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Abstract

Kim-Kim (Russ. J. Math. Phys. 2017, 24, 241-248) defined the degenerate Laplace transform and investi-
gated some of their certain properties. Motivated by this study, in this paper, we introduce the degenerate
Sumudu transform and establish some properties and relations. We derive degenerate Sumudu transforms
of power functions, degenerate sine, degenerate cosine, degenerate hyperbolic sine, degenerate hyperbolic
cosine, degenerate exponential function, and function derivatives. We also acquire a relationship between
degenerate Sumudu transform and degenerate gamma function. Moreover, we investigate a scale preserv-
ing theorem for the degenerate Sumudu transform. Furthermore, we show that the degenerate Sumudu
transform is the theoretical dual transform to the degenerate Laplace transform.
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1. INTRODUCTION

The integral transforms play a key role in solving solutions to initial value problems and initial boundary
value problems. The integral transform was considered by the French physicists and mathematician P.S.
Laplace [17] in 1780, which has very powerful applications, not only in applied mathematics but also in
other branches of science such as engineering, physics, astronomy, etc. From Laplace time to now, several
integral transforms such as Fourier, Sumudu, Elzaki, and M-transforms have been defined, and some of
their properties and applications have been studied in detail, ¢f. [1-4,7,11-13,16-21] and see also each of the
references cited therein.

In 1993, Watugula [19] defined the Sumudu transform, which is the theoretical dual to the Laplace
transform, and gave many interesting properties. Then, many mathematicians and physicists have studied
Sumudu transform and investigated diverse applications of this transform, ¢f. [1-4,17,19-21]. For instance,
Watagula [20] considered the Sumudu transform for functions of two variables and gave an application solving
partial differential equations with known initial conditions. Weerakoon [21] derived the Sumudu transform
of partial derivatives and showed its applicability demonstrated using three different partial differential
equations. Asiru [1] gave the Sumudu transform of some special functions and provided some examples
with Abel’s integral equation, an integro-differential equation, a dynamic system with delayed time signals,
and a differential dynamic system. Belgacem et al. [2] provided fundamental properties including scale
and unit-preserving properties of Sumudu transform and gave a solution an integral production-depreciation
problem. Belgacem [3] examined deeper Sumudu properties and connections. Belgacem et al. [4] generalize
all existing Sumudu differentiation, integration, and convolution theorems and Sumudu shifting theorems. In
this study, we define degenerate Sumudu transform and provide some of their properties and relations. We
acquire degenerate Sumudu transforms of power functions, degenerate sine, degenerate cosine, degenerate
hyperbolic sine, degenerate hyperbolic cosine, degenerate exponential function, and function derivatives. We
also attain a relation between degenerate Sumudu transform and degenerate gamma function. Moreover,
we derive a scale preserving theorem for the degenerate Sumudu transform. Lastly, we give duality between
degenerate Laplace transform and degenerate Sumudu transform.
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The gamma function is defined by the following improper integral (cf. [1-4,7,11-13,16-21]):
I'(s)= / e 't dt,
0

where s being a complex number with Re (s) > 0. The gamma function satisfies the following relations
F'(s+1)=s'(s) and T'(n+ 1) = n!

for n being a non-negative integer.
Let f be a function defined for t > 0. Then the following integral

Fo)=LU0) = [ Teti(ryar (L1)

0
is said to be the Laplace transform of f, provided that the integral converges, cf. [2-4,7,11,12,16-18].

2. PRELIMINARIES AND DEFINITIONS

Here are some basic notations and definitions which will be used in the next sections.

Throughout this paper, the familiar symbols C, R, Z, N and Ny are referred to as the set of all complex
numbers, the set of all real numbers, the set of all integers, the set of all natural numbers, and the set of all
non-negative integers, respectively.

