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Analytical formulas for calculating ranks, dimensions, orthogonal
projectors, and ranges of matrices composed of Kronecker
products
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Abstract. Kronecker products of matrices have some striking operation properties, one of which is called the
mixed-product property (A® B)(C®D) = AC®BD. In view of this property, the two-term Kronecker product
A1 ® Az can be rewritten as A1 ® Az = (A1 ® I, )(Im, ® A2) of dilation forms of A; and As, and three-term
Kronecker product A1 ® A2 ® As can be rewritten as the products A1 ® A2 ® Az = (A1 ® I;my @ Limg)(Imy @ A2 ®
Iy ) (Imy ® I, ® As) of the dilation forms of Ay, Az, and As, respectively, where the matrices on the right-hand
sides of the two factorizations are commutative. In this note, we approach the commutative Kronecker products
on the right-hand sides of the two factorization equalities, and present a variety of new and useful analytical
formulas for calculating the ranks, dimensions, orthogonal projectors, and ranges of matrices composed of these
Kronecker products.
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1 Introduction

Throughout this note, let C™*™ denote the collection of all m x n complex matrices, A*, r(A), and
Z(A) denote the conjugate transpose, the rank, and the range of A € C™*" respectively; I, denote
the identity matrix of order m; [ A, B] denotes a row block matrix consisting of A and B. The Moore—
Penrose inverse of A € C™*™, denoted by A, is the unique matrix X € C**™ satisfying the four Penrose
equations

(1) AXA=A4, (2) XAX =X, (3) (AX)" = AX, (4) (XA)" = XA. (1.1)

In addition, we denote by Py = AA' and E4 = I,,, — AAT the two orthogonal projectors induced from A.
The Kronecker product of any two matrices A € C™*" and B € CP*? is defined to be A®B = (a;;B) €
(Cmpan.

It is well known that the Kronecker product of matrices is a notion and mathematical technique in
matrix theory which have many significant applications in the research areas of both theoretical and
applied mathematics. The fundamental theory and formulas for Kronecker products of matrices can be
found in most common or specified textbooks and handbooks on matrix analysis or calculus, and have
been extensively used by knowledgeable professionals in mathematics and other disciplines. Recall that
one of the most important features of Kronecker products is that we rewrite the Kronecker products as
conventional matrices of certain factors involving identity matrices, such as, the two-term case

A1 ® Ay = (Al ® Im2)(Im1 ® A2)7 (12)
and the three-term case
A1 ® A2 ® Az = (A1 @ Iy, @ Iy ) (I, ® A2 @ Ly ) Iy @ Iy, ® As), (1.3)

where the five factors in the parentheses on the right-hand sides of (1.2) and (1.3), called the dilation
forms of Ay, As, and Az, commute each other by the well-known mixed-product property in (1.11).
In addition, the products on the right-hand sides occur in the studies of some linear matrix equations
by vectorization operations and Kronecker products of matrices (cf. [1-5,8,10]). In order to develop a
deeper understanding of these specified Kronecker products and their connections, we provide in this note
some new approaches to the the five dilation matrices, including a variety of fundamental and analytical
formulas for calculating ranks, dimensions, orthogonal projectors, and ranges of the five dilation matrices
and their algebraic operations.

We shall use the following known formulas on ranks of matrices and their consequences on commuta-
tivity of two orthogonal projectors (cf. [9,13]).
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Lemma 1.1. Let A € C™*" B € C™**. Then the following rank equalities

r[A, B] = r(A) + r(EaB) = r(B) + r(EgA), (1.4)
r[A, B] =r(A) +r(B) — 2r(A*B) + r[PsPp, PpP4], (1.5)
r[A, B] = r(A) +r(B) —r(A*B) + 27 r(PsPg — PgPy,), (1.6)
r[A, Bl =r(A) +r(B) —r(A*B) +r(Pa, B — Pa — P + PaPp) (1.7)
hold. Hence,
PyPg = PPy, & P[A,B] =Py + Pg — PsPp

< r(EaB) =r(B) —r(A*B)

