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Abstract: Human civilizations are under enormous threats due to the outbreak of novel coronavirus
(COVID-19) originated from Wuhan, China. The asymptomatic carriers are the potential spreads
of this novel virus. Since, guaranteed antiviral treatments have not been available in the market so
far, it is really challenging to fight against this contagious disease. To save the living mankind, it
is urgent to know more about how the virus transmits itself from one to another quite rapidly and
how we can predict future infections. Scientists and Researchers are working hard in investigating
to understand its high infection rate and transmission process. One possible way to know is to
use our existing COVID-19 infection data and prepare a useful model to predict the future trend.
Mathematical modelling is very useful to understand the basic principle of COVID-19 transmission
and provide necessary guidelines for future prediction. Here, we have reviewed 9 distinct commonly
used models based on Mathematical implementations for COVID-19 transmission and dig into the
deep head to head comparison of each model. Finally, we have discussed interesting key behaviour
of each model, relevant upcoming important issues, challenges and future directions.
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1. Introduction

A large family of the virus (Coronaviruses) that can be a source of disease transmission in humans,
starts with a typical cold to SARS (Severe Acute Respiratory Syndrome). The MERS-coronavirus
(Middle East Respiratory Syndrome) was reported in 2012, in the Kingdom of Saudi Arabia (KSA),
which generally originated from camel flu and spread as severe respiratory disorder to humans
through various channels ([1][2][3]). With the symptoms of respiratory infections lead to acute form
of pneumonia. The current ongoing novel coronavirus disease (COVID-19) outbreaks originated in
December 2019 in Wuhan of Hubei province, China and have some link to Huanan Wholesale Seafood
Market ([4][5][6]). Presently people and the community are suffering due to the disease (COVID-19)
epidemic. Despite the fact that the World Health Organization (WHO) declared officially the pandemic
has been spreading already not only in Asia, but also in Africa, South America, the Middle East, and
Europe. The panic among people and the community of the virus (COVID-19) outbreaks recall the
history of the London influenza pandemic in 1918. Besides, its mild symptoms characteristics in most
of the cases and short sequential interval (4-5 days) are identical to influenza pandemic, rather than
SARS-CoV or MERS-CoV ([7]). As of 28th September 2020, there have been 33,393,311 confirmed
cases worldwide with 1,003,567 deaths and 24,701,429 recovered (https:/ /www.worldometers.info/
coronavirus/). These numbers are exponentially growing day by day.

At present, the people and community are under massive threats due to the coronavirus
(COVID-19) disease. Since, there are still no recommended vaccines’” or treatments available in
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the market, it is a really challenging issue for the decision-makers to fight against this contagious
disease. To save human civilization, it is urgent to know more about how the virus transmits itself
from one to another quite rapidly and how we can predict and to take the control measures for future
spread of the infections. There are several different epidemiological factors including reproduction
number is still unknown of the SARS-CoV-2, as this is a contemporary infectious virus. And the basic
reproduction number/ratio is one of the crucial epidemiological factors to identify the current status
of the disease outbreaks. At this end, a number of distinguished researchers are investigating high
infection rate and transmission patterns considering the different characteristics of the SARS-CoV-2.
Scientists, Doctors and Researchers are all working together investigating to understand its high
infection rate and transmission process. However, in this pandemic situation there is one possible way
to understand the basic principle of COVID-19 transmissible as well as transmission dynamics and
to provide further necessary guidelines for the measures of disease mitigation is to develop a useful
mathematical model.

Mathematical modelling is useful and applicable to assess the sizes, peak and transmission
dynamics of the contagious disease such as novel SARS-CoV-2. For any pandemic of a contagious
disease, it is essential to run its affecting parameters into a mathematical testing model to be able
to take any further measures. There are a number of mathematical models for infectious diseases;
as for compartmental models, starting from the very classical SIR to more sophisticated models.
Such models play an important role in helping to quantify possible infectious disease control and
mitigation strategies ([8]). Mathematical modelling showed a tremendous ability of analyzing multiple
characteristics of the disease as well as providing the tools to predict the trends of transmission
dynamics of any contagious disease such as COVID-19. Mathematical models estimate disease
progress that can be helpful for public health interventions and able to inspect the momentum of
disease outbreaks.

Following the studies reported in the literature which have been made available via leading
databases (e..g, PubMed (https:/ /pubmed.ncbi.nlm.nih.gov/), IEEEXplore (http:/ /ieeexplore.ieee.
org/), Web of Science (https://apps.webofknowledge.com/), and Scopus (https://www.scopus.
com/)), our effort in this review is to study 9 most commonly used models (Figure 1) based on
mathematical implementations and review critically to guide how those mathematical models play a
vital role to investigate the transmission dynamic by analyzing the characteristics of the contagious
disease (COVID-19). To this aim, the contributions made in the work can be summarized below:

- A detailed account of all the available mathematical models used in pandemic modeling and
prediction;

- A comprehensive survey of the state-of-the-art application of available mathematical models in
modeling and prediction of COVID-19 infection transmission;

- A Comparative analysis of the different mathematical models on the basis of their usage in
COVID-19 infection transmission modeling and prediction;

- An elaborated discussion on the open challenges and required future research to fight against
the COVID-19 pandemic situation using mathematical modeling.

The rest of the paper is organized as: section 1 provides an account of the available mathematical
models, section 2 contains the application details of the mathematical models within the context of
COVID-19 including Advantages and disadvantages of each model, section 3 points out some key
observable behaviour for each of the models within the context of other Models, applied methods and
results prediction, section 4 describes about the upcoming challenges and future research directions
and section 5 presents the conclusion.

