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Abstract In the energy-momentum density expressions for a relativistic perfect
fluid with a bulk motion, one comes across a couple of pressure-dependent terms,
which though well known, are to an extent, lacking in their conceptual basis and
the ensuing physical interpretation. In the expression for the energy density, the
rest mass density along with the kinetic energy density of the fluid constituents
due to their random motion, which contributes to the pressure as well, are already
included. However, in a fluid with a bulk motion, there are, in addition, a couple
of explicit, pressure-dependent terms in the energy-momentum densities, whose
presence to an extent, is shrouded in mystery, especially from a physical perspec-
tive. We show here that one such pressure-dependent term appearing in the energy
density, represents the work done by the fluid pressure against the Lorentz contrac-
tion during transition from the rest frame of the fluid to another frame in which
the fluid has a bulk motion. This applies equally to the electromagnetic energy
density of electrically charged systems in motion and explains in a natural man-
ner an apparently paradoxical result that the field energy of a charged capacitor
system decreases with an increase in the system velocity. The momentum density
includes another pressure-dependent term, that represents an energy flow across
the system, due to the opposite signs of work being done by pressure on two oppo-
site sides of the moving fluid. From Maxwell’s stress tensor we demonstrate that
in the expression for electromagnetic momentum of an electric charged particle,
it is the presence of a similar pressure term, arising from electrical self-repulsion
forces in the charged sphere, that yields a natural solution for the notorious, more
than a century old but thought by many as still unresolved, 4/3 problem in the
electromagnetic momentum.
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2 A. K. Singal

1 Introduction

Recently it was shown that the energy-momentum densities of an ideal gas, which
is a simple example of a perfect fluid, can be derived, from first principles, in an
inertial frame where the fluid possesses a bulk motion [1]. One starts from the sim-
ple expressions for the energy density and pressure of an ideal gas in the rest frame
of the gas, where the gas molecules may possess a random motion, but no bulk
motion, and where the fluid is described by only the energy density and pressure.
From a Lorentz transformation of the velocity vectors of molecules, moving along
different directions in the rest frame of the fluid, their energy-momentum vectors
and number densities are computed and from that one arrives at the energy-
momentum density of the fluid in a frame where it has a bulk motion.

In the energy-momentum tensor of a perfect fluid undergoing a bulk motion,
there are a couple of pressure-dependent terms, making explicit contributions to
the energy and momentum densities. Though mathematically these terms are well
understood, however, their conceptual basis and the ensuing physical interpreta-
tion remains shrouded in mystery, and it is not evident how the pressure within the
medium gives rise to these terms. Here we shall endeavour to explain conceptually
how these terms come into play in the presence of pressure in the system.

As we will show, the work done by the fluid pressure against the Lorentz con-
traction during transition from the rest frame of the fluid to a frame in which
the fluid has a bulk motion, is one such factor. Another pressure-dependent term,
contributing to the momentum density, arises from the opposite amounts of work
being done by pressure on two opposite sides of the moving fluid, resulting in a
flow of energy across the system, between these opposite sides. As we will show,
the latter term could be relevant even when the bulk motion of the fluid could be
non-relativistic in nature and it is one such term that has given rise to the famous
4/3 factor [2] in the electromagnetic momentum of a moving charge, a problem
more than a century old but on whose proper resolution the opinions still differ
[3–6]. Further, these terms are also responsible for the apparent paradox of a nil
electromagnetic momentum in the case of a moving, electrically charged system,
even when there might be a finite electromagnetic energy stored inside, like, e.g.,
in the case of a charged parallel-plate capacitor, moving in a direction perpendic-
ular to the plate surfaces, with no magnetic field and hence no electromagnetic
momentum in the system [6,7]. In order to eliminate these, apparently undesir-
able features of the electromagnetic theory, especially the factor of 4/3, a modified
definition of the electromagnetic energy-momentum, has been put forward in the
literature, including in some standard text-books [3–5]. As we will demonstrate,
there is no reason for adopting any such drastic changes in the conventional formu-
lations. After all, no such modifications in the definitions of the energy-momentum
of a system have ever been found to be necessary in the case of relativistic fluid
models, and the physics remains the same in the electromagnetic case too.

Unless otherwise specified we use cgs system of units throughout.

2 Energy-momentum tensor of a perfect fluid

A perfect fluid is described completely in its comoving frame, called the rest frame
of the fluid, by two quantities – the energy density, a scalar, and the pressure,
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Contribution of pressure to energy-momentum density 3

assumed to be isotropic [8–10].