< r[A, Bl=1r(A)+r(B)—r(A*B)

< X (PaPp) = #Z(PpPa). (1.8)

Lemma 1.2 ( [14]). Let A, B, C € C™*™ be three idempotent matrices. Then the following rank equality
holds

r[A, B, C] =r(A) +r(B) +r(C) —r[AB, AC| —r|BA, BC]| —r[CA, CB]
+r[AB, AC, BA, BC, CA, CB]; (1.9)
if AB= BA, AC =CA, and BC = CB, then
r[A, B, C] =r(A) +r(B) +r(C) —r[AB, AC| —r[BA, BC| —r[CA, CB]+r[AB, AC, BC]. (1.10)
The following basic results on Kronecker products of matrices are well known (cf. [6,7,16]).

Lemma 1.3. Let A € C™*", B ¢ CP*4, C € C"*¢, and D € C9*t. Then, the following equalities hold

(A®B)(C®D) = AC®BD, (1.11)
(A®B)* = A*®@B*, (1.12)
(A®B)" = AT@B', (1.13)

Pagp = PA®Pg, (1.14)
r(A®B) = r(A)r(B). (1.15)

2 Main results

We first present a group of results associated with the products in (1.2).

Theorem 2.1. Let Ay € C™*™ and Ay € C™2*™2 and denote by My = A1®1,,, and My = I,,, ® As
the two dilation matrices. Then we have the following results.

(a) The following equalities hold

PA1®A2 = PM1PM2 = P]\/[2PM1 = PA1®PA2. (2.1)

(b) The following rank equalities hold

r[A1®Ln,, Im, ® As] = mima — (mq — r(A471))(ma — r(Az)), (2.2)
r[A1®1L,, Im, ®FEa,] = mima — (mq — r(A7))(A2), (2.3)
r[Ea, @Iy, Ln, ®As] = mima — r(Ay)(mg — r(Az)), (2.4)
r[EaA, @iy, Iy @Ea,] = mymy — r(Aq)r(Az), (2.5)
and the following dimension equalities hold

dim(Z (M) NZ(Ms)) = r(A1)r(As), (2.6)
dim(Z(My) N %+ (Ms)) = r(A;y)(ma — 7(Ag)), (2.7)
dim (2 (M) N %+ (My)) = (A1) (my — 7(As)), (2.8)
dim(Z+ (M) N %+ (Ms)) = (m1 — r(Ay))(me — r(A)), (2.9)

dim(2(M,) N Z(My)) + dim(2(M,) N %+ (Msy)) 4+ dim(Z+ (M) N %+ (Ms))
+ dim(Z* (M) N %+ (My)) = myms. (2.10)
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(¢) The following range equalities hold

R (M) N Z(My)

R (M) N R+ (My)
R+ (M) N Z(My)
R+ (M) N %+ (My)

KM M) = Z(MaM,) = Z(A1®As), (2.11)
%(M My) = Z(En, Mi) = Z(A1®Ey,), (2.12)
X (En, Ma) = Z(MaE)yy, ) = Z(Ea, @A), (2.13)

( (2.14)

4 EMIEM2) = '@(EMzE]Vh) = ‘%(EAl ®EA2)7

(2 (M) N Z(M>)) & (2* (M) 0 2(Mz)) & (Z(My) N %+ (Mz)) & (%2 (My) N 2™ (Mz))

=, (2.15)
(d) The following orthogonal projector equalities hold
Popvynaz sy = Pry Py, = Pa, ®Pa,, (2.16)
Popvyynaet (mz) = Pary Evy, = Pa, @ Ea,, (2.17)
Popr(vyna(vz) = Ean Pu, = Ea, ® Pa,, (2.18)
Pg (g (vy) = Evg Envy, = Ea, @FE4,, (2.19)
Par(vynz(v) + Pas(vnan) + Peon)ngt (mz) + Pat(v)ng (vz) = Imams - (2.20)