Overview of Mathematical Models used in Pandemic Modeling

To carefully select the available mathematical models used in pandemic modeling and
prediction, we searched the leading databases of academic literature with specific search strings
containing keywords: ‘mathematical modeling’, “‘COVID-19’, ‘Coronavirus’, ‘Corona’, ‘SARS-CoV-2’,
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Figure 1. The main diagram which includes a cartoon of COVID-19 infection, data source for research,
representative flow chart of each model, computational Mathematics behind it and main strengths of
each model.

‘transmission dynamics’, and ‘infection transmission dynamics’. The databases used were PubMed,
IEEEXplore, Web of Science, and Scopus. The search generated a total of 193 articles (PubMed: 20,
IEEEXplore: 35, Scopus: 34, Web of Science: 104) which were then manually scrutinized by removing
the duplicates, checking for relevance to COVID-19 and being published after the onset of the disease.
This resulted in 21 articles which used 9 different mathematical models to model and predict COVID-19
infection transmission dynamics.

This section focuses on nine available contagious disease models, mathematical implementation
as well as models diagrams in the context of infection transmission dynamics of novel SARS-CoV-2
disease.
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Model 1: SIR

The simplest compartmental model SIR (‘Susceptible-Infectious-Removed’) with S, I and R
represent the susceptible, infectious (can infect others) and removed (recovered or dead) ([9])
populations. A flowchart of this model is presented in Figure 2. There exist many models in the
literature to investigate transmission dynamics of viruses and those models are somehow derivatives
of the basic SIR model. In the present corona pandemic circumstances many researchers developed
SIR based mathematical models. Therefore the model is formulated by a set of nonlinear Ordinary
Differential Equations (ODEs) and then solved numerically. The simplest form of the non-linear ODEs
can be expressed as in Equation 1.

d

5(5) = —pst 0
d

(1) = BSI —al

d

E(R) =l

(Parameters: « -removal rate, § -infection rate)

In a study [10], presented an age structured SIR mathematical model considering social connection
matrices based on surveys and Bayesian imputation to inspect the momentum of the SARS-CoV-2
pandemic in India. This study accentuates the importance of both social contact and age structures in
appraising the country specific impacts of widely used strategy social distancing for controlling and
mitigating the virus. A flowchart of this model is presented in Figure 2. [11] proposed a simplified SIR
mathematical model to predict the peak of the disease infection and also suggested that the health care
system could significantly shorten the outbreak period and reduce one-half of the transmission. In
another study, [12], used a SIR model to predict disease (COVID-19) trends and effect of the quarantine
in decreasing the infection.

Model 2: SEIR

A compartmental model SEIR (‘Susceptible-Exposed-Infectious-Removed’) with S, E, I and R
represent the Susceptible, Exposed (infected, but not infectious), Infectious (can infect others) and
Removed (recovered or dead) populations. A flowchart of this model is presented in Figure 3.This
model simplifies significantly the mathematical modelling of different infectious diseases such as the
novel SARS-CoV-2. Thus the model is formulated by a set of nonlinear Ordinary Differential Equations
(ODEs) and therefore solved numerically. Therefore the simplest form of a set ODEs for SEIR-based
model is as follows:

2- Flow Chart of SIR Model. PNG

Figure 2. A flowchart representation of SIR model; [Susceptible(S)-Infectious(I)-Removed(R)-Dead(D)]
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3- Flow Chart of SEIR Model. PNG
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Figure 3. A flowchart representation of SEIR model;[Susceptible(S)-Exposed(E)-
Infectious(I)- Removed(R)]
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(Parameters and Notations: Sp-Behavior change transmission rate, - Transmission rate between two
groups, T- Scaling factor, /-Transmission reduction component, k-Progression rate, a-Confirmation
rate, y-removal rate, C-Confirmed and isolated, N-Population)

In the current pandemic situation many researchers are trying to adopt the SEIR model to find the
transmission dynamics of the COVID-19 disease. Accordingly using the SEIR model, [13], described
transmission dynamics by quantifying the school closure potential effect on the disease and mainly
investigated infection transmission of child-to-child. In their other work, [14] they predicted the
pattern of local transmission dynamics based on changes of individuals” behavior in Korea and they
found per-capita infection transmissions rate 8.9 times higher in the local area (Daegu/Gyeongbuk)
than nationwide (average). Likewise [15][16][17][7][18] [19] [20][21][22] proposed and formulated
the model with a set ODEs considering different transmission pathways and symptoms, they have
identified transmission dynamics of the virus and suggested different control measures. Earlier [23],
formulated a SEIRS model for avian influenza that includes birds to human interaction by investigating
the essential transmission dynamics of the disease based on equilibrium analysis.

Model 3: M-SDI

The M-SDI (multiple-information susceptible-discussing-immune) dynamic model proposed by
[15], to understand the types of significant information propagation on the social media based on
the public discussions quantities and considering the frequent behavior change (search/comment) of
users. A sample flowchart of this model is presented in Figure 4. They estimated the reproduction
ratio decreases from 1.7769 to around 0.97, which reflects the public discussion peak has passed but
still it will progress for a period of time. And the model is illustrated mathematically as follows:
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4- Flowchart of M-SDI model. PNG
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Figure 4. A Flowchart representation of M-SDI model;[multiple(M)-information-susceptible(S)-
discussing(D)-immune(I)]
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To explore some characteristics of qualitative nature for prediction in the M-SDI model, they have
used the LS method for estimating parameters and primary susceptible population. Accordingly they
estimated parameters in their model with the data of at least 3—4 days’ to predict public discussion
trends at different phases earlier.

