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Local and global stability analysis for Gilpin-Ayala competition model involved
in harmful species via LMI approach and variational methods
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Abstract

In this paper, stability of reaction-diffusion Gilpin-Ayala competition model with Dirichlet boundary value, involved
in harmful species, was investigated. Employing Mountain Pass Lemma and linear approximation principle results in
the local stability criterion of the null solution of the ecosystem which owns at least three stationary solutions. On the
other hand, globally asymptotical stability criterion for the null solution of the ecosystem was derived by variational
methods and LMI approach. It is worth mentioning that the stability criteria of null solution presented some useful
hints on how to eliminate pests and bacteria. Finally, two numerical examples show the effectiveness of the proposed
method.
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1. Introduction
In 1920, Lotka and Volterra proposed the famous population competition model ([1,2]):

X1(8) =x1(D[by — anx1(t) — appx2(1)], wn
Xp(t) =x2(D[b2 — a2 x1(t) — anx:(1)],

where x;(f) represents the population density of the ith population at time #(i = 1,2), b; > O represents the birth rate
of the population of the ith population, a;; > O represents the competition parameter of two populations, which is
recognized and cited by many scholars. Diffusion is usually considered reasonably, for example in the reference [3]

and related references:

ou
(9_; =d\Auy + ui(D[by —anu () — anu(9],  x€Q,1>0,
al/tz
o =y Auy + up(N[by — azyyuy () — anux(9],  x €Q,1>0,
5 ‘ 5 (1.2)
73] 1753
—=——=0, xe€0Q,t>0,
v Ov
u1(x,0) =up(x), ur(x,0) = vo(x), xeQ.
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and
ou
i =A[d; + ayu + apv)ul + pu(l —u—av), xeQ,t>0,
0
8_‘; =A[(dy + axiu + apv)v] + wv(l —v—au), xe€Q,t>0,
(1.3)
ou Ov
_— == Q
3 "3y 0, xedQ,t>0,

u(x, 0) =up(x), v(x,0) = vo(x), x€Q.

In 2017, Yuanyuan Liu and Youshan Tao studied the linear competition model of cross diffusion of two populations

under Neumann boundary conditions ([4]):

P
a—”l‘ =Ald, + vl + pu(l —u—ay), xeQr> 0,
0=Av+ vl —v-au), xeQ,t>0,
(1.4)
ou 8
%za‘izo, x€0Q,t>0,

u(x,0) =up(x), x€Q.

In 1973, Gilpin and Ayala found that the linear competition model was not consistent with the experimental results

([5D)- Through accurate data analysis, they proposed a nonlinear competition model of two populations:

210 =0 Oby = anx]' () = apx @),
(1.5)

() =00br = 4 x (1) — anxy (1),
where 6}, 6, represents the nonlinear density constraint parameter. As pointed out in [6-9], when the parameter 6; is
much less than 1, the nonlinear density constrained model can well simulate the population ecology of Drosophila

melanogaster, and the diffusion type Gilpin Ayala competition model under Neumann boundary value condition has

also been studied by scholars:

ou

6_tl =dAuy +uy(by - a“u?‘ —anpi),

0

% =drAuy + ur(by — anu®™ — azuy), (L.7)
Bul 6142

— =—=0, € 0Q,t>0,

dv v x ”

where uy, i, a, b, c and d all are positive numbers.

It is noted that the diffusion ecosystem with Neumann boundary value has been widely studied ([3,4,8] and related
references), but the diffusive ecosystem under Dirichlet boundary value is rarely studied. In fact, the Drichlet boundary
value diffusion ecosystem can better reflect the actual population ecology ([20,21]). Recently, the double positive

solutions of the following delay feedback Gilpin-Ayala competition model has been studied in [20]:
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0

S =dibuy + (b = ana! = apis) + k(O 0@ = T0.0] +x1. 120, xeQ

0

—(;;2 =dyAuy + uy(by — agyuy — azzu?) + ko (r()uz — ua(t = T2(0), )] + x2, 120, x€Q, (1.8)

u(t,x) =uy(t,x) =0, t>0, xedQ,

Therefore, in this paper, the author will study the dynamic behavior of nonlinear Gilpin Ayala competition model
with Dirichlet zero boundary value. This paper includes two main purposes: Under some assumptions, the author
will give the existence of two nonzero steady-state solutions for this model, and the global asymptotical stability of
null solution can not hold so that the local stability criterion was derived ([23]). On the other hand, under another
reasonable assumptions, the author will consider the globally asymptotical stability, which may present some good
suggestions on how to eliminate pests and bacteria. This is the second main objective of this paper.