(e) The following orthogonal projector equalities hold

Plassin, , 1n0s] = Pay @Iy + Iy @ Pay = Pa,®Pay = Ly, — Ea, ©Ea,, (2.21)
Plasgly,, 1n,@Ea,] = Pay @Iy + Iy @Ea, — Pa,®@Fa, = Lypym, — Ea, @Pa,, (2.22)
Py iy, 1o = B, © Iy + Iy ©Pa, — Ea,®Pay = Ly, — Pa, ®Ea,, (2.23)

Pigy @y, I @B, = B4y, Ly + Iny @Ea, — Ea, @ FEa, = Iy, — Pa, @Pa,. (2.24)

Proof. It can be seen from (1.11) and (1.14) that

Pty Pary = (A1 @Iy ) (A1 @Iy ) (I, ® A2) (I, ® A2)'
= (A1 @I, ) (AL @ T,) (I, @ Ag) (I, ® AD)
= (Pa, ®Ipm,)(Im, ®Pa,)
= P4, ®Py,,

Pty Pary, = (I, @ A2) (I, @ A2) (A1 @1, ) (A1 @1, )
= (Iml ®A2)(Im1 ®A;)(A1 ®Imz)(Ai®Im2)
= (I, ®Pa,)(Pa, ®1,,,)
= Py, ®Py,,

establishing (2.1).

Applying (1.1) to A and simplifying by (1.11)—(1.15) yields

P[AL® Ly, Iy @ Ag] = 1(A1®@Imy) + 7((Imymy — (A1 @Iy (A1 @Iny) 1) (I, @ A2))
= mor(A1) + (I, — AL AD) @ L, (I, ® 42))
= mar (A1) +7((Im, — A1A1)®A2))
= mor(Ay) + 7(Im, — A1AD)r(Ay)
= mar(A1) + (m1 —r(41))r(42)
=mimg — (my —r(A1))(m2 — r(4z)),

as required for (2.2). Besides, (2.2) can directly be established by applying (1.8) to the left-hand side of
(2.2). Egs. (2.3)—(2.5) can be obtained by a similar approach. Subsequently by (2.2),

dlm(%(Ml) ﬂ%(Mg)) = ’I"(Ml) + T(MQ) — T[Ml, MQ] = ’I“(Al)T(AQ),
as required for (2.6). Egs. (2.7)—(2.9) can be established by a similar approach. Adding (2.7)—(2.9) leads
0 (2.10).

The first equalities in (2.11) follow from (2.6), and last two range equalities follow from (2.1).

Egs. (2.12)—(2.14) can be established by a similar approach. Adding (2.11)—(2.14) and and combining
with (2.10) leads to (2.15).

Egs. (2.16)—(2.19) follow from (2.11)—(2.14). Adding (2.16)—(2.19) leads to (2.20).
Egs. (2.21)—(2.24) follow from (1.8). O
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Eq. (2.2) was first shown in [3], see also [12] for some extended forms of (2.2). Obviously, Theorem
2.1 provides many new tools to deal with various matrix equalities composed of algebraic operations of
Kronecker products of matrices. For example, applying the preceding results to the Kronecker sum and
difference A1®1,,, + I,,, ®As for two idempotent matrices A; and As, we obtain the following interesting
consequences.

Theorem 2.2. Let Ay = A} € C™*™ and Ay = A3 € C™2%™2_ Then,

r(A1@ I, + Iy ® Az) = mar(Az) + mar(Ar) — r(A1)r(As), (2.25)
’I”(Al ®Im2 — Iml ®A2) = mlr(Ag) + mQT(Al) - 27"(A1)7"(A2). (226)

Proof. Tt is easy to verify that (A1 ®1,,)% = A2®1,,, = A1®1L,, and (I,,, ®45)? = I,,, ®A3 = I,,, ® Ay
under A% = A; and A3 = A,. In this case, applying the following two known rank formulas

r(A+B)—r{g ﬁ] —r(B)—rﬁ fﬂ —r(A),

r(A—B)=r {g] +r[A, B] - r(A) — r(B),
where A and B are two idempotent matrices of the same size (cf. [13,15]), to A1 @Iy, + In, ® A2 and
simplifying by (1.4) and (2.2) yields (2.25) and (2.26), respectively. O

The above two theorems reveal some essential mathematical relations among the dilation forms of two
matrices by Kronecker products, which demonstrate that there still exist various fundamental problems
on the Kronecker product of two matrices with analytical solutions that can be proposed and obtained.
As a natural and useful generalization of the preceding formulas, we next give a group of results associated
with the three-term Kronecker products of matrices in (1.3) without proofs.