Tα
′β′

=


ρ0 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 = diag(ρ0, p, p, p) , (1)

where ρ0 is the energy density and p represents the pressure; both quantities are
defined in the rest frame of the fluid. We follow here the convention where Greek
letters α, β, µ, ν etc. take the values 0, 1, 2, 3 while Latin letters i, j take the values
1, 2, 3, a prime on an index indicating it refers to the rest frame of the fluid. Perfect
fluids are supposed to have no heat conduction, no viscosity and no sheer stress,
with T 0′i′ = T i

′0′
= 0 as well as T i

′j′ = 0 for i 6= j, i.e., all off-diagonal terms are
zero in the rest frame.

The fluid has no bulk motion in the rest frame, though on micro scale there
may be random motion of its constituents, which gives rise to pressure. The en-
ergy density ρ0 is the total energy per unit volume, e.g., in the ideal gas model
of a fluid, it includes not only the rest mass energy of gas molecules, but also
their kinetic energy that gives rise to the pressure. In case the fluid comprises
electromagnetic radiation, as for instance in cosmological models [8,9], then the
energy density includes the radiation energy density as well. In fact, ρ0 is sum
of all possible contributions of the energy density to the fluid. Similar is the case
for the pressure term, which includes contributions from all constituents, whether
matter or radiation, that make the fluid.

Let S0 be the the rest frame of the fluid, which moves with velocity v along
the x-axis with respect to the lab frame S. The matrix for Lorentz transformation
from, frame S0 to the lab frame S is written as [8]

Λµα′ =


γ γv/c 0 0

γv/c γ 0 0
0 0 1 0
0 0 0 1

 , (2)

where γ = 1/
√

1− v2/c2 is the Lorentz factor.
The energy-momentum tensor, accordingly, transforms as

Tµν = Λµα′Λνβ′Tα
′β′
. (3)

From this, the energy-momentum tensor of a perfect fluid can be written in a
frame-independent form [8–10]

Tµν = (ρ0 + p)
uµuν

c2
+ p ηµν , (4)

where u is the 4-velocity (u0 = γc, ui = γvi) of the fluid and

ηµν = ηµν = diag(−1, 1, 1, 1) , (5)

is the metric tensor [8,9] of the special relativity. In the rest frame, (u0 = c,
ui = 0), and the expression for energy-momentum tensor in equation (4) reduces
to the diagonal form of equation (1).
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4 A. K. Singal

We can express the energy-momentum tensor in terms of the components, to
get

T 00 = (ρ0 + p)
u0u0

c2
− p , (6)

T 0i = T i0 = (ρ0 + p)
u0ui

c2
, (7)

T ij = (ρ0 + p)
uiuj

c2
+ pδij . (8)

Here T 00 is the energy density, T 0i is 1/c times the energy flux (energy crossing a
unit area per unit time) normal to xi, T

i0 is c times the momentum density along
direction xi and T ij is the stress (i component of the momentum flux, i.e., the
momentum crossing the surface xj=constant per unit area per unit time). The
energy-momentum tensor is symmetric with T 0i = T i0 as well as T ij = T ji.

Now, in the rest frame S0, u0 = c and ui = 0, and various components of
energy-momentum tensor are

T 0′0′
= ρ0 , (9)

T 0′i′ = T i
′0′

= 0 . (10)

T 1′1′
= T 2′2′

= T 3′3′
= p , (11)

all other, non-diagonal, stress terms being zero.
However, for the lab frame S, with u0 = γc, u1 = γv, u2 = 0, u3 = 0, and we

obtain various components of the energy-momentum tensor as

T 00 = γ2
(
ρ0 + p

v2

c2

)
, (12)

T 10 = γ2 (ρ0 + p)
v

c
, (13)

T 20 = T 30 = 0 , (14)

T 11 = γ2 (ρ0 + p)
v2

c2
+ p , (15)

T 22 = T 33 = p , (16)

with all other, non-diagonal, stress terms zero.
The trace of the energy-momentum tensor of the perfect fluid is given by

Tµµ = Tµνηµν = −ρ0 + 3p , (17)
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which for the fluid comprising constituents with finite rest mass, obeys the condi-
tion

Tµµ < 0 , (18)

implying that the energy density is positive in any frame of reference, and that
the speed of the fluid constituents, u0 < c.

For instance, let the fluid be an ideal mono-atomic gas, having a uniform
number density n0 of molecules, each of rest mass m0 and moving with a velocity
u0 in a random direction, as seen in the rest frame S0. Let γ0 = (1− u20/c2)−1/2

be the Lorentz factor of the random motion of molecules. The pressure for the gas
is related to the energy density, ρ0 = n0m0γ0c

2, as [1]

p =
ρ0u

2
0

3c2
, (19)

Then equations (17) and (18) imply

−ρ0 + 3p < 0 , (20)

or

ρ0

(
1− u20

c2

)
> 0 , (21)

from which one concludes that ρ0 > 0 as well as u0 < c.

