
:THE COSMOLOGICAL OTOC:
A new proposal for quantifying auto-correlated random

non-chaotic primordial fluctuations

Sayantan Choudhury a,b 1

aSchool of Physical Sciences,

National Institute of Science Education and Research, Bhubaneswar, Odisha - 752050, India
bHomi Bhabha National Institute, Training School Complex, Anushakti Nagar, Mumbai -

400085, India

Email: sayantan.choudhury@niser.ac.in, sayanphysicsisi@gmail.com

Abstract

The underlying physical concept of computing out-of-time-ordered correlation (OTOC) is a sig-

nificant new tool within the framework of quantum field theory, which now-a-days is treated as a

measure of random fluctuations. In this paper, by following the canonical quantization technique

we demonstrate a computational method to quantify the two different types of Cosmological

auto-correlated OTO functions during the epoch when the non-equilibrium features dominates

in Primordial Cosmology. In this formulation, two distinct dynamical time scales are involved to

define the quantum mechanical operators arising from cosmological perturbation scenario. We

have provided detailed explanation regarding the necessity of this new formalism to quantify any

random events generated from quantum fluctuations in Primordial Cosmology. We have per-

formed an elaborative computation for the two types of two-point and four-point auto-correlated

OTO functions in terms of the cosmological perturbation field variables and its canonically con-

jugate momenta to quantify random auto-correlations in the non-equilibrium regime. For both

the cases we found significantly distinguishable non-chaotic, but random behaviour in the OTO

auto-correlations, which was not pointed before in this type of studies. Finally, we have also

demonstrated the classical limiting behaviour of the mentioned two types of auto-correlated

OTOC functions from the thermally weighted phase space averaged Poisson Brackets, which we

found exactly matches with the large time limiting behaviour of the auto-correlations in the

super-horizon regime of the cosmological scalar mode fluctuation.
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1This project is the part of the non-profit virtual international research consortium “Quantum Structures of the
Space-Time & Matter (QASTM)”.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

©  2021 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202102.0616.v2
http://creativecommons.org/licenses/by/4.0/


Contents

1 Introduction 1

2 Formulation of non-chaotic auto-correlated OTO functions in Primordial Cos-

mology 8

2.1 Non-chaotic auto-correlated OTO functions 8

2.2 Eigenstate representation of non-chaotic OTOC in quantum statistical mechanics 11

2.3 Constructing non-chaotic OTOC in Cosmology 22

2.3.1 For massless scalar field 22

2.3.2 For partially massless scalar field 25

2.3.3 For massive scalar field 25

3 Quantum non-chaotic auto-correlated OTO amplitudes and OTOC in Primor-

dial Cosmology 27

3.1 Computational strategy for non-chaotic auto-correlated OTO functions 28

3.2 Classical mode functions to compute non-chaotic auto-correlated OTO functions

in Cosmology 30

3.3 Quantum mode function to compute non-chaotic auto-correlated OTO functions

in Primordial Cosmology 33

3.4 Quantum operators for non-chaotic auto-correlated OTO functions 34

3.5 Cosmological two-point and four-point “in-in” non-chaotic OTO amplitudes 36

3.5.1 Non-chaotic auto-correlators in Primordial Cosmology 36

3.5.2 Fourier space representation of the commutator bracket: Application to

two-point non-chaotic auto-correlated OTO functions 38

3.5.3 Fourier space representation of square of the commutator bracket: Appli-

cation to four-point non-chaotic auto-correlated OTO functions 41

3.6 Thermal partition function in Primordial Cosmology: Quantum version 43

3.6.1 Initial quantum state in Primordial Cosmology 43

3.6.2 Quantum partition function in terms of rescaled perturbation field variable

in Primordial Cosmology 45

3.6.3 Quantum partition function in terms of cosmological scalar curvature per-

turbation field variable in Primordial Cosmology 46

3.7 Trace of two-point “in-in” non-chaotic extension of OTO amplitudes for Primordial

Cosmology 47

3.8 New OTOCs from regularised two-point “in-in” non-chaotic auto-correlated OTO

amplitudes: rescaled field version 48

3.9 New OTOCs from regularised four-point “in-in” non-chaotic auto-correlated OTO

amplitudes: curvature perturbation field version 50

3.10 Trace of four-point “in-in” non-chaotic auto-correlated OTO amplitude for Pri-

mordial Cosmology 55

3.11 New OTOCs from regularised four-point “in-in” non-chaotic auto-correlated OTO

amplitudes: rescaled field version 56

3.11.1 Without normalization 56

3.11.2 With normalization 58

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


3.12 New OTOCs from regularised four-point “in-in” non-chaotic auto-correlated OTO

amplitudes: curvature perturbation field version 61

3.12.1 Without normalization 61

3.12.2 With normalization 61

4 Numerical analysis I: Interpretation of two-point non-chaotic auto-correlated

OTO functions 62

5 Numerical analysis II: Interpretation of four-point non-chaotic auto-correlated

OTO functions 64

6 Classical limit of non-chaotic auto-correlated OTO amplitudes and OTOC in

Primordial Cosmology 76

6.1 Computational strategy for non-chaotic auto-correlated OTO functions in the Clas-

sical limit 76

6.2 Classical limit of cosmological two-point “in-in” non-chaotic OTO amplitudes 77

6.3 Classical limit of cosmological four-point “in-in” non-chaotic OTO amplitudes 79

6.4 Cosmological partition function: Classical version 84

6.4.1 Classical partition function in terms of rescaled field variable 84

6.4.2 Classical partition function in terms of curvature perturbation field variable 84

6.5 Classical limit of cosmological two-point non-chaotic OTOC: rescaled field version 85

6.6 Classical limit of cosmological two-point non-chaotic OTOC: curvature perturba-

tion field version 87

6.7 Classical limit of cosmological four-point non-chaotic OTOC: rescaled field version 88

6.7.1 Without normalization 88

6.7.2 With normalization 91

6.8 Classical limit of cosmological four-point non-chaotic OTOC: curvature perturba-

tion field version 91

6.8.1 Without normalization 91

6.8.2 With normalization 92

7 Summary and Outlook 93

A Asymptotic features of the scalar mode functions in cosmological perturbation

theory 96

B Quantum two-point OTO amplitudes for Cosmology 98

B.1 Definition of OTO amplitude ∆̂1(k1,k2; τ1, τ2) 98

B.2 Definition of OTO amplitude ∆̂2(k1,k2; τ1, τ2) 98

C Quantum four-point OTO amplitudes for Cosmology 99

C.1 Definition of OTO amplitude T̂ (1)
1 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

1 (k1,k2,k3,k4; τ1, τ2) 99

C.2 Definition of OTO amplitude T̂ (1)
2 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

2 (k1,k2,k3,k4; τ1, τ2)101

C.3 Definition of OTO amplitude T̂ (1)
3 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

3 (k1,k2,k3,k4; τ1, τ2)103

C.4 Definition of OTO amplitude T̂ (1)
4 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

4 (k1,k2,k3,k4; τ1, τ2)105

iii

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


D Computation of classical limit of four-point “in-in” OTO amplitudes for Cos-

mology 107

E Computation of the trace of the two-point amplitude in OTOC 111

F Computation of the trace of the four-point amplitude in OTOC 113

G Time dependent two-point amplitude in OTOC 117

H Time dependent four-point amplitudes in OTOC 119

H.1 Computation of I(1)
1 (τ1, τ2) and I(2)

1 (τ1, τ2) 120

H.2 Computation of I(1)
2 (τ1, τ2) and I(2)

2 (τ1, τ2) 122

H.3 Computation of I(1)
3 (τ1, τ2) and I(2)

3 (τ1, τ2) 123

H.4 Computation of I(1)
4 (τ1, τ2) and I(2)

4 (τ1, τ2) 124

H.5 Computation of I(1)
5 (τ1, τ2) and I(2)

5 (τ1, τ2) 124

H.6 Computation of I(1)
6 (τ1, τ2) and I(2)

6 (τ1, τ2) 125

H.7 Computation of I(1)
7 (τ1, τ2) and I(2)

7 (τ1, τ2) 126

H.8 Computation of I(1)
8 (τ1, τ2) and I(2)

8 (τ1, τ2) 127

H.9 Computation of I(1)
9 (τ1, τ2) and I(2)

9 (τ1, τ2) 128

I Computation of the normalization factor in four-point OTOC 128

I.1 Normalization factor of four-point OTOC computed from rescaled field variable 128

I.2 Normalization factor of four-point OTOC computed from curvature perturbation

field variable 132

J Computation of the normalization factor in classical limit of four-point OTOC134

J.1 Normalization factor of the classical version of four-point OTOC computed from

rescaled field variable 134

J.2 Normalization factor of the classical version of four-point OTOC computed from

curvature perturbation field variable 136

References 138

iv

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


1 Introduction

The underlying physical concept of out-of-time ordered correlation (OTOC) functions [1–9] within

the framework of quantum field theory is considered to be a very strong theoretical tool to describe

random phenomena in the quantum regime, particularly the phenomena of quantum chaos. This

concept was first introduced within the framework of superconductivity to explicitly compute the

vertex correction factor of current in ref. [10]. But for the last few years in the various contexts

of gravitational paradigm this computational tool have been frequently used to describe various

random-chaotic phenomena very successfully. One can physically interpret OTO functions as a

quantum analogue of the usual classical sensitivity against very small random fluctuations in the

initial conditions.

To describe this in a better way, let us consider two quantum operators in different time

scales, X1(t1), X1(t2), its canonically conjugate momenta ΠX1(t1) and ΠX1(t2), and using these

operators the auto-correlated OTOs are defined as:

Auto−Correlated OTOC1

Two− point function :

Y1(t1, t2) :≡ −〈[X1(t1), X1(t2)]〉β = − 1

Z(t1)
Tr [exp (−βH(t1)) [X1(t1), X1(t2)]] , (1.1)

Four− point function :

C1(t1, t2) :≡ −〈[X1(t1), X1(t2)]2〉β = − 1

Z(t1)
Tr
[
exp (−βH(t1)) [X1(t1), X1(t2)]2

]
, (1.2)

Auto−Correlated OTOC2

Two− point function :

Y2(t1, t2) :≡ −〈[ΠX1(t1),ΠX1(t2)]〉β = − 1

Z(t1)
Tr [exp (−βH(t1)) [ΠX1(t1),ΠX1(t2)]] , (1.3)

Four− point function :

C2(t1, t2) :≡ −〈[ΠX1(t1),ΠX1(t2)]2〉β = − 1

Z(t1)
Tr
[
exp (−βH(t1)) [ΠX1(t1),ΠX1(t2)]2

]
, (1.4)

where the quantum partition function at finite temperature can be expressed as:

Quantum Partition function :

Z(t1) = Tr [exp (−βH(t1))] where β =
1

T
with kB = 1, ~ =

h

2π
= 1 , (1.5)

where H(t1) is the Hamiltonian of the quantum system under consideration which is defined

at the time scale t1. Here in the quantum regime the effect of perturbation by the quantum

operators ΠX1(t1) and ΠX1(t2) on the measurement of the quantum operators X1(t1) and X1(t2)

on later time scales. In this theoretical construction we assume that the corresponding one-point

1
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functions are trivially vanish for both of the operators:

One− point function1 :

〈X1(t1)〉β =
1

Z(t1)
Tr [exp (−βH(t1))X1(t1)] = 0, (1.6)

〈X1(t2)〉β =
1

Z(t2)
Tr [exp (−βH(t2))X1(t2)] = 0. (1.7)

One− point function2 :

〈ΠX1(t1)〉β =
1

Z(t1)
Tr [exp (−βH(t1)) ΠX1(t1)] = 0, (1.8)

〈ΠX1(t2)〉β =
1

Z(t2)
Tr [exp (−βH(t2)) ΠX1(t2)] = 0. (1.9)

The huge applicability of OTOC as a strong theoretical probe of gravity dual theories in terms

of AdS/CFT [11, 12] has attracted a lot of attention recently in various works. Many such ex-

amples can be given that features the importance of the OTO functions in AdS/CFT [11, 12].

Particularly the study of shock waves [13–17] in black hole physics is one of the remarkable exam-

ples, which can be understood by various types of geometries within the framework of AdS/CFT.

Also it is important to note that, this particular study finally led to maximum saturation bound

on Lyapunov exponent in the quantum regime. In gravitational paradigm, this bound is explained

in terms of the well known red shift factor which is defined near the black hole event horizon

having a Hawking temperature. In this context, the Sachdev-Ye-Kitaev (SYK) model [18–52] is

the most famous example which explains the quantum mechanical features of 0 + 1 dimensional

Majorana fermions having inherent infinitely long disorder. From the past understanding from

various works it is a very well known fact that any gravitational paradigm having their own CFT

dual are described by the strongly coupled quantum field theories.

Now, we will point towards an unusual application of computing auto-correlations of OTO

function within the framework of Primordial Cosmology, which we have proposed in ref. [53] to

describe the cosmological cross-correlated OTO function. In Primordial Cosmology the most sig-

nificant quantity that we study are the N -point functions of the scalar-tensor metric fluctuations.

Here we consider the Friedmann-Lemâıtre-Robertson-Walker (FLRW) spatially flat background

metric to describe our homogeneous, isotropic and expanding observed universe. Using this

metric cosmological perturbation theory can be studied to explain the origin of the mentioned

scalar-tensor fluctuations. These quantum fluctuations are very fundamental objects from which

one can compute all N -point functions in Primordial Cosmology [54–81]. Additionally, these

quantum fluctuations can be treated as a seed of cosmological perturbations to describe the for-

mation of galaxy and cluster formation at present day. Though these correlators are described in

a same time scale at the late time scale of our universe and describe the equilibrium configuration.

Then one can immediately ask about question regarding the possible options left to explore

the physics of primordial quantum fluctuations from the studies of these mentioned correlators:

• First possibility:

The first possibility is to include future observational aspects to verify various theoretical

proposals in cosmology. These theoretical proposals are appended below:

2
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The Cosmological OTOC

(Study of New Correlation functions in Primordial Cosmology)

Cross-Correlation Auto-Correlation

Studied in 

arXiv:2005.11750 [hep-th], 

Symmetry 12 (2020) no.9, 1527

 

The subject

 matter of

 this paper

Random

Quantum 


Correlations

Figure 1: Schematic diagram representing the different role of Cosmological OTOC within the
framework of Primordial Cosmology.

1. Primordial gravitational waves and tensor-to-scalar ratio [79, 82–98, 98–112],

2. Primordial non-Gaussianity [54–81],

3. Spectral running and scale dependence in primordial power spectrum [86, 102, 113–

115],

4. New consistency relations [85, 87, 90, 116–118].

• Second possibility:

The second possibility is probing of new physics by including significant features in Pri-

mordial Cosmology. This can be done by incorporating the concept of out-of-equilibrium

in primordial Cosmological quantum correlation functions. Though before this work and

previous work done by us in ref. [53] it was not at all mentioned in the corresponding

literature to how to compute and finally quantify the cosmological correlators at out-of-

equilibrium. It is also not even clear that what exact quantity one need to compute to

give an estimations of these mentioned new correlators. After this work we are hopeful

that at least technically we have provided some correct estimation of these non-equilibrium

quantum correlators within the framework of primordial cosmology. Now to connect with

the real cosmological scenario let us mention about some aspects which are appearing in

the time line of our universe where one can implement the presented methodology:

3
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Field and Momentum Auto-Correlated two and four point TO contributions in Cosmology
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Figure 2: Diagrammatic representation of two-point & four-point time ordered auto-correlators
for the momentum and field within the framework of Primordial Cosmology.

1. Stochastic particle production during inflation [53, 119–123],

2. Warm Inflationary framework [124–126],

3. Reheating [127–131],

4. Stochastic inflationary framework [132–136],

5. Quantum quench [137–148] in Cosmology.

in fig. (1), we have shown a schematic diagram representing the different role of Cosmological

OTOC within the framework of Primordial Cosmology. Then further in fig. (2), we have shown

the diagrammatic representation of two-point & four-point time ordered auto-correlators for the

momentum and field. Next in fig. (3), we have shown the diagrammatic representation of two-

point OTO auto-correlators for the momentum and field within the framework of Primordial

Cosmology. Finally, in fig. (4) and fig. (5), we have shown the diagrammatic representation of

four-point OTO auto-correlators for the field and momentum within the framework of Primordial

Cosmology. Now, we mention the major highlights of our obtained results in this paper 2:

2Note: Except the small details presented for cosmological perturbation theory for scalar modes, the rest of
the computations presented in this paper is completely new. Though we have presented the detail in terms of
the massless, partially massless and massive scalar fields which is not commonly discussed in the cosmology text
book literature. Because of this reason the partial details of the computations are provided in the text portion of
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Field and Momentum Auto-Correlated two-point OTO contributions in Cosmology
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⇣(x, ⌧1)

Figure 3: Diagrammatic representation of two-point OTO auto-correlators for the momentum
and field within the framework of Primordial Cosmology.

• Highlight I:

The computation method presented in this paper helps us to quantify the quantum auto-

correlations within the framework of Primordial Cosmology with random fluctuations.

In this article we have computed the expressions for the two-point and four-point auto-

correlated cosmological OTO functions in the quantum regime. These computed expres-

sions are completely new and the detailed discussions will be helpful to understand the

underlying physical problem that we have studied in this paper.

• Highlight II:

We have additionally studied the classical limits of the two-point and four-point auto-

correlated cosmological OTO functions in terms of the phase space thermal weighted average

of classical Poisson brackets. Most importantly this computation will provide the non-

standard random behaviour, which are perfectly consistent with the expectations from the

present scenario. Last but not the least this particular computation will be very helpful to

understand the super-horizon classical limiting behaviour of the computed auto-correlated

OTO functions.

the paper and the rest of the details are presented in the Appendices. We believe this will be helpful for general
readers.
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Field Auto-Correlator OTO contributions in Cosmology

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2

<latexit sha1_base64="bjSZ6q1n14PzBmKxBd0nJ4aYoc4=">AAAB/nicdVBNSwMxEM3Wr1q/VsWTl2ARFKQkRbS9Fb14rGC10C0lm2Y1mP0gmRXrUvCvePGgiFd/hzf/jdm2goo+GHi8N8PMPD9R0gAhH05hanpmdq44X1pYXFpecVfXzk2cai5aPFaxbvvMCCUj0QIJSrQTLVjoK3HhXx/n/sWN0EbG0RkMEtEN2WUkA8kZWKnnbnh3AthO5vkBvh3uecDSHt3tuWVSIYRQSnFO6OEBsaRer1VpDdPcsiijCZo9993rxzwNRQRcMWM6lCTQzZgGyZUYlrzUiITxa3YpOpZGLBSmm43OH+Jtq/RxEGtbEeCR+n0iY6Exg9C3nSGDK/Pby8W/vE4KQa2byShJQUR8vChIFYYY51ngvtSCgxpYwriW9lbMr5hmHGxiJRvC16f4f3JerdCDCjndLzeOJnEU0SbaQjuIokPUQCeoiVqIoww9oCf07Nw7j86L8zpuLTiTmXX0A87bJ3qTlS8=</latexit>

⇣(x, ⌧1)

<latexit sha1_base64="WdYBsATKuD924MudE2WpbfS6SoI=">AAAB/nicdVBNSwMxEM36WetXVTx5CRahgpSkiLa3ohePFWwrdEvJptkazH6QzIp1KfhXvHhQxKu/w5v/xmxbQUUfDDzem2FmnhcraYCQD2dmdm5+YTG3lF9eWV1bL2xstkyUaC6aPFKRvvSYEUqGogkSlLiMtWCBp0Tbuz7N/PaN0EZG4QUMY9EN2CCUvuQMrNQrbLt3AlgpdT0f344OXGBJr7LfKxRJmRBCKcUZocdHxJJarVqhVUwzy6KIpmj0Cu9uP+JJIELgihnToSSGbso0SK7EKO8mRsSMX7OB6FgaskCYbjo+f4T3rNLHfqRthYDH6veJlAXGDAPPdgYMrsxvLxP/8joJ+NVuKsM4ARHyySI/URginGWB+1ILDmpoCeNa2lsxv2KacbCJ5W0IX5/i/0mrUqZHZXJ+WKyfTOPIoR20i0qIomNUR2eogZqIoxQ9oCf07Nw7j86L8zppnXGmM1voB5y3T3wYlTA=</latexit>

⇣(x, ⌧2)

<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1
<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4

<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1

<latexit sha1_base64="WdYBsATKuD924MudE2WpbfS6SoI=">AAAB/nicdVBNSwMxEM36WetXVTx5CRahgpSkiLa3ohePFWwrdEvJptkazH6QzIp1KfhXvHhQxKu/w5v/xmxbQUUfDDzem2FmnhcraYCQD2dmdm5+YTG3lF9eWV1bL2xstkyUaC6aPFKRvvSYEUqGogkSlLiMtWCBp0Tbuz7N/PaN0EZG4QUMY9EN2CCUvuQMrNQrbLt3AlgpdT0f344OXGBJr7LfKxRJmRBCKcUZocdHxJJarVqhVUwzy6KIpmj0Cu9uP+JJIELgihnToSSGbso0SK7EKO8mRsSMX7OB6FgaskCYbjo+f4T3rNLHfqRthYDH6veJlAXGDAPPdgYMrsxvLxP/8joJ+NVuKsM4ARHyySI/URginGWB+1ILDmpoCeNa2lsxv2KacbCJ5W0IX5/i/0mrUqZHZXJ+WKyfTOPIoR20i0qIomNUR2eogZqIoxQ9oCf07Nw7j86L8zppnXGmM1voB5y3T3wYlTA=</latexit>

⇣(x, ⌧2)

<latexit sha1_base64="bjSZ6q1n14PzBmKxBd0nJ4aYoc4=">AAAB/nicdVBNSwMxEM3Wr1q/VsWTl2ARFKQkRbS9Fb14rGC10C0lm2Y1mP0gmRXrUvCvePGgiFd/hzf/jdm2goo+GHi8N8PMPD9R0gAhH05hanpmdq44X1pYXFpecVfXzk2cai5aPFaxbvvMCCUj0QIJSrQTLVjoK3HhXx/n/sWN0EbG0RkMEtEN2WUkA8kZWKnnbnh3AthO5vkBvh3uecDSHt3tuWVSIYRQSnFO6OEBsaRer1VpDdPcsiijCZo9993rxzwNRQRcMWM6lCTQzZgGyZUYlrzUiITxa3YpOpZGLBSmm43OH+Jtq/RxEGtbEeCR+n0iY6Exg9C3nSGDK/Pby8W/vE4KQa2byShJQUR8vChIFYYY51ngvtSCgxpYwriW9lbMr5hmHGxiJRvC16f4f3JerdCDCjndLzeOJnEU0SbaQjuIokPUQCeoiVqIoww9oCf07Nw7j86L8zpuLTiTmXX0A87bJ3qTlS8=</latexit>

⇣(x, ⌧1)

<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2
<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="jsTPHMYcm/hURFT6JYENrZBk2CY="></latexit>h⇣(x, ⌧1)⇣(x, ⌧2)⇣(x, ⌧1)⇣(x, ⌧2)i�
<latexit sha1_base64="Iv9V///niZFjAUqtpi/EBGRp0Qo="></latexit>h⇣(x, ⌧1)⇣(x, ⌧2)⇣(x, ⌧2)⇣(x, ⌧1)i�

<latexit sha1_base64="bjSZ6q1n14PzBmKxBd0nJ4aYoc4=">AAAB/nicdVBNSwMxEM3Wr1q/VsWTl2ARFKQkRbS9Fb14rGC10C0lm2Y1mP0gmRXrUvCvePGgiFd/hzf/jdm2goo+GHi8N8PMPD9R0gAhH05hanpmdq44X1pYXFpecVfXzk2cai5aPFaxbvvMCCUj0QIJSrQTLVjoK3HhXx/n/sWN0EbG0RkMEtEN2WUkA8kZWKnnbnh3AthO5vkBvh3uecDSHt3tuWVSIYRQSnFO6OEBsaRer1VpDdPcsiijCZo9993rxzwNRQRcMWM6lCTQzZgGyZUYlrzUiITxa3YpOpZGLBSmm43OH+Jtq/RxEGtbEeCR+n0iY6Exg9C3nSGDK/Pby8W/vE4KQa2byShJQUR8vChIFYYY51ngvtSCgxpYwriW9lbMr5hmHGxiJRvC16f4f3JerdCDCjndLzeOJnEU0SbaQjuIokPUQCeoiVqIoww9oCf07Nw7j86L8zpuLTiTmXX0A87bJ3qTlS8=</latexit>

⇣(x, ⌧1)

<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1
<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4
<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1
<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4

<latexit sha1_base64="9phauNRh63rURj4pdQZJqXyPQtY="></latexit>h⇣(x, ⌧2)⇣(x, ⌧1)⇣(x, ⌧2)⇣(x, ⌧1)i�
<latexit sha1_base64="PXZPndUjsUuN04N2lu0OSzRwJBg="></latexit>h⇣(x, ⌧2)⇣(x, ⌧1)⇣(x, ⌧1)⇣(x, ⌧2)i�

<latexit sha1_base64="bjSZ6q1n14PzBmKxBd0nJ4aYoc4=">AAAB/nicdVBNSwMxEM3Wr1q/VsWTl2ARFKQkRbS9Fb14rGC10C0lm2Y1mP0gmRXrUvCvePGgiFd/hzf/jdm2goo+GHi8N8PMPD9R0gAhH05hanpmdq44X1pYXFpecVfXzk2cai5aPFaxbvvMCCUj0QIJSrQTLVjoK3HhXx/n/sWN0EbG0RkMEtEN2WUkA8kZWKnnbnh3AthO5vkBvh3uecDSHt3tuWVSIYRQSnFO6OEBsaRer1VpDdPcsiijCZo9993rxzwNRQRcMWM6lCTQzZgGyZUYlrzUiITxa3YpOpZGLBSmm43OH+Jtq/RxEGtbEeCR+n0iY6Exg9C3nSGDK/Pby8W/vE4KQa2byShJQUR8vChIFYYY51ngvtSCgxpYwriW9lbMr5hmHGxiJRvC16f4f3JerdCDCjndLzeOJnEU0SbaQjuIokPUQCeoiVqIoww9oCf07Nw7j86L8zpuLTiTmXX0A87bJ3qTlS8=</latexit>

⇣(x, ⌧1)

<latexit sha1_base64="WdYBsATKuD924MudE2WpbfS6SoI=">AAAB/nicdVBNSwMxEM36WetXVTx5CRahgpSkiLa3ohePFWwrdEvJptkazH6QzIp1KfhXvHhQxKu/w5v/xmxbQUUfDDzem2FmnhcraYCQD2dmdm5+YTG3lF9eWV1bL2xstkyUaC6aPFKRvvSYEUqGogkSlLiMtWCBp0Tbuz7N/PaN0EZG4QUMY9EN2CCUvuQMrNQrbLt3AlgpdT0f344OXGBJr7LfKxRJmRBCKcUZocdHxJJarVqhVUwzy6KIpmj0Cu9uP+JJIELgihnToSSGbso0SK7EKO8mRsSMX7OB6FgaskCYbjo+f4T3rNLHfqRthYDH6veJlAXGDAPPdgYMrsxvLxP/8joJ+NVuKsM4ARHyySI/URginGWB+1ILDmpoCeNa2lsxv2KacbCJ5W0IX5/i/0mrUqZHZXJ+WKyfTOPIoR20i0qIomNUR2eogZqIoxQ9oCf07Nw7j86L8zppnXGmM1voB5y3T3wYlTA=</latexit>

⇣(x, ⌧2)
<latexit sha1_base64="WdYBsATKuD924MudE2WpbfS6SoI=">AAAB/nicdVBNSwMxEM36WetXVTx5CRahgpSkiLa3ohePFWwrdEvJptkazH6QzIp1KfhXvHhQxKu/w5v/xmxbQUUfDDzem2FmnhcraYCQD2dmdm5+YTG3lF9eWV1bL2xstkyUaC6aPFKRvvSYEUqGogkSlLiMtWCBp0Tbuz7N/PaN0EZG4QUMY9EN2CCUvuQMrNQrbLt3AlgpdT0f344OXGBJr7LfKxRJmRBCKcUZocdHxJJarVqhVUwzy6KIpmj0Cu9uP+JJIELgihnToSSGbso0SK7EKO8mRsSMX7OB6FgaskCYbjo+f4T3rNLHfqRthYDH6veJlAXGDAPPdgYMrsxvLxP/8joJ+NVuKsM4ARHyySI/URginGWB+1ILDmpoCeNa2lsxv2KacbCJ5W0IX5/i/0mrUqZHZXJ+WKyfTOPIoR20i0qIomNUR2eogZqIoxQ9oCf07Nw7j86L8zppnXGmM1voB5y3T3wYlTA=</latexit>

⇣(x, ⌧2)

Figure 4: Diagrammatic representation of four-point OTO auto-correlators for the field within
the framework of Primordial Cosmology.