Model 4: SUQC

SUQC (‘susceptible - unquarantined infected - quarantine infected-confirmed infected) is
a compartmental model with S, U, Q and C represent the susceptible (S is similar as in the
existing infectious virus transmission models SIR and SEIR.), un-quarantined infected (infected and
un-quarantined cases different from E in the existing SEIR model), quarantine infected (quarantine
infected cases), and confirmed infected population. A flowchart of this model is presented in Figure 5.
Essentially, [24], developed SUQC model to describe the transmission dynamics of novel SARS-CoV-2
and especially parameters the interference effects of control measures by analyzing the disease outbreak.
And the method is formulated with a set of ODEs as follows:
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5- Flow Chart of SUQC Model. PNG

Figure 5. A flowchart prepresentation of SUQC model;[susceptible(S)-unquarantined(U)-infected
quarantine(Q)-infected-confirmed(C)-infected]
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This model is adapted to the data of daily released confirmed cases to analyze the outbreaks of
the diseases in Hubei, Wuhan, and four other first-tier cities in China. Authors have demonstrated
authentic prediction of the transmission trends considering multiple characteristics which includes
high infectivity, time delay, interventions effects etc. However SUQC can quantify variables and
parameters regarding the intervention effects of the outbreaks. According to the simulation results the
method is further providing the guidance to control the disease spread.

Model 5: BHRP

BHRP (Bats-Hosts-Reservoir-People) is a network model for simulating the transmission of the
virus with B, H, R and P represent the bats (probable infection source), hosts (unknown but probably
wild animals), reservoir (seafood market) and people (exposed) population developed by [25]. A
flowchart of this model is presented in Figure 6. In this method finally they ignored Bats-Host
transmission network and presented the BHRP model in a simplified form as RP (Reservoir-People)
model. In this case they have divided People into five different compartments such as susceptible,
exposed, symptomatic infected, asymptomatic infected, and removed. Therefore the simplified model
is illustrated mathematically as follows:
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6- Flow Chart of BHRP Model. PNG
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Figure 6. A flowchart representation of BHRP model;[Bats(B)-Hosts(H)-Reservoir(R)-People(P);Susceptible(S)
-Exposed(E)-Infectious(I)- Removed(R) ]
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7- Flow Chart of SEIHR Model. PNG
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Figure 7. A flowchart representation of SEIHR model;[Susceptible(S)-Exposed(E)-Symptomatic
infectious(I)-Hospitalized(H)- Removed(R)]

(yp-death rate (people), c-multiple of transmissibility (A, to Ip), é,- infection rate (asymptomatic
people), B,-transmission rate (I, to Sp))

They have estimated the basic reproduction number according to their numerical illustration
by assessing the transmissibility of the virus based on a simplified RP model and they found the
value is 2.30 (from reservoir-person), 3.58 (from person-person). The results showed transmissibility
of SARS-CoV-2 is comparatively higher than MERS in the Middle East, and is similar to serious
respiratory syndrome. They also found that the transmissibility is smaller than MERS in Korea.

Model 6: SEIHR

SEIHR (Susceptible-Exposed-Symptomatic infectious-Hospitalized-Removed) is a virus
transmission deterministic model with S, E, I, H and R represent the susceptible, exposed, symptomatic
infectious, hospitalized and removed (recovered or death) populations. A flowchart of this model is
presented in Figure 7. In this model, [26], estimated the size of the outbreak and the reproduction
number and they found if the rate of transmission decreases, then the outbreak of the disease ends early
as well as the size of the virus infection cases also will decrease. The mathematical implementation of
the model is illustrated with the system of nonlinear ODE:s as follows:

28 = b ©
4(E)=p5] —oE

%(1) — 0E—al

;t(H) = al —yH

LRy = 1

(B- Transmission rate, c-Progression rate, a-Isolation rate, y-Removal rate)

In the study they did not consider natural deaths and births, infections during latency and
asymptomatic infections, and re-infected cases. But according to their simulation results they have
suggested different social awareness activities such as wearing masks and as social distancing to
reduce the fast transmission of the virus.


https://doi.org/10.20944/preprints202009.0757.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 September 2020 d0i:10.20944/preprints202009.0757.v1

10 of 28

8- Flow Chart of ThetaSEIHRD Model. PNG
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Figure 8. A flowchart representation of Theta-SEIHRD model;[Susceptible(S)-Exposed(E)-Symptomatic
infectious(I)-Hospitalized (H)- Removed(R)-Dead(D)]

Model 7: Theta-SEIHRD

An extended compartmental model Theta-SEIHRD (Susceptible-
Exposed-Infectious-Hospitalized-Recovered-Dead) with S, E, I, H, R and D represent the susceptible,
exposed (incubation period), infectious (undetected but still can infect others), hospitalized (recovered
or dead), recovered (previously detected and previously undetected but infectious) and dead
populations developed by [27]. A flowchart of this model is presented in Figure 8. The model is
illustrated mathematically as follows (presented concisely here for simplicity):

%(5) = —%(meﬁsE +miBil + miyBiy601u) — %(mhrﬁhrHr + MyaPpa) )
%(E) = %(mgﬁgE + miBil + miPiublu) + (mpy B Hr + MpaPna) — veE
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(Parameters: y-Transition rate for different compartment, B-disease contact rate for different

compartment f-fraction of infected people)