2.1 Radiation as perfect fluid

If we assume the perfect fluid to be comprising only pure radiation, with the rela-
tive density and pressure contribution of matter, if any, negligible, then knowing
that for radiation [1,8]

p = ρ0/3, (22)

we can write the fluid components in the lab frame S as

T 00 = γ2ρ0

(
1 +

v2

3c2

)
, (23)

T 10 =
4

3
γ2ρ0

v

c
, (24)

T 20 = T 30 = 0 , (25)

T 11 =
4

3
γ2ρ0

v2

c2
+
ρ0
3
, (26)

T 22 = T 33 = p =
ρ0
3
, (27)

with all non-diagonal stress terms zero.
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From equation (17), the trace of the energy-momentum tensor of the fluid,
comprising only pure radiation, is

Tµµ = −ρ0 + 3p = 0 . (28)

The vanishing of the trace for radiation is related to the fact that its constituents,
viz. photons, have no rest mass, or in other words, for the photons no rest frame
exists.

3 A puzzle – why does the pressure term make an appearance in the

energy momentum of a moving system?

Let us examine various terms in the expression for energy-momentum tensor in the
lab frame S. For definiteness, we assume that the perfect fluid is confined within
a volume V0 in the rest frame S0. For simplicity, we assume for our purpose, the
fluid to be uniform within the volume in the rest frame S0, where the volume is
in the shape of a rectangular box, as shown in Fig. 1. It could even be spherical
or any arbitrary shape, as long as the condition of the uniformity of fluid, and the
isotropy of the pressure inside the volume is maintained.

The stress tensor relations T ij in equations (15) and (16) are easily understood
from the pressure term p, and the momentum density term T 10 in equation (13).
The pressure p, defined as force per unit area on a surface element stationary in the
rest frame S0, is actually an invariant quantity, which could be understood this way.
The force component along v, on a surface element stationary in frame S0, remains
unchanged during a Lorentz transformation to frame S, or f‖ = f0‖ [11]. Also, the
area of the surface element, normal to the direction of motion, remains unchanged
during this transformation. Therefore pressure, force per unit area, also remains
unchanged during transformation from S0 to S. For the force component normal
to the direction of motion, f⊥ = f0⊥/γ [11]. But then even the corresponding area
element, due to the Lorentz contraction, is smaller in S by the same factor γ,
ensuring thereby the force per unit area to remain unchanged. Thus pressure is an
invariant quantity. This explains appearance of p, in equation (16) as well as the
last term in equation (15), in a form unchanged from that in equation (11) for the
rest frame S0.

However, in T 11, there is an additional term (the first term on the right hand
side of equation (15)), which actually is the x component of momentum flux (mo-
mentum crossing the surface x = constant per unit area per unit time). This is
because the surface x = constant is actually stationary in frame S, where the fluid
is moving with a bulk velocity v along x-axis. Thus through the surface x = con-
stant, per unit area per unit time, a transfer of momentum, which is v times the
momentum density along direction x, or vT 10/c = γ2 (ρ0 + p) v2/c2 takes place,
which is the extra term seen in T 11.

The stress tensor T ij in equations (26) and (27), in the case of radiation, can
be understood in the same way. However T 00 as well as T i0, in equations (12) and
(13) as well as in equations (23) and (24), are not that easily explained.

The total energy contained in volume V0 of the system, in rest frame S0 is

E0 = ρ0V0 . (29)
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The momentum of the system, in the rest-frame S0, is zero.

P0 = 0 . (30)

Seen from the lab frame S, the S0 is moving with a velocity v along the x-axis,
therefore due to the Lorentz contraction, volume V in S is related to V0 in rest
frame S0 as

V =
V0
γ

(31)

Then the total energy of the system in S, from equation (12), is

E = T 00V = γV0

(
ρ0 + p

v2

c2

)
= γ

(
E0 + pV0

v2

c2

)
, (32)

while the total momentum in S, from Eq (13), is along x-axis with a magnitude

P =
1

c
T 10V = γ (E0 + pV0)

v

c2
. (33)

In the case fluid comprises only radiation, then we get the energy momentum
relations as

E = γE0
(

1 +
v2

3c2

)
, (34)

P =
4

3

E0
c2
γ v . (35)

Here a question arises that may be rather puzzling. Why does the expression
for the energy E (equation (32)) of the system in S contains pressure, p, besides E0?
After all, the rest frame energy E0 of the system already contains not only the rest
mass energy of the fluid constituents, but also their kinetic energy. For instance,
in the ideal gas model of the fluid, the random motion of the gas molecules in S0
gives rise to the pressure in the fluid, but the kinetic energy due to this random
motion is already included in ρ0. Even in the case of radiation, ρ0 comprises all
the radiation energy density. Should not we then expect this closed system to
have between S and S0 an energy relation E = γE0, instead of the that given by
equation (32) or equation (34)?