For r € C, the r-falling factorial () . is defined by (see [5,6,8-15])

n,r

(@), = { alc(x—r)(x—Qr)---(g:— (n—1)r), 22(1),2, (2.1)

In the case r = 1, the r-falling factorial reduces to the familiar falling factorial (see [5,6,8-15])
(@ = (@) = 25— 1)+ (@ =+ 1),
The degenerate exponential function €3 (¢) for a real number A is given by (cf. [5,6,8-15])
€2 (t) = (1+A)Y and e} (t) = ey (t). (2.2)

It is readily seen that limy_,g €3 (¢) = . From (2.1) and (2.2), we obtain the derivative of the degenerate
exponential function:

d 1
;ef\ (t) = X log (1 + At)ef (¢). (2.3)
For A € (0,00), the degenerate gamma function is defined by Kim-Kim [11] for the complex variable s

with 0 < Re (s) < 5 by the following improper integral:

Ty (s) = /Ooo ey (t)t*tat (2.4)

and the degenerate Laplace transform is also defined by Kim-Kim [11] as follows:

£alr ) = £ o) = | Tt () £ (1), (2.5)

if the integral converges. Several properties and interesting formulas for the degenerate gamma function
and degenerate Laplace transform are derived in [11]. Then, Kim et al. [12] defined modified degenerate
gamma function and modified degenerate Laplace transform, and investigate various formulas and basic
properties. Kim-Kim [13] derived diverse properties of the degenerate gamma function, including an analytic
continuation as a meromorphic function on the whole complex plane, the values at positive integers, the
difference formula, several expressions following from the Euler and Weierstrass formulae for the ordinary
gamma function, and an integral representation as an integral along a Hankel contour.
Note that

lim Ty (5) = T'(s) and Jim £ (f (1)) = £(f (1))
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3. DEGENERATE SUMUDU TRANSFORM
In this chapter, we consider the degenerate Sumudu transform and investigate some of their properties.
Over the set of functions

A= {f(t)HM,Tl,Tg >0,|f (1) <Me*7| ift € (—1) x [O,oo)},

the Sumudu transform is defined by the following improper integral:

oo 1 o0
Gu)=S[f@®)]= / et f (ut)dt = a/ e’%f(t) dt, we (-71,72). (3.1)
0 0
The Sumudu transform is usually used to solve ordinary differential equations and engineering control prob-
lems, cf. [1-4,17,19-21] and see the references cited therein.
The Sumudu transformation satisfies the following operational properties, cf. [2,4]:

S [1] =1 [Sln (at)] 1+u2a2
St =u S [cos (at)] = 1+uza2
S[t"] = nlu™ S [sinh (at)] = 1+u (3.2)
S [e“t] = 171ua [COSh (at)] - 1+u 1tu2a?
S(f (at)] = G (au) | S [ f (1)) = 125G (1_“au)

Let f (t),g9 (t) € A be Sumudu transforms M (u) and N (u), respectively. Then the Sumudu transform of the
convolution of f and g is given by

S[(f *9) ()] = uM (u) N (u), (3-3)
where the convolution integral is given by (cf. [2,4])

t

(fxg)(t) = ; g () f(t—z)d. (3.4)
Now, we give our main definition.
Definition 1. Let A € (0,00) and
Ay = {f(t)| IM, 71,72 > 0 such that |f (£)] < Mel™ (t]), if t € (—1)7 x [o,oo)}. (3.5)

Then for f (t) € Ay, we define the degenerate Sumudu transform is defined by the following improper integral:

Gx(u) =SA\[f ()] = 1/000 e/\i’Tl ) f@)dt, we (—11,72). (3.6)

u
We note that

lim 8, [f ()] = S[7 (1]
Let f(t),g(t) € Ay and a, 8 € R. The degenerate Sumudu transformation is a linear transform, namely

Sulef 0 +890] = 3 [ e Olaf©)+sg )

- 9/0 0 dt+6/ e (t)g(r)dt

u

= aS\[f(H)] +BSx[g ()]
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By Definition 1, for f (¢) = 1, we observe that