• Highlight III:

The late time behaviour of the four-point auto-correlated OTO functions helps us to study

the equilibrium feature of the quantum correlations which we have computed from the scalar

cosmological perturbations. Obviously the scalar cosmological perturbation and its related

stuffs upto quantizing the Hamiltonian is very well known, but rest of the computation

in this context are completely new. Though for better understanding purpose we have

provided a small portion of the cosmological perturbation with scalar modes before starting

the computation of two and four point auto-correlated OTO functions.

• Highlight IV:

We have provided the detailed computation of the normalized version of the four-point auto-

correlated cosmological OTO functions which we found that are completely independent

of the choice of the time dependent perturbation variable appearing in the cosmological

perturbation theory. To justify this statement we have used co-moving gauge for the sim-

plicity.

The plan of this paper are organized as follows:

• In the section (2), we discuss the formalism of computing the auto-correlated OTO func-
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Momentum Auto-Correlator OTO contributions in Cosmology

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2

<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1
<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4

<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1
<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2
<latexit sha1_base64="osgxfpiw0zXWGtY9tltdrFsnWuc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGVaGxRIqI4QwxjAjuFZFjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKtldHNRal6u4siDE3AKzgEGNdAE16AF2oCCO/AAnsCzp7xH78V7XbbmvNXMMfgB7+0TmR2PKA==</latexit>⌧2

<latexit sha1_base64="Uadpfzx+Rco8ODWYoEoKHjHnDxU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BszbQUVPXDhcM693HtPEAtuLEIfXm5tfWNzK79d2Nnd2z8oHh51jEo0ZW2qhNK9gBgmuGRty61gvVgzEgWCdYPpVeZ375k2XMlbO4uZH5Gx5CGnxDqpM7AkGeJhsYTKCCGMMcwIrlWRI41GvYLrEGeWQwms0BoW3wcjRZOISUsFMaaPUWz9lGjLqWDzwiAxLCZ0Ssas76gkETN+urh2Ds+cMoKh0q6khQv1+0RKImNmUeA6I2In5reXiX95/cSGdT/lMk4sk3S5KEwEtApmr8MR14xaMXOEUM3drZBOiCbUuoAKLoSvT+H/pFMp42oZ3VyUmperOPLgBJyCc4BBDTTBNWiBNqDgDjyAJ/DsKe/Re/Fel605bzVzDH7Ae/sEl5mPJw==</latexit>⌧1

<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1
<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4
<latexit sha1_base64="pN8x+tBP/eNX4dnz61Af19PVNpQ=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortciwUMQljDEhBGWEVCvYknq9ViY1RDLLoggrNIeF98EoYknAQ8Mk1bpPcGzclCojmOTz/CDRPKZsSse8b2lIA67ddHHoHJ1bZYT8SNkKDVqo3ydSGmg9CzzbGVAz0b+9TPzL6yfGr7mpCOPE8JAtF/mJRCZC2ddoJBRnRs4soUwJeytiE6ooMzabvA3h61P0P+mUS6RSwq3LYuNqFUcOTuEMLoBAFRpwA01oAwMOD/AEz86d8+i8OK/L1jVnNXMCP+C8fQLJOYzw</latexit>

1
<latexit sha1_base64="/TupHJ+Xu7zd4WfNfoau0SFwvsY=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTtIllvQi8cEzALJEHo6PUmbnoXuHiEM+QIvHhTx6id582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWm15nfvedKiyi8NbOYuwEdh8IXjBortcrDQhGXMMaEEJQRUq1gS+r1WpnUEMksiyKs0BwW3gejiCUBDw2TVOs+wbFxU6qMYJLP84NE85iyKR3zvqUhDbh208Whc3RulRHyI2UrNGihfp9IaaD1LPBsZ0DNRP/2MvEvr58Yv+amIowTw0O2XOQnEpkIZV+jkVCcGTmzhDIl7K2ITaiizNhs8jaEr0/R/6RTLpFKCbcui42rVRw5OIUzuAACVWjADTShDQw4PMATPDt3zqPz4rwuW9ec1cwJ/IDz9gnKvYzx</latexit>

2
<latexit sha1_base64="Psqb4Rf77HCvWAdniZ0eYLrKIug=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6Una9Cx09wgh5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrlO/c8+VFlF4a6YxdwM6CoUvGDVWal4M8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PI5YEPDRMUq17BMfGnVFlBJN8nusnmseUTeiI9ywNacC1O1scOkdnVhkiP1K2QoMW6veJGQ20ngae7QyoGevfXir+5fUS41fdmQjjxPCQLRf5iUQmQunXaCgUZ0ZOLaFMCXsrYmOqKDM2m5wN4etT9D9pl4qkXMTNy0L9ahVHFk7gFM6BQAXqcAMNaAEDDg/wBM/OnfPovDivy9aMs5o5hh9w3j4BzEGM8g==</latexit>

3
<latexit sha1_base64="7BVVbd2KnbGxeDqydZ2DIP3WgiU=">AAAB5HicdVDJSgNBEK2JWxy36NVLYxA8he4gWW5BLx4jmAWSIfR0epI2PQvdPUIY8gVePChe/SZv/o09SQQVfVDweK+Kqnp+IoU2GH84hY3Nre2d4q67t39weFRyj7s6ThXjHRbLWPV9qrkUEe8YYSTvJ4rT0Je858+uc7/3wJUWcXRn5gn3QjqJRCAYNVa6vRyVyriCMSaEoJyQeg1b0mw2qqSBSG5ZlGGN9qj0PhzHLA15ZJikWg8IToyXUWUEk3zhDlPNE8pmdMIHlkY05NrLlocu0LlVxiiIla3IoKX6fSKjodbz0LedITVT/dvLxb+8QWqChpeJKEkNj9hqUZBKZGKUf43GQnFm5NwSypSwtyI2pYoyY7NxbQhfn6L/SbdaIbUKLreu1mEU4RTO4AII1KEFN9CGDjDg8AjP8OLcO0/O66qx4KwnTuAHnLdPYoOLyQ==</latexit>

4

<latexit sha1_base64="0cl4D5Rjs9+6LcYxYagw6dUiVEw="></latexit>h⇧⇣(x, ⌧2)⇧⇣(x, ⌧1)⇧⇣(x, ⌧1)⇧⇣(x, ⌧2)i�
<latexit sha1_base64="CYwBKSV9dge6sB4y+U2rgGokvp0="></latexit>h⇧⇣(x, ⌧2)⇧⇣(x, ⌧1)⇧⇣(x, ⌧2)⇧⇣(x, ⌧1)i�

<latexit sha1_base64="q+JB6TYE8Fl+pMeiePJRpNLh9w8="></latexit>h⇧⇣(x, ⌧1)⇧⇣(x, ⌧2)⇧⇣(x, ⌧2)⇧⇣(x, ⌧1)i�
<latexit sha1_base64="/208/PPA1ET7DKPPzGNMEtfyd4M="></latexit>h⇧⇣(x, ⌧1)⇧⇣(x, ⌧2)⇧⇣(x, ⌧1)⇧⇣(x, ⌧2)i�

<latexit sha1_base64="rM01mUf+IgXavQOQnLOE1OiKcTE=">AAACBHicdVDLSgNBEJz1GeMr6tHLYBAUJMwEyeMW9OIxgtFANiyzk1kdnH0w0yvGJQcv/ooXD4p49SO8+TfOxggqWtBQVHXT3eUnShog5N2Zmp6ZnZsvLBQXl5ZXVktr66cmTjUXHR6rWHd9ZoSSkeiABCW6iRYs9JU48y8Pc//sSmgj4+gEhonoh+w8koHkDKzklTbdtvQy90YAG+1krh/g69GeCyz1qrteqUwqhBBKKc4JrdeIJc1mo0obmOaWRRlN0PZKb+4g5mkoIuCKGdOjJIF+xjRIrsSo6KZGJIxfsnPRszRioTD9bPzECG9bZYCDWNuKAI/V7xMZC40Zhr7tDBlcmN9eLv7l9VIIGv1MRkkKIuKfi4JUYYhxnggeSC04qKEljGtpb8X8gmnGweZWtCF8fYr/J6fVCq1VyPF+uXUwiaOANtEW2kEU1VELHaE26iCObtE9ekRPzp3z4Dw7L5+tU85kZgP9gPP6AT8ul9g=</latexit>

⇧⇣(x, ⌧2)
<latexit sha1_base64="rM01mUf+IgXavQOQnLOE1OiKcTE=">AAACBHicdVDLSgNBEJz1GeMr6tHLYBAUJMwEyeMW9OIxgtFANiyzk1kdnH0w0yvGJQcv/ooXD4p49SO8+TfOxggqWtBQVHXT3eUnShog5N2Zmp6ZnZsvLBQXl5ZXVktr66cmTjUXHR6rWHd9ZoSSkeiABCW6iRYs9JU48y8Pc//sSmgj4+gEhonoh+w8koHkDKzklTbdtvQy90YAG+1krh/g69GeCyz1qrteqUwqhBBKKc4JrdeIJc1mo0obmOaWRRlN0PZKb+4g5mkoIuCKGdOjJIF+xjRIrsSo6KZGJIxfsnPRszRioTD9bPzECG9bZYCDWNuKAI/V7xMZC40Zhr7tDBlcmN9eLv7l9VIIGv1MRkkKIuKfi4JUYYhxnggeSC04qKEljGtpb8X8gmnGweZWtCF8fYr/J6fVCq1VyPF+uXUwiaOANtEW2kEU1VELHaE26iCObtE9ekRPzp3z4Dw7L5+tU85kZgP9gPP6AT8ul9g=</latexit>

⇧⇣(x, ⌧2)

<latexit sha1_base64="rM01mUf+IgXavQOQnLOE1OiKcTE=">AAACBHicdVDLSgNBEJz1GeMr6tHLYBAUJMwEyeMW9OIxgtFANiyzk1kdnH0w0yvGJQcv/ooXD4p49SO8+TfOxggqWtBQVHXT3eUnShog5N2Zmp6ZnZsvLBQXl5ZXVktr66cmTjUXHR6rWHd9ZoSSkeiABCW6iRYs9JU48y8Pc//sSmgj4+gEhonoh+w8koHkDKzklTbdtvQy90YAG+1krh/g69GeCyz1qrteqUwqhBBKKc4JrdeIJc1mo0obmOaWRRlN0PZKb+4g5mkoIuCKGdOjJIF+xjRIrsSo6KZGJIxfsnPRszRioTD9bPzECG9bZYCDWNuKAI/V7xMZC40Zhr7tDBlcmN9eLv7l9VIIGv1MRkkKIuKfi4JUYYhxnggeSC04qKEljGtpb8X8gmnGweZWtCF8fYr/J6fVCq1VyPF+uXUwiaOANtEW2kEU1VELHaE26iCObtE9ekRPzp3z4Dw7L5+tU85kZgP9gPP6AT8ul9g=</latexit>
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⇧⇣(x, ⌧1)

<latexit sha1_base64="PeP8Bl2ywRy7NcTPNz/ILC9Y2w4=">AAACBHicdVDLSgNBEJz1bXxFPeYyGAQFCTMiGm+iF48RzAOyYZmdzJohsw9mesW45ODFX/HiQRGvfoQ3/8bZJIKKFjQUVd10d/mJkgYI+XCmpmdm5+YXFgtLyyura8X1jYaJU81Fnccq1i2fGaFkJOogQYlWogULfSWafv8s95vXQhsZR5cwSEQnZFeRDCRnYCWvWHJr0svcWwFsuJO5foBvhnsusNSju16xTCqEEEopzgk9OiSWHB9X92kV09yyKKMJal7x3e3GPA1FBFwxY9qUJNDJmAbJlRgW3NSIhPE+uxJtSyMWCtPJRk8M8bZVujiIta0I8Ej9PpGx0JhB6NvOkEHP/PZy8S+vnUJQ7WQySlIQER8vClKFIcZ5IrgrteCgBpYwrqW9FfMe04yDza1gQ/j6FP9PGvsVelghFwflk9NJHAuohLbQDqLoCJ2gc1RDdcTRHXpAT+jZuXcenRfnddw65UxmNtEPOG+fPamX1w==</latexit>
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Figure 5: Diagrammatic representation of four-point OTO auto-correlators for the momentum
within the framework of Primordial Cosmology.

tions in the context of Primordial Cosmology. This formalism is new which we have high-

lighted in this paper.

• In the section (3), we provide the detailed derivation of quantum two-point and four-point

auto-correlated OTO amplitudes and the related OTO function within the framework of

Primordial Cosmology. This is the new calculation that we have provided in this paper.

• In the section (4) and section (5), we present the numerical results from the quantum

two-point and four-point auto-correlated OTO functions and also discuss about its physical

interpretation. It is important to note that the numerical predictions obtained from the

mentioned computations are also new and provide a new direction in the framework of

Primordial Cosmology.

• In the section (6), we discuss the classical limit of the two-point and four-point OTO

amplitudes and the related implications in Cosmology. This is another new result we have

provided in this paper which gives us a better understanding of the super-horizon classical

limiting behaviour of the system under consideration.

• In the Appendix (A)-Appendix (J), we have provided the details of the computations

used in various sections of the paper. We believe this will help the general readers to
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understand the underlying physical problem that we have addressed in this paper.

2 Formulation of non-chaotic auto-correlated OTO functions in Primordial

Cosmology

2.1 Non-chaotic auto-correlated OTO functions

Let us consider two quantum mechanical operators X and Y which are defined at two different

time scale i.e. X(t), X(τ) and Y (t), Y (τ). Then we will extract the information regarding the non-

chaotic but random quantum mechanical correlation functions using the prescription of OTOC.

In this context, the non-chaotic OTOC’s are defined in terms of these quantum operators as:

2− point OTOC1 : Y1(t, τ) := −〈[X(t), X(τ)]〉β, (2.1)

2− point OTOC2 : Y2(t, τ) := −〈[Y (t), Y (τ)]〉β, (2.2)

4− point OTOC1 : C1(t, τ) := −〈[X(t), X(τ)]2〉β, (2.3)

4− point OTOC2 : C2(t, τ) := −〈[Y (t), Y (τ)]2〉β, (2.4)

where the thermal average of any operator is defined as:

Thermal average : 〈A(t)〉β :=
1

Z
Tr [exp(−βH) A(t)] , (2.5)

where the partition function of the system is defined as:

Partition function : Z = Tr [exp(−βH)] . (2.6)

Explicitly, in terms of thermal averaging one can further write:

2− point OTOC1 : Y1(t, τ) := − 1

Z
Tr [exp(−βH) [X(t), X(τ)]] , (2.7)

2− point OTOC2 : Y2(t, τ) := − 1

Z
Tr [exp(−βH) [Y (t), Y (τ)]] , (2.8)

4− point OTOC1 : C1(t, τ) := − 1

Z
Tr
[
exp(−βH) [X(t), X(τ)]2

]
, (2.9)

4− point OTOC2 : C2(t, τ) := − 1

Z
Tr
[
exp(−βH) [Y (t), Y (τ)]2

]
. (2.10)

One, can further write these contributions in terms of the thermal density matrix as:

2− point OTOC1 : Y1(t, τ) := −Tr [ρ [X(t), X(τ)]] , (2.11)

2− point OTOC2 : Y2(t, τ) := −Tr [ρ [Y (t), Y (τ)]] , (2.12)

4− point OTOC1 : C1(t, τ) := −Tr
[
ρ [X(t), X(τ)]2

]
, (2.13)

4− point OTOC2 : C2(t, τ) := −Tr
[
ρ [Y (t), Y (τ)]2

]
, (2.14)
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where in this context the thermal density matrix is defined as:

Thermal density matrix : ρ =
1

Z
Tr [exp(−βH)] . (2.15)

Now, in the large time limit the thermal average of the following four point function can be

factorized as:

〈X(τ)X(t)X(t)X(τ)〉β = 〈X(τ)X(τ)〉β︸ ︷︷ ︸
2−point disconnected

〈X(t)X(t)〉β︸ ︷︷ ︸
2−point disconnected

+ O(exp(−(t+ τ)/td))︸ ︷︷ ︸
Sub−leading contribution

, (2.16)

〈X(t)X(τ)X(τ)X(t)〉β = 〈X(t)X(t)〉β︸ ︷︷ ︸
2−point disconnected

〈X(τ)X(τ)〉β︸ ︷︷ ︸
2−point disconnected

+ O(exp(−(t+ τ)/td))︸ ︷︷ ︸
Sub−leading contribution

, (2.17)

〈Y (τ)Y (t)Y (t)Y (τ)〉β = 〈Y (τ)Y (τ)〉β︸ ︷︷ ︸
2−point disconnected

〈Y (t)Y (t)〉β︸ ︷︷ ︸
2−point disconnected

+ O(exp(−(t+ τ)/td))︸ ︷︷ ︸
Sub−leading contribution

, (2.18)

〈Y (t)Y (τ)Y (τ)Y (t)〉β = 〈Y (t)Y (t)〉β︸ ︷︷ ︸
2−point disconnected

〈Y (τ)Y (τ)〉β︸ ︷︷ ︸
2−point disconnected

+ O(exp(−(t+ τ)/td))︸ ︷︷ ︸
Sub−leading contribution

, (2.19)

where the two-point disconnected thermal two-point correlators can be expressed as:

2− point correlator1 : 〈X(t)X(t)〉β = − 1

Z
Tr [exp(−βH) X(t)X(t)] , (2.20)

2− point correlator2 : 〈X(τ)X(τ)〉β = − 1

Z
Tr [exp(−βH) X(τ)X(τ)] , (2.21)

2− point correlator3 : 〈Y (t)Y (t)〉β = − 1

Z
Tr [exp(−βH) Y (t)Y (t)] , (2.22)

2− point correlator4 : 〈Y (τ)Y (τ)〉β = − 1

Z
Tr [exp(−βH) Y (τ)Y (τ)] , (2.23)

where the time scale td is identified as the dissipation or equilibrium time scale, which is given

by:

Dissipation/equilibrium time scale : td ∼ β =
1

T
with kB = 1. (2.24)

Here, T is the equilibrium temperature of the quantum mechanical system under consideration.

It is important to mention here that, the above mentioned four possible four point thermal

correlation function one can able to factorize into multiplication of two distinctive disconnected

two point contributions if one can wait for a large time scale. The factorization along with the

sub-leading decaying contribution is actually expected from our basic understanding of quantum

statistical field theory. When we give a response to a quantum system it goes to out-of-equilibrium

phase and the corresponding correlation function in quantum regime starts randomly fluctuating

with respect to the evolutionary time scale. During this initial time scale when the initial response

is provided in terms of the initial condition to the quantum system it is not possible to factorize

the present four possibilities of the four point out-of-time-ordered-correlation (OTOC) functions.

But if we wait for long enough time then it is expected that the quantum random fluctuations

achieve the thermodynamic equilibrium. During this time scale one can actually factorize these

four possible four point OTOCs in terms of the products of two disconnected two point functions
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and the sub-leading contribution actually decay with respect to the very late time scale with

a finite small saturation value. As a result, from this late time scale, td, which is identified to

be dissipation time scale, will give the measure of the inverse temperature at thermodynamic

equilibrium.

On the other hand, 〈[X(t), X(τ)]2〉β and 〈[Y (t), Y (τ)]2〉β, can be expressed in the long time

limit as:

C1(t, τ) = −〈[X(t), X(τ)]2〉β = −〈X(t)X(τ)X(t)X(τ)〉β − 〈X(τ)X(t)X(τ)X(t)〉β
+〈X(τ)X(t)X(t)X(τ)〉β + 〈X(t)X(τ)X(τ)X(t)〉β

= 2 {〈X(t)X(t)〉β〈X(τ)X(τ)〉β −< [〈X(t)X(τ)X(t)X(τ)〉β]}
−O(exp(−(t+ τ)/td)), (2.25)

C2(t, τ) = −〈[Y (t), Y (τ)]2〉β = −〈Y (t)Y (τ)Y (t)Y (τ)〉β − 〈Y (τ)Y (t)Y (τ)Y (t)〉β
+〈Y (τ)Y (t)Y (t)Y (τ)〉β + 〈Y (t)Y (τ)Y (τ)Y (t)〉β

= 2 {〈Y (t)Y (t)〉β〈Y (τ)Y (τ)〉β −< [〈Y (t)Y (τ)Y (t)Y (τ)〉β]}
−O(exp(−(t+ τ)/td)). (2.26)

Now using these results considering the large time equilibrium behaviour one can further compute

the expressions for the normalized OTOCs in the present context, which are given by:

C1(t, τ) =
C1(t, τ)

〈X(t)X(t)〉β〈X(τ)X(τ)〉β
= 2

{
1− < [〈X(t)X(τ)X(t)X(τ)〉β]

〈X(t)X(t)〉β〈X(τ)X(τ)〉β

}
︸ ︷︷ ︸

Leading contribution

− O(exp(−(t+ τ)/td))

〈X(t)X(t)〉β〈X(τ)X(τ)〉β︸ ︷︷ ︸
Sub−leading decaying contribution

, (2.27)

C1(t, τ) =
C2(t, τ)

〈Y (t)Y (t)〉β〈Y (τ)Y (τ)〉β
= 2

{
1− < [〈Y (t)Y (τ)Y (t)Y (τ)〉β]

〈Y (t)Y (t)〉β〈Y (τ)Y (τ)〉β

}
︸ ︷︷ ︸

Leading contribution

− O(exp(−(t+ τ)/td))

〈Y (t)Y (t)〉β〈Y (τ)Y (τ)〉β︸ ︷︷ ︸
Sub−leading decaying contribution

.(2.28)

In this paper, our prime objective is to compute these leading order contributions in the con-

text of primordial cosmology, where we chose these two quantum operators as the perturbation

field operator and its canonically conjugate momentum operator as appearing in the context of

cosmological perturbation theory. To remind all of us again here it is important to note down

again that during the computation of OTOCs we will only consider the contributions from the

same quantum operators in cosmology but defined in two separated time scale. Here all of these

sub-leading contributions will give a correct understanding of the large time limiting behaviour

which helps to further comment on the equilibrium behaviour of the quantum correlation func-

tions and to estimate the temperature at thermodynamic equilibrium. In this paper we are

very very hopeful to get distinctive behaviour from the mentioned two OTOCs in the context of
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cosmology compared to the result obtained from the cosmological OTOC in our previous paper

[53]. Instead of getting a random chaotic behaviour we are very hopeful to describe a general

non-chaotic random behaviour out of the OTOCs that we are studying particularly in this pa-

per within the framework of primordial cosmology. Once we derive these mentioned OTOCs in

this paper then the study of all types of random fluctuations will be completed and we strongly

believe this complete study will be helpful to study various unexplored features of primordial

cosmology in the quantum out-of-equilibrium regime. In the next subsection we will talk about

the eigenstate representations of these new class of OTOCs which will be very relevant for the

computation of OTOCs in the context of quantum mechanical system which have the eigenstate

representation of the Hamiltonian explicitly.

2.2 Eigenstate representation of non-chaotic OTOC in quantum statistical mechan-

ics

In this subsection our prime objective is to give a simpler representation, which is known as the

eigenstate representation of the OTOC. This can only be possible if the quantum system under

consideration have eigenstates i.e. the system Hamiltonian have eigenstates. We will explicitly

show from a general calculation that how one can express the complicated definitions of OTOCs

mentioned in earlier section in a very simpler language. This representation of OTOCs are very

useful for the computational purpose as it allows us separately take care of the contributions

coming from the micro-canonical part of the OTOCs and the thermal Boltzmann factor, where

both of them are the building blocks of the total contribution appearing in the OTOCs in the

eigenstate representation. Once we compute both of these building blocks separately one can get

to know the full information regarding the the quantum randomness which are appearing in the

expressions for the total thermal OTOCs from a quantum mechanical system. Not only that,

but also in the eigenstate representations of the OTOCs the total expressions are computed after

taking over sum over all the individual contributions obtained from all possible eigenstates. In

this connection, it is important to note down here that the from the final answers of the OTOCs

one can actually categorize all classes of available quantum mechanical systems into two families

which we are discussing in detail in the following:

1. First family of quantum systems:

First family of quantum mechanical systems deal with only the micro-canonical part of

the OTOCs. Because, after taking the sum over all possible contributions from the eigen-

states one can find out that for these class of quantum systems the cumulative contribution

actually gives the expression for the thermal partition function for the class of quantum

systems which will further cancels with the expression for the thermal partition function

which is appearing in the denominator of these OTOCs to make the consistency with the

definition of thermal average of any quantum mechanical operator at finite temperature

over all possible eigenstates of the Hamiltonian of the system. This makes the final ex-

pression for OTOCs completely dependent on the micro-canonical part of the OTOCs after

taking sum over all eigenstate contribution. One of the well known examples of these class

of models are the Quantum Harmonic Oscillator (QHO) which can be solely represented by

the contributions from the micro-canonical part after summing over all possible eigenstates
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of the Hamiltonian of the QHO. In this connection here it is important to note that, at the

perturbation level, cosmology with a free massive scalar field theory in a FLRW space-time

can be represented as a Quantum Parametric Oscillator with a time dependent frequency

in the Fourier space, but instead of having a harmonic oscillator type of representation

within the framework of quantum mechanical framework of cosmology we don’t have any

eigenstate 3. Instead of having a eigenstate in the context of cosmology one can define

wave function of the universe and instead of having a discrete eigen energy spectrum in

the context of cosmology we can find a continuous time dependent momentum integrated

spectrum over all Fourier modes.

2. Second family of quantum systems:

Second family of the quantum systems are those in which these defined OTOCs are quanti-

fied by the Boltzmann part as well as the micro-canonical part. Also after summing over all

possible quantum states and implementing the definition of the thermal average of a quan-

tum operator one can find out the final result is dependent on the inverse of the temperature,

which can take care of the behaviour of the OTOCs when it reaches the thermodynamic

equilibrium after waiting for large enough time in the late time scale and particularly this

feature is completely absent in the context of the first family of the quantum mechanical

systems. One of the simplest example of this class of models are particle in one dimensional

potential. Like just the previous class here also at the perturbation level cosmology with

a self interacting scalar field or considering the interaction between different scalar fields

in a FLRW background one can represent the total theory by a perturbation in the single

Quantum Parametric Oscillator with a time dependent frequency in the Fourier space for

the self interacting case. But instead of having a very simple perturbation theory of har-

monic oscillator within the framework of quantum mechanical framework of cosmology we

have very complicated version because of the absence of eigenstate 4.