Even more intriguing is the presence of pressure term in the expression (equa-
tion (33)) for momentum of the system. After all, here we are not considering
any rate of change of the momentum, where pressure might make an appearance,
instead we are considering just the momentum of the system. One would have ex-
pected the momentum to be P = γE0v/c2, instead of that given by equation (33)
or (35), with E0/c2 being the rest mass of the system.

In essence, the question posed here is: why do the energy and momentum
of the electromagnetic field of a fluid system not behave as components of a 4-
vector under a Lorentz transformation? As we will show below, these intriguing
extra terms, especially in the expression for momentum of the system, historically
speaking, are quite relevant, as these very terms are responsible for the famous,
more than a century long, 4/3 problem in the electric mass of a classical, charged
particle [2,4,5].
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8 A. K. Singal

Fig. 1 A box ABDC (the depth along z-axis suppressed in the diagram) containing perfect
fluid, with mass density ρ0 and pressure p in its rest-frame S0, moves with velocity v along
the x-axis with respect to the lab frame S.

4 How pressure contributes to the energy momentum of a system in

motion – a physical perspective

To understand the appearance of pressure in these two terms, and as well in
equations (12) and (13), the following two points need to be looked at carefully.

Firstly, going from reference frame S0 to S there is a Lorentz contraction of
the fluid by a factor γ, along the direction of motion. Now, Lorentz contraction
of a system, when brought from one rest frame to another, arises because the
acceleration applied simultaneously across the system in one frame (S0) is not
simultaneous for all points with respect to the other reference frame (S). That
gives rise to relative motion, as seen in S, between different spacial points of the
system and consequently a change in the dimensions of the system with respect to S
occurs along the direction of acceleration [12]. Lorentz contraction against pressure
in a system adds to the energy content of the system. This energy increment during
Lorentz contraction is over and above the increase in the energy of the fluid due
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to the increase in its velocity and which would take place even in the absence of
pressure.

Secondly there is an extra momentum in the fluid system, over and above
that from the overall bodily movement (E/c2)v. In the reference frame S0, fluid
constituents (molecules!) because of their random motion, continuously collide and
get bounced off the container walls. During this collision process, there is no change
in the energy of the reflected molecules in S0, as all collisions are assumed to be
elastic for the perfect fluid. However, in frame S, because the container walls AC
and BD (Fig. 1) are moving along the x-axis (towards right, say), with speed v,
the fluid molecules bounce off the wall BD with reduced speed, and therefore with
loss of kinetic energy, while those bouncing off the wall AC gain kinetic energy.
This way the molecules gain kinetic energy at the wall AC and deliver that gain
in energy at the wall BD.

Let A be the cross-section of container walls AC and BD, in a direction normal
to the x-axis. Then as the system moves along the x-axis with speed v, there is
a continuous flow of energy into the fluid system at its left-sided surface of cross-
section A (due to the work being done against pressure p at a rate pA v), while at
the same rate energy is flowing out of the fluid system at its right-sided surface.
Even though there is no net change in the energy of the system, yet, due to this
energy flows into and out of the system at two surfaces a distance l/γ apart (l
being the corresponding distance in frame S0), there is a continuous transport of
energy taking place from the left-sided surface to the right-sided surface within
the fluid system, and this forms a part of the total momentum of the fluid system.

We can calculate the energy E and momentum P of the moving fluid in the
following way. Let us consider the change in energy of the system when it is
taken from its state of rest to that of a finite velocity along the x-axis, as seen
in an inertial frame S0. The implied transition of the system through successive
‘instantaneous’ rest-frames would also mean, at each step, a change in Lorentz
contraction of the system, as seen in S0 [12].

The total rate of increase in energy of the system is given by

dE
dt

=
dP

dt
v +

dWLC

dt
. (36)

Here the first term on the right hand side represents the gain in energy due to
bodily acceleration of the system as a whole, and the second term is due to the
work done against the pressure during Lorentz contraction.