Denote by A, the first positive eigenvalue of the Laplace operator —A in Hé (Q), and by ||lu|| = / fg |Vu(x)|?dx the

norm of Sobolev space H;(Q).

2. Preparation

Consider the nonlinear Gilpin-Ayala competition model under Dirichlet boundary value:

uy
ot

duz

=d\Auy + uy(by — anu' —apuy), t>0,x€Q,

=dyAuy + uy(by — aguy — azzuiz), 120, xeQ,
ot 2.1

u(t,x) = u(t,x) =0, >0, x€dQ,

ur(0,x) = £1(x),  w2(0, %) = &(),

where Q is a domain in R"(n € {2, 3}) with the smooth boundary 9Q.

Besides, Mountain Pass Lemma is given as follows ([12]).

Lemma 2.1 (Mountain Pass Lemma without the (PS) condition). Let X is a Banach space, ¥ € C!(X,R), satisfying ¥(0) = 0,
and there exists p > 0 such that ‘I’Iggp(o) > a > 0. Besides, thereis ¢ € X \ m such that W(e) < 0. Let I' be the set of all paths
connecting 0 and e. That is,

T = {y € C([0, 1], Hy(Q)) : $(0) = 0, y(1) = e}.
Set

C = gg max (Y (s)).

Then ¢, > a, and ¥ possesses a critical sequence on c..

Remark 1. Lemma 2.1 is the Mountain Pass Lemma without the (PS) condition (see,e.g. [11,12]). If, in addition, ¥ satisfies the

(PS) condition, then ¢, is a critical value of V.
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3. Main results

As pointed out in [6-9], when the parameter 6; is much less than 1, the nonlinear density constrained model can well simulate
the population ecology of Drosophila melanogaster. So I assume 6; € (0, 1), and
(H1) For each i € {1,2}, there are positive numbers p;, ¢g; such that % -2 =26, €(0,1), where p; and g; are a pair of Coprime

odd numbers.

Theorem 3.1. Suppose (H1) holds, b; < d;4; and 0 < 6; < 1, Vi = 1,2. Then the system (2.1) possesses at least three stationary
solutions (0, 0), (u.(x), 0) and (0, u,.(x)), where u;.(x) # 0, Vi=1,2.

Proof. Firstly, (0, 0) is a trivial solution of the system (2.1).

Next, if (u1(x), 0) is a stationary solution of the system (2.1),

diAuy (%) + by (%) — apu ()™ =0, ae.xeQ,

(3.1)
u(x) =0, xedQ.
Similarly, if (0, u,(x)) is a stationary solution of the system (2.1),
oy Auy (x) + bour (x) — anur(x)' 7 = 0,
(3.2)
w(x) =0, xe€I.
Obviously,
1 1 +
Juy) = §d1||u]||2 - 5bi fn wdx + 3 “01 f u " dx (3.3)
is the functional corresponding to the equation (3.1), and J € C! (Hé(Q), RY).
Besides, J(0) = 0. And Sobolev embedding theorem yields that there is ¢ > 0 such that
1 1 . by a
S =5l = S f i 55 x> SaalP - ZolialP - 55 [ P
2 246, 2+6; Jg
1 (3.4)
> Zdi(l = — 2 ¢ 2+0; .
1 )|| il = ) oty |
Let p > 0 small enough such that
J1os,0) = @, (3.5)

cayg
2+6;

where a = %dl(l - dm Lyp? — SL 26 5 (), Denote by ¢;(x) > 0 the eigenfunction of A, , satisfying |l¢;]| = 1 ([11, 17]). Then

J(=s¢y) = —d1|| - s<p1||2 - —bl f( sgol)zdx+ f( s¢1)2+91dx — —00, §— 400, (3.6)

Thereby, there is a s such that sy > p and J(—sp¢;) < 0, where || — sop1|| = 5o > p.