This model investigates transmission dynamics of the disease considering the known major
characteristics of the disease as the presence of infectious undiscovered as well as detected cases and
the distinct sanitary and infectiousness conditions of hospitalized individuals. This model is able to
estimate the required number of beds needed in hospitals as well as it can calculate basic reproduction

number.
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9- Flow Chart of SEIPAHRF Model. PNG
Figure 9. A flowchart of SEIPAHRF model;[susceptible(S) - exposed(E)- symptomatic and infectious(I)
- super spreaders(P)- infectious but asymptomatic(A)- hospitalized (H)- recovery(R) - fatality(F)]

Model 8: SEIPAHRF

A compartmental model SEIPAHRF (susceptible class - exposed class- symptomatic and infectious
class - super spreaders class- infectious but asymptomatic class - hospitalized class - recovery class -
fatality class) divided into eight epidemiological compartment with S, E, I, P, H, R, and F represent
the susceptible individuals, exposed, symptomatic and infectious, super-spreaders, infectious but
asymptomatic, hospitalized, recovery, and fatality population developed by [8]. A flowchart of this
model is presented in Figure 9.The model is illustrated mathematically with the system of nonlinear

ODEs as follows:
d SI SH , S d SI SH , S
TS VS N S TS VLS RN Ve
d d
E(I) =001 E — (va + ) — 6 L; E(P) = 002E — (74 + )P — 6pP
d d
A =cl—pi—p)E 71 H) =7 (I+P) —7cH —6,H
d d

(B-Ttransmission coefficient (infected individuals), f'- Transmission coefficient (super-spreaders),
m- Relative transmissibility (hospitalized patients), o-infectious rate (from exposed people), p;- Rate
(exposed individual become infected I) po-Rate (exposed individual become super-spreaders), 7,- Rate
(hospitalized), - Recovery rate (without hospitalized), .- Recovery rate (hospitalized patients), ;-
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Death rate (infected class), §,- Death rate (super-spreaders class), ¢;,- Death rate (hospitalized class))

[8], studied the stability of the epidemic free equilibrium of basic reproduction number as well as
they investigated the sensitivity by considering the variation of its parameters. Authors (F Ndairou
and his colleagues) have analyzed and simulated the current outbreak considering some important
aspects of the virus transmission and give an acceptable approximation based on the data in Wuhan,
China. They also have fitted the model with the daily confirmed cases real data. According to their
findings, the numerical results reflect the real scenario of the Wuhan outbreak.

1.1. Model 9: Offspring distribution

To quantify the individual human to human level variation for COVID-19 transmission and
observe the outbreak sizes in affected countries, [28], has proposed an interesting mathematical model
applying a branching process model where the number of secondary transmission was assumed to
follow a negative-binomial distribution.

By assuming that the distribution of number of secondary transmissions (offspring distributions)
for COVID-19 cases are independently- and identically-distributed negative-binomial distributions.
They constructed a likelihood following a previous study [29]. They have computed the probability
mass function for the final cluster size resulting from s initial cases following the formula below:

c(x;8) =P(X =x;9)

ks (kx—i—x—s)( (Boyx=s @

:kx—l—x—s X—Ss 1+%)kx+xfs

To adjust the future growing issue for cluster size, the research team has introduced a
corresponding likelihood functions presented below:

x—1

co(x;8) =P(X>x8)=1- c(m;s) 9)
m=0

To compute total likelihood, the research group has applied final likelihood cluster size of those
countries with the other ongoing outbreak countries following the formula below:

L(Ro,K) :HP(X: Xi;Si)HP(X = xl-;sl-) (10)
ieA ieB
For statistical analysis, they have used the Markov-chain Monte Carlo (MCMC) method with
95% credible intervals (Crls). To investigate the best method, they compared our negative-binomial
branching process model with a Poisson branching process model. However, they have used
simulations to investigate potential bias caused by under reporting ( fail to report fully), one of
the major limitations of their study.

2. The State-of-the-Art Application of Mathematical Modeling: A COVID-19 Case Study

2.1. Model 1: SIR

To estimate the epidemic size, predict disease transmission trends as well as to forecast the
advancement of the disease, the basic SIR model (Figure 2) has been applied. In the present pandemic
(COVID-19), to understand the interventions’ effect such as quarantine, social distancing etc. on the
disease outspread and to control and mitigate the virus outbreaks with the models researchers present
their ideas. We have found three different scientific research works ([27][11][10]) based on the basic
SIR mathematical model. [27], used a SIR model to predict disease (COVID-19) trends and effect
of the quarantine in decreasing the infection. [11], proposed a simplified SIR mathematical model
to predict the peak of the disease (COVID-19) infection. And also in a study [10], presented an age
structured SIR mathematical model considering social connection matrices based on surveys and
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Bayesian imputation to inspect the momentum of the SARS-CoV-2 pandemic in India. According
to the simulation results based on their studies they accentuates the importance of the strategy of
social distancing, improvement of health care system, age-structuring and different interventions
measures for controlling and mitigating the disease (COVID-19) outbreaks. To prevent the rise of the
disease infection they have evaluated the mentioned different policy in the well-defined contexts of
COVID-19. In the presented models some of the parameters and variables are estimated and also
some of are composed from the references of published articles. To formulate the models and for
numerical illustrations they have used a set of nonlinear Ordinary Differential Equations (ODEs) (for
more details see overview section). In mathematical simulation the challenging issue is reasonable data
availability for better estimation and prediction. In most of the cases they have used short and limited
epidemiological data, in some cases unreasonable released data. As their main objectives are to identify
lockdown/quarantines, infection rate, social distancing impact through parameter estimation; these
models have been suggested disease mitigation policies according to their numerical illustrations.