All dimensions along the x-axis shrink at a rate d(γ−1)/dt. Consider two op-
posite surfaces AC and BD of the box containing volume V0 = A l of fluid, as seen
in the rest-frame S0 (Fig. 1). The rate of work being done on the volume V0 due
to Lorentz contraction against pressure p is

dWLC

dt
= −pV0

d

dt

(
1

γ

)
. (37)

Due to the movement of the system with a velocity v, the flow of energy per
unit time into the fluid system at its left-sided surface is at a rate pA v, while at
the same rate energy is flowing out of the fluid system at its right-sided surface at
a distance l/γ. This implies an energy flow at a rate pA v l/γ, across the system,
that amounts to a net momentum term, p (V0/γ) v /c2, due to this energy flow.
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The total momentum of the system of mass E/c2 moving with velocity v, there-
fore, is

P =
E
c2
v +

p V0
γ

v

c2
. (38)

Substituting equations (37) and (38) in equation (36), and after some simpli-
fications we get,

d

dt

(
E +

pV0
γ

)
=

(
E +

pV0
γ

)
γ2

v

c2
dv

dt
. (39)

Integrating with time and noting that E0 is the energy in the rest frame (v = 0, γ =
1), we get

E = γ

(
E0 + pV0

v2

c2

)
. (40)

Now substituting for E (equation (40)) in expression for momentum (equa-
tion (38)) we also get,

P = (E0 + pV0)
γv

c2
. (41)

Equations (40) and (41) are the expression (equations (32) and (33)), we aimed
to derive for the energy momentum of the perfect fluid system in a moving frame.

Dividing by V , we can write in terms of energy and momentum densities

E
V

= γ2
(
ρ0 + p

v2

c2

)
. (42)

P

V
= γ2(ρ0 + p)

v

c2
, (43)

which are in agreement with equations (12) and (13). Note the presence of pressure
p in equation (43) even for non-relativistic bulk velocities.

5 Energy momentum of the container forces

Due to the pressure, even in the rest frame S0, the fluid would disperse unless
contained or confined in some way. There will then also be forces of the containing
walls that exert pressure on the liquid in all such cases. We may not know the exact
details of their nature or how these may get generated, and that may not even
have any relevance for our purpose; all we can be sure about them is that these
will keep the system in equilibrium by providing everywhere, a pressure equal and
opposite to that of the liquid [7].

Therefore, their contributions to the energy and momentum of the system must
also be equal and opposite to that calculated above for that due to the pressure
in the liquid. Noting that any energy contribution of the container forces is zero
in the rest frame S0, i.e. for v = 0, we get

∆E = −γ pV0
v2

c2
. (44)
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and

∆P = −γ pV0
v

c2
. (45)

Now, if we include these energy-momentum contributions to the total energy-
momentum of the system, then we obtain

E = γ E0 , (46)

P = E0
γv

c2
, (47)

energy and momentum that transform like the components of a 4-vector.

6 Electromagnetic energy-momentum tensor

The electromagnetic energy-momentum tensor can be written as [8]

Tµν =
1

4π
[FµαFαβη

βν − 1

4
ηµνFαβF

αβ ] , (48)

where Fµν is the electromagnetic field tensor, given by [8]

Fµν =


0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0

. (49)

We can use equations (48), (49) along with (5), to express electromagnetic energy-
momentum tensor in component form. Then we get

T 00 =
1

8π
(E2 +B2) , (50)

which is the electromagnetic energy density,

T 0i = T i0 =
1

4π
(E×B)i , (51)

which gives c times the electromagnetic momentum density, and

T ij =
−1

4π

[
EiEj +BiBj − 1

2

(
E2 +B2

)
δij
]

(52)

is the Maxwell stress tensor.

It should be noted that the stress tensor describes a negative pressure (tension)
(E2+B2)/8π along the field lines and an equal but positive pressure at right angles
to the field lines [8,13].
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6.1 Energy momentum of a charged capacitor in motion

We consider a charged parallel plate capacitor, with a surface charge density σ,
stationary in rest frame S0. The only non-zero component of the electric field is,
E0 = 4πσ [14], along the plate separation, within the capacitor volume, but is zero
outside. Magnetic field B is zero throughout in frame S0. The electromagnetic field
energy density, from equation (50), is T 0′0′

= E2
0/8π = 2πσ2 within the capacitor

volume, but zero outside, while the momentum density is throughout zero, in the
rest frame S0.

6.1.1 Motion normal to the plate surfaces

We assume the plates to be normal to the x-axis and the only non-zero components
of the electromagnetic field tensor in the rest frame S0 are F 0′1′

= −F 1′0′
= E0,

a prime on an index indicating it refers to the rest frame S0. Seen from the frame
S, the charged capacitor is moving with a velocity v, along the x-axis (Fig. 2).