Theorem 2.3. Let Ay € C"™*"™ Ay € C™2X"2 gnd Az € C™3*"3 and denote
X1 =A101, 1, Xo=1I, A1, Xs=In I, QA; (2.27)
the three dilation matrices. Then we have the following results.
(a) The following three projector equalities hold

Px, =Py, @1, @1, Px, =1In, QPa,®1ln,, Px,=1ILn ®Ln,dPa,. (2.28)

(b) The following projector equalities hold

PA1®A2®A3 :PM1PM2PM3 :PA1®PA2®PA3' (229)

(¢) The following eight rank equalities hold

T[Al ®Im2 ®Im37 Iml ®A2®I’I’I’L37 Im1 ®Im2 ®A3]

= mymamg — (my — r(A1))(me — r(Az))(ms — r(A3)), (2.30)
P[A1 @ Ly @ Inyy Iy @ Ag @Iy, Iy @I, @ By

=mymamg — (my — r(A1))(mg — r(As))r(As), (2.31)
T[A1 @ Ly @I gy Iy @®F 4, @iy, Iy @I, ® As]

= mymamg — (my — r(A1))r(Az2)(ms —r(As)), (2.32)
TEA, @Iy @ Iy, Iy © A @Iy, I, @ Iy, @ A

= mymamg — r(A1)(ma — r(A42))(ms — r(As)), (2.33)
T[A1 @ Ly @I gy Iy ®F A, @iy, Ty @I, @ E gy

= mymamg — (mq — r(A1))r(A2)r(As), (2.34)
B, @Iy @Imyy Iy @As @Iy, Iy @I, @Ea,]

= mymamg — r(A1)(ma — r(A42))r(As), (2.35)
T[EA, @Iy @Iy, Imy @ A, @Iy, Iy @I, ® As)

= mymaomg — r(A1)r(As)(ms — r(As)), (2.36)
T[Ea, @Iy @Iy y Iy @F A, @Iy Iy @11, @By
= mymamg — r(A1)r(A2)r(As), (2.37)
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the following eight dimension equalities hold

dim(Z(X1) N Z(X2) N R(X3)) = r(A))r(As)r(As), (2.38)
dim(Z(X1) N R#(X2) N R+ (X3)) = r(Ar)r(A) (ms — 7(As)), (2.39)
dim(ZH(X,) N Z (X)) N Z(X3)) = r(A1)(mg — r(Ag))r(As), (2.40)
dim(Z+ (X)) N ZH(Xo) N Z(X3)) = (my — 1(A1))r(A2)r(As), (2.41)
dim(2(X,) N Z(Xo) N %+ (X3)) =r(A 1)(m2 —r(Ay))(ms — r(As)), (2.42)
dim (2 (X1) N % (X2) N Z+(X3)) = (my — 7(A1))r(As)(ms — r(As)), (2.43)
dim (2 (X1) N #(Xo) N Z(X3)) = (my — 7(A1))(ma — 7(As))r(As), (2.44)
dim(Z2*(X1) N %+ (Xy) N %+ (X)) = (m1 —7(A1))(mg — r(As))(ms — r(As)), (2.45)
and the following dimension equality holds
dim(Z(X1) N % (X2) N Z(X3)) + dim(2(X1) N Z(X2) N %+ (X3))
+ dim(Z2+(X1) N %+ (X2) N RB(X3)) + dim(ZH(X1) N Z+ (X)) N Z(X3))
+ dim(2(X1) N %+ (X2) N #H(X3)) + dim(ZH(X1) N Z(Xo) N %+ (X3))
+ dim(Z2+(X1) N % (X2) N % (X)) + dim(ZH (X)) N Z+ (X)) N %+ (X3)
= mimaoms. (2.46)