2.2. Model 2: SEIR

The SEIR is a simple compartmental model and difference between the models SIR and SEIR; in
the SEIR model (Figure 3) the exposed compartment as well as a parameter (denote the movement from
exposed compartment to infected compartment) is additionally adopted to describe the transmission
dynamics of the exposed individuals. This framework significantly simplifies the mathematical
modelling of different infectious diseases for example the present novel SARS-CoV-2 pandemic.
Recently several researches focused on mathematical modelling and adopted the SEIR model with
mathematical implementation (for more details see overview section) to estimate the transmission
and to predict the trends of the disease (COVID-19) outbreaks. In their studies they have considered
multiple transmission pathways-mechanism including environment-to-human and human-to-human
routes in the infection dynamics emphasizing the role of the environmental source in the transmission
and growth. These researches have applied nonlinear ODEs and MCMC methods to calculate
the important parameter, the basic reproduction number. This parameter thus provides valuable
observations of the current COVID-19 outbreaks.

2.3. Model 3: M-SDI

The M-SDI(Figure 4) is developed to understand the types of significant information propagation
on the social media based on the public discussions quantities and considering the frequent behavior
change (search/comment) of users. In this work, they focused on the characteristic that users
are choosing and re-entering the other related information considering different topics when they
finished one discussion of certain information. By analyzing and according to model simulation
multiple-information generation mechanism regarding COVID-19; this model distinctly can predict
evolution of the public opinion. They have estimated the reproduction ratio decreases from 1.7769
to around 0.97, which reflects the public discussion peak has passed but still it will progress for a
period of time. To explore some characteristics of qualitative nature for prediction in the M-SDI
model (Figure 4), they have used the LS method for estimating parameters and primary susceptible
population. Accordingly they also have estimated parameters in their model with the data of at least
3—4 days’ to predict public discussion trends at different phases earlier. M-SDI model can predict the
multiple-information development trend during a large-scale community health emergency. They have
used limited data for the estimation of parameters from the most popular Chinese Sina-microblog.

2.4. Model 4: SUQC

The SUQC model (Figure 5) is developed to characterize the transmission dynamics of novel
SARS-CoV-2 and especially parameterize the effects of interventions for controlling measures. SUQC is
not the same as SEIR, as infected people are classified into confirmed, quarantined, and un-quarantined
in SUQC. And in this case un-quarantined people are able to infect susceptible people only but in
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SEIR, infected individuals are infectious. Additionally the parameter quarantine rate in SUQC to
especially model the influence of quarantine as well as control measures. According to the author’s
explanation the model is more effective than other available epidemic models for analyzing dynamics
of the disease. This model is fitted with the daily released confirmed cases data to analyze the
outbreaks patterns of the diseases in Hubei, Wuhan, and four other first-tier cities in China. This model
is illustrated with deterministic ODEs and in this case it is needed to interpret some uncertainties.
Authors have demonstrated authentic prediction of the transmission trends considering multiple
characteristics which includes high infectivity, time delay, interventions effects etc. However SUQC
can quantify variables and parameters regarding the intervention effects of the outbreaks. According
to the simulation results they found reproduction number>1 before Jan 30, 2020, in Hubei, Wuhan,
and other first-tier cities in China except Beijing, and after Jan 30, 2020, the reproduction number<1,
in all regions which is indicating the effectiveness of control measures. Subsequently the method is
further providing the guidance to control the disease (COVID-19) spread.

2.5. Model 5: BHRP

Reservoir-People (RP) transmission model (Figure 6) has been developed in this study,[25],
considering the routes from reservoir (market) to person and from person to person for severe acute
respiratory syndrome SARS-CoV-2 respectively. Published data of Wuhan City, China were used
to fit this model. The simulation results found by this study with basic reproduction numbers for
SARS-CoV-2 was 3.58 from person to person and 2.30 from reservoir to person respectively. This model
might predict interesting transmission chains applying limited data involving a number of important
parameters. However, these predictions might not reflect the actual situation of the early stage virus
transmission. Because, some parameters were not taken from the accurate database or applied through
assumption. Overall, the objective of this study was to provide an effective mathematical model to
estimate virus transmission as accurately as possible with limited data using more parameters.

2.6. Model 6: SEIHR

The SEIHR (Figure 7) is a deterministic ODEs model developed by [26], to estimate the size of the
outbreak and the reproduction number. As well as they evaluated the effects of different preventive
measures. In this study they have used daily data of confirmed cases in the area Daegu and North
Gyeongsang (NGP), the main outbreak regions in Korea. According to the mathematical illustrations
they found if the rate of transmission decreases, then the outbreak of the disease ends early as well
as the size of the virus infection cases also will decrease. Also they have suggested different social
awareness activities such as wearing masks, social distancing and other intervention measures to
reduce the fast transmission of the virus. In this study they did not consider natural deaths and births,
infections during latency and asymptomatic infections, and re-infected cases. So far as we observed in
most of the research they were not considering demographic factors but basically demographic factors
(birth, death, emigration, and immigration) are significantly needed to add to any compartmental
models to generate it more realistically.

2.7. Model 7: Theta-SEIHRD

[27], proposed an extended compartmental model Theta-SEIHRD (Figure 8) to investigate
transmission dynamics of the disease (COVID-19) considering the known major characteristics of
the virus. They have studied the specific case of China including Hong-Kong, Macao, Taiwan, and
Chinese Mainland considering reported data to fit the parameters of the model that can be also useful
to estimate the spread of the disease (COVID-19) in some other countries. The presented model is
adapted to the disease and capable of estimating the progression of the distinct number of undetected
and detected cases, deaths as well as the required number of beds needed in hospitals where the
health problem is severe due to the outbreaks in territories, considering several different scenarios.
In addition they have calculated the basic reproduction number of COVID-19 which is 4.2250 but it
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reached to less than 1 after first Feb, 2020, due to control measures. Also they have included in their
model a new approach taking into account “Theta’ the fraction of total detected cases (infected) to
study the importance of this fraction on the influence of the disease (COVID-19).