From a Lorentz transformation of the field tensor

Fµν = Λµα′Λνβ′Fα
′β′
, (53)

it is easily seen that even in frame S the only non-zero field components again are
F 01 = −F 10 = E0, implying the electric field vector, which is along the x-axis,
remains unchanged, E = E0. Thus there is no change in the field energy density,
ρ = ρ0. But as the whole system is Lorentz contracted by a factor γ along the
x-axis, V = V0/γ and the total electromagnetic field energy, from equation (50),
as calculated in the frame S is

E =
E2

0

8π
V =

E0
γ

=
ρ0V0
γ

, (54)

where E0 = ρ0V0 is the electromagnetic field energy in the rest frame S0. This
reduction of energy by a factor γ seems at odds [15] with the standard expectation
that the energy of a moving system should rather be higher by a factor γ.

The magnetic field is zero everywhere, therefore, from equation (51), the field
momentum is zero, in frame S too.

P = 0. (55)

This could appear as a paradox with a nil electromagnetic momentum for a moving
system, having a finite electromagnetic energy stored inside, since a system with
energy E and moving with a velocity v, is expected to possess a momentum Ev/c2.
How come a moving system with a finite energy has, instead, a zero momentum?

In order to understand these puzzling aspects of the energy momentum trans-
formations, we consider the capacitor system to be equivalent to a volume (be-

tween the capacitor plates) filled with a fluid of energy density ρ0 = T 0′0′
= E2

0/8π
(equation (50)) in the rest frame S0. The momentum density of this system is zero

(equation (51)) in S0. The stress component T 1′1′
= −E2

0/8π (equation (52)) for
the fluid, implies a negative pressure (or tension), p = −ρ0, along the x direction,
which is consistent with an inward force per unit area 2πσ2 on each plate [14] (due
to the electrical attraction between the plates of the capacitor).
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Fig. 2 A charged parallel plate capacitor, stationary in frame S0, moves with velocity v, in
a direction normal to the plate surfaces, in the lab frame S. The energy density of the system
in the rest frame S0 is 2πσ2. Also, there is an inward force per unit area, 2πσ2 on each plate,
implying an equivalent fluid with a negative pressure or tension, p = −ρ0.

Then from equations (40) and (41), we get

E =
E0
γ
, (56)

P = 0. (57)

Thus we see that the expressions for energy and momentum in the electro-
magnetic fields of the capacitor (equations (54) and (55)), are identical to those
derived for the fluid (equations (56) and (57)), which include contributions of the
work done by the pressure (tension in this case) during a Lorentz contraction, and
the momentum associated with a continuous energy flow taking place along the
direction of motion, across the capacitor volume.
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Fig. 3 A charged parallel plate capacitor, stationary in frame S0, moves with velocity v along
x-axis, a direction parallel to the plate surfaces, in the lab frame S. The electric field is along
the y-axis. In the lab frame S, there is also a magnetic field (not shown here) along the z
direction, i.e., out of the plane of the paper.

6.1.2 Motion parallel to the plate surfaces

We assume the plates oriented normal to the y-axis and the only non-zero compo-
nents of the electromagnetic field tensor in the rest frame S0 are F 0′2′

= −F 2′0′
=

E0. Then, in frame S, with the capacitor moving along the x-axis (Fig. 3), we
find, using a Lorentz transformation (equation (53)), that the only non-zero field
components in frame S are F 02 = −F 20 = γE0 and F 12 = −F 21 = γE0v/c.
This implies from equation (49), an electric field E = γE0 along the y-axis and
a magnetic field, B = (γv/c)E0, along the z-axis. With the volume reducing due
to Lorentz contraction of plate dimensions along the x direction by a factor γ the
total energy in the electromagnetic fields, from equation (50), therefore, is

E = T 00V = γE0
(

1 +
v2

c2

)
. (58)
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From equation (51), there is also a field momentum

P =
1

c
T 10V = 2E0γ

v

c2
, (59)

along the x-axis.
The expression for energy seems at odds with the standard transformation

formula, E = γE0, and so is the momentum formula, from the expected expression
for the momentum, P = (E/c2)v = γ(E0/c2)v.

Again, considering an equivalent fluid filling the volume between the capacitor
plates, we note that in the rest frame S0, the energy density is ρ0 = 2πσ2, while
the stress component T 1′1′

= E2
0/8π = 2πσ2 (equation (52)), implying along the

x direction, a pressure p = ρ0. Unlike in the case of a negative pressure or tension
along the field lines discussed in the previous section, and which represented the
force of attraction between oppositely charged capacitor plates, the genesis of a
positive pressure, normal to the field lines, might not be so evident here. Actually,
there are electromagnetic forces of repulsion, on similar charges within each plate,
along the plate surface [6]. A positive pressure is a representation of these forces
of repulsion and contributes accordingly to the energy-momentum of the system
moving along the x-axis.