Now we will discuss in detail the construction of eigenstate representation of non-chaotic OTOCs

in which we are in this paper. To elaborate the computation in the eigenstate representation

we will talk about two canonically conjugate quantum mechanical operators in two two different

times scales t and τ i.e. q(t), q(τ) and p(t), p(τ) respectively. As we have already pointed and

elaborately have discussed in the previous section that once we consider the OTOCs between

same quantum mechanical operators in different time scale it is expected to have these classes

of OTOCs which will quantify the quantum fluctuations in terms of general non-chaotic random

3We all know that our universe evolved with respect to the time scale once. So if we want to explain the back-
ground framework of primordial cosmology in the quantum regime then the Euclidean vacuum state or the Bunch
Davies vacuum state or the more generalized De Sitter isommetric α-vacua cannot be treated as the eigenstate
of the quantum Hamiltonian of parametric harmonic oscillator in the Fourier space representation as we cannot
repeat the evolution of our universe. So that time dependent Fourier mode integrated continuous function of
energy cannot be treated as the eigen energy spectrum as appearing in the present context, where eigenstate of
the Hamiltonian play significant role to determine the expression for OTOCs.

4By applying the general perturbation technique one can actually able to compute the correction in the energy
eigen spectrum if the Hamiltonian of the quantum system have the eigenstate representation. In this connection one
needs to cite the example of simple harmonic oscillator again where one can analytically compute these corrections
very easily and most of us have studied this from all quantum mechanics books exist in the literature. On the other
hand, in the self interacting picture or for the case of the interaction between many scalar field case in the spatially
flat FLRW cosmological background computation of the quantum correction factors are extremely complicated.
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correlation functions within the framework of quantum statistical mechanics. We will further

generalize this idea to compute the cosmological OTOCs in the later part of this paper, though

in the context of quantum field theory of cosmology we don’t have any eigenstate representation.

In this context we are interested to compute the expressions for the following quantities, which

are given by:

2− point OTOC1 : Y1(t, τ) := −〈[q(t), q(τ)]〉β, (2.29)

2− point OTOC2 : Y2(t, τ) := −〈[p(t), p(τ)]〉β, (2.30)

4− point OTOC1 : C1(t, τ) := −〈[q(t), q(τ)]2〉β, (2.31)

4− point OTOC2 : C2(t, τ) := −〈[p(t), p(τ)]2〉β, (2.32)

and also the normalized version of these 4-point OTOCs can be represented by:

4− point norm. OTOC1 : C1(t, τ) :=
C1(t, τ)

〈q(t)q(t)〉β〈q(τ)q(τ)〉β
= − 〈[q(t), q(τ)]2〉β
〈q(t)q(t)〉β〈q(τ)q(τ)〉β

, (2.33)

4− point norm. OTOC2 : C2(t, τ) :=
C2(t, τ)

〈p(t)p(t)〉β〈p(τ)p(τ)〉β
= − 〈[p(t), p(τ)]2〉β
〈p(t)p(t)〉β〈p(τ)p(τ)〉β

,(2.34)

where, β = 1/T (in kB = 1) is the equilibrium temperature of the quantum mechanical system

under consideration for the present study and it is expected that the system will achieve ther-

modynamic equilibrium if we wait for a very longer time in the evolutionary time scales t and τ

under consideration for this problem.

Next, we consider energy eigenstate |n〉 of the system time independent Hamiltonian H, which

satisfy the following time independent Schröinger equation:

H|n〉 = En|n〉 ∀ n = 0, 1, 2, · · · · · ·∞, (2.35)

where En represent the energy eigen values associated with the eigen energy state |n〉. Using this

eigenstate representation one can further write the expressions for these classes of OTOCs in the

following simpler language:

Y1(t, τ) =
1

Z(β)

∞∑
n=0

exp(−βEn) E(1)
n (t, τ), (2.36)

Y2(t, τ) =
1

Z(β)

∞∑
n=0

exp(−βEn) E(2)
n (t, τ), (2.37)

C1(t, τ) =
1

Z(β)

∞∑
n=0

exp(−βEn) D(1)
n (t, τ), (2.38)

C2(t, τ) =
1

Z(β)

∞∑
n=0

exp(−βEn) D(2)
n (t, τ), (2.39)

where the time dependent diagonal matrix element representing the micro-canonical part of the

13

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


OTOCs are given by the following expressions:

E(1)
n (t, τ) := −〈n| [q(t), q(τ)] |n〉, (2.40)

E(2)
n (t, τ) := −〈n| [p(t), p(τ)] |n〉, (2.41)

D(1)
n (t, τ) := −〈n| [q(t), q(τ)]2 |n〉, (2.42)

D(2)
n (t, τ) := −〈n| [p(t), p(τ)]2 |n〉. (2.43)

Also, in the normalised representation the above mentioned 4-point OTOCs further can be recast

as:

C1(t, τ) =
1

Z(β) N1(t, τ)

∞∑
n=0

exp(−βEn) D(1)
n (t, τ), (2.44)

C2(t, τ) =
1

Z(β) N2(t, τ)

∞∑
n=0

exp(−βEn) D(2)
n (t, τ), (2.45)

where the time dependent normalization factors N1(t, τ) and N2(t, τ) are defined as:

N1(t, τ) : = 〈q(t)q(t)〉β〈q(τ)q(τ)〉β

=
1

Z2(β)

 ∞∑
j=0

exp(−βEj) 〈j|q(t)q(t)|j〉

( ∞∑
m=0

exp(−βEm) 〈m|q(τ)q(τ)|m〉
)
, (2.46)

N2(t, τ) : = 〈p(t)p(t)〉β〈p(τ)p(τ)〉β

=
1

Z2(β)

 ∞∑
j=0

exp(−βEj) 〈j|p(t)p(t)|j〉

( ∞∑
m=0

exp(−βEm) 〈m|p(τ)p(τ)|m〉
)
. (2.47)

In the present context, in the eigenstate representation of the time independent Hamiltonian of

the system under consideration the partition function is defined by the following expression:

Z(β) =
∞∑
i=0

exp(−βEi). (2.48)

The above mentioned results actually represent the eigenstate representation of OTOCs which

can be decomposed into two important parts-(1) one part take care of the temperature depen-

dence through the thermal Boltzmann factor and (2) another part will capture the temperature

independent but time dependent contribution of the micro-canonical statistical ensemble average

computed for any arbitrary n-th eigenstate and after getting the contribution for the this any n-

th eigenstate we have to take sum over all possible eigenstates including thee thermal Boltzmann

factor. For this purpose we take all values of the number n, which actually runs from 0 to∞ and

at the end of the day one can explicitly compute the useful eigenstate simplified representation

of the previously mentioned non-chaotic class of OTOCs in the present context.

Now to further simplify the expressions for the two different types of micro-canonical OTOCs,

represented by, D(1)
n (t, τ) and D(2)

n (t, τ), it would be very simpler if we can able to express them

in terms of the matrix elements of the two canonically conjugate quantum mechanical operators
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defined in the two separate time scales t and τ i.e. q(t), q(τ) and p(t), p(τ), respectively, where

these matrix elements are explicitly computed by sandwiching between the any n-th arbitrary

eigen states. To implement this simplest computational strategy we need to explicitly use the

following quantum completeness condition which can be written in terms of the energy eigenstates

as:

Completeness condition :
∞∑
n=0

|n〉〈n| = I. (2.49)

As a consequence, the micro-canonical part of the 4-point OTOCs can be expressed in terms of

the required matrix elements as:

D(1)
n (t, τ) := −〈n| [q(t), q(τ)]2 |n〉 =

∞∑
m=0

G(1)
nm(t, τ)

(
G(1)
nm(t, τ)

)†
, (2.50)

D(2)
n (t, τ) := −〈n| [p(t), p(τ)]2 |n〉 =

∞∑
m=0

G(2)
nm(t, τ)

(
G(2)
nm(t, τ)

)†
, (2.51)

where the individual time dependent matrix elements, G(1)
nm(t, τ) and G(2)

nm(t, τ), can be expressed

as:

G(1)
nm(t, τ) := i〈n| [q(t), q(τ)] |m〉, (2.52)

G(2)
nm(t, τ) := i〈n| [p(t), p(τ)] |m〉. (2.53)

Now we take the Hermitian conjugate of both of these matrix elements, which are given by the

following expressions:(
G(1)
nm(t, τ)

)†
= −i〈n| [q(t), q(τ)] |m〉† = −i〈m| [q(t), q(τ)]† |n〉 = G(1)

mn(t, τ), (2.54)(
G(2)
nm(t, τ)

)†
= −i〈n| [p(t), p(τ)] |m〉† = −i〈m| [p(t), p(τ)]† |n〉 = G(2)

mn(t, τ), (2.55)

where we have used the following facts:

[q(t), q(τ)]† = − [q(t), q(τ)] , (2.56)

[p(t), p(τ)]† = − [p(t), p(τ)] . (2.57)

Consequently, the micro-canonical part of the 4-point OTOCs can be further simplified as:

D(1)
n (t, τ) := −〈n| [q(t), q(τ)]2 |n〉 =

∞∑
m=0

G(1)
nm(t, τ)G(1)

mn(t, τ), (2.58)

D(2)
n (t, τ) := −〈n| [p(t), p(τ)]2 |n〉 =

∞∑
m=0

G(2)
nm(t, τ)G(2)

mn(t, τ). (2.59)

Now, further in the quantum mechanical operator representation the time dependence of the
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operators q(t), q(τ) and p(t), p(τ) can be expressed in the Heisenberg picture as:

q(t) := exp(iHt)q(0) exp(−iHt), (2.60)

q(τ) := exp(iHτ)q(0) exp(−iHτ), (2.61)

p(t) := exp(iHt)p(0) exp(−iHt), (2.62)

p(τ) := exp(iHτ)p(0) exp(−iHτ). (2.63)

Using this representation the coefficients and the matrix elements as appearing in the expressions

for the micro-canonical part of the two-point and four-point OTOCs can be further computed as:

E(1)
n (t, τ) = i〈n| [q(t), q(τ)] |n〉 = 2

∞∑
k=0

sin(∆Ekn(t− τ)) qnk(0)qkn(0), (2.64)

E(2)
n (t, τ) = i〈n| [q(t), q(τ)] |n〉 = 2

∞∑
k=0

sin(∆Ekn(t− τ)) pnk(0)pkn(0), (2.65)

G(1)
nm(t, τ) = i〈n| [p(t), p(τ)] |m〉 = i

∞∑
k=0

[exp(i∆Enk(t− τ))− exp(i∆Ekm(t− τ))] qnk(0)qkm(0), (2.66)

G(2)
nm(t, τ) = i〈n| [p(t), p(τ)] |m〉 = i

∞∑
k=0

[exp(i∆Enk(t− τ))− exp(i∆Ekm(t− τ))] pnk(0)pkm(0). (2.67)

where, we define ∆Emn, qmn(0) and pmn(0) by the following simplified notations:

∆Emn = Em − En, (2.68)

qmn(0) = 〈m|q(0)|n〉, (2.69)

pmn(0) = 〈m|p(0)|n〉. (2.70)

Also for this simplification we have used the completeness condition explicitly. Additionally,

it is important to note that here we have considered a N particle (many body) non-interacting

Hamiltonian to describe a quantum mechanical system in the present context, which is represented

by the following expression:

H(p1, · · · , pN ; q1, · · · , qN ) =
N∑
α=1

p2
α

2mα
+ U(q1, · · · , qN ). (2.71)

Now for the simplicity of the further computation we assume that each N particle have the same

mass, which is given by:

mα =
1

2
∀ α = 1, 2, · · · , N. (2.72)

Consequently, for this simplest physical situation the N particle Hamiltonian can be further
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simplified as:

H(p1, · · · , pN ; q1, · · · , qN ) =

N∑
α=1

p2
α + U(q1, · · · , qN ). (2.73)

Using this many body N particle simplest but general form of the Hamiltonian one can further

simplify the required matrix elements as given by the following expressions:

E(1)
n (t, τ) = −〈n| [q(t), q(τ)] |n〉 = 2i

∞∑
k=0

sin(∆Ekn(t− τ)) qnk(0)qkn(0), (2.74)

E(2)
n (t, τ) = −〈n| [q(t), q(τ)] |n〉 =

i

2

∞∑
k=0

sin(∆Enk(t− τ)) ∆Enk∆Ekn qnk(0)qkn(0), (2.75)

G(1)
nm(t, τ) = i

∞∑
k=0

[exp(i∆Enk(t− τ))− exp(i∆Ekm(t− τ))] qnk(0)qkm(0), (2.76)

G(2)
nm(t, τ) = − i

4

∞∑
k=0

[exp(i∆Enk(t− τ))− exp(i∆Ekm(t− τ))] ∆Enk∆Ekm qnk(0)qkm(0), (2.77)

where we have explicitly used the following information to convert the matrix elements for canon-

ically conjugate momentum defined at time t = 0 to the matrix elements for the position operator

defined at the same time:

pnm(0) = 〈n|p(0)|m〉 =
i

2
〈n| [H(0), q(0)] |m〉 =

i

2
∆Enmqnm(0). (2.78)

Consequently, the micro-canonical part of the OTOCs can be further simplified as:

E(1)
n (t, τ) = 2i

∞∑
k=0

sin(∆Ekn(t− τ)) qnk(0)qkn(0), (2.79)

E(2)
n (t, τ) =

i

2

∞∑
k=0

sin(∆Enk(t− τ)) EnkEkn qnk(0)qkn(0), (2.80)
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D(1)
n (t, τ) =

∞∑
m=0

∞∑
k=0

∞∑
s=0

qnk(0)qkm(0)qms(0)qsn(0)

× [exp(i∆Enk(t− τ))− exp(i∆Ekm(t− τ))] [exp(i∆Esn(t− τ))− exp(i∆Ems(t− τ))]

=

∞∑
m=0

∞∑
k=0

∞∑
s=0

qnk(0)qkm(0)qms(0)qsn(0)

×
[
exp(i∆̃Enksn(t− τ)) + exp(i ˜∆Ekmms(t− τ))

− exp(i∆̃Ekmsn(t− τ))− exp(i∆̃Enkms(t− τ))
]
, (2.81)

D(2)
n (t, τ) =

1

16

∞∑
m=0

∞∑
k=0

∞∑
s=0

qnk(0)qkm(0)qms(0)qsn(0) EnkEkmEmsEsn

× [exp(i∆Enk(t− τ))− exp(i∆Ekm(t− τ))] [exp(i∆Esn(t− τ))− exp(i∆Ems(t− τ))]

=
1

16

∞∑
m=0

∞∑
k=0

∞∑
s=0

qnk(0)qkm(0)qms(0)qsn(0) ∆Enk∆Ekm∆Ems∆Esn

×
[
exp(i∆̃Enksn(t− τ)) + exp(i ˜∆Ekmms(t− τ))

− exp(i∆̃Ekmsn(t− τ))− exp(i∆̃Enkms(t− τ))
]
, (2.82)

where we have introduced a few new quantities, which are given by the following expressions:

∆̃Enksn = ∆Enk + ∆Esn = En − Ek + Es − En = Es − Ek = ∆Esk, (2.83)

˜∆Ekmms = ∆Ekm + ∆Ems = Ek − Em + Em − Es = Ek − Es = −∆Esk, (2.84)

∆̃Ekmsn = ∆Ekm + ∆Esn = Ek − Em + Es − En, (2.85)

∆̃Enkms = ∆Enk + ∆Ems = En − Ek + Em − Es, (2.86)

which further give rise to the following properties:

˜∆Ekmms = −∆̃Enksn, (2.87)

∆̃Enkms = −∆̃Ekmsn. (2.88)

Consequently, using the Eigenstate representation one can write the expressions for the non-

chaotic OTOCs as:

Y1(t, τ) =
2i

∞∑
i=0

exp(−βEi)

∞∑
n=0

∞∑
k=0

exp(−βEn) sin(∆Ekn(t− τ)) qnk(0)qkn(0) , (2.89)

Y2(t, τ) =
i

2
∞∑
i=0

exp(−βEi)

∞∑
n=0

∞∑
k=0

exp(−βEn) sin(∆Enk(t− τ)) ∆Enk∆Ekn qnk(0)qkn(0) ,(2.90)
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C1(t, τ) =
4

∞∑
i=0

exp(−βEi)

∞∑
m=0

∞∑
k=0

∞∑
s=0

∞∑
n=0

exp(−βEn) qnk(0)qkm(0)qms(0)qsn(0)

× sin

({
Es −

(En + Em)

2

}
(t− τ)

)
sin

({
Ek −

(En + Em)

2

}
(t− τ)

)
, (2.91)

C2(t, τ) =
1

4

∞∑
i=0

exp(−βEi)

∞∑
m=0

∞∑
k=0

∞∑
s=0

∞∑
n=0

exp(−βEn) qnk(0)qkm(0)qms(0)qsn(0)

×∆Enk∆Ekm∆Ems∆Esn sin

({
Es −

(En + Em)

2

}
(t− τ)

)
sin

({
Ek −

(En + Em)

2

}
(t− τ)

)
(2.92)

To compute the normalization factors the following matrix elements play significant role:

〈j|q(t)q(t)|j〉 =
∞∑
l=0

qjl(0)qlj(0), (2.93)

〈m|q(τ)q(τ)|m〉 =

∞∑
r=0

qmr(0)qrm(0), (2.94)

〈j|p(t)p(t)|j〉 =
∞∑
k=0

pjk(0)pkj(0) = −1

4

∞∑
k=0

∆Ejk∆Ekj qjk(0)qjk(0), (2.95)

〈m|p(τ)p(τ)|m〉 =
∞∑
i=0

pmi(0)pim(0) = −1

4

∞∑
i=0

∆Emi∆Eim qmi(0)qim(0). (2.96)

and using these results the normalization factors N1 and N2 are computed as:

N1 =

∞∑
j=0

∞∑
l=0

∞∑
m=0

∞∑
r=0

exp(−β(Ej + Em)) qjl(0)qlj(0)qmr(0)qrm(0)

( ∞∑
i=0

exp(−βEi)
)2 , (2.97)

N2 =

∞∑
j=0

∞∑
k=0

∞∑
m=0

∞∑
i=0

exp(−β(Ej + Em)) ∆Ejk∆Ekj∆Emi∆Eim qjk(0)qjk(0)qmi(0)qim(0)

16

( ∞∑
i=0

exp(−βEi)
)2 . (2.98)

Consequently, using the Eigenstate representation one can write the expressions for the non-
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chaotic normalised four-point OTOCs as:

C1(t, τ) =
4 ∞∑

j=0

∞∑
l=0

∞∑
m=0

∞∑
r=0

exp(−β(Ej + Em)) qjl(0)qlj(0)qmr(0)qrm(0)


×
∞∑
m=0

∞∑
k=0

∞∑
s=0

∞∑
n=0

∞∑
r=0

exp(−β(En + Er)) qnk(0)qkm(0)qms(0)qsn(0)

× sin

({
Es −

(En + Em)

2

}
(t− τ)

)
sin

({
Ek −

(En + Em)

2

}
(t− τ)

)
, (2.99)

C2(t, τ) =
4 ∞∑

j=0

∞∑
k=0

∞∑
m=0

∞∑
i=0

exp(−β(Ej + Em)) EjkEkjEmiEim qjk(0)qjk(0)qmi(0)qim(0)


×
∞∑
m=0

∞∑
k=0

∞∑
s=0

∞∑
n=0

∞∑
r=0

exp(−β(En + Er)) qnk(0)qkm(0)qms(0)qsn(0) EnkEkmEmsEsn

×∆Enk∆Ekm∆Ems∆Esn sin

({
Es −

(En + Em)

2

}
(t− τ)

)
sin

({
Ek −

(En + Em)

2

}
(t− τ)

)
.

(2.100)

Finally, the normalised four-point non chaotic correlators can be further computed as:

< [〈q(t)q(τ)q(t)q(τ)〉β]

〈q(t)q(t)〉β〈q(τ)q(τ)〉β
= 1− 2

∞∑
j=0

∞∑
l=0

∞∑
m=0

∞∑
r=0

exp(−β(Ej + Em)) qjl(0)qlj(0)qmr(0)qrm(0)

×
∞∑
m=0

∞∑
k=0

∞∑
s=0

∞∑
n=0

∞∑
r=0

exp(−β(En + Er)) qnk(0)qkm(0)qms(0)qsn(0)

× sin

({
Es −

(En + Em)

2

}
(t− τ)

)
sin

({
Ek −

(En + Em)

2

}
(t− τ)

)
, (2.101)

< [〈p(t)p(τ)p(t)p(τ)〉β]

〈p(t)p(t)〉β〈p(τ)p(τ)〉β
= 1− 22

∞∑
j=0

∞∑
k=0

∞∑
m=0

∞∑
i=0

exp(−β(Ej + Em)) EjkEkjEmiEim qjk(0)qjk(0)qmi(0)qim(0)


×
∞∑
m=0

∞∑
k=0

∞∑
s=0

∞∑
n=0

∞∑
r=0

exp(−β(En + Er)) qnk(0)qkm(0)qms(0)qsn(0) EnkEkmEmsEsn

×∆Enk∆Ekm∆Ems∆Esn sin

({
Es −

(En + Em)

2

}
(t− τ)

)
sin

({
Ek −

(En + Em)

2

}
(t− τ)

)
.

(2.102)
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There exists a lot of integrable and non integrable models in the context of quantum statistical

mechanics which can be written in terms of its eigenstate basis. For these class of models using

the above mentioned general results one can able to compute the expressions for the desired

non-chaotic OTOCs as well the normalised four-point functions in the simplest eigenstate repre-

sentation of the Hamiltonian of the system under consideration. We will not explicitly compute

any result for a specific quantum model in this section as our prime objective is compute the

expressions for the non-chaotic OTOCs and the associated normalised four-point functions in

the context of quantum field theory of curved space-time, particularly for spatially flat FLRW

cosmological background space-time where the eigenstate formalism of representing OTOC is

not applicable any more. Few more things here we have to point for our understanding purpose

of the derived correlators in the eigenstate representation. It is important to note that, the

magnitudes or the amplitudes of the desired micro-canonical part of the two-point functions in

the present context varying sinusoidally with both the time scale associated with any quantum

mechanical system under consideration in its eigenstate representation. Further once we include

the contribution from the thermal Boltzmann factor and take a sum over all eigenstates of the

Hamiltonian of the quantum mechanical system we get an overall exponential fall in the ampli-

tude of the two-point function. It is expected from these expression that at very low temperature

the fall in the amplitude is very large. On the contrary, at very high temperature the suppression

in the Boltzmann factor and consequently in the overall amplitude of the two-point function will

be small. We can see that all of these expressions for the canonical two point functions explicitly

dependent on the information of the particular quantum mechanical system under consideration

through the matrix elements of the canonically conjugate variable q at time scale t = 0 and τ = 0

and the difference in the energy levels of the eigenstates. Both of these contributions are time

and equilibrium temperature independent. So this implies that the overall behaviour of these two

point OTOCs are controlled by the canonical thermal Boltzmann factor and the micro-canonical

time dependent correlation functions. So it is expected that the overall cumulative contribution

of the amplitude of the two-point function show decaying sinusoidal oscillating behaviour with

respect to the time scales under considerations for this study. Now we will comment on the overall

behaviour of the four-point functions. Like previously mentioned for the two-point function case,

in the present context also we can interpret the overall amplitude of the un-normalized OTOCs

are made up of two important contributions. These are the canonical thermal Boltzmann factor

and the micro-canonical part of these four-point of the correlators which are appearing from the

square of the commutator bracket. From the derived expressions for the desired four-point un-

normalized OTOCs one can express the micro-canonical part of the quantum correlation function

in terms of the product of two sine functions with different frequencies along with the contribu-

tions from the matrix elements of the canonical quantum operator q and its conjugate momentum

operator p at the time scales, t = 0 and τ = 0. If we look into closely to the expressions then

one can find that the overall amplitude of the un-normalized four-point OTOCs will be decaying

due to the presence of the time independent exponential thermal Boltzmann factor and rest of

the contribution is oscillatory and time dependent. This particular generic time dependent part

pointing towards the fact that these pair of four-point OTOCs in which we are interested in this

paper will not contribute to describe the phenomena of quantum mechanical chaos as these corre-

lators give oscillatory decaying amplitude which will never be negative. However, once we include
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the contribution from normalization factor we get a non-chaotic random fluctuating dissipating

behaviour from the normalized four-point OTOCs.

2.3 Constructing non-chaotic OTOC in Cosmology

For (3 + 1) dimensional spatially flat FLRW space time the infinitesimal line element in the

conformally flat coordinate is described by:

Spatially flat FLRW cosmological metric : ds2 = a2(τ)
(
−dτ2 + dx2

)
. (2.103)

Here, a2(τ) is the overall conformal factor which is actually playing the role of scale factor in

conformal coordinate system. Here we have introduced the concept of conformal time which can

be expressed for different patches of the FLRW universe as:

τ =

∫
dt

a(t)
=


− 1

Ha(τ)
De Sitter

3(1 + wreh)

(1 + 3wreh)
[a(τ)]

(1+3wreh)

2 , where 0 ≤ wreh ≤
1

3
Reheating

(2.104)

where the scale factor in the conformal coordinate can be expressed as:

a(τ) =


− 1

Hτ
De Sitter[

(1 + 3wreh)

3(1 + wreh)
τ

] 2
(1+3wreh)

where 0 ≤ wreh ≤
1

3
Reheating

(2.105)

2.3.1 For massless scalar field

For massless case the scalar field action in spatially flat FLRW background can be written in the

conformal coordinate as:

S = −1

2

∫
d4x
√−g (∂φ)2 =

1

2

∫
dτ d3x a2(τ)

[
(∂τφ(x, τ))2 − (∂iφ(x, τ))2

]
, (2.106)

from which one can further compute the Hamiltonian for the massless scalar field in spatially flat

FLRW background using conformal coordinate as:

H(τ) =

∫
d3x

[
1

2a2(τ)
Π2(x, τ) +

a2(τ)

2
(∂iφ(x, τ))2

]
where Π(x, τ) = ∂τφ(x, τ). (2.107)

In this case the non-chaotic OTOC’s for the massless case are given by:

2− point OTOC1 : Y1(t, τ) = −〈[φ(t), φ(τ)]〉β, (2.108)

2− point OTOC2 : Y2(t, τ) = −〈
[
Π̃(t), Π̃(τ)

]
〉β, (2.109)

4− point OTOC1 : C1(t, τ) = − 〈[φ(t), φ(τ)]2〉β
〈φ(t)φ(t)〉β〈φ(τ)φ(τ)〉β

, (2.110)
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4− point OTOC2 : C2(t, τ) = −
〈
[
Π̃(t), Π̃(τ)

]2
〉β

〈Π̃(t)Π̃(t)〉β〈Π̃(τ)Π̃(τ)〉β
. (2.111)

During inflation (when we fix d = 3) we actually consider massless scalar field i.e. m << H. In

this context one needs to consider the following perturbation in the scalar field in the De Sitter

background:

Field perturbation : φ(x, τ) = φ(τ)︸︷︷︸
Background field in FLRW

+ δφ(x, τ)︸ ︷︷ ︸
Perturbation in FLRW

(2.112)

to express the whole dynamics in terms of a gauge invariant description through a variable:

Perturbation variable : ζ(x, τ) = − H(τ)(
dφ(τ)

dτ

)
︸ ︷︷ ︸

Background contribution

δφ(x, t)︸ ︷︷ ︸
Perturbation in FLRW

. (2.113)

At the level of first order perturbation theory in a spatially flat FLRW background metricwe

fix the following gauge constraints:

δφ(x, τ) = 0, gij(x, τ) = a2(τ) [(1 + 2ζ(x, τ)) δij + hij(x, τ)] , ∂ihij(x, τ) = 0 = hii(x, τ). (2.114)

which fix the space-time re-parametrization in FLRW spatially flat background. In this gauge,

the spatial curvature of constant hyper-surface vanishes, which implies curvature perturbation

variable is conserved outside the horizon.