2.8. Model 8: SEIPAHRF

SEIPAHRF model (Figure 9), developed by [8], gives feasible approximation based on the data in
Wuhan, China by studying some important aspects of the virus (COVID-19) transmission. They have
divided their model into eight important epidemiological compartments and also illustrated the model
mathematically with nonlinear ODEs. Authors have investigated the sensitivity by considering the
variations of its parameters. They also have fitted the model with the real data of daily confirmed cases
and found actual scenarios of the Wuhan outbreak. Interestingly they considered many parameters to
quantify transmissible and computed the basic reproduction number, a measure of virus spread based
on Jacobian matrices. Limited data accessibility was one of the major limitations of this study.

2.9. Model 9: Offspring distribution

To estimate the level of over-dispersion in COVID-19 transmission and characterize the sustained
transmission chains of human-to-human transmission, this model has been introduced. Although,
one research publication ([28]) has been found so far, the Mathematical implementation (See overview
section for more details) and statistical analysis of Offspring distribution looks powerful and should
have the computational ability for better estimation of moderate uncertainty levels with limited data
resources. This was proven by widely-applicable Bayesian information criterion (WBIC) that this
model was better estimated than Poisson branching process model in this study. However, this model
can only provide information about the lower boundary of basic reproduction number RO(95% Crls:
RO 1.4-12) because of marginal negative binomial distribution in this study. Overall, the majority of
model consistency and certainty is relying on available homogeneous real data resources and imputed
parameters by avoiding stochastic simulation.
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Table 1 continued from previous page

Basic Model Reference Main Findings Strengths Limitations
e Spatial distribution within
the territory is omitted
o Between-countr
e Calculated basic reproduction number . Y
. . . . . transmission has not been
SEIHRD Ivorra et al | o Found the effective reproduction decreases due | e Estimated basic reproduction .
2020 i ¢ | considered
to taken different control measures rate and  percentage o ..
undetected cases o Officially released data was
not in quality due to several
uncertainties.
SEIPAHRF Ndairou et e Investigated the sensitivity by considering the | e Considered many parameters | e Limited data were studied
al 2020 variations of its parameters to quantify transmissibility and
computed the basic reproduction
number
o Better estimation of moderate uncertainty levels
with limited data resources
Offspring Endo et al Provide 1 b d f basi ducti e Moderate uncertainty levels o Highly over dispersed due to a
distributions 2020 ¢ Provide lower boundary of basic reproduction very small fraction of individuals
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Table 2 continued from previous page

SIR SEIR M-SDI SUQC BHRP SEIHR Theta-SEIHRD| SEIPAHRF Offspring
distributions
. H
EH,and R .
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. ° Isi . is same as .
SEIHR e E and H | e Happended e Different | o I notsame . e Fraction e Different
different . SI(=I)
appended model as U, Q, and Theta is absent Model
from SI and e P A absent
C
Al
H, R, D H
a. n::l ci A .nd d e I different | e Idifferent [ different
[ )
Theta-SEIHRD ppende . ppende . e Different e H R, D ° H e I different ere e Different
e SI(=I)is | e SI(=I) is . e D A absent
model appended appended from Isi Model
different different
o Isi(=]) o Isi(=I) Fracti
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different different actio
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SEIPAHRF from I from I e Different e E, I P A, . P A ° P A P A e Different
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o Different | e Different | e Different | e Different | e Different | e Different
Offsori Difé ; Dife ; model model model model model model
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3. Observable Behaviour of the Different Models

Next, we are interested to address few interesting key observable behaviours of different
models within the context of COVID-19 mathematical modeling, data source, applied methods,
used parameters, and results prediction. The base principle of this subsection is to give an overall
effectiveness of the specific model in the context of COVID-19 Pandemic. Also, we describe these
behaviours in Tablel. In addition, Table2 highlights the important comparisons between the models.

3.1. Model 1: SIR

¢ SIR is the basic compartmental model to assess the pandemic sizes, transmission peak and predict
the trends of the current 2019 n-COV disease.

o Identified effectiveness of lockdown/quarantines, different social distancing measures through
parameter estimation.

o This model has been suggested disease mitigation policies according to their numerical illustrations
in the context of 2019 n-COV.

3.2. Model 2: SEIR

o SEIR model is also applicable to assess the transmission dynamics of contagious disease such as 2019
n-COV.

o In SEIR the exposed compartment as well as a parameter (denote the movement from exposed
compartment to infected compartment) additionally adopted to describe the transmission dynamics of
the exposed individuals in the context of 2019 n-COV.

3.3. Model 3: M-SDI

e This approach is different from the studied models in this research as the model is developed
based on information propagation on social media especially on the topic of public discussions in the
context of 2019 n-COV. e In this study, they focused on the characteristics that users are choosing and
re-entering to discuss certain topics of current pandemic (COVID-19). e To predict public discussion
trends they have approximated parameters using LS method and estimated the public discussion peak
by calculating the reproduction ratio.

3.4. Model 4: SUQC

o This model is developed by [24] to describe the COVID-19 transmission dynamics.

e Especially parameterize the interference effects of control measures by analyzing the disease outbreak.
o This model is adapted to the data of daily released confirmed cases to analyze the outbreaks of the
diseases in Hubei, Wuhan, and four other first-tier cities in China.

o In this study, they have considered multiple characteristics to predict the transmission trends.