1 [® =2 .1 R L
Sa[l] = 5/0 e, (t)dt:Rh_r)nooa/o (14 Xt) > dt
R
R (14 At)' ) 1+XR) > 1
o A R—oo —L)‘ _R—>oo Au—1 Au—1
w 0
1
= — A< 1
(DA <5
and for f(t) = ¢ with 2uA < 1,
1 [ = (1+At) 5o 1 R
Salt] = =/ tey ()dt= lim [¢ - 1+ xt) % | dt
3 u/o ex' (t) e Au—1 )\u—l/o (1+28)

R
poo_u (4 At)2
R—oo uA — 1 22u —1

22
o ((1+/\R) 1 )

Rooo 1 — \u 2 —1 2au—1
u
(1—Au) (1 -2 )

Therefore, we state the following results.

Theorem 1. Fach of the following degenerate Sumudu transforms is valid:

Si[1] = for du <1 (3.7)

11—’

and
U

Salt = (1— ) (1-2M)

, Jor 2Xu < 1. (3.8)

Remark 1. It is clear from Theorem 1 that

1
lim Sy [1} = li =1=8]1
S = T !

and

u
I — i
Jim Sl = 1 e A = 2w

=u=S]t.
By Definition 1, for f (¢) =t" with n € N and (n 4 1) uA < 1, we observe that

1 [~ =1 n N |
S\ [t"] = a/0 t"e" (t)dtzl—)\u/o " 1e§ w(t)dt

_ n - n—1_1-%
- 1_M/0 n=lel T (b dt
n(n—1) /°° g 2.1

= t" v (t)dt = ...

01— ) (1—2x)" ), ex " ()

nlyn ! a1

= u d = ...

(1—)\u)(1—2)\u)~-~(1—n)\u)/0 ex ()t

n

nly
(I=2u) (1 =2 )~ (1= (n+1)Au)’
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and for f(t) =€ (¢),

au—1 R

(14 At) = *1

im —F¥———
R—oo au — 1+ u

1

Sug ] = 1 [ e

_1
u

(t) dt =

>>a

u

(AR 1
= lim —
R—oo \ u(a+A)—1 ula+ M) —1

- 1 1—au>1
- 1-u(a+N)’ uA ’

Thereby, we provide the degenerate Sumudu transforms of the power function and degenerate exponential
function as follows.

Theorem 2. Let n € N. Each of the following degenerate Sumudu transforms is valid:

nlu™

n = 1 1 .
S = T 0w A= a1y o (PHDuAS (39)
and
u B 1
S)\ [6)\ (t)] = m, fO’f' u(a—|— )\) < ]. (310)
Remark 2. [t is clear from Theorem 2 that
nlu”
li "l =1 =nlu" =S[t"
Jm SalT = S T o) A= s oy = S
and
: a . _ 1 _ at
,{%S)‘[e)‘(t)] _;Ln%)l—u(a-&-)\) 1-ua =S[e"].

In [11], Kim et al. defined the degenerate sine sin z¢ and cosine cos) ¢t functions by

ex (t) + 3" (t)

. T t _ —iz t .
sing\ ) (t) = M and cosg\ ) (t) = 5 ;

- (3.11)

where ¢ = v/—1. Note that limy_,q sin g\z) (t) = sinzt and limy_,q cos g\z) (t) = cosxt. From (2.2) and (3.11),
it is readily that
el () = cos(™ (t) +isin ) (1) . (3.12)
From Definition 1 and using formulae (3.8) and (3.11), we have
u ia t) — —ia t
Sy [sin{” (1)) = s, [—eA ) 2 ( )]

= L e 0] - sl @)

1 1 - 1
2 \1l-u(ai+)) 1—wu(—ai+A)
au

(1= Au)? + u2a?
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and
S [cos f\“) (t)] = S, [W]
= %(SAFT(ﬂ]+SAk;muﬂ)
1 1 1
B Q(I—UOH+A)+1—upﬂw+n)

1—u
(1—Au)? + u2a?’

