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Abstract We give an operator solution to an advanced-retarded differential
equation. The application of the operators involved produces a solution in
terms of Bessel functions.
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1 Introduction

Recently it has been shown how photonic circuits may be constructed such
that their dynamics obeys advanced-retarded (AR) differential equations [1].
Álvarez-Rodŕıguez et al. showed the similarities between the AR differential
equations and discrete differential equations that arise in the propagation of
classical or quantum light through waveguide arrays [2–5].

AR differential equations, also known as mixed functional differential equa-
tions, are equations for which the derivative of the function explicitly depends
on the same function evaluated at different values of the variable [6–10]. They
are useful to describe phenomena that contains feedback/feedforward interac-
tions in their evolution [11–13].

2 Operator solution

We consider an AR differential equation of the following form

i
dx(t)

dt
= αtx(t) + λ[x(t+ τ) + x(t− τ)] (1)
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and, by defining the operator Dt = d
dt , with commutator [Dt, t] = 1, we can

rewrite (1) as

i
dx(t)

dt
= [αt+ λ(eτDt + e−τDt)]x(t) (2)

that has as the simple solution

x(t) =
1

N
eβ sinh(τDt)e−iα

t2

2 x(0), (3)

with x(0) the initial condition,N a normalization constant and we have defined
β = 2λ

ατ . It is not difficult to show that this is a solution because

dx(t)

dt
= − i

N
αeβ sinh(τDt)te−iα

t2

2 x(0), (4)

that, by inserting a unit operator, e−β sinh(τDt)eβ sinh(τDt) after the linear term
gives

dx(t)

dt
= − i

N
αeβ sinh(τDt)te−β sinh(τDt)x(t), (5)

and finally applying the relation eABe−A = B + [A,B] + 1
2! [A, [A,B]] + . . .,

with A and B two arbitrary operators, equation (2) is recovered

dx(t)

dt
= − i

N
α[t+ βτ cosh(τDt)]x(t). (6)

By writing eiα sinh(τDt) in terms of Bessel functions

x(t) =
x(0)

N

∞∑
n=−∞

Jn (β) enτDte−iα
t2

2 (7)

we end up with the final form

x(t) =
x(0)

N

∞∑
n=−∞

Jn (β) e−iα
(t+nτ)2

2 , (8)

so that the normalization constant takes the value

N =

∞∑
n=−∞

Jn (β) e−iα
n2τ2

2 . (9)

We plot in Figures 1-3 the absolute value squared of the amplitude x(t), |x(t)|2
for different values of α and β. It may be seen the periodic behaviour of the
solutions, but also strong variations in |x(t)|2 given relatively small differences
between the parameters used. This is clear in Fig. 1. On the other hand, Fig.
3 (a) shows the solution given in Subsection 3.1.
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Fig. 1 α = 1.25, τ =
√
π and (a) β = 1.25, (b) β = 1.5 and (c) β = 2

3 Some special cases

For some sets of parameters the solution (8) may take some closed forms. In
this Section we look at those cases.

3.1 ατ2 = 2π

In this case we may write the solution as

x(t) =
x(0)

N

∞∑
n=−∞

Jn (β) e−iα
(t2+2ntτ)

2 e−in
2π, (10)
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Fig. 2 α = 1.5, τ =
√
π and (a) β = 1.25, (b) β = 1.5 and (c) β = 2

and, because e−in
2π = e−inπ we rewrite the above equation as

x(t) =
x(0)

N

∞∑
n=−∞

Jn (β) e−iα
t2

2 e−in(tατ−π), (11)

that may be added by using the generating function of Bessel functions [14–17]

x(t) =
x(0)

N
e−iα

t2

2 eiβ sin(tατ). (12)
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3.2 ατ2 = π

The solution in this case takes the form

x(t) =
x(0)

N

∞∑
n=−∞

Jn (β) e−iα
(t2+2ntτ)

2 e−in
2 π

2 . (13)

We see that the relevant term is e−i
π
2 n

2

= (−i)n2

that for n odd gives −i while
for even gives 1, such that we can split (13) in even and odd series

x(t) =
x(0)e−iα

t2

2

N

∞∑
n=−∞

J2n (β) e−iα2ntτ (14)

− i
x(0)e−iα

t2

2

N

∞∑
n=−∞

J2n+1 (β) e−iα(2n+1)tτ .

We rewrite the above equation in the form

x(t) =
x(0)e−iα

t2

2

N

∞∑
n=−∞

Jn (β) e−iαntτ [1 + (−1)n] (15)

− i
x(0)e−iα

t2

2

N

∞∑
n=−∞

Jn (β) e−iαntτ [1− (−1)n] ,

that, by using the generating functions of Bessel functions [14–17] gives finally

x(t) =
x(0)e−iα

t2

2

N

(
[1− i]e−iβ sin(tατ) + [1 + i]eiβ sin(tατ)

)
. (16)

4 Conclusion

We have shown that, for the specific form of equation (1), we can use op-
erator techniques to solve it. The solution produces infinite series of Bessel
functions that for particular values of parameters may be given a closed form.
The series solution we have provided may be a hint to find solutions to some
other types of AR differential equations (different time dependent parameters).

Acknowledgement. I would like to thank Dr. Armando Perez-Leija for useful
discussions.
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6 Héctor M. Moya-Cessa

Fig. 3 α = 2, β = 2 and (a) τ =
√
π, (b) τ =

√
π/3 and (c) τ =

√
π/4

A

In this appendix we show, by using properties of the Bessel functions, that indeed, equation
(8) is a solution to equation (1). Given the equation

x(t) =
x(0)

N

∞∑
n=−∞

Jn (β) e−iα
(t+nτ)2

2 , (17)

its derivative gives

dx(t)

dt
=
−iαx(0)

N

∞∑
n=−∞

(t+ nτ)Jn (β) e−iα
(t+nτ)2

2 , (18)

that, by applying the identity 2n
x
Jn(x) = Jn+1(x) + Jn−1(x) may be rewritten as

dx(t)

dt
= −iαtx(t) (19)
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−
iατβx(0)

2N

∞∑
n=−∞

[Jn+1 (β) + Jn−1 (β)]e−iα
(t+nτ)2

2 .

Changing the indices of the sums gives

dx(t)

dt
= −iαtx(t)− iλ

x(0)

N

[
∞∑

n=−∞

Jn (β) e−iα
[t+(n−1)τ]2

2 (20)

−
∞∑

n=−∞

Jn (β) e−iα
[t+(n+1)τ]2

2

]
,

that gives equation (1).
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