Model 5: BHRP

o BHRP model might be an advanced version of both SIR and SEIR models.
¢ BHRP mathematical computational part involves many differential equations.
e Most challenging part is to estimate many parameters.

e More data are needed for better understanding of the transmission dynamics in the context of 2019
n-COV.

3.5. Model 6: SEIHR

o SEIHR model estimates the size of the outbreak, the reproduction number as well as they evaluated
the effects of different preventive measures.

o Results demonstrated that wearing masks, maintaining social distance and other intervention
measures can reduce the fast transmission of the virus COVID-19.
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¢ In this study, they did not consider natural deaths and births, infections during latency and
asymptomatic infections, and re-infected cases.

Model 7: Theta-SEIHRD

o Theta-SEIHRD is developed to assess the dynamics of the virus (COVID-19) considering the major
known characteristics of the disease.

o In this method they have added a new approach ‘Theta’ the fraction of total detected cases (infected)
to study the importance of this fraction on the influence of the disease (COVID-19).

o They fitted and estimated many parameters with the reported data in the model that could be useful
to estimate the spread of the disease (COVID-19) in some other countries.

o Reported data that they have used was homogeneously distributed and weak in quality (uncertainty
in both undetected infections and a number of characteristics of the virus).

3.6. Model 8: SEIPAHRF

o SEIPAHRF model gives feasible approximation by studying different important aspects of the disease
(COVID-19) transmission.

e The model is illustrated mathematically with nonlinear ODEs and investigated the sensitivity by
considering the variations of its parameters.

e They also have fitted the model with the real data of daily confirmed cases and considered many
parameters to quantify transmissibility.

e According to the theoretical findings as well as numerical illustrations the model was well adapted
to the actual data and it reflected the real scenarios in Wuhan, China.

Model 9: Offspring distribution

o Offspring Distribution performs better for uniform and homogeneous data.

o Computationally, this model is powerful.

o It might be challenging to include additional parameters and distinguish stages which are quite
easily applicable and identifiable respectively in other mentioned models.

Most of the study did not consider natural deaths and births although demographic factors

(birth, death, emigration, and immigration) are significantly needed to add to any compartmental
models for making it more realistic. Moreover in M-SDI model they have used public opinion data
which is different from other models. And Theta-SEIHRD model used a new approach ‘Theta’ the
fraction of total detected cases (infected) to assess the significance of this fraction on the influence
of the disease (COVID-19). In the model SUQC they have parameterized the interference effects
of control measures by characterizing multiple aspects to predict the transmission trends. Besides,
SEIHR model demonstrated that wearing masks, maintaining social distances and other intervention
measures can reduce the fast transmission of the virus by calculating the effects of different preventive
measures. Furthermore it is noted that Offspring Distribution model perform better for uniform
and homogeneous data as well. SEIPAHRF have fitted the model by considering many parameters
to quantify transmissibility. Subsequently, more data are needed for better understanding of the
transmission dynamics in the context of 2019 n-COV in BHRP model.
Accordingly, applying more parameters and adding more stages make the model more complex and
computationally challenging. Using original values and data collected from the field work certainly
move the model towards the real prediction of the near future. More complex models and methods
might come in the future to handle the upcoming challenges. However, applying different models and
methods under the same investigation might reflect the model variability and provide a boundary
signature about the future situation.
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4. Challenges and Future Research Directions

Symptoms of COVID-19 may vary in different areas, age groups and even person to person
because of mutations. Therefore, it will be extremely challenging to predict the future research
directions. Here, we are presenting a list of challenges to be faced by the existing models and possible
ways to mitigate them.

4.1. Data size:

COVID-19 information data are increasing multiplicative day-by-day and the data storage system
is becoming rich. It increases the possibility to predict the true model for the near future. In addition,
these large data encourages researchers to think about more complex models by digging and including
inside available information. However, these are extremely challenging to handle such a huge amount
of data as well as to select the right model for accurate future prediction regarding COVID-19 virus
transmission. More computational power( ex. Supercomputer) will be required for the analysis.

4.2. Parameter estimation:

How good a model will be depends upon the used parameters of the model. Since a large data-set
invites researchers to implement more complex models, there is always an important issue regarding
those parameter estimation. Complex models often use simulated data for unknown parameter
estimation moving towards the opposite direction of the reality. In other words, it is always expected
to use real data for parameter estimation to predict the real virus transmission rate in the near future.
Less complex models should be chosen in case of limited data.

4.3. Survival & Lost dynamics:

Majority of the studies computed the transmission model of COVID-19 following only the nature
of survival dynamics. However, lost dynamics (where,when and how people die) might also be
valuable information for future prediction. Just computing the results of death might not help us to
understand the true dynamics. In combination of survival & lost dynamics might provide us the true
picture towards the reality.

Undetected/self Quarantine:

Although the COVID-19 data storage system is getting rich day-by-day, many people around
the world are afraid of testing COVID-19 and move to self Quarantine with or without having
symptoms([27][30]). Therefore the actual number of the Quarantine people might never be detected
unless a safe and remote personal testing kit is discovered and encourage Quarantine people not
to hide this information to the proper authority. For the computation of Mathematical modeling,
Quarantine might be a challenging stage regarding parameter estimation which might make an impact
in the final transmission rate for COVID-19.