Then from equations (40) and (41), we get

E = γE0
(

1 +
v2

c2

)
, (60)

and

P = 2E0γ
v

c2
, (61)

which are identical to the expressions obtained for the energy and momentum
equations (58) and (59) of the electromagnetic fields in frame S. Equations (60)
and (61)) include contributions of the work done by the pressure during a Lorentz
contraction, and the momentum associated with a continuous energy flow taking
place along the direction of motion, across the capacitor volume. Of course, one
obtains exactly the same expressions for the energy momentum of the system in
an alternate way to calculate the work done, by directly exploiting the forces of
repulsion within the capacitor plates, though their evaluation could relatively be
quite involved, computationally [6].

6.2 Energy momentum of a charged particle in motion

We consider a charge e, distributed uniformly in a thin spherical shell, Σ, of
radius ε, with a surface charge density, σ = e/4πε2. Due to the mutual force
of electrostatic repulsion between various constituents of the charge distribution,
there is a radially outward surface force, 2πσ2, per unit area [14], in the rest-frame
S0. The total energy, E0, of the system is the self-potential energy of the charged
sphere, evaluated from a double surface integral over Σ, as

E0 =
1

2

∫ ∫
σ(x)σ(x′)

|x− x′| dΣ dΣ′ = e2/2ε. (62)
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Fig. 4 Energy momentum contribution of the self-repulsion force of a charged spherical shell
can be analyzed, by treating it equivalent to a spherical container filled with a “perfect fluid”
comprising electromagnetic radiation (virtual photons!), exerting a uniform pressure in all
directions, in the rest frame S0. The sphere containing liquid, moves with velocity v along the
x-axis with respect to the lab frame S.

With the energy E0, we can associate a mass, E0/c2, called the electromagnetic
mass of the system, in rest frame S0. Since the charge is stationary in S0, the
momentum is zero. Seen from another frame S, the charge is moving with velocity
v along the x-axis. Our aim here is to compute the energy and momentum of the
system in frame S, comparative to the values in the rest-frame S0.

The radially outward repulsive force, 2πσ2 per unit area, distributed uniformly
on the charged spherical surface can be considered mathematically equivalent to
a sphere (Fig. 4), filled with electromagnetic radiation (virtual photons!), with a
uniform outward pressure

p = 2πσ2 , (63)

and, from equation (62), an energy density

ρ0 =
E0
V0

=
e2

2εV0
= 6πσ2 . (64)
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The system thus obeys the relation p = ρ0/3, as in equation (22), justifying thereby
equivalence of the charged particle, here, to a sphere filled with electromagnetic
radiation with energy density ρ0 and pressure p.

Then, in order to find out the energy momentum of the charged distribution,
we can use directly the formulas derived earlier, (equations (34) and (35)), for the
fluid comprising radiation, to write

E = γE0
(

1 +
v2

3c2

)
, (65)

P =
4

3

E0
c2
γ v . (66)

This gives the energy and momentum of a charged particle, moving with a uniform
velocity v, which agrees with the energy and momentum in the fields of the system
derived in Appendix. Of course, one can also arrive at the same expressions, alter-
natively, by direct evaluations of the x components of the forces of self-repulsion
on each infinitesimal element of the charged spherical shell [6].

7 Discussion

We demonstrated above how the pressure term in a perfect fluid makes additional
contribution to the energy-momentum of the system. During the Lorentz con-
traction of the system, when the system is accelerated from one inertial frame to
another, work is done against pressure, which makes a finite contribution to the
total energy of the system. Also, when a fluid system has a bulk motion, work
done against pressure is positive on one side of the system, while on the oppo-
site side, an equal amount work is being done by the system and this implies a
continuous transport of energy from one side of the system to the other, thereby
making a finite contribution to the momentum of the system. These contributions
of pressure to the energy-momentum of the system, already present in the rela-
tivistic formulation of a perfect fluid, have remained shrouded in mystery, from
a physical perspective. Of course, if the liquid is contained and one includes the
contribution of the container pressure too, then these pressure terms get cancelled
in the expressions for energy-momentum, which then behaves as a 4-vector under
a Lorentz transformation. However, in systems, where the liquid does not have
an external container, and may be self-contained, like in the relativistic descrip-
tion of a spherical star or the cosmological model of the Universe expansion [8,
9], one has to use the fluid equations, including the pressure contribution to the
energy-momentum of the system.