Thus, we attain the degenerate Sumudu transforms of the degenerate sine function and degenerate cosine
function as follows.

Theorem 3. FEach of the following degenerate Sumudu transforms holds

. (a) _ au
Sx [sm)\ (t)] = 0 e’ (3.13)
and ) \
(a) _ —u
Sa [cosA (t)} SRy (3.14)

Remark 3. It is obvious from Theorem 3 that

. @ on] g au au
;1_% Sx [SIDA (t)} = ;ILI}J 0 & ata? =T = S [sin (at)] .
and ) \ )
; (a) _n —u _ _
)1\12%) Sa {CosA (t)} = ili% 0Pt ata  ITaa S [cos (at)] .
The degenerate hyperbolic sine sinh x¢ and hyperbolic cosine coshy ¢ functions are introduced (cf. [11])
by
T(t) —ex”(t Tt SOt
sinh {7 (£) = M and cosh{” () = w_ (3.15)

Note that limy_.g sinh g\x) (t) = sinhzt and limy_,q cosh g\z) (t) = coshzt.
By Definition 1, and utilizing formulae (3.8) and (3.15), we derive

s, [40- 0]

S\ [sinh @ (t)}

2
1 1 1
= 2(1—u(a+)\)_1—u(—a+)\))
T 1w -
and
S [cosh (7 (0] = s, [W}

1 1 1
2 (1—u(a+)\) * 1—u(—a+)\)>
1—u
(1—Au)® —u2a?’
Therefore, we acquire the degenerate Sumudu transforms of the degenerate hyperbolic sine function and
degenerate hyperbolic cosine function as follows.
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Theorem 4. FEach of the following degenerate Sumudu transforms is valid:

S [sinh () (6)] =

au
(1—Au)® —u2a?’

and
1—uA

(1—Au)® —u2a?’

S [cosh g\a) (t)} =

Remark 4. [t is obvious from Theorem 3 that

) @] g au au o
Jim Sa [SmhA (t)] = pio (1- )’ +u2az  1+ua S [sinh (at)]
and ) \ )
lim Sy {cosh( )( )} = lim —2u = 5 = S [cosh (at)] .
A—0 A=0 (1 — \u)” + u2a? 1+ u?a

By Definition 1 and (2.4), for & € R with a > —1 and (a + 1) uX < 1, we derive

Sy [t4] = %/O toe (t)dt:ua’l/o (ZL) ex, (t/u) dt

(o)
= uo‘/ t%ey ) (t) dt = u"Ty, (@ +1).
0

Thus, we arrive at the following relation between degenerate Sumudu transform and degenerate gamma
function as follows.

Theorem 5. The following
S [ta] =uT, (a + ].)
is valid for o € R with o > —1 and (o + 1) ui < 1.

We now investigate some formulas for degenerate Sumudu transform of function derivatives.
By Definition 1, we see that

S\ [f<1> (t)] - %/0 FO @ er (t)dt = % (—FO) + Sy [fB) e ®)]). (3.16)
By means of (3.16), we acquire
s\ [0 = 1 [ P0s o
= (OO + 1+ w8, [F e 1))
Continuing this process, we get
n—1 n—i—2
S\ [f<”> (t)] - ;j w0 T (4w (3.17)
1=0 =1
n—1
+= sA O] T] (1 + twh).
=1

By (3.17), degenerate Sumudu transform of function derivatives is given below.
Theorem 6. The following degenerate Sumudu transform
n—1 n—i—2 — n—1
-1 o Sa[f () ex™(1)]
Sy [fM )| = — S ARN(1 L4 lud) + 22 2 T (14w 3.18
SIS SR RION | [EET VS (1+ ) (3.18)

i=0 =1 =1
is valid for n € N.


https://doi.org/10.20944/preprints202012.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 December 2020 d0i:10.20944/preprints202012.0626.v1