4.4. COVID-19 infect twice:

Scientists can’t guarantee that one person can’t catch COVID-19 twice even though increased
immunity was observed in the patient after COVID-19 recovery. An online portal news reported
that a Chinese group found evidence of being caught twice by monkey study. So, the possibility of
reinfection might not be excluded. Therefore, the model researchers might not be able to separate the
already infected people from the upcoming analysis.

4.5. Mutations:

Human civilization may face enormous challenge near future new mutations, specifically in
glycoproteins ([31]). Scientists have already spotted thousands of generic material changes in
the corona-virus or mutations all around the world. However, not all of the mutations infect
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everywhere. For country or region specific mathematical modelling, it is also important to include
the number of mutations of this virus (if possible). This information can be investigated for
weather/area/temperature based virus transmission.

4.6. Multiple Model Implementation:

Which model fits well depending on the available data and the goal of the analysis. So far, it has
been observed that researchers’ goal is to implement a specific model or an improved version of the
model to investigate virus transmission. However, applying different models (e.g., SIR & SEIR) in
the same study might provide the range and center of true expected virus transmission. In addition,
limitations on parameters between different models might be overcome or minimized.

4.7. Second wave:

Human civilization has learnt a big lesson from this COVID-19 pandemic and is now preparing
for the second attack (often called second wave) specially in Europe and North American countries
([32]). These countries have already announced mandatory wearing mask restrictions on all indoor
public areas. People might still be infected and the data will be stored. For mathematical modeling,
researchers should consider this issue and add a new stage of the COVID-19 transmission with new
parameters based on the data information.

Next we are going to address some of the possible future directions of mathematical modelling.

4.8. Decision support system (DSS):

So far no guaranteed antiviral treatment has been recommended regarding COVID-19 ([33]). The
only way to fight against this contagious disease is to emphasize preventive healthcare guidelines
and implement necessary rules and regulations depending on the spreading nature of the virus
transmission. Here, Decision Support System (DSS) ([34]) can play a very important role by providing
priority guidelines (Eg. Social distancing or lock down) to the national as well as international
authorities in an effective and efficient way. The outcome of mathematical modelling can be plugged
into this DSS system. However, the necessary supporting information can be collected from the
corresponding authority.

4.9. Artificial intelligence(Al):

Majority of the Al implementations on COVID-19 analysis are relying on Convolutional Neural
Network following X-ray and CT images. However data-sets are also available for aggregated case
reports, management strategies, healthcare workforce, demography, and mobility during the outbreak.
Interestingly, both Mathematical modeling and Al have shown their ability as reliable tools to fight
against this COVID-19 pandemic [35]. These tools altogether might discover the new insights of this
pandemic.

4.10. Other Implementable Mathematical methods:

The field of Mathematics is expanding over time with new methods and implementations.
Majority of the study for COVID-19 applied Ordinary differential equations (ODEs) by adding suitable
parameters. However, Partial differential equations (PDEs) can also be useful to apply in similar
studies when the rest of the parameters do not change with respect to a specific parament. To solve the
equations (eg. ODEs) with higher numbers of unknown variables (Known as Parameters for COVID-19
study), Galois theory [36]) can be used. However, to investigate the specific effect of similarities
between different areas or countries of COVID-19, Pélya’s Theorem ([37] can be applied. Also fuzzy
logic can be used as it is able to handle some uncertainties by considering several membership functions
based on the transmission dynamic trend data of contagious disease such as (COVID-19).
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5. Conclusion

How useful a model/method will be depends mostly upon the availability of the sufficient real
data and the usage of specific parameters reflecting the real value. Importantly, more elaborate data
set (containing more information) might provide valuable information for the model prediction. So far,
text based spreed sheet and medical imaging data[38] are available. Surprisingly, A COVID-19 mouse
is also already available for research [39]. It might be able to discover the new insights of COVID-19 by
rodent behavioural experiment[40], brain imaging[41][42],advanced computational image analysis[43]
and cellular level gene expression [44]. These imaging and gene data can be helpful for mathematical
analysis as additional parameters to investigate long term future effect, prediction and prevention.

Only continuing research on COVID-19 disease might not be able to save human civilization
unless proposed rules and regulations are implemented strictly considering the stage of the Pandemic
of that area/region. DSS might help the local authority by providing necessary guideline following
the mathematical modeling transmission dynamics [34]. Everyone in the locality must follow the
directions as best as possible. However, some people are already at high risk due to job condition
(e.g. nurse,doctors), medical condition (e.g. Heart disease, Lung disease, Diabetes Cancer) and age
condition [45] (e.g. High risk for the Older (65+)). Special monitoring system as well as better facilities
are in demand to protect them. In the bigger context, the world is united against COVID-19 to stop its
transmission.

The only good news under this major crisis is that Russia has already produced the first batch of
coronavirus vaccine called "Sputnik V". This might be the first world approved vaccine which is still in
clinical trial. It is expected that the vaccine will be effective and will be available in the market for
general people soon.
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The following abbreviations are used in this manuscript:

BHRP=Bats-Hosts-Reservoir-People

DSS=Decision support system

M-SDI=Multiple-information susceptible-discussing-immune

SIR=Susceptible-Infectious-Removed

SEIR=Susceptible-Exposed-Infectious-Removed

SUQC=Susceptible - unquarantined infected - quarantine infected-confirmed infected
SEIHR=Susceptible-Exposed-Symptomatic infectious-Hospitalized-Removed

Theta=SEIHRD-Susceptible- Exposed-Infectious-Hospitalized-Recovered-Dead

SEIPAHRF=Susceptible class - exposed class- symptomatic and infectious class - super spreaders class- infectious but
asymptomatic class - hospitalized class - recovery class - fatality class
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