Applying the ADM formalism one can further compute the second order perturbed action for

scalar modes can be expressed by the following action after gauge fixing:

S =
1

2

∫
dτ d3x

a2(τ)

H2

(
dφ(τ)

dτ

)2

︸ ︷︷ ︸
Overall time dependent factor

[
(∂τζ(x, τ))2 − (∂iζ(x, τ))2

]
︸ ︷︷ ︸

Perturbed kinetic term in first order

. (2.115)

Now we introduce a new variable in cosmological perturbation theory, which is known as Mukhanov

Sasaki variable:

Mukhanov Sasaki variable : f(x, τ) ≡ z(τ)ζ(x, τ), with z(τ) =
a(τ)

H
dφ(τ)

dτ
, (2.116)

where, H = d ln a(τ)/dτ is the Hubble parameter in the conformal coordinate. Here this new

perturbation field variable serves the purpose of field redefinition in this context. Translating in

terms of the conformal time and applying integration by parts the above mentioned action can

be recast in the following form:

S =
1

2

∫
dτ d3x

[
(∂τf(x, τ))2 − (∂if(x, τ))2 +

1

z(τ)

d2z(τ)

dτ2
(f(x, τ))2

]
. (2.117)

Now we transform this problem in Fourier space by making use of the following Fourier transform
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on the rescaled field variable:

Fourier transformation in momentum space : f(x, τ) =

∫
d3k

(2π)3
fk(τ) exp(ik.x) , (2.118)

using which the action expressed in coordinate space can be recast in the momentum space as:

Action for parametric oscillator : S =
1

2

∫
dτ d3k

 |∂τfk(τ)|2︸ ︷︷ ︸
Kinetic term

−ω2
k(τ) |fk(τ)|2︸ ︷︷ ︸

Potential term

 , (2.119)

where we define the effective frequency ωk(τ) as:

Effective frequency : ω2
k(τ) ≡ k2 +m2

eff(τ) with m2
eff(τ) = − 1

z(τ)

d2z(τ)

dτ2
. (2.120)

Here, meff(τ) represents the conformal time dependent effective mass parameter which is appear-

ing due to the cosmological perturbation of the cosmological spatially flat FLRW metric in the

first order and correspondingly the second order contribution in the action for scalar curvature

perturbation. Now one can further compute the expression for this time dependent effective mass

parameter for different cosmological epochs as:

m2
eff(τ) = − 1

z(τ)

d2z(τ)

dτ2
= −

(
ν2 − 1

4

)
τ2

=


− 2

τ 2
De Sitter

2(3wreh − 1)

(1 + 3wreh)2

1

τ 2
, 0 ≤ wreh ≤

1

3
Reheating

(2.121)

Consequently, the Hamiltonian can be expressed in Fourier transformed space as:

H =

∫
d3k

Fourier transformed Hamiltonian density ≡ Hk(τ)︷ ︸︸ ︷ 1

2
|Πk(τ)|2︸ ︷︷ ︸

Kinetic term

+
1

2
ω2

k(τ)|fk(τ)|2︸ ︷︷ ︸
Potential term

 , where Πk(τ) = ∂τfk(τ) , (2.122)

where, the perturbed field satisfy the constraint, f−k(τ) = f †k(τ) = f∗k(τ).

Now, in terms of scalar curvature perturbation variable the following interesting OTOCs can

be computed explicitly:

2− point OTOC : Y ζ
1 (τ1, τ2) = −〈[ζ(τ1), ζ(τ2)]〉β, (2.123)

2− point OTOC : Y ζ
2 (τ1, τ2) = −〈[Πζ(τ1),Πζ(τ2)]〉β, (2.124)

4− point OTOC : Cζ1(τ1, τ2) = − 〈[ζ(τ1), ζ(τ2)]2〉β
〈ζ(τ1)ζ(τ1)〉β〈ζ(τ2)ζ(τ2)〉β

, (2.125)

4− point OTOC : Cζ2(τ1, τ2) = − 〈[Πζ(τ1),Πζ(τ2)]2〉β
〈Πζ(τ1)Πζ(τ1)〉β〈Πζ(τ2)Πζ(τ2)〉β

. (2.126)
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Similarly, in terms of rescaled perturbation variable the OTOCs can be recast in the following

forms:

2− point OTOC : Y f
1 (τ1, τ2) = −〈[f(τ1), f(τ2)]〉β, (2.127)

2− point OTOC : Y f
2 (τ1, τ2) = −〈[Πf (τ1),Πf (τ2)]〉β, (2.128)

4− point OTOC : Cf2 (τ1, τ2) = − 〈[f(τ1), f(τ2)]2〉β
〈f(τ1)f(τ1)〉β〈f(τ2)f(τ2)〉β

(2.129)

4− point OTOC : Cf2 (τ1, τ2) = − 〈[Πf (τ1),Πf (τ2)]2〉β
〈Πf (τ1)Πf (τ1)〉β〈Πf (τ2)Πf (τ2)〉β

. (2.130)

For both the cases we use α vacua and Bunch Davies vacuum as quantum vacuum state.

2.3.2 For partially massless scalar field

For partially massless case the scalar field action in spatially flat FLRW background can be

written in the conformal coordinate as:

S = −1

2

∫
d4x
√−g

[
(∂φ)2 − (cHφ)2

]
=

1

2

∫
dτ d3x a2(τ)

[
(∂τφ(x, τ))2 − (∂iφ(x, τ))2 − (cHφ(x, τ))2

]
, (2.131)

and the corresponding Hamiltonian can be expressed in the conformal coordinate as:

H(τ) =

∫
d3x

[
1

2a2(τ)
Π2(x, τ) +

a2(τ)

2

{
(∂iφ(x, τ)2 + c2H2φ2(x, τ)

}]
where Π(x, τ) = ∂τφ(x, τ).

(2.132)

In this specific scenario, the conformal time dependent effect mass parameter for the partially

massless scalar field in spatially flat FLRW cosmological background can be expressed as:

m2
eff(τ) = − 1

z(τ)

d2z(τ)

dτ2
= −

(
ν2 − 1

4

)
τ2

=


(
c2 − 2

) 1

τ 2
, where c ≥

√
2 De Sitter

2(3wreh − 1)

(1 + 3wreh)2

1

τ 2
, 0 ≤ wreh ≤

1

3
Reheating

(2.133)

Since the expression for the conformal time dependent effective mass parameter explicitly ap-

pearing in the expression for the effective conformal time dependent frequency parameter the

rest of the computations will be automatically modified accordingly. Further using previously

defined four set of OTOCs in the previous case here also one can compute the expression for the

non-chaotic sets of quantum mechanical correlators.

2.3.3 For massive scalar field

For partially massless case the scalar field action in spatially flat FLRW background can be

written in the conformal coordinate as:

S = −1

2

∫
d4x
√−g

[
(∂φ)2 −m2

φφ
2
]

=
1

2

∫
dτ d3x a2(τ)

[
(∂τφ(x, τ))2 − (∂iφ(x, τ))2 − a2(τ)m2

φφ
2(x, τ)

]
,

(2.134)
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and the corresponding Hamiltonian can be expressed in the conformal coordinate as:

H(τ) =

∫
d3x

[
1

2a2(τ)
Π2(x, τ) +

a2(τ)

2

{
(∂iφ(x, τ)2 +m2

φφ
2(x, τ)

}]
where Π(x, τ) = ∂τφ(x, τ).

(2.135)

In this specific scenario, the conformal time dependent effect mass parameter for the partially

massless scalar field in spatially flat FLRW cosmological background can be expressed as:

m2
eff(τ) = − 1

z(τ)

d2z(τ)

dτ2
= −

(
ν2 − 1

4

)
τ2

=


(
m2
φ

H2
− 2

)
1

τ 2
, mφ � H De Sitter

2(3wreh − 1)

(1 + 3wreh)2

1

τ 2
, 0 ≤ wreh ≤

1

3
Reheating

(2.136)

This expression will contribute to the effective conformal time dependent frequency parameter

and consequently the rest of the computations will be automatically modified accordingly. Further

using previously defined four set of OTOCs here also one can compute the expression for the non-

chaotic sets of quantum mechanical correlators in the context of massive scalar field. There might

be another possibility to have a conformal time dependent profile for the massive scalar field in

the spatially flat FLRW geometrical background in the context of cosmology. Now it is important

to note that, it is not necessarily to include such time dependence explicitly in the mass profile of

the heavy scalar field. But if we consider this possibility then it is possible to explore many more

unexplored areas of theoretical physics and its underlying connection with primordial aspects of

cosmology. One can establish a connection with condensed matter physics, quantum aspects of

statistical mechanics and quantum entanglement, violation of Bell’s inequality and the generation

of long range quantum mechanical correlation appearing in the context of quantum information

aspects of cosmology. This possibility is out of our scope of study at present in this paper. For

this reason we will only look into the massive field mφ � H, using which we will explore few

other features, which is also show some new direction in the context of quantum field theory of

curved space-time, particularly in the context of spatially flat FLRW cosmology, which is quite

consistent with the observational aspects as well. Using the present set up our objective is to

explore the behaviour of the quantum correlation functions in the out-of-equilibrium regime of the

quantum field theory of primordial cosmology appearing in the early time scale of the evolution

of our universe. Not only we will restrict ourself to describe the out-of equilibrium feature in the

early time scale of our universe, but also using the present computation and methodology we will

probe the late large time equilibrium features of the mentioned quantum correlation functions

in the context of primordial cosmology. By studying the conformal time dependent behaviour

of these two sets of OTOCs we can surely study the quantum mechanical random fluctuating

behaviour of cosmological correlators starting from a very early time to the late time scale of our

universe. Using this methodology one can further quantify the quantum correlation function in

the context of reheating epoch as well as for the stochastic particle production during the epoch

of inflationary paradigm, where in both the cases the phenomena of out-of-equilibrium physics

play significant role at the very early time scale. on the other hand, at very late time scale of the

evolution history of our universe the quantum random fluctuation in the cosmological correlation

shows equilibrium feature and from this one can further estimate the corresponding equilibrium

26

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


temperature. For this reason, in the rest of our paper we will explicitly compute these results

and will show that how the present methodology can be applicable to the mentioned epochs of

our universe.

3 Quantum non-chaotic auto-correlated OTO amplitudes and OTOC in Pri-

mordial Cosmology

In this section, our prime objective is to explicitly derive and study the physical outcomes of two

different types of OTOCs which are constructed from field variable and its canonically conjugate

momenta appearing in the context of cosmological perturbation theory written in spatially flat

FLRW background. We will show from our computation that these set of OTOCs play significant

role to quantify the effect of random fluctuations in the quantum regime. Most importantly, our

main claim in this paper is that these set of new OTOCs in the context of primordial set up of

cosmology will describe the non-chaotic time dependent behaviour with respect the conformal

time scale, which is obviously a new information in this literature and have not explicitly studied

earlier. So in this paper we will completely devote our full energy to justify this big claim through

the present computation performed in this paper. Before performing the detailed computation

and going to the very technical details of the present topic let us first discuss the physical im-

plications of these set of non-chaotic OTOCs in which we are interested in this paper, which are

appended below point-wise:

• Motivation 1:

The first physical motivation of this work is to explicitly provide the result of quantum

mechanical correlation function in the context of primordial cosmology when the system

under consideration goes to out-of-equilibrium regime in the early time scale of the evolu-

tion history of our universe. We all know this particular regime in quantum statistical field

theory is extremely complicated to probe through usual understandings cosmological cor-

relators defined in the same late time slice. On the other hand, in the spatially flat FLRW

curved background explaining such phenomena even more harder. Our prime objective is to

probe this extremely complicated physics through some basic and very simple concepts of

quantum field theory prescription. This methodology is applicable to explain particularly

the quantum mechanical correlation functions in the epoch of reheating and during the the

stochastic particle production procedure during inflation which was not explored in this

literature earlier. We are very hopeful that our computation and the derived results can

perfectly able to capture the phenomena of quantum randomness and in this way one can

treat the OTOCs to be the significant theoretical probe through which one can explain the

out-of-equilibrium features very easily.

• Motivation 2:

The second physical motivation of this work is to explicitly provide and understand the

equilibrium behaviour of the quantum mechanical correlation functions in the context of

primordial cosmology which we have a plan to derive in terms of the previously mentioned

OTOCs. When we give an initial response to a quantum system in the context of cosmology

it goes to the out-of-equilibrium regime. Now if we wait for long and consider the late
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time regime in the evolutionary scale of cosmology then it is expected from the basic

understanding that the quantum mechanical system under consideration has to reach the

state of thermodynamic equilibrium which can be understood in terms of the saturation of

the desired set of OTOCs at the late time scale. Our expectation is that to understand this

phenomena within the framework of cosmological perturbation theory in the early universe

which will be also helpful to estimate the thermodynamic temperature of the equilibrium

state from the saturation value of the desired OTOCs in the present context. We are very

hopeful to provide the details of the equilibrium behaviour of the quantum OTOCs from

cosmology at the late time scale which will be be helpful to give a physically consistent

interpretation and estimation of the reheating temperature in terms of the equilibrium

temperature of the quantum mechanical system under consideration. Apart from this, one

can further give a physical interpretation and estimation of the equilibrium temperature

at the end of the stochastic particle production procedure during the epoch of inflation.

So using the late time behaviour of the cosmological desired OTOCs one cam give the

estimation of reheating temperature as well the temperature of the universe at the end

of inflation by following a proper physically consistent theoretical framework, which will

be further helpful to determine the energy scales of that specific epoch appearing in the

evolutionary time scale of our universe.

• Motivation 3:

The third and the last physical motivation of this work is to explicitly provide and under-

stand the intermediate behaviour of the quantum mechanical correlation functions in the

context of primordial cosmology which we have a plan to derive in terms of the previously

mentioned OTOCs. Our expectation is the present structure of OTOCs not only provide

the physical understanding of the early time out-of-equilibrium and late time equilibrium

phenomena in the context of primordial cosmological perturbation theory, but also pro-

vide the correct and physically justifiable explanation of the intermediate behaviour of the

quantum correlation functions which will able to explain the phase transition from the out-

of-equilibrium regime to the equilibrium regime. As far as the previous literatures in the

present context are concerned people have not addressed this issue clearly as in the earlier

computations implementation of this phase transition phenomena was extremely compli-

cated. But from the present computation our one of the great expectations is to address

the intermediate behaviour of the cosmological quantum correlation functions through the

desired expressions for OTOCs which can further give physical interpretation during the

phase transition from the out-of-equilibrium regime to the equilibrium regime and the quan-

tum randomness behaviour in the vicinity of the transition region within the framework of

primordial cosmological perturbation theory.

3.1 Computational strategy for non-chaotic auto-correlated OTO functions

The steps of the specifically computing the desired non-chaotic OTOCs defined in this paper are

appended below point-wise:

1. To compute these OTOCs at first we need find out the analytic classical solution of the

equation of motion of the massless, partially massless and heavy scalar fields which can de-
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scribe the super-horizon, sub-horizon limit and horizon crossing phenomena in the spatially

flat FLRW cosmological background.

2. After obtaining the classical solution which can describe the physical phenomena in the

asymptotic region- super-horizon and sub-horizon scale in a specific gauge of cosmological

perturbation theory of early universe we further have to find out the canonically conjugate

momentum of the perturbation field variable. Further using both of these classical solution

our job is to promote them in the quantum regime by writing them in terms of the creation

and annihilation operators. Once this job is done then using that quantum extended op-

erators our job is to compute the square of the quantum mechanical commutator brackets

appearing in the expressions for the two desired OTOCs on which we are interested in

this paper. It is important to note that, such square of the commutator brackets are of

course the fundamental components which will play significant role to quantify the desired

OTOCs.

3. Once we know the full solution in the quantum regime, which can able to describe super-

horizon and sub-horizon, the asymptotic limiting solutions in presence of a preferred choice

of quantum mechanical vacuum state, which fix the initial condition for the quantum ran-

dom fluctuations in the context of early universe cosmology then using that we have to

explicitly compute the expression for the thermal average value of the square of the com-

mutator bracket of the field and its canonically conjugate momenta, which can be obtained

as a by-product of cosmological perturbation theory in a preferred choice of gauge. Such

combinations physically signify the four-point quantum correlation function in the out-of-

time ordered sense.

4. Further we have to derive the expression for another fundamental quantity, which is the par-

tition function of the quantum mechanical system under consideration for the cosmological

perturbation theoretical set up. This can be done by determining the quantum mechanical

Hamiltonian which actually representing a quantum oscillator with conformal time depen-

dent frequency. Once this is done then we need to compute the expression for the thermal

trace of the thermodynamic Boltzmann factor. Here it is important to note that, in the

context of quantum field theory the equivalent representation of the thermal trace operation

can be presented in terms of path integral operation which can be performed in presence of

wave function of the universe defined for a preferred choice of quantum mechanical vacuum

state.

5. Before computing the mentioned OTOCs which are related to connected part of the four-

point correlation functions we need derive the expression for the thermal two point OTOCs

from the perturbation variable appearing in the preferred choice of gauge in cosmological

perturbation theory of early universe 5. These two point functions further have used to

5Here it is important to note that, for the four-point OTOCs we have observed that at very large dissipation time
scale one can factorize them into connected and disconnected parts. Obviously connected part carries the physical
information, but the disconnected part is actually written in terms of the product of two two point functions defined
at two different time scale which are separated in time scale. Now these two point functions helps us to normalize
these two OTOCs which further is very significant to analyze the amplitude of the connected part of the desired
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normalize the four point desired OTOCs in the present paper and for this reason can be

treated as the fundamental building block in the present computational purpose.

6. The quantum operator appearing as a by-product of cosmological perturbation theory which

are the fundamental objects used to define the desired expressions for the OTOCs in this

paper we first use the coordinate system basis. But to make the further simplification

we transform both of the quantum operators defined in two different time scales in to

Fourier space where we write both of them in the momentum basis. We particularly use

this simple trick because in the context of cosmology momentum space description is very

simpler and easily understandable compared to the expressions obtained in the context

of coordinate space basis. The prime physical reason behind this approach is that the

quantum correlation functions in the context of primordial cosmological perturbation theory

preserves the overall mathematical structure under the application of SO(1, 4) conformal

transformations 6. But in the context of quasi De Sitter space this symmetry is slightly

broken in the momentum basis after doing Fourier transformation from the coordinate basis

and the amount of symmetry breaking is proportional to the slowly varying time dependent

slow-roll parameters, which we have explicitly taken into account to get the correct physical

interpretation of the final results of the desired OTOCs in our computations in this paper.

7. Another important ingredient of the present computation of the desired two OTOC is

deep rooted in the cosmological perturbation theory setup used for early universe quantum

mechanical set up that we are using for the present computation. In this context, the

preferred choice of gauge used for the perturbation set up play a very significant role

to finally quantify the mathematical structure of the OTOCs studied in this paper. For

this purpose, unitary gauge, Newtonian gauge, comoving δφ = 0 gauge choices are very

relevant and most commonly used. Out of them in the present computational purpose

we use the comoving δφ = 0 gauge, which make the final mathematical structure and the

detailed computation of the desired OTOCs very simpler compared to the performing the

derivation in terms of the field φ and its canonically conjugate momentum Πφ which are

appearing directly from the ungauged version of the cosmological action in spatially flat

FLRW background.

3.2 Classical mode functions to compute non-chaotic auto-correlated OTO func-

tions in Cosmology

After varying the gauged version of the second order action as appearing in the context of

cosmological perturbation theory in the preferred δφ = 0 gauge and writing in terms of the

redefined perturbation field variable in the momentum space after doing Fourier transformation

four-point functions in the present context. Also, the thermal expectation value of the commutator bracket of two
cosmologically relevant operators in the context of cosmological perturbation theory can be considered to be the
relative difference between the thermal expectation value of two different two point functions which are appearing
in the normalization of the disconnected part of the four-point functions as mentioned earlier.

6Here SO(1, 4) represents the De Sitter isommetry group which are preserved under conformal transformations.
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we get the following simplified version of the equation of motion of the classical field:

Mukhanov Sasaki equation (Classical EOM) :
d2fk(τ)

dτ2
+

k2

≡m2
eff(τ)︷ ︸︸ ︷

−ν
2 − 1

4

τ2


︸ ︷︷ ︸

≡ ω2
k(τ)

fk(τ) = 0, (3.1)

which is commonly known as the Mukhanov Sasaki equation. It is actually a second order dif-

ferential equation in conformal time coordinate and in momentum space k plays just the role

of a constant parameter. If we closely look into the equation of motion then we see that it is

basically representing a parametric oscillator with conformal time dependent frequency where

the conformal time is playing the role of parameter in this context. Since here the equation

of motion of the Fourier mode of the rescaled scalar perturbation is second order homogeneous

differential equation in conformal time coordinate then the final solution of this equation can be

written in terms of the sum of two linearly independent solutions. For this reason, two arbitrary

constants are also appearing in the total solution which can only be fixed by the initial choice

of the quantum vacuum state. To serve this purpose it us very common practice in this litera-

ture to choose the well known Euclidean vacuum state, which is actually a false vacuum state

in nature. In common practice this Euclidean false vacuum state is known as the Bunch Davies

vacuum. There is an additional possibility regarding the choice of the vacuum state, which is the

most general α-vacua states and α = 0 can reproduce the solution for the Bunch Davies vacuum

state. In this equation of motion we define the mass parameter variable ν, which is defined for

the massless, partially massless and massive heavy scalar field cases in De Sitter space and for

reheating phase can be written as:

νDS := ν =



3

2
DS+massless√

9

4
− c2, where c ≥

√
2 DS+partially massless

i

√
m2
φ

H2
− 9

4
, where mφ � H DS+heavy

(3.2)

νreh := ν =



√
1

4
+

2(1− 3wreh)

(1 + 3wreh)2
Reheating+massless√

1

4
+

2(1− 3wreh)

(1 + 3wreh)2
Reheating+partially massless√

1

4
+

2(1− 3wreh)

(1 + 3wreh)2
, Reheating+heavy

(3.3)

where the equation of state parameter during reheating epoch is lying within the window,

0 ≤ wreh ≤ 1
3 . Here it is important to note that for the reheating case the expression looks
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exactly same for the massless, partially massless and heavy scalar field case. The expression for

the equation of state parameters for these three different cases are different, which implies the

physical significance of each cases are different. But the overall magnitude of the equation of

state parameter will lie within the above mentioned window.

Now to proceed further with this equation of motion of the perturbed field variable for the

scalar fluctuations we transform it in a convenient mathematical form which can be easily un-

derstood. We use the following canonical field redefinition to serve this purpose:

Canonical field redefinition : Q(x) :=
1√−τ fk(τ) with x ≡ −kτ . (3.4)

In this new field redefinition the Mukhanov Sasaki equation can be recast as:

Canonical form of Bessel′s equation :
d2Q(x)

dx2
+

1

x

dQ(x)

dx
+

(
1− ν2

x2

)
Q(x) = 0 .

(3.5)

The most general solution of this canonical form of Bessel’s equation can be written as a linear

combination of the two linearly independent solutions as given by:

Solution for Bessel′s equation : Q(x) = [D1 Jν(x) +D2 Yν(x)], (3.6)

where, Jν(x) and Yν(x) are the Bessel function of first and second kind of order ν respectively.

Here D1 and D2 are the two arbitrary integration constants which are fixed by the choice of

the initial quantum vacuum state. Sometimes in the quantum field theory literature these time

independent constants are identified to be the Bogoliubov coefficients which one can able to

compute explicitly in the present context.

Further one can write the the Bessel function of first and second kind of order ν in terms of

the Hankel function of first and second kind of order ν:

Jν(x) =
1

2

[
H(1)
ν (x) +H(2)

ν (x)
]
, (3.7)

Yν(x) =
1

2i

[
H(1)
ν (x)−H(2)

ν (x)
]
. (3.8)

Here H
(1)
ν (−kτ) and H

(1)
ν (−kτ) are the Hankel functions of first and second kind with order ν.

Finally, in terms of the Hankel functions the most general solution can be expressed as:

Solution for Bessel′s equation : Q(x) =
[
C1 H

(1)
ν (x) + C2 H

(2)
ν (x)

]
, (3.9)

where we introduce two new arbitrary constants, C1 and C2, which are defined in terms of the

previously mentioned two integration constants D1 and D2 as:

C1 =
1

2
(D1 − iD2) , C2 =

1

2
(D1 + iD2) . (3.10)

Consequently, the most general conformal time dependent solution of the scalar mode fluctuation

equation of motion for any constant mass profile (massless, partially massless and heavy scalar
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production during inflation and during reheating) is represented by the following expression:

Solution for scalar mode function : fk(τ) =
√
−τ
[
C1 H

(1)
ν (−kτ) + C2 H

(2)
ν (−kτ)

]
, (3.11)

where C1 and C2 are the previously mentioned two arbitrary integration constants which are fixed

by the choice of the initial quantum vacuum state necessarily needed for this computation.

The corresponding most general canonically conjugate momentum can be further computed

from this derived solution as:

Πk(τ) = ∂τfk(τ) =
1

2
√−τ

[
C1

(
kτH

(1)
ν−1(−kτ)−H(1)

ν (−kτ)− kτH(1)
ν+1(−kτ)

)
+C2

(
kτH

(2)
ν−1(−kτ)−H(2)

ν (−kτ)− kτH(2)
ν+1(−kτ)

)]
. (3.12)

Further considering, −kτ → 0 and −kτ → ∞ asymptotic limits one can write the following

simplified form of the most general solution for the perturbed field and momentum variable can

be expressed as:

fk(τ) =
2ν−

3
2 (−kτ)

3
2
−ν

√
2k

3
2 τ

∣∣∣∣∣ Γ(ν)

Γ
(

3
2

)∣∣∣∣∣
×
[
C1 (1 + ikτ) exp

(
−i
{
kτ + ∆−ν

})
− C2 (1− ikτ) exp

(
i
{
kτ + ∆+

ν

})]
, (3.13)

Πk(τ) =
2ν−

3
2 (−kτ)

3
2
−ν

√
2k

5
2

∣∣∣∣∣ Γ(ν)

Γ
(

3
2

)∣∣∣∣∣
[
C1

{
1− ϑν

(1 + ikτ)

k2τ2

}
exp

(
−i
{
kτ + ∆−ν

})
−C2

{
1− ϑν

(1− ikτ)

k2τ2

}
exp

(
i
{
kτ + ∆+

ν

})]
, (3.14)

where we define the two phase factors ∆±ν and a new function ϑν as:

∆±ν =
π

2

[(
ν +

1

2

)
± 1

]
, ϑν =

(
ν − 1

2

)
. (3.15)

These results are extremely important for the computation of the desired OTOCs in which are

interested in this paper which we have derived in the the later subsections. To server this purpose

we need to first of all promote both of these classical solutions of the field and momentum to

the quantum level. Since we are following the canonical technique in the present context for the

quantization purpose, we need to express both of these classical solutions in terms of creation

and annihilation operators which we will discuss in the next subsection of this paper. See the

details of the computation in Appendix (A).