8 Ugur Duran

By Definition 1, for u € (=71, 72), we observe that

Lonw = - wef()f()dt+i/°°e§*f<t>10g<1+At>f<t>dt

u2 0 )\3

= LG () g SA L () log (14 A1)

AU 2

and

Q
>
=

I

- 2 (-363 ) + 1S 1oz 1+ 20))
G (1) = 1 (<1Gr )+ 1 Sa1F Olog (14 A1) )
2SS (Oog (14 30

+13 (iSA [f (t)log (1 4+ At)] + ﬁsx [f (t) (log (1 + )\t))QD

4
Au3

Continuing this process, we arrive at the following result.

= %Gx( )= 135S (t)log(1+mf)]+ﬁsA [f (t) (log(1+)\t))2}.

Theorem 7. Let n € N. The following derivative property is valid:

dn n k
@ ) Sy Ak L 15 ) (tog (1 + 2" (3.19)
k=0
nn' n+1 nln
(1) ujGA (W) + (=D)""

n2

n— 1 n
S [ () (tog (14 x6)" | + S [F (8) (log (14 A1)
where ano =n!, an1 =nn, anp-1="n2an, =1 and fork=2,3,...,n—2,

Un ke = Gn-1k—1+ (N +Ek)an_1z.

From Definition 1, we observe that

:711/0 f(at)e)\' / f (at) e/\/a at) dt

Sx / flw e/\/a w)dt = Gy jq (au).

and upon setting w = at, then

Thereby, a scale preserving theorem for the degenerate Sumudu transform is given below.

Theorem 8. The following
Sx [f (at)] = Gy/q (au) (3.20)
holds.

Remark 5. It is obvious from Theorem 8 that

lim Sy [f (at)] = lim Gy /q (au) = G (au) = S[f (at)] .
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4. FURTHER REMARKS

By (1.1) and (3.1), the Sumudu transform is the theoretical dual transform to the Laplace transform given
below (cf. [2,4,19,20])

F/u) and F (s) = M (4.1)

S

G(u) =

Using (2.5) and (3.6), for f () € Ay and —71 < u < T2, we observe that

Gy () =S, 0] = | Tt W=t (1) (42)
and

1 [ _ 1 1
1 [Carwioa= o () (43)
s Jo S S
which are the degenerate version of the duality in (4.1). Therefore, the relations (4.2) and (4.3) between the
degenerate Sumudu transform and the degenerate Laplace transform means to acquire one from the other

when needed. For example, since £ (coshy (at)) = (.9—8)372)\—(12’ recall from Theorem 4, we have

N S (VD S PG
B O= Ty e ()

Hence, we can say from (4.2) and (4.3) that the degenerate Sumudu transform is the theoretical dual
transform to the degenerate Laplace transform.

5. CONCLUSIONS

Kim-Kim [11] defined the degenerate Laplace transform as follows:

L3 (F (1) = Fa (s) = / Tt ()£ (1) d,

if the integral converges. Several properties and interesting formulas for the degenerate Laplace transform
were derived in [11]. Motivated by this study, in this paper, we have considered degenerate Sumudu
transform by the following improper integral:

—1

Gy (u) =S\[f ()] = i/ooo eyt () f(t)dt, ue (—71,72) and A € (0,00).

for

Ft) e Ay = {f(t)| IM, 71,72 > 0 such that |f (t)| < Mel/™ ([t]), if t € (—1)7 x [0,00)}.

We then have provided some of their properties and relations. We have also derived degenerate Sumudu
transforms of power functions, degenerate sine, degenerate cosine, degenerate hyperbolic sine, degenerate
hyperbolic cosine, degenerate exponential function, and function derivatives. We have attained a relation
between degenerate Sumudu transform and degenerate gamma function. Moreover, we have investigated a
scale preserving theorem for the degenerate Sumudu transform. Lastly, we have shown that the degenerate
Sumudu transform is the theoretical dual transform to the degenerate Laplace transform.
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