(d) The following eight groups of range equalities hold
R(X1)NRE(X2) NZ(X3) = B(X1X2X3) = Z(A1 0420 A3), ( )
R(X1) NR(X2) N B (X3) = B(X1X2Ex,) = Z(A10A:RE ), (2.48)
R(X) N R (X)) N R(X3) = R(X1Ex,X3) = R(AL@F A, @ As3), ( )
B+ (X1) N R (X2) N R(X3) = B(Ex, X2X3) = Z(Ba, ®As®A3), (2.50)
R(X1) N R+ (X2) N %+H(X3) = B(X1Ex,Ex,) = Z(A1@EA,®E4,), (2.51)
(X3) = Z( (2.52)
(X3) = Z( (2.53)
) = %( (2.54)

ZH(X1) N R(X2) N B (Xs) = B (Ex, X2Ex,) = Z(Ea, @Ay E ),
FH(X1) N RBH(Xo) N RB(X3) = B(X1Ex,X3) = Z(Ea, @E 4, ® As),
R (X)) N B (Xo) N R (X3) = #(Ex,Ex,Ex,) = Z(Es, @EA,2FE4,),

and the following direct sum equality holds
(Z2(X1) N R(X2) NR(X3)) ® (% (X1) N Z(X2) N R(X3))
O (R (X)) N R (X2) N R(X3)) @ (Z(X1) N R (X2) N R#H(X3))
©(ZH (X)) N R (Xo) N R (X3)) ® (% (X1) NZ(X2) N R+ (X3))
@ (Z(X1) N B (X)) N B (X3)) @ (% (X)) NZ+H(Xo) N A (X3))
= Cmmams, (2.55)

(e) The following eight groups of orthogonal projector equalities hold

Pop(xnaw(xs)nz(xs) = Pa, @Pa,@Pag, (2.56)
Pa(x)nz(xs)n@t (x5) = Py ®Pa, @E 44, (2.57)
Pa(x)nzt (X2)n7(xs) = Pay ©®Ea, Py, (2.58)
P (x)n@(x2)n#(xs5) = Ea, @Pa, ®Pag, (2.59)
Pa(x)nzt (x2)nat (x5) = Pa, @FEA, O Eay, (2.60)
Por(x)n@(x2)nat (x5) = Ea, @Pa,@E 4y, (2.61)
Pot(x))naw+ (xX2)na(xs) = Eay @ Ea, ® Pa,, (2.62)
Popr (x)nzt (x2)nat (x5) = Ea, @Ea, ®F 4, (2.63)
and the following orthogonal projector equality hold
Pa(x)naex:)nz(xs) + P%(Xl)ﬂ%(Xz)m%i(Xg,)
+ Pa(x)nat (X2)n2(X3) T Pat (x)n#(X2)n7(Xs)

+ Pa(x)nat (X2)n#+ (Xs) T Pat (X1)n%(X2)n % (Xs)

+ Pt (x)n#t (X2)n#(Xs) T Pat(x)nat (x)n%t (Xs) = Imimams- (2.64)
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(f) The following eight orthogonal projector equalities hold

PLAs&T @y, Ty @ASR iy, I, @ g®A5] = Imymams — B4, @ B4, @ E gy, (2.65)
PLAs®I @y T, @452 g T @ ng@F 5] = Imamamg — Eay @ Ea, @ Pay, (2.66)
PlA @@Ly, Iy @F 4y, Iy @l ny@As] = Imimoms — £a, @Pa, ®Ea,, (2.67)
LB g @iy Ton @A iy T @y @A5] = Imymamg — Pa, @ Ba, ® By, (2.68)
P sy @l g Loy ®F 458l s Ly @mg@F ag] = Imimams — Ea, @ Pa, @ Pag, (2.69)
BB s @l y®T g Ty @45 gy Ty @ ng@F 23] = Imymomg — Pay @ Ea, ® Pag, (2.70)
PlE @l y@lmg s Ty BF 4 y@l g s Iy &Ly @A) = Imymams — Pa, @ Pa, @ Eay, (2.71)
PiE o @1yl I\ @ 4y @l g, Iy @y @F 4] = Imamamg — Pay @ Pa, ® Pag. (2.72)
In addition to (2.27), there are the following three dilation matrices
Y1 =1, ®A4:0A3, Yo=A101,,0A3, Ys=A10A4:1,, (2.73)