3.3 Quantum mode function to compute non-chaotic auto-correlated OTO func-

tions in Primordial Cosmology

Here in this context, the rescaled perturbation field operator and the corresponding canonically

conjugate momentum operator in the quantum regime can be expressed in terms of the classical
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solutions obtained in the previous section as:

Field Operator : f̂k(τ) = fk(τ) ak + f∗−k(τ) a†−k, (3.16)

Momentum Operator : Π̂k(τ) = Πk(τ) ak + Π∗−k(τ) a†−k. (3.17)

Here ak and a†−k are the annihilation and creation operators of the quantum vacuum state, which

satisfy the following canonical commutation relations:

Canonical commutators :
[
ak, a

†
−k′

]
= (2π)3δ3(k + k′), [ak, a−k′ ] = 0 =

[
a†k, a

†
−k′

]
.(3.18)

Consequently the curvature perturbation and the corresponding momentum operator in the quan-

tum regime can be re-expressed as:

ζ̂k(τ) =
f̂k(τ)

z(τ)
=
fk(τ) ak + f∗−k(τ) a†−k

z(τ)
= ζk(τ) ak + ζ∗−k(τ) a†−k, (3.19)

Π̂ζ,k(τ) = ∂τ

(
f̂k(τ)

z(τ)

)
=

Π̂k(τ)

z(τ)
− ζ̂k(τ)

z(τ)

dz(τ)

dτ

=

[(
Πζ,k(τ) ak + Π∗ζ,−k(τ) a†−k

)
−
(
ζk(τ) ak + ζ∗−k(τ) a†−k

)( 1

z(τ)

dz(τ)

dτ

)]
. (3.20)

Here the last term of the above mentioned expression can be further evaluated as:

1

z(τ)

dz(τ)

dτ
=

1

a(τ)

da(τ)

dτ
− 1

H
dH
dτ

+
1(

dφ(τ)

dτ

) d2φ(τ)

dτ2

︸ ︷︷ ︸
Sub−leading contribution

. (3.21)

3.4 Quantum operators for non-chaotic auto-correlated OTO functions

In this subsection, our prime objective is to promote the classical Hamiltonian to the quantum

regime in terms of canonical quantum operators. This quantum mechanical Hamiltonian operator

can be expressed as:

Quantum Hamiltonian Operator : Ĥ(τ) :=

∫
d3k

Fourier transformed Hamiltonian−density operator︷ ︸︸ ︷ 1

2
Π̂2

k(τ)︸ ︷︷ ︸
Kinetic term

+
1

2
ω2

k(τ)f̂2
k(τ)︸ ︷︷ ︸

Potential term

 ,

(3.22)

Additionally, it is important to mention that in this quantum mechanical Hamiltonian operator

the following property of the perturbed field and momentum holds good perfectly in Fourier
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space:

f̂ †k(τ) =
(
fk(τ) ak + f∗−k(τ) a†−k

)†
=
(
f−k(τ) a−k + f∗k(τ) a†k

)
= f̂−k(τ), (3.23)

Π̂†k(τ) =
(

Πk(τ) ak + Π∗−k(τ) a†−k

)†
=
(

Π−k(τ) a−k + Π∗k(τ) a†k

)
= Π̂−k(τ). (3.24)

Here we use the following useful facts to satisfy the above mentioned Hermiticity constraints:

a†k = a−k =⇒ (a†−k)† = a†k, (3.25)

f †k(τ) = f∗k(τ) = f−k(τ) =⇒ (f∗−k)† = f∗k, (3.26)

Π†k(τ) = Π∗k(τ) = Π−k(τ) =⇒ (Π∗−k)† = Π∗k. (3.27)

As a result, the fundamental parts of the kinetic and potential quantum operators as appearing

in the expression for the quantum mechanical Hamiltonian can be further simplified as:

Quantum Kinetic Operator :

1

2
Π̂2

k(τ) =
1

2
Π̂k(τ)Π̂−k(τ) =

1

2
|Πk(τ) ak + Π∗−k(τ) a†−k|2 =

(
a†kak +

1

2
δ3(0)

)
|Πk(τ)|2, (3.28)

Quantum Potential Operator :
1

2
ω2

k(τ)f̂2
k(τ) =

1

2
ω2

k(τ)f̂k(τ)f̂−k(τ) =
1

2
ω2

k(τ)|fk(τ) ak + f∗−k(τ) a†−k|2

= ω2
k(τ)

(
a†kak +

1

2
δ3(0)

)
|fk(τ)|2. (3.29)

As a result, we get the following simplified expression for the quantum mechanical Hamiltonian

operator which is written in terms of the quantum number operator (N̂k) in Fourier space:

Quantum Hamiltonian Operator : Ĥ(τ) =

∫
d3k

(
N̂k +

1

2
δ3(0)

)[
|Πk(τ)|2 + ω2

k(τ)|fk(τ)|2
]
,

(3.30)

where the quantum number operator (N̂k) is defined in terms of the creation and the annihilation

operators of the quantum initial vacuum state as:

Quantum Number Operator : N̂k := a†kak . (3.31)

After introducing the normal ordering one can remove the contribution from the zero point energy

which will give rise to the divergent contribution in the quantum mechanical Hamiltonian oper-

ator, which actually gives the divergent contribution. This further simplifies the the expression

for the Hamiltonian, which is given by:

Normal Ordered Hamiltonian Operator : : Ĥ(τ) :=

∫
d3k N̂k

[
|Πk(τ)|2 + ω2

k(τ)|fk(τ)|2
]
.

(3.32)

This result is very useful for the computation of the two desired OTOCs in which we are interested

in this paper as it will contribute to the thermal Boltzmann factor and the corresponding thermal

partition function which is further computed out of taking the trace operation performed in terms
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of the path integral over the wave function of the universe. The details of this computation will

be found in the later sections of this paper.

3.5 Cosmological two-point and four-point “in-in” non-chaotic OTO amplitudes

In this section, our prime objective is to explicitly derive the expressions for the two new sets of

two point and four point desired OTOCs in this paper to study the non-chaotic time dependent

ransom behaviour of cosmologically relevant quantum correlation functions.

3.5.1 Non-chaotic auto-correlators in Primordial Cosmology

To compute this explicitly we need the following information in our hand:

1. Information I:

First of all, one need to start with the quantum mechanical operators in which we are

interested in the context of cosmology, those are the perturbed time dependent field and

the associated canonically conjugate momenta written in Fourier transformed momentum

space. This can easily be done using the obtained asymptotically viable total conformal

time dependent solution of the perturbed field from the classical Mukhanov Sasaki equation

which we are going to write in quantum regime as an operator by including the creation and

annihilation operators of the quantum initial vacuum state. In the framework of cosmo-

logical perturbation theory one can construct the conformal time dependent Hamiltonian

density operator in Fourier space which can be made up of two important components,

the kinetic operator and the potential operator, where both of them can be expressed in

terms of the previously mentioned perturbed field operator and its canonically conjugate

momentum operator in the quantum regime of field space. After constructing the time de-

pendent Hamiltonian density operator in the Fourier space our next job is to integrate over

all possible momenta spanned over a physically acceptable range to derive the total time

dependent Hamiltonian operator frequently used for the present computation. Additionally

it is important to note that, in the paper we will consider the canonical technique for the

quantization purpose which we will follow throughout the paper.

2. Information II:

In the next step, one needs to explicitly compute the expression for the commutator and

square of the commutator bracket between the two perturbed field variable quantum op-

erators and the two canonically conjugate momentum variable quantum operators defined

at two different conformal time scales in the classical geometrical background of spatially

flat FLRW space-time specifically in coordinate space representation. These are the crucial

part which forms the building block of the desired OTOCs in the context of cosmological

perturbation theory of early universe. In this section of the paper we explicitly derive the

commutator and square of the commutator or these two operators in terms of two and four

parts respectively where each of the components mimics the role of scattering amplitudes

in Fourier space. In the present context commutator and the square of the commutator

bracket in the Fourier space involved two momenta and four momenta respectively and in

both the cases two different conformal time scale appears which will finally fix the structure

of the desired OTOCs which we want to study in the context of cosmological perturbation
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theory. If we look into the structure of these commutator and square of the commutator

quantum mechanical operator very closely then one can observe that these two different

momenta and four different momenta are appearing in OTOCs as we are dealing with

the product of two and quantum mechanical operators respectively in this computation.

Though the OTOC computed from the square of the commutator bracket looks like 2→ 2

scattering amplitude in the Fourier space, but technically these are actually representing

the unequal time, out-of-time-ordered four point quantum correlation function in the con-

text of cosmology. In the quantum field theory version of the trace operation one need to

consider the same quantum initial vacuum state, which implies the initial and final state

both are exactly same, and identified to be “in” quantum state in the context cosmology.

This further implies that within the framework of primordial cosmology we deal with in-in

amplitude rather than using the usual “in-out” amplitude in the S-matrix formalism, which

is actually a Schwinger Dyson series. Instead of calling this quantity which we want to ex-

plicitly determine in this section as “in-in” amplitude we call these quantities as “in-in”

quantum mechanical correlation functions within the framework of primordial cosmological

perturbation theory.

3. Information III:

Another important issue is to fix the proper definition of the trace operation within the

framework of quantum field theory written in classical spatially flat FLRW curved cosmolog-

ical background. In the context of quantum field theory of curved space-time, particularly

in the context of cosmology we have to define the quantum wave function of our Universe

which will help us to set up the equivalent representation of the thermal trace operation in

terms of the quantum mechanical path integral formulation. To construct the wave func-

tion of the Universe as a initial condition one choose the standard definition of Euclidean

false vacuum state, which is commonly known as the Bunch Davies vacuum state and it

basically represents a thermal ground state in the context of primordial cosmological per-

turbation theory. In the quantum field theory of curved space-time literature sometimes

this is identified to be the Hartle-Hawking or Cherenkov vacuum state. In this computa-

tion, the most most generalized choice is the α, β vacua, which is commonly known as the

Motta-Allen (MA) vacua in the context of quantum field theory of De Sitter space time

which are invariant under all the conformal group SO(1, 4) isometries and commonly known

as the α, β-vacua which is CPT violating. Here α, β is a real parameter which forms a real

parameter family of continuous numbers and particularly β is appearing in the phases. This

phase factor is actually the culprit for which in the quantum state CPT symmetry getting

violated. Once we switch off the contribution from this phase factor by fixing β = 0, the

one can get back the CPT symmetry preserving quantum α vacua states. Sometimes the

α vacua is characterized as the squeezed quantum vacuum state. Bunch Davies vacuum

state is a very special case of the generalized α vacua state which can be obtained by fixing

α = 0 in the definition of the quantum vacuum state, which perfectly satisfy the Hadamard

condition in the Green’s functions. Using Bogoliubov transformation one can express the

α vacua in terms of the Bunch Davies state.

4. Information IV:
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Once we fix the definition of the quantum field theory version of the trace operation in

terms of path integral formalism in the Euclidean formalism we can then further compute

the expression for the desired two sets of OTOCs on which we are interested in this paper.

Another important component which will fix the definition of the OTOC is the thermal

partition function for the scalar mode fluctuations obtained from the primordial cosmolog-

ical perturbation where the same trick we have to apply to define the trace operation as

mentioned earlier. In this context instead of performing a complete quantum calculation we

use the semi classical approximations for the computations. The primordial perturbations

in the spatially flat classical FLRW background can be written in terms of scalar, vector

and tensor modes in Fourier space using the SVT decomposition from which the quantum

fluctuations are generated. For this reason we will do a semi-classical (not purely quantum

or classical) computation for the computation of OTOC in the framework of primordial

cosmology.

5. Information V:

Last but not at all the least, we have to fix the normalization factor of all the desired

new OTOCs that we have introduced in this paper. In this connection it is important

to remind ourself again that normalixzation factors of these desired OTOCs are actually

made up of product of two disconnected thermal two point functions in the dissipation

time scale t = td ∼ β ∼ 1/T , where T is the equilibrium temperature of the quantum

cosmological system under study in the present context. Whatever result we have obtained

for the un-normalized OTOCs we use them and divide them the mentioned disconnected

part of the correlator. This helps to treat the overall amplitude of four point OTOCs in

a dimensionless fashion. Not only that such trick in normalization in OTOC also helps

us to know about the exact time dependence in the quantum correlator on which we are

interested in. More precisely this can be done by making use of the previously mentioned

equivalent operation of thermal trace operation in presence of α vacua or Bunch Davies

quantum vacuum state in the context of primordial cosmological perturbation theory. We

have explicitly demonstrated the detailed computation of these normalization factors in the

Appendix of this paper. Please look into the technical details in the Appendix for more

details on this issue.

3.5.2 Fourier space representation of the commutator bracket: Application to two-

point non-chaotic auto-correlated OTO functions

Here our job is to compute the following commutator brackets, given by the following expressions:

Commutator1 :
[
f̂(x, τ1), f̂(x, τ2)

]
= f̂(x, τ1)f̂(x, τ2)︸ ︷︷ ︸

≡Γ1(x,τ1,τ2)

− f̂(x, τ2)f̂(x, τ1)︸ ︷︷ ︸
≡Γ2(x,τ1,τ2)

, (3.33)

Commutator2 :
[
Π̂(x, τ1), Π̂(x, τ2)

]
= Π̂(x, τ1)Π̂(x, τ2)︸ ︷︷ ︸

≡Θ1(x,τ1,τ2)

− Π̂(x, τ2)Π̂(x, τ1)︸ ︷︷ ︸
≡Θ2(x,τ1,τ2)

. (3.34)
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Now we use the following preferred convention for the Fourier transformation of the perturbation

field and associated momentum operator, which are given by:

f̂(x, τ1) =

∫
d3k

(2π)3
exp(ik.x) f̂k(τ1), (3.35)

Π̂(x, τ1) = ∂τ1 f̂(x, τ1) =

∫
d3k

(2π)3
exp(ik.x) ∂τ1 f̂k(τ1) =

∫
d3k

(2π)3
exp(ik.x) Π̂k(τ1), (3.36)

which we will frequently follow for rest of the computation to fix the definition of the desired

OTOCs defined in this paper.

Next, we explicitly compute the expressions for these individual quantum mechanical oper-

ators in the context of primordial cosmological perturbation theory, Γi(x, τ1, τ2) ∀ i = 1, 2 and

Θi(x, τ1, τ2) ∀ i = 1, 2, which can be expressed in Fourier transformed space by the following

simplified expressions:

Γ1(x, τ1, τ2) = f̂(x, τ1)f̂(x, τ2) =

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) f̂k1(τ1)f̂k2(τ2)

=

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) ∆̂

(1)
1 (k1,k2; τ1, τ2), (3.37)

where we have introduced a momentum and conformal time dependent quantum mechanical

operator in the context of primordial cosmological perturbation theory, ∆̂1(k1,k2; τ1, τ2), which

is defined as:

∆̂
(1)
1 (k1,k2; τ1, τ2) = f̂k1(τ1)f̂k2(τ2) = D(1)

1 (k1,k2; τ1, τ2) ak1ak2 +D(1)
2 (k1,k2; τ1, τ2) a†−k1

ak2

+D(1)
3 (k1,k2; τ1, τ2) ak1a

†
−k2

+D(1)
4 (k1,k2; τ1, τ2) a†−k1

a†−k2
, (3.38)

where we have introduced momentum and time dependent two-point OTO amplitudes, D(1)
i (k1,k2; τ1, τ2) ∀ i =

1, 2, 3, 4, which are explicitly defined in the Appendix (B) of this paper.

Γ2(x, τ1, τ2) = Π̂(x, τ2)f̂(x, τ1) =

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) Π̂k1(τ2)f̂k2(τ1)

=

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) ∆̂

(1)
2 (k1,k2; τ1, τ2), (3.39)

where we have introduced a momentum and conformal time dependent quantum mechanical

operator in the context of primordial cosmological perturbation theory, ∆̂
(1)
2 (k1,k2; τ1, τ2), which

are explicitly defined in the Appendix of this paper.

∆̂
(1)
2 (k1,k2; τ1, τ2) = f̂k1(τ2)f̂k2(τ1) = L(1)

1 (k1,k2; τ1, τ2) ak1ak2 + L(1)
2 (k1,k2; τ1, τ2) a†−k1

ak2

+L(1)
3 (k1,k2; τ1, τ2) ak1a

†
−k2

+ L(1)
4 (k1,k2; τ1, τ2) a†−k1

a†−k2
, (3.40)

where we have introduced momentum and time dependent two-point OTO amplitudes, L(1)
i (k1,k2; τ1, τ2) ∀ i =
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1, 2, 3, 4, which are explicitly defined in the Appendix of this paper.

Θ1(x, τ1, τ2) = Π̂(x, τ1)Π̂(x, τ2) =

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) Π̂k1(τ1)Π̂k2(τ2)

=

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) ∆̂

(2)
1 (k1,k2; τ1, τ2), (3.41)

where we have introduced a momentum and conformal time dependent quantum mechanical

operator in the context of primordial cosmological perturbation theory, ∆̂
(2)
1 (k1,k2; τ1, τ2), which

are explicitly defined in the Appendix of this paper as:

∆̂
(2)
1 (k1,k2; τ1, τ2) = Π̂k1(τ1)Π̂k2(τ2) = D(2)

1 (k1,k2; τ1, τ2) ak1ak2 +D(2)
2 (k1,k2; τ1, τ2) a†−k1

ak2

+D(2)
3 (k1,k2; τ1, τ2) ak1a

†
−k2

+D(2)
4 (k1,k2; τ1, τ2) a†−k1

a†−k2
, (3.42)

where we have introduced momentum and time dependent two-point OTO amplitudes, D(2)
i (k1,k2; τ1, τ2) ∀ i =

1, 2, 3, 4, which are explicitly defined in the Appendix of this paper.

Θ2(x, τ1, τ2) = Π̂(x, τ2)Π̂(x, τ1) =

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) Π̂k1(τ2)Π̂k2(τ1)

=

∫
d3k1

(2π)3

∫
d3k1

(2π)3
exp(i(k1 + k2).x) ∆̂

(2)
2 (k1,k2; τ1, τ2), (3.43)

where we have introduced a momentum and conformal time dependent quantum mechanical

operator ∆̂2(k1,k2; τ1, τ2), which is defined as:

∆̂
(2)
2 (k1,k2; τ1, τ2) = Π̂k1(τ2)Π̂k2(τ1)

= L(2)
1 (k1,k2; τ1, τ2) ak1ak2 + L(2)

2 (k1,k2; τ1, τ2) a†−k1
ak2

+L(2)
3 (k1,k2; τ1, τ2) ak1a

†
−k2

+ L(2)
4 (k1,k2; τ1, τ2) a†−k1

a†−k2
, (3.44)

where we have introduced momentum and time dependent two-point OTO amplitudes, L(2)
i (k1,k2; τ1, τ2) ∀ i =

1, 2, 3, 4, which are explicitly defined in the Appendix (B) of this paper.

This further implies that one can explicitly write down the previously mentioned two com-

mutator brackets along with the thermal Boltzmann factor in terms of the following simplified

expression, which is given by:

e−βĤ(τ1)
[
f̂(x, τ1), f̂(x, τ2)

]
= e−βĤ(τ1) [Γ1(x, τ1, τ2)− Γ2(x, τ1, τ2)]

= e−βĤ(τ1)

{∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp [i (k1 + k2) .x]

[
∆̂

(1)
1 (k1,k2; τ1, τ2)− ∆̂

(1)
2 (k1,k2; τ1, τ2)

]}
=

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp [i (k1 + k2) .x]

[
∇̂(1)

1 (k1,k2; τ1, τ2;β)− ∇̂(1)
2 (k1,k2; τ1, τ2;β)

]
, (3.45)
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e−βĤ(τ1)
[
Π̂(x, τ1), Π̂(x, τ2)

]
= e−βĤ(τ1) [Θ1(x, τ1, τ2)−Θ2(x, τ1, τ2)]

= e−βĤ(τ1)

{∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp [i (k1 + k2) .x]

[
∆̂

(2)
1 (k1,k2; τ1, τ2)− ∆̂

(2)
2 (k1,k2; τ1, τ2)

]}
=

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp [i (k1 + k2) .x]

[
∇̂(2)

1 (k1,k2; τ1, τ2;β)− ∇̂(2)
2 (k1,k2; τ1, τ2;β)

]
, (3.46)

where we define the new sets of quantum mechanical operators in the context of primordial

cosmological perturbation theory, : ∇̂(m)
i (k1,k2; τ1, τ2;β) : ∀ i = 1, 2, ∀ m = 1, 2 as given by

the following expression:

∇̂(m)
i (k1,k2; τ1, τ2;β) = e−βĤ(τ1) ∆̂

(m)
i (k1,k2; τ1, τ2) ∀ i = 1, 2 ∀ m = 1, 2 (3.47)

Here the thermal Boltzmann factor can be expressed in terms of creation and annihilation oper-

ator by the following simplified expression, as given by:

e−βH(τ1) = exp

(
−β
∫
d3k

(
N̂k +

1

2
δ3(0)

)
Ek(τ1)

)
, (3.48)

where we define the conformal time dependent energy spectrum as a function of Fourier modes

relevant for cosmology, Ek(τ1) by the following expression:

Ek(τ1) :=
[
|Πk(τ1)|2 + ω2

k(τ1)|fk(τ)|2
]
, (3.49)

where the explicit expression for the conformal time dependent expression for the frequency factor

at the time scale τ = τ1, i.e. ωk(τ1) for the cosmologically relevant Fourier modes participating

in the primordial cosmological perturbation theory is mentioned in the earlier half of this paper.

For general readers it is further important to note that these mode frequencies for all momentum

scales play significant role for the quantification of the randomness in terms of the quantum

OTOCs studying in this paper.

3.5.3 Fourier space representation of square of the commutator bracket: Applica-

tion to four-point non-chaotic auto-correlated OTO functions

Now we explicitly compute the following combinations of the square of the commutator bracket

out of only the cosmologically perturbed field operators and only with the help of the canonically

conjugate momentum operators related to these cosmologically perturbed field, which are actually

given by the following simplified expression:[
f̂(x, τ1), f̂(x, τ2)

]2
= f̂(x, τ1)f̂(x, τ2)f̂(x, τ1)f̂(x, τ2)︸ ︷︷ ︸

≡ K(1)
1 (x,τ1,τ2)

− f̂(x, τ2)f̂(x, τ1)f̂(x, τ1)f̂(x, τ2)︸ ︷︷ ︸
≡ K(1)

2 (x,τ1,τ2)

− f̂(x, τ1)f̂(x, τ2)f̂(x, τ2)f̂(x, τ1)︸ ︷︷ ︸
≡ K(1)

3 (x,τ1,τ2)

+ f̂(x, τ2)f̂(x, τ1)f̂(x, τ2)f̂(x, τ1)︸ ︷︷ ︸
≡ K(1)

4 (x,τ1,τ2)

, (3.50)
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[
Π̂(x, τ1), Π̂(x, τ2)

]2
= Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ1)Π̂(x, τ2)︸ ︷︷ ︸

≡ K(2)
1 (x,τ1,τ2)

− Π̂(x, τ2)Π̂(x, τ1)Π̂(x, τ1)Π̂(x, τ2)︸ ︷︷ ︸
≡ K(2)

2 (x,τ1,τ2)

− Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ2)Π̂(x, τ1)︸ ︷︷ ︸
≡ K(2)

3 (x,τ1,τ2)

+ Π̂(x, τ2)Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ1)︸ ︷︷ ︸
≡ K(2)

4 (x,τ1,τ2)

(3.51)

Now we mention the explicit mathematical structure of these individual operators, K(M)
i (x, τ1, τ2) ∀ i =

1, 2, 3, 4, ∀ M = 1, 2, 3, 4, which are expressed in Fourier transformed space as:

K(1)
1 (x, τ1, τ2) = f̂(x, τ1)f̂(x, τ2)f̂(x, τ1)f̂(x, τ2)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (1)

1 (k1,k2,k3,k4; τ1, τ2), (3.52)

K(2)
1 (x, τ1, τ2) = Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ1)Π̂(x, τ2)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (2)

1 (k1,k2,k3,k4; τ1, τ2), (3.53)

K(1)
2 (x, τ1, τ2) = f̂(x, τ2)f̂(x, τ1)f̂(x, τ1)f̂(x, τ2)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (1)

2 (k1,k2,k3,k4; τ1, τ2), (3.54)

K(2)
2 (x, τ1, τ2) = Π̂(x, τ2)Π̂(x, τ1)Π̂(x, τ1)Π̂(x, τ2)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (2)

2 (k1,k2,k3,k4; τ1, τ2), (3.55)

K(1)
3 (x, τ1, τ2) = f̂(x, τ1)f̂(x, τ2)f̂(x, τ2)f̂(x, τ1)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (1)

3 (k1,k2,k3,k4; τ1, τ2), (3.56)

K(2)
3 (x, τ1, τ2) = Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ2)Π̂(x, τ1)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (2)

3 (k1,k2,k3,k4; τ1, τ2), (3.57)

K(1)
4 (x, τ1, τ2) = f̂(x, τ2)f̂(x, τ1)f̂(x, τ2)f̂(x, τ1)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (1)

4 (k1,k2,k3,k4; τ1, τ2), (3.58)

K(2)
4 (x, τ1, τ2) = Π̂(x, τ2)Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ1)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x] T̂ (2)

4 (k1,k2,k3,k4; τ1, τ2), (3.59)

where the functions T̂ (1)
p (k1,k2,k3,k4; τ1, τ2)∀p = 1, 2, 3, 4 and T̂ (2)

p (k1,k2,k3,k4; τ1, τ2)∀p =

1, 2, 3, 4 are explicitly defined in Appendix (C).

This implies that one can write down the previously mentioned square of the commutator
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bracket along with the thermal Boltzmann factor as:

e−βĤ(τ1)
[
f̂(x, τ1), Π̂(x, τ2)

]2

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x][

V̂(1)
1 (k1,k2,k3,k4; τ1, τ2;β)− V̂(1)

2 (k1,k2,k3,k4; τ1, τ2;β)

+V̂(1)
3 (k1,k2,k3,k4; τ1, τ2;β)− V̂(1)

4 (k1,k2,k3,k4; τ1, τ2;β)
]
, (3.60)

e−βĤ(τ1)
[
Π̂(x, τ1), Π̂(x, τ2)

]2

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp [i (k1 + k2 + k3 + k4) .x][

V̂(2)
1 (k1,k2,k3,k4; τ1, τ2;β)− V̂(2)

2 (k1,k2,k3,k4; τ1, τ2;β)

+V̂(2)
3 (k1,k2,k3,k4; τ1, τ2;β)− V̂(2)

4 (k1,k2,k3,k4; τ1, τ2;β)
]
, (3.61)

where we define the new sets of quantum operators in the context of primordial cosmological

perturbation theory set up, V̂(M)
i (k1,k2,k3,k4; τ1, τ2;β) ∀ i = 1, 2, 3, 4, ∀ M = 1, 2 as given by

the following simplified expression:

V̂(M)
i (k1,k2,k3,k4; τ1, τ2;β) = e−βĤ(τ1) T̂i(k1,k2,k3,k4; τ1, τ2) ∀ i = 1, 2, 3, 4, M = 1, 2 (3.62)

where the thermal Boltzmann factor with energy dispersion is computed earlier.

3.6 Thermal partition function in Primordial Cosmology: Quantum version

3.6.1 Initial quantum state in Primordial Cosmology

In general, one can consider an arbitrary initial quantum mechanical vacuum state which is char-

acterised by the two arbitrary constants C1 and C2, which are appearing in the solution of the

Mukhanov Sasaki equation, which represents the classical solution of the background perturba-

tion in the spatially flat FLRW cosmological background. Also, these arbitrary constants play

very significant role to fix the definition of the quantum wave function of the universe which is

dependent on a specified information of the initial quantum vacuum state for cosmology. Once

this definition is fixed, using this quantum vacuum states one can further study the correlation

function from the quantum fluctuation in the scalar modes which is contributing in terms of the

co-moving scalar curvature perturbation or in terms of the redefined perturbed field variable.