In the case of electromagnetic systems, where electromagnetic forces might
be prevailing, the standard formulas for energy-momentum of the electromagnetic
fields already contain the contributions of the electromagnetic forces to the energy-
momentum of the system. However, there has been a persistent opinion that the
energy and momentum in the electromagnetic field of a moving charge should be-
have as components of a 4-vector under a Lorentz transformation. With this in
mind, modifications in definitions of energy and momentum have been proposed,
in the case of “bound fields” [3]; these modified definitions have made their appear-
ance even in the standard textbooks [4,5]. However, as was recently demonstrated
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[7], there is no need for separate definitions for energy-momentum of bound fields
(fields associated with charges) and free fields (electromagnetic waves no longer
tied to the charges, responsible for their generation). All we need to remember
in the case of systems involving charges is that there might be contributions of
the stabilizing forces (Poincaré stresses [16]) too, to the energy and momentum
of the total system, which would neutralize those “unwanted” terms. It has been
demonstrated that the stabilizing forces, responsible for retaining the charges on
individual capacitor plates in spite of the forces of repulsion between charges along
the plate surfaces and also for keeping the plates apart against the perpendicular
force of attraction between them, do explain successfully [17] the null results of
the famous Trouton-Noble experiment [18].

Therefore, for “eliminating unwanted terms”, like, for instance, the intriguing
factor of 4/3 in the electromagnetic mass of a charge, there is absolutely no reason
for adopting a change in the conventional formulas. Further, both approaches are
not equivalent, as sometimes suggested in the literature [19]. At least in the case
of relativistic fluid models, no such drastic modifications in the definitions of the
energy-momentum of a system have ever been proposed, and the physics remains
the same in the electromagnetic case too.

8 Conclusions

Starting from the simple expression for energy-momentum density of a perfect fluid
systems in its rest frame, we first derived the expression for energy-momentum den-
sity in another inertial frame in which the fluid moves, with a constant velocity.
We thereby showed the presence of a couple of pressure-dependent “mysterious”
terms, one arising because of the work done by pressure against the Lorentz con-
traction of the system, and the second adding to the momentum density from a
rate of transport of energy from one part of the system to another due to pressure,
all within the system itself. We resolved the presence of the famous, more than
a century old, intriguing factor of 4/3, in the electrical mass within the classical
model of an electron, or any other electric charge, assumed to be of a spherical
shape in its rest frame.

Further, we showed that in a electrically charged parallel-plate capacitor mov-
ing normal to plate surfaces, where not only is the electromagnetic momentum nil,
even the field energy decreases with an increase in the system velocity, it is the
contribution of these very terms to the energy-momentum of the electromagnetic
system that explains their apparently paradoxical behaviour. It was emphasized
that there is no need for a modified definition of energy-momentum for bound
fields or electromagnetic systems involving forces due to electric charges, contrary
to some suggestions in the literature, in the same way as there has been no need
for any similar modifications in the case of relativistic perfect fluids with pressure,
and the physics remains the same in the electromagnetic case too.
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Fig. 5 A uniformly charged, thin spherical shell, has only a radial electric field outside the
shell, but no fields inside the shell, as seen in the rest frame S0. The charged shell moves with
velocity v along the x-axis with respect to the lab frame S, where both electric and magnetic
fields exist outside the spheroid-shaped shell, but nil fields on the inside.

Appendix

Energy momentum in the electromagnetic fields of a charged particle in

motion

We assume the charged particle to be a thin spherical shell of radius ε of a uniform
surface charge density, with total charge e, stationary in a frame S0, called the
rest frame (Fig. 5). The electric field is zero inside the shell, and is radial outside
the shell, with magnitude E0 = e/r2.

The volume integral of the energy density in rest frame S0 is easily calculated
to be

E0 =

∫ ∞
ε

E2
0

8π
dV0 =

e2

2ε
. (67)

The momentum is zero as the magnetic field is zero throughout
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The volume integrals of the energy and momentum densities of the electro-
magnetic fields of the charge in frame S, where it is moving with a velocity v, say
along x-axis, are then computed, making use of equations (50) and (51), as

E =

∫
E2 +B2

8π
dV , (68)

P =

∫
E×B

4πc
dV , (69)

where E and B are the electric and magnetic fields of the uniformly moving charge.
These integrals can be evaluated in a simple way by noting that B = v×E/c,

and using the transformation relations between S and S0, for the electromagnetic
fields as well as for the volume element as

E‖ = E0‖ , (70)

E⊥ = γE0⊥ , (71)

dV = dV0/γ . (72)

From that we get

E =

∫ E2
0‖ + (γ2 + γ2v2/c2)E2

0⊥
8πγ

dV0 . (73)

Now because of the circular-cylindrical symmetry of the system about the x-
axis, the direction of motion, we have∫

E2
0⊥dV0 =

2

3

∫
E2

0 dV0 . (74)

Then, after integration, we get for the field energy in S

E = γE0
(

1 +
v2

3c2

)
. (75)

In the same way, we have an expression for the field momentum

P =

∫
γ2vE2

0⊥
4πc2γ

dV0 , (76)

which, after integration, yields

P =
4

3
E0
γv

c2
. (77)
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