generated from any three matrices A; € C"™ X1 Ay € C™2*"2 and Az € C™3*™3_ Some rank problems
on the three-term Kronecker products for the vector case were considered in [11]. We next give a group
of results concerning these three dilation matrices.

Theorem 2.4. Let Y1, Y1, and Y1 be as given in (2.73). Then we have the following results.

(a) The following three projector equalities hold
Pyl = Im1 ®PA2 ®PA3, Py2 = PAI ®Im2 ®PA3, PY3 = PAl ®PA2 ®Im3. (274)

(b) The following twelve matrixz equalities hold
PY1PY2 :PY2PY1 :PY1PY3 :PY3PY1 :PYQPY3 :PY3PY2
= Py, Py, Py, = Py, Py, Py, = Py, Py, Py, = Py, Py, Py,
= Py, Py, Py, = Py, Py, Py, = Pa, ®Pa,®Pa,. (2.75)
(¢) The following rank equality holds
r[Y1, Ya, Y3] = myr(Az)r(As) + maer(A1)r(As) + msr(Ar)r(Asz)
= 2r(A1)r(A2)r(As). (2.76)
(d) The following range equality holds
%(Yl) ﬂ%(YQ) ﬁ%(l@) :%(A1®A2®A3). (2.77)

(e) The following dimension equality holds
dim(Z(Y1) N %(Y2) N Z(Y3)) = r(A1)r(Az)r(As). (2.78)
(f) The following projector equality holds
Poa(vi)n(va)na(vs) = Pa,@Pa,@Pa,. (2.79)
(g) The following projector equality holds
Py, vs,vs] = Imy ® Pa, @ Pay 4 Pa, @11, @ Pay, + Pa, @ Py @Iy,
— 2(Pa, ®Pa, @ Pa,). (2.80)

Proof. Eq. (2.74) follows directly from (2.73), and (2.75) follows from (2.74). Since Py,, Py,, and Py, are
idempotent matrices, we find from (1.10) and (2.75) that
r[Y1, Y2, Ys] = r[Pyy, Py, Pyvy] =7(Py,) +7(Py,) + 7(Pyy)
— r[Py, Py,, Py, Py,] — r[Py, Py,, Py, Py,| — [Py, Py,, Py, Py,]
+ [Py, Py, Py, Py, Py, Py,
=1(Py,) +r(Py,) + 1(Py,) — 2r(Pa, ® Pa,®Pa,)
= mqr(A2)r(As) + mor(A1)r(As) + msr(A1)r(Az) — 2r(A1)r(Asz)r(As),

establishing (2.76). Eqs. (2.76)—(2.80) are left as exercises for the reader. O
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To summarize, the author remarks that this is a formula-oriented not problem-oriented work under
the circumstance of Kronecker products of matrices, in which we have established many new and non-
trivial analytical formulas, results, and facts about ranks, dimensions, orthogonal projectors, and ranges
of matrices composed of Kronecker products of matrices. These findings may be helpful for the deeper
investigations into the profound performance of Kronecker products of matrices under various assump-
tions. Hence, the author hopes that the reader is pleased with the preceding analytical formulas and
their consequences, learns more useful algebraic tricks of dealing with Kronecker products of matrices
from mathematical and computational aspects, and uses them in dealing with symbolical computations
and analysis of matrix expressions that involve Kronecker products of matrices. Furthermore, the author
claims that the preceding formulas in all this work can be extended to the situations for multiple Kro-
necker products with dilation forms, which can help explore more impressive outcomes of researches on
Kronecker products of matrices and develop other related mathematical techniques applicable to solving
practical problems.
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