Now, if we say that Ck,12 is the annihilation operator corresponding to the quantum state as

mentioned earlier, then it satisfies the following criteria in the context of quantum field theory

written for the primordial cosmological perturbation:

Ck,12|C1, C2〉 = 0 ∀ k, with |Ψ〉QVac :≡ |C1, C2〉 (3.63)

In a most generalized prescription this arbitrary quantum vacuum state can be written in terms

of the ground state, which in cosmology commonly known as the Bunch Davies Euclidean vacuum
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state by the following expression:

|Ψ〉QVac :≡ |C1, C2〉 =
∏
k

1√
|C1|

exp

(
− iC

∗
2

2C∗1
a†ka

†
k

)
|Ψ〉BD =

1√
|C1|

exp

(
− iC

∗
2

2C∗1
∑
k

a†ka
†
k

)
|Ψ〉BD (3.64)

Now we will use the following replacement rule:

∑
k

−→
∫

d3k

(2π)3
. (3.65)

Using this further one can express further the arbitrary quantum vacuum state in terms of the

Bunch Davies Euclidean vacuum state as:

|Ψ〉QVac :≡ |C1, C2〉 =
1√
|C1|

exp

(
− iC

∗
2

2C∗1

∫
d3k

(2π)3
a†ka

†
k

)
|Ψ〉BD (3.66)

where we have actually identified the ground state as Bunch Davies Euclidean vacuum state,

which is given by:

|0〉ground := |Ψ〉BD. (3.67)

Additionally, it is important to note that the arbitrary quantum vacuum state, |C1, C2〉, satisfy

the following constraint condition:

P̂C1,C2 |C1, C2〉 =

∫
d3p

(2π)3
p C†p,12Cp,12|C1, C2〉

=
∏
k

∫
d3p

(2π)3
p C†p,12Cp,12

1√
|C1|

exp

(
− iC

∗
2

2C∗1
a†ka

†
k

)
|Ψ〉BD

=

∫
d3p

(2π)3
p C†p,12Cp,12

1√
|C1|

exp

(
− iC

∗
2

2C∗1
∑
k

a†ka
†
k

)
|Ψ〉BD

=

∫
d3p

(2π)3
p C†p,12Cp,12

1√
|C1|

exp

(
− iC

∗
2

2C∗1

∫
d3k

(2π)3
a†ka

†
k

)
|Ψ〉BD = 0. (3.68)

Here it is important to note that, the relationship between the annihilation and creation op-

erator in the α-vacua and the Bunch-Davies vacuum is established by the following Bogoliubov

transformation:

Ck,12 = C∗1 ak − C∗2 a†−k −→ C†k,12 = C1 a
†
k − C2 a−k, (3.69)

ak = C1 Ck,12 + C∗2 C†−k,12 −→ a†k = C∗1 C†k,12 + C2 C−k,12. (3.70)

Here (Ck,12, C†k,12) and (ak, a
†
k), are the creation and annihilation operators of the arbitrary

generalized vacua and the Bunch Davies vacuum respectively.

In the context of quantum field theory of spatially flat FLRW cosmology, one can define the

initial quantum mechanical state corresponding to the class of all excited SO(1, 4) isommetric
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Mota-Allen or (α, γ)-vacua states, which are characterized by two real parameter family α and γ.

Now one can find that this type of vacua is not CPT symmetry preserving. Following the previ-

ously mentioned general construction one can write down the Mota-Allen or (α, γ)-vacua states

in terms of the well known adiabatic Bunch Davies vacuum state by the following expression:

|Ψα,γ〉 =
1√
| coshα|

exp

(
− i

2
exp(−iγ) tanhα

∫
d3k

(2π)3
a†ka

†
k

)
|ΨBD〉 , (3.71)

where the integration constants C1 and C2 for Mota Allen or (α, γ) vacua can be parametrizes as:

C1 = coshα, C2 = exp(iγ) sinhα, (3.72)

which satisfy the following normalization condition:

|C1|2 − |C2|2 = 1 =⇒ cosh2 α− sinh2 α = 1 ∀ α . (3.73)

Here one can easily observed that, if we fix α = 0 and γ = 0, then one can easily get back the

usual quantum adiabatic Bunch Davies vacuum state which are given by, C1 = 1 and C2 = 0. On

the other hand if we are interested in CPT invariant quantum vacuum state then we choose only

γ = 0 and get CPT invariant SO(1, 4) isommetric α vacua states, which is given by:

|Ψα〉 := |Ψα,0〉 =
1√
| coshα|

exp

(
− i

2
tanhα

∫
d3k

(2π)3
a†ka

†
k

)
|ΨBD〉 , (3.74)

Now, using the definition of the Mota Allen vacua or the α vacua or the Euclidean Bunch Davies

states one can explicitly compute the expression for the desired OTOCs defined in this paper. In

the following section we will derive these results explicitly.

3.6.2 Quantum partition function in terms of rescaled perturbation field variable

in Primordial Cosmology

In presence of these SO(1, 4) isommetric excited CPT violating Mota Allen or CPT preserving

α-vacua states the quantum mechanical thermal partition function can be expressed as:

Zα,γ(β; τ1) =

∫
dΨα,γ 〈Ψα,γ |e−βĤ(τ1)|Ψα,γ〉 =

1

| coshα| exp (−2 sin γ tanα) ZBD(β; τ1), (3.75)

Zα(β; τ1) =

∫
dΨα 〈Ψα|e−βĤ(τ1)|Ψα〉 =

1

| coshα|ZBD(β; τ1), (3.76)

which further implies the following connecting realtionship between the thermal quantum parti-

tion functions obtained from Mota Allen vacua, α vacua and Bunch Davies vacuum state, which

is given by:

Zα,γ(β; τ1) = exp (−2 sin γ tanα) Zα(β; τ1) = | coshα|−1 exp (−2 sin γ tanα) ZBD(β; τ1). (3.77)
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where ZBD is the quantum partition function computed from adiabatic Bunch Davies vacuum

as:

: ZBD(β; τ1) : =

∫
dΨBD 〈ΨBD| exp

(
−β
∫
d3k a†kak Ek(τ1)

)
|ΨBD〉

= exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
. (3.78)

. where the contribution from the divergent Delta function can be removed after performing

the normal order operation. This implies further we get the following simplified result for the

quantum thermal partition function obtained from the Mota Allen vacua, α vacua and Euclidean

Bunch Davies vacuum state after normal ordering:

: Zα,γ(β; τ1) :=
1

| coshα| exp

(
−
[
2 sin γ tanα+

∫
d3k ln

(
2 sinh

βEk(τ1)

2

)])
. (3.79)

The detailed technical computation of these results can be found in the Appendix.

3.6.3 Quantum partition function in terms of cosmological scalar curvature pertur-

bation field variable in Primordial Cosmology

In this subsection our prime objective is to find out the explicit expression for the quantum me-

chanical partition function in terms of the scalar co-moving curvature perturbation field variable

for different choices for the initial vacuum states available in the context of primordial cosmology.

To serve this purpose the time dependent dispersion relation can be expressed in terms of the

curvature perturbation variable as:

Ek(τ1) = |Πk(τ1)|2 + ω2
k(τ1)|fk(τ1)|2 = z2(τ1) (Ek,ζ(τ1) + ∆k,ζ(τ1)) , (3.80)

where the additional contribution is characterized by a new momentum and time dependent

function, ∆k,ζ(τ1), which is defined as:

∆k,ζ(τ1) :=
(

Πζ
−k(τ1)ζk(τ1) + Πζ

k(τ1)ζ−k(τ1)
)( 1

z(τ1)

dz(τ1)

dτ1

)
. (3.81)

where we define the conformal time dependent energy dispersion relation in terms of the co-

moving curvature perturbation variable in the context of primordial cosmological perturbation

variable as:

Ek,ζ(τ1) : =
∣∣∣Πζ

k(τ1)
∣∣∣2 +

(
ω2

k(τ1) +

(
1

z(τ1)

dz(τ1)

dτ1

)2
)
|ζk(τ1)|2. (3.82)

Now, the normal ordered thermal partition function function obtained from the Mota Allen vacua

state can be expressed in terms of the time dependent dispersion relation for co-moving curvature

perturbation as:

: Zζα,γ(β; τ1) :=
1

| coshα| exp

(
−
[
2 sin γ tanα+

∫
d3k ln

(
2 sinh

βz2(τ1) (Ek,ζ(τ1) + ∆k,ζ(τ1))

2

)])
. (3.83)
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3.7 Trace of two-point “in-in” non-chaotic extension of OTO amplitudes for Pri-

mordial Cosmology

Here we compute the numerator of the one of the 2-point OTOCs for different quantum vacuum

states, which are described by the following expressions:

Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(α,γ)

=
exp (−2 sin γ tanα)

| coshα|

∫
dΨBD

2∏
j=1

∫
d3kj
(2π)3

exp [ikj .x] 〈ΨBD|
[

2∑
i=1

∇̂(1)
i (k1,k2; τ1, τ2;β)

]
|ΨBD〉. (3.84)

which further implies the following fact:

Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(α,γ)

= exp (−2 sin γ tanα) Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(α)

=
exp (−2 sin γ tanα)

| coshα| Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(BD)

.

(3.85)

Here we compute the numerator of the other 2-point OTOC for different quantum vacuum states,

which are described by the following expressions:

Tr
[
e−βĤ(τ1)

[
Π̂(x, τ1), Π̂(x, τ2)

]]
(α,γ)

=
exp (−2 sin γ tanα)

| coshα|

∫
dΨBD

2∏
j=1

∫
d3kj
(2π)3

exp [ikj .x] 〈ΨBD|
[

2∑
i=1

∇̂(2)
i (k1,k2; τ1, τ2;β)

]
|ΨBD〉. (3.86)

which further implies the following fact:

Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(α,γ)

= exp (−2 sin γ tanα) Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(α)

=
exp (−2 sin γ tanα)

| coshα| Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(BD)

.

(3.87)

Further, our aim is to compute the individual contributions which in the normal ordered form is

given by the following expression and computed in Appendix:∫
dΨBD 〈ΨBD| : ∇̂(1)

i (k1,k2; τ1, τ2;β) : |ΨBD〉 =

∫
dΨBD 〈ΨBD| : e−βĤ(τ1) ∆̂

(1)
i (k1,k2; τ1, τ2) : |ΨBD〉

∀ i = 1, 2. (3.88)∫
dΨBD 〈ΨBD| : ∇̂(2)

i (k1,k2; τ1, τ2;β) : |ΨBD〉 =

∫
dΨBD 〈ΨBD| : e−βĤ(τ1) ∆̂

(2)
i (k1,k2; τ1, τ2) : |ΨBD〉

∀ i = 1, 2. (3.89)
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Further, the trace of sum of these individual two sets of two-point “in-in” OTO amplitudes in

normal ordered form can be expressed as:∫
dΨBD 〈ΨBD|

2∑
i=1

: ∇̂(1)
i (k1,k2; τ1, τ2;β) : |ΨBD〉 = (2π)3δ3(k1 + k2) P1(k1,k2; τ2, τ2;β). (3.90)

∫
dΨBD 〈ΨBD|

2∑
i=1

: ∇̂(2)
i (k1,k2; τ1, τ2;β) : |ΨBD〉 = (2π)3δ3(k1 + k2) P2(k1,k2; τ2, τ2;β). (3.91)

Here we introduce, P1(k1,k2; τ2, τ2;β) and P2(k1,k2; τ2, τ2;β) are the temperature dependent

two-point function, which is defined as:

P1(k1,k2; τ2, τ2;β) = exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
[
D(1)

2 (k1,k2; τ1, τ2) +D(1)
3 (k1,k2; τ1, τ2)− L(1)

2 (k1,k2; τ1, τ2)− L(1)
3 (k1,k2; τ1, τ2)

]
. (3.92)

P2(k1,k2; τ2, τ2;β) = exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
[
D(2)

2 (k1,k2; τ1, τ2) +D(2)
3 (k1,k2; τ1, τ2)− L(2)

2 (k1,k2; τ1, τ2)− L(2)
3 (k1,k2; τ1, τ2)

]
. (3.93)

3.8 New OTOCs from regularised two-point “in-in” non-chaotic auto-correlated

OTO amplitudes: rescaled field version

The cosmological OTOC without normalization for different quantum initial vacua can be ex-

pressed as:

Y f
1 (τ1, τ2) = − 1

Z(β; τ1)
Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
= −

∫
d3k1

(2π)3
P1(k1,−k1; τ1, τ2), (3.94)

Y f
2 (τ1, τ2) = − 1

Z(β; τ1)
Tr
[
e−βĤ(τ1)

[
Π̂(x, τ1), Π̂(x, τ2)

]]
= −

∫
d3k1

(2π)3
P2(k1,−k1; τ1, τ2), (3.95)

where the two-point OTO amplitude functions are explicitly given by the following expressions:

P1(k1,−k1; τ1, τ2) : =
[
D(1)

2 (k1,−k1; τ1, τ2) +D(1)
3 (k1,−k1; τ1, τ2)

−L(1)
2 (k1,−k1; τ1, τ2)− L(1)

3 (k1,−k1; τ1, τ2)
]
, (3.96)

P2(k1,−k1; τ1, τ2) : =
[
D(2)

2 (k1,−k1; τ1, τ2) +D(2)
3 (k1,−k1; τ1, τ2)

−L(2)
2 (k1,−k1; τ1, τ2)− L(2)

3 (k1,−k1; τ1, τ2)
]
. (3.97)

Here we define:

D(1)
2 (k1,k2; τ1, τ2) = f∗−k1

(τ1)fk2(τ2), (3.98)

D(1)
3 (k1,k2; τ1, τ2) = fk1(τ1)f∗−k2

(τ2), (3.99)

L(1)
2 (k1,k2; τ1, τ2) = f∗−k1

(τ2)fk2(τ1), (3.100)
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L(1)
3 (k1,k2; τ1, τ2) = fk1(τ2)f∗−k2

(τ1), (3.101)

D(2)
2 (k1,k2; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2), (3.102)

D(2)
3 (k1,k2; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2), (3.103)

L(2)
2 (k1,k2; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1), (3.104)

L(2)
3 (k1,k2; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1). (3.105)

Now we need to evaluate explicitly by doing the momentum integration over three volume. Now

to compute this integral one can express the volume element as:

d3k1

(2π)3
= 4π k2

1 dk1 0 < k1 < L. (3.106)

Here we have taken care of the fact that the individual contribution appearing in the two-point

OTOC momentum integral is isotropic. Also, we have introduced a momentum finite large cut-off

to regulate the contribution of this integral.

Consequently, one can write the following simplified expressions for the two-point un-normalized

OTOC as:

Y f
1 (τ1, τ2) = − 1

2π2
B1(τ1, τ2) , (3.107)

Y f
2 (τ1, τ2) = − 1

2π2
B2(τ1, τ2) (3.108)

where the conformal time scale dependent regularized integrals, B1(τ1, τ2) and B2(τ1, τ2) as ap-

pearing in the above expression, are defined as:

B1(τ1, τ2) : = (−τ1)
1
2
−ν(−τ2)

1
2
−ν
[
Z

(1)
(1) (τ1, τ2) + Z

(1)
(2) (τ1, τ2)− Z(1)

(3) (τ1, τ2)− Z(1)
(4) (τ1, τ2)

]
, (3.109)

B2(τ1, τ2) : = (−τ1)
3
2
−ν(−τ2)

3
2
−ν
[
Z

(2)
(1) (τ1, τ2) + Z

(2)
(2) (τ1, τ2)− Z(2)

(3) (τ1, τ2)− Z(2)
(4) (τ1, τ2)

]
, (3.110)

where we have introduced the time dependent four individual amplitudes, Z
(j)
(i) (τ1, τ2) ∀ i, j =

1, 2, 3, 4, which are explicitly defined in the Appendix. These amplitudes satisfy the following

symmetry properties:

Z
(l)
(2)(τ1, τ2) = (−1)−(2ν+1)Z

(l)
(1)(τ1, τ2) ∀ l = 1, 2, (3.111)

Z
(l)
(4)(τ1, τ2) = (−1)−(2ν+1)Z

(l)
(3)(τ1, τ2) ∀ l = 1, 2, (3.112)

using which the simplified form of the momentum integrated time dependent two-point two new

desired OTOCs can be written as:

Y f
1 (τ1, τ2) = − 1

2π2
B1(τ1, τ2) =

(−τ1)
1
2
−ν(−τ2)

1
2
−ν

2π2

[
1 + (−1)−(2ν+1)

] (
Z

(1)
(3) (τ1, τ2)− Z(1)

(2) (τ1, τ2)
)
. (3.113)

Y f
2 (τ1, τ2) = − 1

2π2
B2(τ1, τ2) =

(−τ1)
3
2
−ν(−τ2)

3
2
−ν

2π2

[
1 + (−1)−(2ν+1)

] (
Z

(2)
(3) (τ1, τ2)− Z(2)

(2) (τ1, τ2)
)
. (3.114)
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These expression can be simplified in terms of the slowly varying time dependent phase factors

as:

Y f
1 (τ1, τ2) =

(−τ1)
1
2
−ν(−τ2)

1
2
−ν

2π2
[1 + exp(−i(2ν + 1)π)]

(
Z

(1)
(3) (τ1, τ2)− Z(1)

(2) (τ1, τ2)
)
. (3.115)

Y f
2 (τ1, τ2) =

(−τ1)
3
2
−ν(−τ2)

3
2
−ν

2π2
[1 + exp(−i(2ν + 1)π)]

(
Z

(2)
(3) (τ1, τ2)− Z(2)

(2) (τ1, τ2)
)
. (3.116)

Now, in the large mass limit we need to replace ν → −i|ν|, for which we get the following

expressions for the two-point functions:

Y f
1 (τ1, τ2) =

(−τ1)
1
2

+i|ν|(−τ2)
1
2

+i|ν|

2π2

1 + exp(−2|ν|π)︸ ︷︷ ︸
Boltzmann suppression

(Z(1)
(3) (τ1, τ2)−Z(1)

(2) (τ1, τ2)
)
. (3.117)

Y f
2 (τ1, τ2) =

(−τ1)
3
2

+i|ν|(−τ2)
3
2

+i|ν|

2π2

1 + exp(−2|ν|π)︸ ︷︷ ︸
Boltzmann suppression

(Z(2)
(3) (τ1, τ2)−Z(2)

(2) (τ1, τ2)
)
, (3.118)

where we define:

lim
ν→−i|ν|

Z
(l)
(i)(τ1, τ2) ≡ Z(l)

(i)(τ1, τ2) ∀ l = 1, 2, i = 2, 3. (3.119)

We need to explicitly evaluate the expression for these above mentioned momentum integrals

which will going to fix the final expression for the two desired two-point OTOCs in the context

of primordial cosmological perturbation theory. We have presented the detailed computation of

these all integrals in the Appendix for better understanding purpose of the two conformal time

dependence of each of the contributions.

3.9 New OTOCs from regularised four-point “in-in” non-chaotic auto-correlated

OTO amplitudes: curvature perturbation field version

Here we need to compute the desired two-point new OTOCs in terms of the scalar curvature

perturbation and the canonically conjugate momentum, which are given by:

Y ζ
1 (τ1, τ2) = − 1

Zζ(β, τ1)
Tr
[
e−βĤ(τ1)

[
ζ̂(x, τ1), Π̂(x, τ2)

]]
=

1

z(τ1)z(τ2)
Y f

1 (τ1, τ2). (3.120)

Y ζ
2 (τ1, τ2) = − 1

Zζ(β, τ1)
Tr
[
e−βĤ(τ1)

[
ζ̂(x, τ1), Π̂(x, τ2)

]]
=

1

z(τ1)z(τ2)
Y f

2 (τ1, τ2), (3.121)

where as a choice of the initial quantum vacuum state we have considered Mota-Allen, α, Bunch-

Davies states, which are the three popular choices of the initial vacuum states in the present

computation.

Now substituting the explicit for of the two-point function that we have derived in the previous
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section we get the following expression:

Y ζ
1 (τ1, τ2) = − 1

2π2

B1(τ1, τ2)

z(τ1)z(τ2)
=

(−τ1)
1
2
−ν(−τ2)

1
2
−ν

2π2 z(τ1)z(τ2)

[
1 + (−1)−(2ν+1)

] (
Z

(1)
(3) (τ1, τ2)− Z(1)

(2) (τ1, τ2)
)

(3.122)

Y ζ
2 (τ1, τ2) = − 1

2π2

B2(τ1, τ2)

z(τ1)z(τ2)
=

(−τ1)
3
2
−ν(−τ2)

3
2
−ν

2π2 z(τ1)z(τ2)

[
1 + (−1)−(2ν+1)

] (
Z

(2)
(3) (τ1, τ2)− Z(2)

(2) (τ1, τ2)
)

(3.123)

These above mentioned expression can be expressed in terms of the slowly varying conformal

time dependent mass parameter which is appearing in the phase factor as:

Y ζ
1 (τ1, τ2) =

(−τ1)
1
2
−ν(−τ2)

1
2
−ν

2π2 z(τ1)z(τ2)
[1 + exp(−i(2ν + 1)π)]

(
Z

(1)
(3) (τ1, τ2)− Z(1)

(2) (τ1, τ2)
)

(3.124)

Y ζ
2 (τ1, τ2) =

(−τ1)
3
2
−ν(−τ2)

3
2
−ν

2π2 z(τ1)z(τ2)
[1 + exp(−i(2ν + 1)π)]

(
Z

(2)
(3) (τ1, τ2)− Z(2)

(2) (τ1, τ2)
)

(3.125)

Now, in the large mass limit we need to replace ν → −i|ν|, for which we get the following

expressions for the two-point functions:

Y ζ
1 (τ1, τ2) =

(−τ1)
1
2

+i|ν|(−τ2)
1
2

+i|ν|

2π2 z(τ1)z(τ2)

1 + exp(−2|ν|π)︸ ︷︷ ︸
Boltzmann suppression

(Z(1)
(3) (τ1, τ2)−Z(1)

(2) (τ1, τ2)
)
. (3.126)

Y ζ
2 (τ1, τ2) =

(−τ1)
3
2

+i|ν|(−τ2)
3
2

+i|ν|

2π2 z(τ1)z(τ2)

1 + exp(−2|ν|π)︸ ︷︷ ︸
Boltzmann suppression

(Z(2)
(3) (τ1, τ2)−Z(2)

(2) (τ1, τ2)
)
. (3.127)

Now additionally, few points we have to mention that from the finally obtained answer for the

two-point OTOC’s obtained from the two different set-ups:

1. The results obtained for two point OTOC’s for different types of initial choice of the quan-

tum vacuum states are same. No specific information of the initial condition in terms of

the chosen quantum vacuum will be propagated in the overall factor of the final result of

the two point OTOC’s. But the information of the initial quantum vacuum will be there

in the momentum integrated function Z
(i)
(2) ∀ i = 1, 2 and Z

(i)
(3) ∀ i = 1, 2 within a finite

length cut-off L as it captures the effect of the full asymptotic solution of the scalar modes

and its associated momentum, and both of them are dependent on the factors C1 and C2

which carrying the required information. In this computation both the quantum and the

classical contributions have been taken care of. But now if we just only concentrate on

the quantum fluctuation part then the most interesting information is coming from the

sub-Hubble or sub-horizon limiting region. By a very careful observation one can explicitly

see that in the sub-Hubble region the final result of the two point OTOCs obtained from

different types of the initial quantum states will give approximately the same answer and

can solely described by the well known Euclidean Bunch Davies initial condition. This is
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quite interesting fact appearing in the context of two-point OTOC computation, because

if we recap the similar computation of time ordered or anti time ordered correlators or any

equal time two point correlators within the framework of cosmological perturbation theory,

then we find that the final result, which we call in cosmologist’s language power spectrum

in the Fourier transformed space always captures the explicit information regarding the

initial quantum vacuum state even in the super-Hubble region where the quantum effects

dominates over the classical super-Hubble contribution.

2. In the presence of very heavy mass particle, which is within the framework of cosmology is

identified by the limiting situation, m� H, where H is the characteristic Hubble scale one

need to take the analytical continuation of the mass parameter ν to the imaginary axis such

that, ν → −|ν|. As a consequence of this we get a exponential Boltzmann suppression by a

factor of exp(−2|ν|π), which can be be treated as a correction term in the final expressions

for the two-point OTOCs. Now if the magnitude of the mass parameter |ν| is extremely

large then one can simply drop this exponential Boltzmann factor in the final expression

for the two-point OTOCs and can be written as:

Large |ν| (|ν| → ∞) approximation :

Y f
1 (τ1, τ2) ≈ H1(τ1, τ2, |ν|)

2π2
∇(1)

32 (τ1, τ2). (3.128)

Y f
2 (τ1, τ2) ≈ H2(τ1, τ2, |ν|)

2π2
∇(2)

32 (τ1, τ2), (3.129)

Y ζ
1 (τ1, τ2) ≈ H1(τ1, τ2, |ν|)

2π2 z(τ1)z(τ2)
∇(1)

32 (τ1, τ2). (3.130)

Y ζ
2 (τ1, τ2) ≈ H2(τ1, τ2, |ν|)

2π2 z(τ1)z(τ2)
∇(2)

32 (τ1, τ2), (3.131)

where we define a new function H1(τ1, τ2, |ν|) and H2(τ1, τ2, |ν|), which are given by:

H1(τ1, τ2, |ν|) :≡ (−τ1)i|ν|(−τ2)i|ν|
(

1 +
1

2
ln(−τ1)

)(
1 +

1

2
ln(−τ2)

)
, (3.132)

H2(τ1, τ2, |ν|) :≡ (−τ1)i|ν|(−τ2)i|ν|
(

1 +
3

2
ln(−τ1)

)(
1 +

3

2
ln(−τ2)

)
, (3.133)

Here it is important to note that, to define this function we have used the following expan-

sion:

(−τk)δj+i|ν| ≈ (−τj)i|ν| [1 + δj ln(−τj) + · · · ] , ∀ k = 1, 2 & j = 1, 2 (k 6= j)

‘ with δ1 =
1

2
, δ2 =

3

2
, (3.134)

where we have considered the fact that, |ν| � δj ∀ j = 1, 2 and |ν| → ∞ to get the leading

and the sub-leading or the next to leading order contribution, which is used for the further

simplification of the obtained result for the two point OTOC in the large |ν| limit. We also
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have introduced the following symbolic representation for the sake of simplicity and clarity:

∇(i)
32 (τ1, τ2) :≡ lim

|ν|→∞

(
Z(i)

(3)(τ1, τ2)−Z(i)
(2)(τ1, τ2)

)
∀ i = 1, 2. (3.135)

On the other hand, if the magnitude of the mass parameter is small then one can expand

the exponential Boltzmann factor in the Taylor series and keep upto the linear order term

in ν in the expansion. This will give rise to an overall contribution, which is given by,

2 (1− |ν|π) and the corresponding two-point OTOCs can be approximately written as:

Small |ν| (|ν| → 0) approximation :

Y f
1 (τ1, τ2) =

T1(τ1, τ2, |ν|)
2π2

∆
(1)
32 (τ1, τ2). (3.136)

Y f
2 (τ1, τ2) =

T2(τ1, τ2, |ν|)
2π2

∆
(2)
32 (τ1, τ2), (3.137)

Y ζ
1 (τ1, τ2) =

T1(τ1, τ2, |ν|)
2π2 z(τ1)z(τ2)

∆
(1)
32 (τ1, τ2). (3.138)

Y ζ
2 (τ1, τ2) =

T2(τ1, τ2, |ν|)
2π2 z(τ1)z(τ2)

∆
(2)
32 (τ1, τ2), (3.139)

where we define a new function T1(τ1, τ2, |ν|) and T2(τ1, τ2, |ν|), which are given by:

T1(τ1, τ2, |ν|) :≡ (−τ1)
1
2 (−τ2)

1
2 (1 + i|ν| ln(−τ1)) (1 + i|ν| ln(−τ2)) (1− |ν|π) , (3.140)

T2(τ1, τ2, |ν|) :≡ (−τ1)
3
2 (−τ2)

3
2 (1 + i|ν| ln(−τ1)) (1 + i|ν| ln(−τ2)) (1− |ν|π) . (3.141)

Here it is important to note that, to define this function we have used the following expan-

sion:

(−τk)δj+i|ν| ≈ 2 (−τk)δj [1 + i|ν| ln(−τj) + · · · ] , ∀ j = 1, 2 & k = 1, 2 (j 6= k)

‘with δ1 =
1

2
, δ2 =

3

2
, (3.142)

where we have considered the fact that, δj � |ν| ∀ j = 1, 2 and |ν| → 0 to get the leading

and the sub-leading or the next to leading order contribution, which is used for the further

simplification of the obtained result for the two point OTOC in the small |ν| limit.