Let I' be the set of all paths connecting 0 and —sp¢, i.e.,
= {y € C([0, 11, Hy()) : $(0) = 0, Y(1) = =0 }. (3.7

Set
co = lwrg max JW(s)). (3.3)
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then
cap
> d 1— 2 2461 5 0, 3.9
co = 1€ —) T 2106, 9]/0 (3.9
Lemma 2.1 yields that there is a sequence {uy,},>, C Ho (Q) such that
Jw,) > ¢y, and  J'(u,) >0, n-— oo, (3.10)

Below, similarly as those of [18], I will prove the sequence {u,},., C H (Q) satisfying (3.10) must be bounded.
In fact, (3.10) yields

1 +
Edl||u,,1||2— fulnd o enf udx = o + o(1) (3.11)
and
dlllumllz—blfu%ndX+aufuf,fgldX=<J’(u1n),u1n>, (3.12)
Q Q

and for £ > 0 small enough suc that there exits a n big enough such that

T (1), i) < ellutnll. (3.13)
So I have
1 1 by £
di(z= — —)(1 - WP < 1) — ——lull,
|(2 2+01)( i, — lu1allI” < co +o(1) - 256, [zl

which means the boundedness of {u;,};”
Now I shall prove that the bounded sequence {u,},. , must be compact sequentially. This is only a conventional proof. How-
ever, in view of the completeness of the proof, [ am willing to give the proof:

In fact, (H1) means i(blul(x) — ayu (x)'*%) satisfies the Caratheodory condition:
1
|-G = anw (0| < e+ eluP, V(nm) €QXR,
1

where ¢y, ¢ are positive numbers big enough. Due to Q ¢ R?, the critical Sobolev exponent is 6, and hence the operator J’ :

H}(Q) — (H}(Q))* is compact, where the functional

= 1 ain 2+4e
T= [ (3but = 32 i
L PR SR
Moreover,
T g = f (b0 — a0 gfix, Vg € B,

and then the bounded sequence {u;,} | possesses a subsequence, say, {u,} . |, satisfying J'(u1,) — J'(uy.) in (Hé(Q))*, n— oo,

n=1°

where u;, € HO(Q). For any ¢ € HO(Q),
(T (urn) = J' (wim), ) = dy f(Vuln = Vi) - Vdx = (T (u1,) = T (i), 0),
Q

which together with {u;,}> | C H (€2), (3.10) and the arbitrariness of ¢ implies

Nty = il < A @l + 1 @ Dllr, = wnll + 1T @) = T @)t =

U @il + I @l + 17 @) = T @)Dl + larnll) = 0, 7= 00, m — oo,


https://doi.org/10.20944/preprints202102.0050.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 February 2021 d0i:10.20944/preprints202102.0050.v1

This shows that {u;,}°, is compact sequentially. And then there exists a subsequence of {u;,}°>, convergent to a point in H} (<),
say, uy, € Hy(Q), Due to J(u.) = ¢ > 3di(1 - d:’—jll)pz - ;i—;‘]pz"gl > 0, Isee u;, # 0, which shows that (., 0) # (0,0). Similarly,
I can similarly prove there is at least another stationary solution (0, u,,) # (0, 0) for the system (2.1).

Theorem 3.1 tells us that under the assumptions of Theorem 3.1, (0, 0) can not be global stable. And so the local stability is

considered.

Theorem 3.2. Under the assumptions of Theorem 3.1, the zero solution (0, 0) of the system (2.1) is locally asymptotically stable .

Proof. Firstly, the condition b; < A,d; yields,

B < AD, (3.14)
where
d 0 by 0
D= , B= . (3.15)
0 dz 0 bz
Next, consider the following linear system:
0
§=d1AM1+b1M1, t>0,xeQ,
0
ﬁ =d2AM2 + bzuz, t>0,xeQ,
ot (3.16)
u(t,x) =u(t,x) =0, t>0, xedQ,
1 (0,x) = &1(x),  uz(0,x) = &(x),
Consider the Lyapunov function:
V= f U2 + u3)dx.
Q
The condition (3.14) yields
av
—|(3.1(,) = f (ZdlulAul + 2b1u% + 2drur Auy + 2b2u§)dx
a o (3.17)

< f uT( 20D+ 2B)udx <0,
Q

where u = (u;, u;)". Then (3.17) yields that the zero solution (0, 0) of the linear system (3.16) is asymptotically stable ([19]). And
hence, the zero solution (0, 0) of the nonlinear system (2.1) is locally asymptotically stable.

