, Pr = 0.01
and Pr = 0.025. The comparison between the numerical results obtained with the four parameter
turbulence model with DNS data and experimental correlations can be considered satisfactory for
a wide range of Peclet numbers and for both the Prandtl numbers studied. On the other hand the
Kays model seems to be not fully appropriate for the study of these flows, especially for high Peclet
numbers. The four parameter turbulence model can thus be used as a reliable tool for the study of
turbulent flows of liquid metals characterized by low Prandtl numbers between 0.01 and 0.025.
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