We also have introduced the following symbolic representation for the sake of simplicity

and clarity:

∆
(i)
32 (τ1, τ2) :≡ lim

|ν|→0

(
Z(i)

(3)(τ1, τ2)−Z(i)
(2)(τ1, τ2)

)
∀ i = 1, 2. (3.143)

3. One can also consider various important cases, described by the mass parameter value

ν = 0, ν = 3/2 and ν = 1/2. Here ν = 3/2 represents the massless field limiting situation

and ν = 1/2 representing the conformally coupled case, where we have mφ =
√

2 H. On

the other hand, ν = 0 represents the situation, where we have mφ = 3H/2. Here one can

treat both ν = 0 and ν = 1/2 in the partially massless field category.
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4. We have explicitly shown that the two-point OTOCs defined in this work is completely

independent of the choice of the coordinate system and at the end only depend on the time

scale on which the cosmologically relevant operators in perturbation theory are separated

in time scale. To define properly we define these operators in terms of a specific space

coordinate point but at different time scales and found that the final answer of the two-

point OTOCs are only dependent on time scale.

5. From the present computation we found that the final expression for the two-point OTOCs

are completely independent on temperature even though we start with a thermal canonical

statistical ensemble in the trace formula of the two-point OTOCs. It implies that, we

will get ultimately the description in terms of statistical ensembles following the present

description within the framework of cosmological perturbation theory, which is obviously a

quite interesting observation to point out in the present context of computation.

6. Now if we fix the conformal time coordinate of the two operators, τ1 = τ and τ2 = τ ,

that means if both the cosmologically relevant operators are defined at the same time co-

ordinate (time separation vanishes) then two-point OTOCs show divergence. On the other

hand, if we compare the obtained result with the expression for any two point equal time

cosmological correlators of the perturbation field variables then the amplitude of the such

correlators which we commonly identified to be the Power spectrum within the framework

of cosmology will found to be finite. So this observation implies that just by converting

OTOC to ETOC one cannot get correct and finite answer. This is because of the fact

that, OTOC deals with completely out-of-equilibrium phenomena and ETOC deals with

completely equal phenomena. It is expected that after taking very large late time limit it

is possible to achieve equilibrium in any one of the time coordinates involved in the cos-

mological operators, but to get a complete equilibrium description in ETOC one needs to

follow a completely different approach starting from the definition.

7. After doing simple computation one can explicitly show that in the present context the

one-point and three point function is explicitly zero and can be written as:

〈f̂(x, τ)〉β =
1

Z(β; τ)
Tr
[
e−βĤ(τ) f̂(x, τ)

]
= 0 , (3.144)

〈Π̂(x, τ)〉β =
1

Z(β; τ)
Tr
[
e−βĤ(τ) Π̂(x, τ)

]
= 0 . (3.145)

〈f̂(x, τ1)f̂(x, τ2)f̂(x, τ3)〉β =
1

Z(β; τ)
Tr
[
e−βĤ(τ) f̂(x, τ)f̂(x, τ2)f̂(x, τ3)

]
= 0 , (3.146)

〈Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ3)〉β =
1

Z(β; τ)
Tr
[
e−βĤ(τ) Π̂(x, τ1)Π̂(x, τ2)Π̂(x, τ3)

]
= 0 . (3.147)

Here we have used the well known Kubo Martin Schwinger condition, which basically deals

with the time translational symmetry at finite temperature and using this fact one can

explicitly show that the above two combinations of the three point function for the cosmo-

logical perturbation theory are explicitly vanishes in the present context. Not only these

combinations, but also the other possible cross correlated three point function will become
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similarly zero. If we do the computation for the primordial cosmological scalar perturbations

at explicitly in zero temperature then one can explicitly find non-zero but small answers

for all the possible three point correlators using the concept of OTOC. Using the Kubo

Martin Schwinger condition one can further show that any odd N -point function at finite

temperature the corresponding contribution vanish due to the time translational symmetry.

For these mentioned reason OTOCs are not defined in terms of any odd N point function

within the framework of out-of-equilibrium quantum field theory. All even N point OTOC

are normalised with appropriate factors which are actually appear from the expansion in

the large time dissipation time scale t ∼ β = T−1, which is basically proportional to the

equilibrium temperature of the quantum system under consideration at very late time limit.

On the other hand, since one cannot decompose the any odd N point thermal correlators in

symmetric combinations and each correlators are trivially zero there is no normalization is

possible to express these correlators. So the only physical informations are appearing from

all even N point correlators. For N = 2 we get the two point OTOCs which are don’t need

to normalize because in this computation these are treated as the smallest building block

for the computation. Any other even N > 2 point correlators can be normalized in terms

of the combinations of the N = 2 point disconnected part of the OTOCs which are basi-

cally appearing in the large time dissipation time scale as previously we have mentioned.

In our previous paper [53], we have provided the detailed computation of a specific type

of two-point and four-point OTOC out of which one can able to extract various unknown

physical information within the framework of cosmological perturbation theory described in

the out of equilibrium regime of quantum field theory. In this paper we actually go beyond

this understanding of the OTOC and can able to provide two new sets of two point and

four point OTOCs which we believe can able to give few other informations regarding the

quantum system under study within the framework of cosmological perturbation theory in

the out of equilibrium regime of the quantum field theory. In the next subsections, we are

going to provide the detailed computations of the “in-in” OTO amplitudes and the related

four-point OTOCs from the primordial scalar perturbations.

3.10 Trace of four-point “in-in” non-chaotic auto-correlated OTO amplitude for

Primordial Cosmology

Now, we will explicitly compute the numerator of the first type of four-point OTOC constructed

out of cosmological perturbation field variable for different quantum vacuum states, which is

given by:

Tr

[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]2
]

(α,γ)

=
exp(−2 sin γ tanα)

| coshα|

∫
dΨBD

4∏
j=1

∫
d3kj
(2π)3

exp [ikj .x]

〈ΨBD|
[

4∑
i=1

V̂(1)
i (k1,k2,k3,k4; τ1, τ2;β)

]
|ΨBD〉. (3.148)

55

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


On the other hand, we will explicitly compute the numerator of the second type of four-point

OTOC constructed out of cosmological perturbation field momenta variable for different quantum

vacuum states, which is given by:

Tr

[
e−βĤ(τ1)

[
Π̂(x, τ1), Π̂(x, τ2)

]2
]

(α,γ)

=
exp(−2 sin γ tanα)

| coshα|

∫
dΨBD

4∏
j=1

∫
d3kj
(2π)3

exp [ikj .x]

〈ΨBD|
[

4∑
i=1

V̂(2)
i (k1,k2,k3,k4; τ1, τ2;β)

]
|ΨBD〉. (3.149)

Further, our aim is to compute the individual contributions which in the normal ordered form

are given by the following expression and explicitly computed in the Appendix of this paper:∫
dΨBD 〈ΨBD| : V̂(1)

i (k1,k2,k3,k4; τ1, τ2;β) : |ΨBD〉

=

∫
dΨBD 〈ΨBD| : e−βĤ(τ1) T̂ (1)

i (k1,k2,k3,k4; τ1, τ2) : |ΨBD〉, (3.150)∫
dΨBD 〈ΨBD| : V̂(2)

i (k1,k2,k3,k4; τ1, τ2;β) : |ΨBD〉

=

∫
dΨBD 〈ΨBD| : e−βĤ(τ1) T̂ (2)

i (k1,k2,k3,k4; τ1, τ2) : |ΨBD〉 ∀ i = 1, 2, 3, 4. (3.151)

Here it is important to note that the dispersion relation in general has to be different for different

choices of the initial quantum vacuum state.

3.11 New OTOCs from regularised four-point “in-in” non-chaotic auto-correlated

OTO amplitudes: rescaled field version

3.11.1 Without normalization

The desired cosmological OTOCs without normalization can be expressed as:

Cf1 (τ1, τ2) = − 1

Z(β; τ1)
Tr

[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]2
]

= −
∫

d3k1

(2π)3

∫
d3k2

(2π)3

{
E(1)

4 (k1,k2,−k2,−k1; τ1, τ2) + E(1)
4 (k1,k2,−k1,−k2; τ1, τ2)

+E(1)
6 (k1,k2,−k2,−k1; τ1, τ2) + E(1)

7 (k1,k2,−k1,−k2; τ1, τ2)

+E(1)
10 (k1,k2,−k1,−k2; τ1, τ2) + E(1)

11 (k1,k2,−k2,−k1; τ1, τ2)

+E(1)
13 (k1,k2,−k1,−k2; τ1, τ2) + E(1)

13 (k1,k2,−k2,−k1; τ1, τ2)

+E(1)
7 (k1,−k1,k2,−k2; τ1, τ2) + E(1)

10 (k1,−k1,k2,−k2; τ1, τ2) + E(1)
11 (k1,−k1,k2,−k2; τ1, τ2)

}
,(3.152)
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Cf2 (τ1, τ2) = − 1

Z(β; τ1)
Tr

[
e−βĤ(τ1)

[
Π̂(x, τ1), Π̂(x, τ2)

]2
]

= −
∫

d3k1

(2π)3

∫
d3k2

(2π)3

{
E(2)

4 (k1,k2,−k2,−k1; τ1, τ2) + E(2)
4 (k1,k2,−k1,−k2; τ1, τ2)

+E(2)
6 (k1,k2,−k2,−k1; τ1, τ2) + E(2)

7 (k1,k2,−k1,−k2; τ1, τ2)

+E(2)
10 (k1,k2,−k1,−k2; τ1, τ2) + E(2)

11 (k1,k2,−k2,−k1; τ1, τ2)

+E(2)
13 (k1,k2,−k1,−k2; τ1, τ2) + E(2)

13 (k1,k2,−k2,−k1; τ1, τ2)

+E(2)
7 (k1,−k1,k2,−k2; τ1, τ2) + E(2)

10 (k1,−k1,k2,−k2; τ1, τ2) + E(2)
11 (k1,−k1,k2,−k2; τ1, τ2)

}
,(3.153)

where we have introduced new four-point OTO amplitude functions, E(1)
m , E(2)

m ∀m = 4, 6, 7, 10, 11, 13,

which are defined as:

E(l)
m (k1,k2,k3,k4; τ1, τ2) = M(l)

m − J (l)
m +N (l)

m −Q(l)
m ∀ l = 1, 2, (3.154)

All these functions signify the amplitude of the desired two types of OTOCs which are ex-

pressed in terms of the contributions from the four-point functions. For the further simplification

we have to consider symmetry properties of the above mentioned amplitudes under the exchange

of the momenta appearing in the third and fourth position i.e. if we replace −k2 → −k1 and

−k1 → −k2, which are given by the following expressions:

E(l)
4 (k1,k2,−k2,−k1; τ1, τ2) = E(l)

4 (k1,k2,−k1,−k2; τ1, τ2)∀l = 1, 2, (3.155)

E(l)
13 (k1,k2,−k2,−k1; τ1, τ2) = E(l)

13 (k1,k2,−k1,−k2; τ1, τ2)∀l = 1, 2. (3.156)

Using these exchange symmetry properties the desired OTOCs one can further simplify the results

as:

Cfl (τ1, τ2) = −
∫

d3k1

(2π)3

∫
d3k2

(2π)3

{
2
(
E(l)

4 (k1,k2,−k2,−k1; τ1, τ2) + E(l)
13 (k1,k2,−k1,−k2; τ1, τ2)

)
+E(l)

6 (k1,k2,−k2,−k1; τ1, τ2) + E(l)
7 (k1,k2,−k1,−k2; τ1, τ2)

+E(l)
10 (k1,k2,−k1,−k2; τ1, τ2) + E(l)

11 (k1,k2,−k2,−k1; τ1, τ2)

+E(l)
7 (k1,−k1,k2,−k2; τ1, τ2) + E(l)

10 (k1,−k1,k2,−k2; τ1, τ2) + E(l)
11 (k1,−k1,k2,−k2; τ1, τ2)

}
∀l = 1, 2. (3.157)

In this computation the volume elements of the momentum integrals as given by the following

expression:

2∏
i=1

d3ki
(2π)6

=
1

(2π)6

2∏
i=1

k2
i dki sin θi dθi dφi ,

where 0 < ki <∞, 0 < θi < π, 0 < φi < 2π ∀ i = 1, 2. (3.158)

Here we need to put cut-off 0 < ki < L ∀ i = 1, 2 to regulate the only magnitude of the

momentum dependent radial integral and consequently we can write the following regulated
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expressions for the desired OTOCs, as given by:

Cfl (τ1, τ2) = − 1

4π4

∫ L

0
k2

1 dk1

∫ L

0
k2

2 dk2{
2
(
E(l)

4 (k1,k2,−k2,−k1; τ1, τ2) + E(l)
13 (k1,k2,−k1,−k2; τ1, τ2)

)
+E(l)

6 (k1,k2,−k2,−k1; τ1, τ2) + E(l)
7 (k1,k2,−k1,−k2; τ1, τ2)

+E(l)
10 (k1,k2,−k1,−k2; τ1, τ2) + E(l)

11 (k1,k2,−k2,−k1; τ1, τ2)

+E(l)
7 (k1,−k1,k2,−k2; τ1, τ2) + E(l)

10 (k1,−k1,k2,−k2; τ1, τ2) + E(l)
11 (k1,−k1,k2,−k2; τ1, τ2)

}
,

∀l = 1, 2. (3.159)

Consequently, the OTOC can be expressed in terms of the four-point time dependent amplitudes

as:

Cfl (τ1, τ2) = − 1

4π4

7∑
j=1

w
(l)
i I

(l)
j (τ1, τ2) ∀l = 1, 2. (3.160)

See Appendix for details where we have computed these functions I(l)
j (τ1, τ2) ∀l = 1, 2. Once we

determine all of them then the structure of the desired OTOCs i.e. the time dependent behaviour

in the OTOC will be fixed. Here it is important to note that the weight factors for each individual

contributions are given by the following expression:

w
(l)
1 = w

(l)
2 = 2, w

(l)
j = 1 ∀ j = 3, 4, · · · , 9 ∀l = 1, 2. (3.161)

Further using these above mentioned results of the integrals the un-normalised OTOCs can be

expressed as:

Cf1 (τ1, τ2) =

[
1 + (−1)4ν +

7

2
(−1)2ν

]
(−τ1)1−2ν(−τ2)1−2ν

2π4(−1)4ν−1

4∑
i=1

X
(1),1
i (τ1, τ2). (3.162)

Cf2 (τ1, τ2) =

[
1 + (−1)4ν +

7

2
(−1)2ν

]
(−τ1)3−2ν(−τ2)3−2ν

2π4(−1)4ν−1

4∑
i=1

X
(2),1
i (τ1, τ2). (3.163)

Here the functions X
(1),l
i (τ1, τ2)∀i = 1, 2, 3, 4, ∀l = 1, 2 are defined in the Appendix.

3.11.2 With normalization

Further, the normalisation overall factor of OTOC, which is given by the following expression:

N f
1 (τ1, τ2) =

1

〈f̂(τ1)f̂(τ1)〉β〈f̂(τ2)f̂(τ2)〉β
=

π4

F1(τ1)F1(τ2)
, (3.164)

N f
2 (τ1, τ2) =

1

〈Π̂(τ1)Π̂(τ1)〉β〈Π̂(τ2)Π̂(τ2)〉β
=

π4

F2(τ1)F2(τ2)
. (3.165)
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where the time dependent functions F1(τi) and F2(τi) for all i = 1, 2 are defined in the Appendix

explicitly. For further details please look into the Appendix for the detailed computation of the

normalisation factor of both of the OTOCs.

Finally, the normalised OTOCs in the present context can be computed as:

Cf1 (τ1, τ2) =
Cf1 (τ1, τ2)

〈f̂(τ1)f̂(τ1)〉β〈f̂(τ2)f̂(τ2)〉β

=

[
1 + (−1)4ν +

7

2
(−1)2ν

]
(−τ1)1−2ν(−τ2)1−2ν

2(−1)4ν−1F1(τ1)F1(τ2)

4∑
i=1

X
(1),1
i (τ1, τ2), (3.166)

Cf2 (τ1, τ2) =
Cf2 (τ1, τ2)

〈Π̂(τ1)Π̂(τ1)〉β〈Π̂(τ2)Π̂(τ2)〉β

=

[
1 + (−1)4ν +

7

2
(−1)2ν

]
(−τ1)3−2ν(−τ2)3−2ν

2(−1)4ν−1F2(τ1)F2(τ2)

4∑
i=1

X
(2),1
i (τ1, τ2), (3.167)

which is obviously a new result in the context of primordial cosmology and we are very hopeful

that this result will explore various unknown physical phenomena happened in early universe.

The detailed explanation of this obtained result will be discussed in the later half of this section.

Now we will discuss about two limiting results, which is commonly known as the large mass

and small mass limit of the field perturbation. Here we will explicitly study the analytical

behaviour of the two types of the derived OTOCs in the present context of discussion. This

is only because of the fact that by seeing the derived expression for the complicated structure

of the OTOCs one cannot comment on the features of them without numerically plotting the

behaviour. The derived limiting results in this subsection will going to help us to understand

the underlying physical features of these two types of OTOCs without explicitly performing in

numerical computations using the derived full results in this section.

First of all we discuss about the large mass limiting situation, which can be easily obtained

by performing an explicit analytical continuation in the mass parameter ν to −i|ν|. One can

argue here that for this computation ν to i|ν| is not at all allowed as this will give rise to the

over/excessive particle production in the four point OTOC spectra computed in the two explicit

cases that we are studying in this paper. Now after doing the mentioned allowed analytical

continuation in the mass parameter we get the following results for the OTOCs that we can

obtain in the large mass limiting case:

˜Cf1 (τ1, τ2) =

[
1 + (−1)−4i|ν| +

7

2
(−1)−2i|ν|

]
(−τ1)1+2i|ν|(−τ2)1+2i|ν|

2(−1)−(4i|ν|+1)F̃1(τ1)F̃1(τ2)

4∑
i=1

˜
X

(1),1
i (τ1, τ2), (3.168)

˜Cf2 (τ1, τ2) =

[
1 + (−1)−4i|ν| +

7

2
(−1)−2i|ν|

]
(−τ1)3+2i|ν|(−τ2)3+2i|ν|

2(−1)−(4i|ν|+1)F̃2(τ1)F̃2(τ2)

4∑
i=1

˜
X

(2),1
i (τ1, τ2), (3.169)

where F̃1(τ1), F̃1(τ2), F̃2(τ1) and F̃2(τ2) are the normalization factors for the two OTOCs for

the large mass limiting situation which is obtained by taking analytical continuation in the

mass parameter ν to −i|ν|. Also, the functions
˜

X
(1),1
i (τ1, τ2) and

˜
X

(2),1
i (τ1, τ2) can be similarly
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obtained by doing the same analytic continuation in the large mass limiting situation. The

explicit expressions are very cumbersome to write, so that we have only given the expressions for

these functions for any general mass parameter ν. Using these expressions by taking the above

results one can explicitly compute the behaviour of these functions in the large mass limiting

situation.

Now further one can simplify the above mentioned two results of the OTOCs by using the

following expansion:

(−τk)δj+i|ν| ≈ (−τj)i|ν| [1 + δj ln(−τj) + · · · ] , ∀ k = 1, 2 & j = 1, 2 (k 6= j)

‘ with δ1 =
1

2
, δ2 =

3

2
, (3.170)

where we have considered the fact that, |ν| � δj ∀ j = 1, 2 and |ν| → ∞ to get the leading

and the sub-leading or the next to leading order contribution, which is used for the further

simplification of the obtained results for the four point OTOCs in the large |ν| limit. Using this

result we get the following simplified results for the two types of the desired OTOCs studied in

this paper:

˜Cf1 (τ1, τ2) ≈
[
1 + (−1)−4i|ν| +

7

2
(−1)−2i|ν|

](
1 +

1

2
ln(−τ1)

)2(
1 +

1

2
ln(−τ2)

)2

× (−τ1)2i|ν|(−τ2)2i|ν|

2(−1)−(4i|ν|+1)F̃1(τ1)F̃1(τ2)

4∑
i=1

˜
X

(1),1
i (τ1, τ2), (3.171)

˜Cf2 (τ1, τ2) ≈
[
1 + (−1)−4i|ν| +

7

2
(−1)−2i|ν|

](
1 +

3

2
ln(−τ1)

)2(
1 +

3

2
ln(−τ2)

)2

× (−τ1)2i|ν|(−τ2)2i|ν|

2(−1)−(4i|ν|+1)F̃2(τ1)F̃2(τ2)

4∑
i=1

˜
X

(2),1
i (τ1, τ2). (3.172)

Next we discuss about the small mass limiting result for the two derived desired OTOCs in

this paper. Here we have use the following expansion for the case when the mass parameter is

sufficiently small:

(−τk)δj+i|ν| ≈ 2 (−τk)δj [1 + i|ν| ln(−τj) + · · · ] , ∀ j = 1, 2 & k = 1, 2 (j 6= k)

‘with δ1 =
1

2
, δ2 =

3

2
, (3.173)

where we have considered the fact that, δj � |ν| ∀ j = 1, 2 and |ν| → 0 to get the leading and the

sub-leading or the next to leading order contribution, which is used for the further simplification

of the obtained result for the two point OTOC in the small |ν| limit. In this limiting case these

two desired OTOCs can be further simplified as:

̂Cf1 (τ1, τ2) ≈
[
1 + (−1)−4i|ν| +

7

2
(−1)−2i|ν|

]
(1 + i|ν| ln(−τ1))2 (1 + i|ν| ln(−τ2))2

× 8(−τ1)(−τ2)

(−1)−(4i|ν|+1)F̂1(τ1)F̂1(τ2)

4∑
i=1

̂
X

(1),1
i (τ1, τ2), (3.174)
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̂Cf2 (τ1, τ2) ≈
[
1 + (−1)−4i|ν| +

7

2
(−1)−2i|ν|

]
(1 + i|ν| ln(−τ1))2 (1 + i|ν| ln(−τ2))2

× 8(−τ1)3(−τ2)3

(−1)−(4i|ν|+1)F̂2(τ1)F̂2(τ2)

4∑
i=1

̂
X

(2),1
i (τ1, τ2). (3.175)

Here F̂1(τ1), F̂1(τ2), F̂2(τ1) and F̂2(τ2) are the normalization factors for the two OTOCs for

the small mass limiting situation which is obtained by taking analytical continuation in the mass

parameter ν to −i|ν|. Also, the functions
̂

X
(1),1
i (τ1, τ2) and

̂
X

(2),1
i (τ1, τ2) can be similarly obtained

by doing the same expansion in the small mass limiting situation. The explicit expressions are

very cumbersome to write, so that we have only given the expressions for these functions for

any general mass parameter ν. Using these expressions by taking the above expansions one can

explicitly compute the behaviour of these functions in the small mass limiting situation.

3.12 New OTOCs from regularised four-point “in-in” non-chaotic auto-correlated

OTO amplitudes: curvature perturbation field version

3.12.1 Without normalization

Here we need to perform the computation for the un-normalised OTOC in terms of the scalar

curvature perturbation and the canonically conjugate momentum associated with it, which we

have found that is given by the following simplified expression:

Cζ1 (τ1, τ2) = − 1

Zζα,γ(β, τ1)
Tr

[
e−βĤ(τ1)

[
ζ̂(x, τ1), ζ̂(x, τ2)

]2
]

(α,γ)

=
1

z2(τ1)z2(τ2)
Cf1 (τ1, τ2), (3.176)

Cζ2 (τ1, τ2) = − 1

Zζαγ(β, τ1)
Tr

[
e−βĤ(τ1)

[
Π̂(x, τ1), Π̂(x, τ2)

]2
]

(α,γ)

=
1

z2(τ1)z2(τ2)
Cf2 (τ1, τ2). (3.177)

3.12.2 With normalization

The normalised OTOC in terms of the scalar curvature perturbation and the canonically conju-

gate momentum associated with it, which is basically the computation of the following normalised

OTOC, in the present context:

Cζ1(τ1, τ2) =
Cζ1 (τ1, τ2)

〈ζ(τ1)ζ(τ1)〉β〈ζ(τ1)ζ(τ1)〉β
= N ζ

1 (τ1, τ2) Cζ1 (τ1, τ2) , (3.178)

Cζ2(τ1, τ2) =
Cζ2 (τ1, τ2)

〈Πζ(τ1)Πζ(τ1)〉β〈Πζ(τ1)Πζ(τ1)〉β
= N ζ

2 (τ1, τ2) Cζ2 (τ1, τ2) , (3.179)

where the normalisation factor to normalise OTOC is given by:

N ζ
1 (τ1, τ2) =

1

〈ζ(τ1)ζ(τ1)〉β〈ζ(τ1)ζ(τ1)〉β
=
π4z2(τ1)z2(τ2)

F1(τ1)F1(τ2)
= z2(τ1)z2(τ2)N f

1 (τ1, τ2), (3.180)

N ζ
2 (τ1, τ2) =

1

〈Πζ(τ1)Πζ(τ1)〉β〈Πζ(τ1)Πζ(τ1)〉β
=
π4z2(τ1)z2(τ2)

F2(τ1)F2(τ2)
= z2(τ1)z2(τ2)N f

2 (τ1, τ2). (3.181)
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Consequently, the normalised OTOC computed from the curvature perturbation variable is given

by the following expression:

Cζ1(τ1, τ2) = Cf1 (τ1, τ2) =

[
1 + (−1)4ν +

7

2
(−1)2ν

]
(−τ1)1−2ν(−τ2)1−2ν

2(−1)4ν−1F1(τ1)F1(τ2)

4∑
i=1

X
(1),1
i (τ1, τ2). (3.182)

Cζ2(τ1, τ2) = Cf2 (τ1, τ2) =

[
1 + (−1)4ν +

7

2
(−1)2ν

]
(−τ1)3−2ν(−τ2)3−2ν

2(−1)4ν−1F2(τ1)F2(τ2)

4∑
i=1

X
(2),1
i (τ1, τ2). (3.183)

Here all the unknown time dependent functionsX
(1),1
i (τ1, τ2) ∀ i = 1, 2, 3, 4 andX

(2),1
i (τ1, τ2) ∀ i =

1, 2, 3, 4 originated from the two types of OTOC correlations are explicitly computed in the

Appendix. Here one can explicitly show that by taking the large mass and small mass limiting

approximation as performed in the previous subsection we get the same results in the present

context for the normalized OTOCs presented in terms of the curvature perturbation field variable

and its canonically conjugate momentum variable.

4 Numerical analysis I: Interpretation of two-point non-chaotic auto-correlated

OTO functions

Figure 6: Behaviour of the two-point auto-correlated field OTO function with respect to the
time scale T for Mota Allen vacua for different mass parameters.

In this section, our prime objective is to numerically study to give interpretation of the ob-

tained results for the two-point auto-correlated field and momentum OTO functions within the

context of primordial cosmological perturbation theory studied analytically in the previous sec-

tion of this paper.

The detailed interpretation of the two-point auto-correlated field and momentum OTO func-

tions are appended below point-wise:
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Figure 7: Behaviour of the two-point auto-correlated field OTO function with respect to the
vacuum parameter γ for Mota Allen vacua for different mass parameters.

Figure 8: Behaviour of the two-point auto-correlated field OTO function with respect to the mass
parameter |ν| for Mota Allen, α vacua and Bunch Davies vacuum for different mass parameters.

• In fig. (6) and fig. (38), conformal time dependent behaviour of the two-point auto-correlated

field and momentum OTO functions with respect to the two time scales are explicitly shown.

From these plots it is clearly observed that with respect both the time scales the two-point

auto-correlated field and momentum OTO functions show random fluctuating behaviour.