The main results of this section originate in the author’s another work ([23]).
4. Global Stability with boundedness assumption on population densities

In this section, a suitable assumption may proposed on population densities u;, u; :

0<uy <M, 0<up <M, 4.1)
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where M, is a given positive number for a given i € {1, 2}. Remark, this assumption is reasonable due to the limit resources ([20]).
Next, the system (2.1) can be rewrite as follows,

(9141
ot

u
(9_1‘2 =d)Auy + byuy + 0 fi(u) —anfr(uy), t>0,x€Q, 42)

u(t,x) =u(t,x) =0, t>0, x€0Q,

=d|Auy +byuy —ay fi(u)) +0- oL(up), t2>0,x€Q,

u(0,x) = £1(x),  u2(0, %) = &(%),
where
filw) = ul" + 22, 43)
ar
Flu) =1 + Py, (4.4)
an
And the system (4.2) can be rewritten as follows,
ou
i =DAu+ Bu—-Af(u), t>0,xeQ,
u(t,x) =0, t>0,xedQ, 4.5)
u(0, x) =£(x), xeQ,

where the matrices D and B is defined in (3.15), u = (u1, u2)", f(u) = (fi(u)), L))", & = (£1,&)7, and
A:[ a0 ] (4.6)

Moreover, since the larva usually does not have the competitive ability, and the larva matures to the adult needs a period of
time, which is usually closely related to the climate, temperature, humidity and other random factors, so the delayed feedback
stochastic model may be considered ([20]). Denote by (C, 7, P) the complete probability space with a natural filtration {F},50
(see, e.g. [22]). Let S = {1, 2, ---, ng} and the random form process {r(r) : [0, +c0) — S} be a homogeneous, finite-state
Markovian process with right continuous trajectories with generator IT = (¥;;)nyxn, and transition probability from mode i at time ¢

tomode jattimer+9, i, j€S,

i‘5+0(5, EN
PGra+8) = jr=i=] 00O
]+7fj6+0(6)’ ]:l

no

where y;; > 0 is transition probability rate from i to j(j # i) and y;; = — ijl,#i Yij» 0 > 0 and };ii% 0(0)/6 = 0.

Consider the following delayed feedback system :

6”(82’ D _DAu(t, x) + But, x) — Afut, x)) + K@) ut, x) — ult — 70, 2)), 130, x € O,
u(t,x) =0, t>0,xe€dQ, @.7)

u(0, x) =£(x), xeQ,

where
k(@) 0 ]
0 ko) |
k1 (r(1)) and k,(r(¢)) are feedback benefit coefficients at mode r(r) = r € S. Denote k(r(?)) = ky,, ko(r(t)) = ky, for simple.
7

K, = K(r()) = [
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Theorem 4.1. If
4D > B+ AF 4.8)

then the null solution is the unique stationary solution of the ecosystem (4.7) under the restrictive condition (4.1). If, in addition,

there are a sequences of positive definite diagonal matrices P.(r € S), Q; > 0( € {1,2}) and W > O such that

-0, 1FQ;-P,A 0 0
% - 0 0
& <0, Vres, 4.9)
* * -1-1)W 1FQ,
% * % -0,

then the null solution of the ecosystem (4.7) is globally exponentially stable, where 7(¢) € [0,7] with 7(f) < 7. < 1, ®, =

24,PD - 2PB - Y. y,;P; — W, and
Jjes

F, 0
F= (4.10)
0 F
with
Fr=+0)M" + 22, @.11)
a
and
Fy=(+0)M> + 2y, (4.12)
an

Proof. Firstly, it follows from (4.1) and (4.3)-(4.4) that £;(0) = 0,i = 1,2, and

0< fi(r) = fi(s) < +0)M" + 42, (4.13)
r—s ar
and
0< L) = fo(5) <1+ oM + 2y, (4.14)
r—=s an

Next, one can see that under the restrictive condition (4.1) on the state variable u, the null solution (0, 0) is the unique stationary
solution of the system (4.7)

Indeed, let u = u(x) be a stationary solution, satisfying (4.1), then it is obvious that
0 = DAu + Bu—Af(u), (4.15)
which together with the definition of f, Poincare inequality and boundary value condition implies
L lul" (B + AF)luldx > L(IMITBIMI +ul" Al f)hdx > A, fg lul” Dluldx. (4.16)

Combining (4.8) and (4.16) results in « = 0, and hence, the null solution solution must be the unique stationary solution of the
ecosystem (4.7) under the restrictive condition (4.1) on the state variable u.

Let P.(r € S) and W be positive definite matrices such that
!

V(t,r,u) = f ul (¢, x)Poult, X)dx + f
Q '

=7(n)

f ul (s, x)Wu(s, x)dxds
Q

since (4.8) = uT(Z/llD - 2B)u >0= uT(Z/hD - ZB)u = |u|T(2/11D - ZB)|u|, one can deduce

8
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On the other hand, it follows from (4.13) and (4.14) that
0 LIF u
(wr par)|” @ >0,
= =0 ) fw

0o LlF t— 1),
(uT(t —7(0), ), fT (u(t - T(t),x))) ||t =70, >0,
x =0 ) fu(t —7(5), X))

similarly,

Let £ be the weak infinitesimal operator (see, e.g. [15]) such that

v
L f (Z/IIPD 2PB = y,P; - Wudx 2 f W PLAf(u)dx
dt Q “es

-(1-1) f ul (t = 7()) Wul(t — 7())dx

<- f (2/11PD 2PB= ) P - W udx -2 f W PLAf(u)dx
o % :
- —T*)fuT(t—T(Z))Wu(Z—T(t))dx+[ ) [ 'FQI][ ]
. fa @.17)
u(t — 7(t), x) ' 0 1FQ|[ ut—1@),x)
Nrwt-w.) |+ -0, ][f(u(t— (), x))]
u ' -0, 1FQ,-PA 0 0 u
_ S * -0 0 0 S
u(t — 7(1), x) s * (1 =1)W IFO|| u(t—7(0),x)
Su(t = 7(2), x)) ¢ * * =0y J\f(u@ - 7(2), x)).
Moreover,
EV(t + &) - EV(1) = f " ELvisys.
Let & — 0, then combining (4.17) and (4.9) leads to l
D*EV < 0. (4.18)
Obviously there exist positive constants o1, o > 0 such that
aillull}zg, < V(t,u) < oallulf, 4.19)
where
= sup [ e+ 0.
se€[-1,01 JQ

Therefore, one can see it from (4.18) and (4.19) that the null solution of the ecosystem (4.7) is globally exponentially stable

5. Numerical examples
1 _ 1
3> 0 =3 then

Example 5.1. In the system (2.1), set Q = (—2, 2) X (—2, 2) X (—2, 2) then A; > 3 ([11, Remark 14]). Set 6; =

the condition (H1) is satisfied. Assume, in addition,

06 O 15 0
D = , B= ,
0 05
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then b; < did; and 0 < 6; < 1, Vi = 1,2. Theorem 3.1 tells that the system (2.1) possesses at least three stationary solutions
(0,0), (u1.(x),0) and (0, up.(x)), where u;.(x) # 0, Vi = 1,2. Moreover , Theorem 3.2 yields that the zero solution (0, 0) of the

system (2.1) is locally asymptotically stable.

Example 5.2. Set S = {1,2}, and y;; = —0.5,y1, = 0.5,y = 0.3,y = -0.3, Q = [0, 1] x [0, 1], and hence 4, = 19.7392 ([11,
Remark 13]). Let 7 = 1.5, 7, = 0.85 Set

0.4 0 15 0 0.6 0
D= , B= , A= )
0 035 0o 12 0 055

and a;; = 0.56,ay; = 0.53, M, = 1 = M, 6, = 0.1,6, = 0.2. Direct computation yields that (4.8) holds, which together with
Theorem 4.1 implies that the null solution the the null solution is the unique stationary solution of the ecosystem (4.7) under the
restrictive condition (4.1).

Moreover, applying computer Matlab LMI toolbox to (4.9) results in the feasible data:

1.0017 0 P 0.9987 0 1.1177 0 0.9993 0
1= , Py = = , O = ,
0 1.0015 0 1.0003 0 0.9996 0 1.139
1.1177 0 0.9993 0
= , O =
0 0.9996 0 1.1033

Then Theorem 4.1 yields that the null solution of the ecosystem (4.7) is globally exponentially stable.

6. Conclusions

In this paper, the author investigated the local and global stability for Gilpin-Ayala competition model involved in harmful
species via LMI approach and variational methods. Using the mountain pass lemma, the existence of multiple stationary solutions
of ecosystem is given, which shows that the global stability of the zero solution of the pest model is difficult to achieve. And
applying the principle of linear approximation results in the local stability criterion. Moreover, due to the limited resources of
nature, the population densities of species are reasonably assumed to be limited. Based on this boundedness assumption, the author
employ variational methods to prove that the null solution is the unique stationary solution of the ecosystem, and so the global
stability can be considered. Furthermore, utilizing LMI technique gives the globally asymptotical stability criterion of the unique
stationary solution. The obtained Theorems and numerical examples illuminate that improving the diffusion of bacteria or pests is
conducive to the elimination of pests or bacteria. For example, more ventilation in the area where bacteria are located is conducive

to preventing the multiplication of bacteria and ultimately eliminating them.
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