• For both the cases it is observed that, we get the significant distinguishable features in the

time dependent two-point auto-correlated field and momentum OTO functions for partially

massless or heavy scalar fields. This behaviour of the two-point auto-correlated field and

momentum OTO functions is explicitly depicted in fig. (8) and fig. (37). From these plots

63

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


one can clearly see that for the results obtained using Bunch Davies vacuum, α vacua and

Mota Allen vacua state initial conditions the two-point auto-correlated field and momentum

OTO functions significantly decay very fast in a non-standard fashion with respect to

the magnitude of the mass parameter |ν| for partially massless and heavy scalar fields

in primordial cosmology. On the other hand, in fig. (7) if we change the quantum initial

conditions by changing the vacuum state by introducing the non-standard Mota Allen vacua

then a clear distinctive features can be observed by changing the vacuum parameter α and γ

respectively. We have explicitly have shown the behaviour of the two-point auto-correlated

field and momentum OTO functions for α = 1/2, γ = 1/2, where it is clearly observed

that the correlation decays very rapidly with the increase in the magnitude of the mass

parameter |ν|.

• Also we have observed from the plots that the random fluctuations with respect to the

conformal time scale show decaying time dependent behaviour at very late time scale. First

of all all of them showing a saturating behaviour and then it increases at a particular value

in the time scale and then these plots are showing decaying features. This large peak value

of the two-point auto correlated spectra is obtained at the scale when the two time scales

of the theory becomes comparable. Physically this is a very crucial fact as it show at this

particular time scale we are actually getting zero information. from the two-point auto-

correlations. Only the preferred information can be extracted from very early time scale as

well as at very late time scale after the peak.

5 Numerical analysis II: Interpretation of four-point non-chaotic auto-correlated

OTO functions

Figure 9: Behaviour of the four-point auto-correlated field OTO function with respect to the
time scale T for Mota Allen and α vacua and for Bunch Davies vacuum for the mass parameter
|ν| = 1/2.
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Figure 10: Behaviour of the four-point auto-correlated field OTO function with respect to the
time scale T for Mota Allen and α vacua and for Bunch Davies vacuum for the mass parameter
|ν| = 3/2.

Figure 11: Behaviour of the four-point auto-correlated field OTO function with respect to the
time scale T for Mota Allen and α vacua and for Bunch Davies vacuum for the mass parameter
|ν| = 7/2.

Now comparing the results of the four-point auto-correlated field and momentum OTO func-

tions we get the following outcomes which we have mentioned point-wise:

1. Before normalising the four-point auto-correlated field and momentum OTO functions, the

results computed from rescaled field & momentum and the curvature perturbation field

variable and its conjugate momenta the sides are not at all same and connected via a time

dependent Mukhanov Sasaki variable dependent conformal factor (z(τ1)z(τ2))−2 in the final

results.
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Figure 12: Behaviour of the four-point auto-correlated field OTO function with respect to the
time scale τ for Mota Allen and α vacua and for Bunch Davies vacuum for the mass parameter
|ν| = 1/2.

Figure 13: Behaviour of the four-point auto-correlated field OTO function with respect to the
time scale τ for Mota Allen and α vacua and for Bunch Davies vacuum for the mass parameter
|ν| = 5/2.

2. After normalising the four-point auto-correlated field and momentum OTO functions, the

results computed from rescaled field & momentum and the curvature perturbation field

variable and its conjugate momenta the sides are not at all same. In this case particularly

for the computational purpose is the best one as we really don’t need care about the origin

of the quantum operators in the cosmological perturbation theory.

Next, we give the interpretation of the obtained results for the normalised four-point auto-

correlated field and momentum OTO functions computed in the present set up point-wise:
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Figure 14: Behaviour of the four-point auto-correlated field OTO function with respect to the
time scale τ for Mota Allen and α vacua and for Bunch Davies vacuum for the mass parameter
|ν| = 7/2.

Figure 15: Behaviour of the four-point auto-correlated field OTO function with respect to the
time scale τ for Mota Allen and α vacua and for Bunch Davies vacuum for the mass parameter
|ν| = 9/2.

• In our computed four-point auto-correlated field and momentum OTO functions two time

scales are involved. During the study of the behaviour of the four-point auto-correlated

field and momentum OTO functions we have actually have fixed one time scale and have

studied the time dependent dynamical behaviour with respect to the other time scale. We

have found that the behaviour with respect to both τ1 = T and τ2 = τ , using both Bunch

Davies, α and the generalised Mota Allen vacua as initial choice of quantum vacuum state.

See fig. (9), fig. (10), and fig. (11), fig. (12), fig. (13), fig. (14), fig. (15), fig. (30), fig. (31),
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Figure 16: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale T for α vacua for the mass parameter |ν| = 1/2.

Figure 17: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale T for α vacua for the mass parameter |ν| = 3/2.

fig. (32), fig. (33) and fig. (34) to know about the detailed conformal time dependent feature

of the normalised four-point auto-correlated field and momentum OTO functions. In the

conformal time scale all of these plots varies from, −∞ (Big Bang) to 0 (present day

universe), and show significant distinctive features in the time scale.

• If we fix the time scale, τ2 = τ and study the behaviour of four-point auto-correlated field

and momentum OTO functions with respect to the scale τ1 = T then we found that as we

approach from very early universe to the late time scale the normalised correlators show

random non-standard non-chaotic behaviour.
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Figure 18: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale T for α vacua for the mass parameter |ν| = 5/2.

Figure 19: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale τ for α vacua for the mass parameter |ν| = 1/2.

• Additionally we have found that we can get the desired features from the obtained results

can be visible only when the mass parameter, ν can be analytically continued to −iν. So

massless De Sitter possibility (ν = 3/2) is not allowed. Consequently, we have the following

options:

1. Partially massless De Sitter case is one of the possibilities, where we can estimate the

following parameter from the present understanding:

−iν =

√
9

4
− c2 where c ≥

√
2, (5.1)
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Figure 20: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale τ for α vacua for the mass parameter |ν| = 3/2.

Figure 21: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale τ for α vacua for the mass parameter |ν| = 7/2.

which implies the following bound on the mass parameter:

ν ≥ i

2
. (5.2)

This is consistent with the plots obtained for the following values of the mass param-

eter:

ν =
i

2
,

3i

2
,

5i

2
,

7i

2
,

9i

2
. (5.3)
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Figure 22: Behaviour of the four-point auto-correlated field OTO function with respect to the
mass parameter |ν| for Mota Allen and α vacua and Bunch Davies vacuum.

Figure 23: Behaviour of the four-point auto-correlated field OTO function with respect to the
vacuum parameter α for α vacua with mass parameter |ν| = 1/2.

2. Massive De Sitter case is one of the possibilities, where we can estimate the follow-

ing parameter:

ν = i

√
m2

H2
− 9

4
. (5.4)

Since we have studied the case for ν ≥ i/2, we get the following bound on the mass of
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Figure 24: Behaviour of the four-point auto-correlated field OTO function with respect to the
vacuum parameter γ for Mota Allen vacua with mass parameter |ν| = 1/2.

Figure 25: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale T for Mota Allen vacua with mass parameter |ν| = 1/2.

the heavy field:

m ≥
√

5

2
H . (5.5)

3. Reheating case is the last possibility, where we can estimate:

i

2
≤ ν ≤ 3i

2
for 0 ≤ wreh ≤

1

3
. (5.6)
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Figure 26: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale T for Mota Allen vacua with mass parameter |ν| = 3/2.

Figure 27: Behaviour of the relative change in four-point auto-correlated field OTO function
with respect to the time scale T for Mota Allen vacua with mass parameter |ν| = 7/2.

• After fixing both the time scales at far past, the behaviour of four-point auto-correlated

field and momentum OTO functions with respect to the mass parameter is depicted in the

fig. (22) and fig. (34) for Bunch Davies, α and Mota Allen vacua as quantum mechanical

vacuum state.

• After fixing both the time scales at far past and fix ν = i/2, the behaviour of four-point

auto-correlated field and momentum OTO functions with respect to the vacuum parameter

α and γ depicted in the fig. (23), fig. (24), fig. (35) and fig. (36).

• All the momentum dependent integrals are divergent at ∞, for which we have introduced
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Figure 28: Behaviour of the relative change in four-point auto-correlated filed OTO function
with respect to the time scale τ for Mota Allen vacua with mass parameter |ν| = 1/2.

Figure 29: Behaviour of the relative change in four-point auto-correlated filed OTO function
with respect to the time scale τ for Mota Allen vacua with mass parameter |ν| = 3/2.

an UV regulator at L = 1000 (large value). This makes the final results of four-point

auto-correlated field and momentum OTO functions numerically convergent.

• Further we define a relative change in normalized four-point auto-correlated field and mo-

mentum OTO functions where the relativeness is defined with respect to the definition of
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Figure 30: Behaviour of the four-point auto-correlated momentum OTO function with respect
to the time scale T for Mota Allen, α vacua and Bunch Davies vacuum with mass parameter
|ν| = 1/2.

Figure 31: Behaviour of the four-point auto-correlated momentum OTO function with respect
to the time scale T for Mota Allen, α vacua and Bunch Davies vacuum with mass parameter
|ν| = 3/2.

quantum mechanical vacuum state, given by:

R(p)
α,γ(τi) =


Cp(τi, α, γ)︸ ︷︷ ︸

Motta Allen vacua

− Cp(τi, α = 0, γ = 0)︸ ︷︷ ︸
Bunch Davies vacuum

Cp(τi, α = 0, γ = 0)︸ ︷︷ ︸
Bunch Davies vacuum

 ∀ i = 1(T ), 2(τ)

& ∀ p = 1(Field auto correlator), 2(Momentum auto correlator). (5.7)
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In fig. (16), fig. (17), fig. (18), fig. (19), fig. (20), fig. (21), fig. (25), fig. (26), fig. (27), fig. (28),

fig. (29), we have explicitly shown the behaviour of the relative change in normalized four-

point auto-correlated field and momentum OTO functions with respect to the two time

scales. Here the relative change we have studies for α = 1/2, γ = 1′2, α = 1/2, γ = 1,

and α = 1/2, γ = 3/2 with respect to α = 0 for all previously allowed values of the mass

parameters for partially massless and heavy scalar fields. From this relative change one can

also study the large or small deviation from the Bunch Davies result compared to the other

results obtained from all non standard quantum vacuum states.

• Also, we have to mention here that the computed four-point auto-correlated field and

momentum OTO functions are independent of any specific choice of the coordinate system.

If we go through the computation then we see that even we have started defining the four-

point auto-correlated field and momentum OTO functions in real space, after taking Fourier

transformation and applying the momentum conservation appearing in terms of Dirac Delta

functions, the exponential factor which capture all the momenta and real space coordinate

will be unity. Finally, we get a momentum integrated cut-off regulated results for the four-

point auto-correlated field and momentum OTO functions which only depend on the two

dynamical conformal time scales on which we have defined the rescaled perturbation variable

and its canonically conjugate momenta. This is quite good outcome. In the generalised

prescriptions, when one introduces the quantum operators in a specific time and coordinate

system it always appears that in the final result it captures the effect of inhomogeneity in the

space-time coordinate. In the context of spatially flat FLRW cosmology we have found that

the final result of four-point auto-correlated field and momentum OTO functions captures

the effect of inhomogeneity. This is because in cosmology we are actually interested in the

time evolution of the quantum operators which are separated in time scale, which is one of

the crucial constraint in the definition of any general four-point auto-correlated field and

momentum OTO functions. But such four-point auto-correlated field and momentum OTO

functions don’t capture the inhomogeneity.

• The final result of four-point auto-correlated field and momentum OTO functions are not

explicitly dependent of the factor β = 1/T which is appearing in the expression for thermal

partition function. This further implies that the final results are also independent of the

thermal partition function computed for Primordial Cosmology.

6 Classical limit of non-chaotic auto-correlated OTO amplitudes and OTOC

in Primordial Cosmology

6.1 Computational strategy for non-chaotic auto-correlated OTO functions in the

Classical limit

In this section, our prime objective is to study the classical limit of the four-point auto-correlation

functions that we have explicitly derived from the quantum descriptions. In the following subsec-

tions we will derive the classical limiting results which will be consistent with the super-horizon

late time limiting behaviour of the cosmological auto-correlated functions.
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In this subsection we will illustrate our computational strategy to study the classical limit of

the cosmological four-point OTOC derived in this paper:

1. First of all, we have to take the quantum to classical map. For this purpose we consider the

classical mode function and its canonically conjugate momentum which we have derived in

the earlier section of this paper.

2. Next, in the classical limit we use the Poisson Brackets of the classical mode function and

its canonically conjugate momentum variables in cosmological perturbation theory.

3. In the classical limit the definition of quantum trace will be replaced by phase space volume

measure,
dfk(τ)dΠk(τ)

2π
which mimics the role of path integral measure,

Dfk(τ)DΠk(τ)

2π
in

the classical limit.

4. Also during this computation we have to include an additional thermal Boltzmann factor

which is serving the purpose of thermal weight factor during taking the phase space average

over the classical micro-canonical statistical ensemble.

5. Next, we compute the expression for the classical thermal partition function for cosmolog-

ical perturbations which is consistent with the quantum result computed from completely

different formalism. To compute the classical partition function one need to compute the ex-

pression by following the principles of classical statistical mechanics. very carefully. Though

we will show that the final expressions for the classical limit of auto-correlated OTOs are in-

dependent of the partition function for the cosmological scenario in which we are interested

in.

6. Last but not the least, we compute the expression for the normalisation factor for the

classical limiting version of the auto-correlated OTO functions. by following the above

mentioned general formalism.

6.2 Classical limit of cosmological two-point “in-in” non-chaotic OTO amplitudes

To compute the classical limit we start with the Poisson bracket of these cosmologically relevant

canonically conjugate operators, which are given by the following expressions:

{f(x, τ1), f(x, τ2)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x)[

{fk1(τ1), fk2(τ2)}PB + {fk2(τ1), fk1(τ2)}PB

]
, (6.1)

{Π(x, τ1),Π(x, τ2)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x)[

{Πk1(τ1),Πk2(τ2)}PB + {Πk2(τ1),Πk1(τ2)}PB

]
. (6.2)
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In the Fourier transformed space, the individual Poisson brackets are given by the following

expressions:

{fk1(τ1), fk2(τ2)}PB = (2π)3δ3(k1 + k2) R1(τ1, τ2), (6.3)

{fk2(τ1), fk1(τ2)}PB = (2π)3δ3(k2 + k1) R1(τ1, τ2), (6.4)

{Πk1(τ1),Πk2(τ2)}PB = (2π)3δ3(k1 + k2) R2(τ1, τ2), (6.5)

{Πk2(τ1),Πk1(τ2)}PB = (2π)3δ3(k2 + k1) R2(τ1, τ2), (6.6)

which further implies that following symmetric result:

{fk1(τ1), fk2(τ2)}PB = {fk2(τ1), fk1(τ2)}PB = (2π)3δ3(k1 + k2) R1(τ1, τ2), (6.7)

{Πk1(τ1),Πk2(τ2)}PB = {Πk2(τ1),Πk1(τ2)}PB = (2π)3δ3(k1 + k2) R2(τ1, τ2), (6.8)

which is appearing due to the fact that the three dimensional Dirac Delta function is symmetric

under the exchange of two different momenta. Now for the further purpose we define the two-point

Figure 32: Behaviour of the four-point auto-correlated momentum OTO function with respect
to the time scale τ for Mota Allen, α vacua and Bunch Davies vacuum with mass parameter
|ν| = 1/2.

random classical correlation function R1(τ1, τ2) and R2(τ1, τ2) by the following expressions:

R1(τ1, τ2) : = W1(τ1 − τ2) (6.9)

R2(τ1, τ2) : = W2(τ1 − τ2), (6.10)

where W1(τ1 − τ2) and W2(τ1 − τ2) are the two window functions which are defined as:

W1(τ1 − τ2) =
√
〈ηNoise(τ1)ηNoise(τ2)〉, (6.11)

W2(τ1 − τ2) =
√
〈ΠηNoise

(τ1)ΠηNoise
(τ2)〉. (6.12)
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where the two-point noise and its associate canonically conjugate momentum correlation func-

Figure 33: Behaviour of the four-point auto-correlated momentum OTO function with respect
to the time scale τ for Mota Allen, α vacua and Bunch Davies vacuum with mass parameter
|ν| = 3/2.

tions at the classical level are given by the following expressions:

〈ηNoise(τ1)ηNoise(τ2)〉 :=

√
G

(1)
kernel(τ1 − τ2) =

√
G

(1)
kernel(τ2 − τ1) ≡

√
G

(1)
kernel(|τ1 − τ2|), (6.13)

〈ΠηNoise
(τ1)ΠηNoise

(τ2)〉 :=

√
G

(2)
kernel(τ1 − τ2) =

√
G

(2)
kernel(τ2 − τ1) ≡

√
G

(2)
kernel(|τ1 − τ2|). (6.14)

where G
(1)
kernel(τ1 − τ2) and G

(2)
kernel(τ1 − τ2) are known as the noise kernel which are both time

translational symmetric Green’s functions. As a consequence, we get the following symmetry

properties in the classical correlation functions:

R1(τ1, τ2) = R1(τ2, τ1) ≡
√

G
(1)
kernel(|τ1 − τ2|), (6.15)

R2(τ1, τ2) = R2(τ2, τ1) ≡
√

G
(2)
kernel(|τ1 − τ2|). (6.16)

6.3 Classical limit of cosmological four-point “in-in” non-chaotic OTO amplitudes

Further, in the classical limit we compute the following two types of the square of the Pois-

son brackets instead of computing the commutator brackets which is the key ingredient in the

quantum calculation, given by:

{f(x, τ1), f(x, τ2)}2PB = {f(x, τ1), f(x, τ2)}PB {f(x, τ1), f(x, τ2)}PB , (6.17)

{Π(x, τ1),Π(x, τ2)}2PB = {Π(x, τ1),Π(x, τ2)}PB {Π(x, τ1),Π(x, τ2)}PB . (6.18)

To compute the above mentioned expression we need to use the following Fourier transforma-
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Figure 34: Behaviour of the four-point auto-correlated momentum OTO function with respect
to the mass parameter |ν| for Mota Allen, α vacua and Bunch Davies vacuum.

Figure 35: Behaviour of the four-point auto-correlated momentum OTO function with respect
to the vacuum parameter α for α vacua.

tions:

f̂(x, τ1) =

∫
d3k

(2π)3
exp(ik.x) f̂k(τ1), (6.19)

Π̂(x, τ1) = ∂τ1 f̂(x, τ1) =

∫
d3k

(2π)3
exp(ik.x) ∂τ1 f̂k(τ1) =

∫
d3k

(2π)3
exp(ik.x) Π̂k(τ1), (6.20)

which will be extremely useful for the computation of the classical limiting results of the previously

mentioned two specific type of four-point OTOCs in terms of the square of the Poisson brackets.
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Figure 36: Behaviour of the four-point auto-correlated momentum OTO function with respect
to the vacuum parameter γ for Mota Allen vacua.

Figure 37: Behaviour of the two-point auto-correlated momentum OTO function with respect
to the mass parameter |ν| for Mota Allen, α vacua and Bunch Davies vacuum.

Using these inputs we get the following simplified results in the classical limit:

{f(x, τ1), f(x, τ2)}2PB = (2π)6

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)[

δ3(k1 + k2)δ3(k3 + k4) + δ3(k1 + k3)δ3(k2 + k4)

+δ3(k1 + k4)δ3(k3 + k2) + δ3(k2 + k3)δ3(k4 + k1)

+δ3(k2 + k1)δ3(k4 + k3) + δ3(k2 + k4)δ3(k1 + k3)

+δ3(k3 + k1)δ3(k4 + k2) + δ3(k3 + k2)δ3(k1 + k4)

+δ3(k3 + k4)δ3(k1 + k2) + δ3(k4 + k1)δ3(k2 + k3)

+δ3(k4 + k2)δ3(k3 + k1) + δ3(k4 + k3)δ3(k2 + k1)
]
G

(1)
Kernel(|τ1 − τ2|). (6.21)
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Figure 38: Behaviour of the two-point auto-correlated momentum OTO function with respect
to the time scale T for Mota Allen vacua.

{Π(x, τ1),Π(x, τ2)}2PB = (2π)6

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)[

δ3(k1 + k2)δ3(k3 + k4) + δ3(k1 + k3)δ3(k2 + k4)

+δ3(k1 + k4)δ3(k3 + k2) + δ3(k2 + k3)δ3(k4 + k1)

+δ3(k2 + k1)δ3(k4 + k3) + δ3(k2 + k4)δ3(k1 + k3)

+δ3(k3 + k1)δ3(k4 + k2) + δ3(k3 + k2)δ3(k1 + k4)

+δ3(k3 + k4)δ3(k1 + k2) + δ3(k4 + k1)δ3(k2 + k3)

+δ3(k4 + k2)δ3(k3 + k1) + δ3(k4 + k3)δ3(k2 + k1)
]
G

(2)
Kernel(|τ1 − τ2|). (6.22)

where we have used the following crucial facts:

{
fki(τ1), fkj (τ2)

}
PB

= (2π)3δ3(ki + kj)

√
G

(1)
Kernel(|τ1 − τ2|),{

Πki(τ1),Πkj (τ2)
}

PB
= (2π)3δ3(ki + kj)

√
G

(2)
Kernel(|τ1 − τ2|).

where i 6= j ∀ i, j,= 1, 2, 3, 4. (6.23)

It is important to point that, the individual contributions appearing in the previously men-

tioned 12 contributions can be evaluated as:{
fki(τ1), fkj (τ2)

}
PB
{fkl(τ1), fkm(τ2)}PB = (2π)6δ3(ki + kj)δ

3(kl + km)G
(1)
Kernel(|τ1 − τ2|),{

Πki(τ1),Πkj (τ2)
}

PB
{Πkl(τ1),Πkm(τ2)}PB = (2π)6δ3(ki + kj)δ

3(kl + km)G
(2)
Kernel(|τ1 − τ2|).

where i 6= j 6= l 6= m ∀ i, j, l,m = 1, 2, 3, 4. (6.24)

In this computation we introduce two conformal time dependent coloured noise kernels G
(1)
Kernel(|τ1−
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τ2|) and G
(2)
Kernel(|τ1 − τ2|), which are defined as:

G
(1)
Kernel(|τ1 − τ2|) = W2

1(τ1 − τ2), (6.25)

G
(2)
Kernel(|τ1 − τ2|) = W2

2(τ1 − τ2). (6.26)

On the other hand, if we consider the Gaussian white noise we have the following properties:

1. For white noise two-point classical auto correlation functions are time translation invariant,

which are kind of expected from this analysis.

2. Random white noise also have the following properties:

〈ηWN(τ1)〉 = 0, (6.27)

〈ηWN(τ1)ηWN(τ2)〉 = G
(1)
Kernel(|τ1 − τ2|) = W2

1(|τ1 − τ2|)〉 = B1 δ(|τ1 − τ2|), (6.28)

〈ηWN(τ1) · · · · · · ηWN(τN )〉 = 0 ∀ N = 3, 5, 7, · · · , (6.29)

〈ηWN(τ1) · · · · · · ηWN(τN )〉 = C
(1)
kernel(τ1, · · · , τN ) δ(τ1 + · · · · · ·+ τN ) ∀ N = 4, 6, 8, · · · .(6.30)

and

〈ΠηWN(τ1)〉 = 0, (6.31)

〈ΠηWN(τ1)ΠηWN(τ2)〉 = G
(2)
Kernel(|τ1 − τ2|) = W2

2(|τ1 − τ2|)〉 = B2 δ(|τ1 − τ2|), (6.32)

〈ΠηWN(τ1) · · · · · ·ΠηWN(τN )〉 = 0 ∀ N = 3, 5, 7, · · · , (6.33)

〈ΠηWN(τ1) · · · · · ·ΠηWN(τN )〉 = C
(2)
kernel(τ1, · · · , τN ) δ(τ1 + · · · · · ·+ τN ) ∀ N = 4, 6, 8, · · · .(6.34)

where ηWN(τ) and ΠηWN are the conformal time dependent white noise field variable and its

canonically conjugate momentum variable. Also, B1,B2 ( 6= B1) and C
(1)
kernel(τ1, · · · , τN ),

C
(2)
kernel(τ1, · · · , τN ) are the amplitudes of the spectra of any N = 2 and N = 4, 6, 8, · · ·

even point classical auto correlation functions. Here all even point amplitudes are non-zero

and all odd point amplitudes become zero for Gaussian white noise contributions, which

are again sourced from random fluctuations.

From the mentioned results further we get the following features:

1. Here time dependent noise kernels describe the randomness of quantum mechanical fluctu-

ations at the classical limit.

2. If we compare the obtained result in the classical limit with the quantum version of the

four-point auto-correlated results then it is clearly observed that for both the cases we get

same twelve contributions in the classical limit. But in the quantum case we have different

individual contributions for these mentioned twelve terms in the auto-correlations.

3. Also in both classical and quantum results momentum conservation is established via mo-

mentum dependent three dimensional Dirac Delta function contributions.
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6.4 Cosmological partition function: Classical version

6.4.1 Classical partition function in terms of rescaled field variable

In this section our objective is to compute the partition function in the classical regime. In terms

of the rescaled perturbation field variable and its canonically conjugate momentum we define the

following classical partition function:

ZClassical(β; τ1) : =

∫ ∫ DfDΠ

2π
exp (−βH)

=
∏
k

exp

(
−β
[
Ek(τ1)

2
+

1

β
ln (1− exp(−βEk(τ1))

])
=
∏
k

exp

(
− ln

(
2 sinh

βEk(τ1)

2

))
= exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
. (6.35)

Now if we compare the above result with the quantum result obtained in the previous section,

then we get the following interpretation:

ZClassical(β; τ1)︸ ︷︷ ︸
Classical result

= : ZBD(β; τ1) := | coshα| : Zα(β; τ1) := | coshα| exp(2 sin γtanα) : Zα,γ(β; τ1) :︸ ︷︷ ︸
Quantum result

.

(6.36)

The good part is that, from the above expression we found that the expression for the classical

partition function and normal ordered partition function for Cosmology computed using quantum

techniques are exactly same. This is somewhat expected from the basic understanding of the

present set-up which we are considering in the present context of discussion and also helps us

a lot to correctly take the classical limit of the result computed using quantum field theory

techniques. In short, the above interpretation shows that the classical result of the partition

function that we have separately computed is perfectly consistent with the quantum result.

6.4.2 Classical partition function in terms of curvature perturbation field variable

In this section our objective is to compute the partition function in the classical regime. In terms

of the curvature perturbation field variable and its canonically conjugate momentum we define

the following classical partition function:

ZζClassical(β; τ1) : =

∫ ∫ DζDΠζ

2π
exp (−βH)

=
∏
k

exp

(
−β
[
z2(τ1)Eζk(τ1)

2
+

1

β
ln
(

1− exp(−βz2(τ1)Eζk(τ1)
)])

= exp

(
−
∫
d3k ln

(
2 sinh

βz2(τ1)Eζk(τ1)

2

))
. (6.37)
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Now if we compare the above result with the quantum result obtained in the previous section,

then we get the following interpretation:

ZζClassical(β; τ1)︸ ︷︷ ︸
Classical result

= : ZζBD(β; τ1) := | coshα| : Zζα(β; τ1) := | coshα| exp(2 sin γtanα) : Zζα,γ(β; τ1) :︸ ︷︷ ︸
Quantum result

.

6= ZClassical(β; τ1) . (6.38)

6.5 Classical limit of cosmological two-point non-chaotic OTOC: rescaled field ver-

sion

Next, we will explicitly compute the previously mentioned two types of two-point OTOC using

the above mentioned results. In the classical limit, the prescribed two-point functions are given

by the following expressions:

Y f
1,Classical(τ1, τ2) =

1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
exp (−β H) {f(x, τ1), f(x, τ2)}PB

= 2 W1(τ1 − τ2)

∫
d3k1

(2π)3
, (6.39)

Y f
2,Classical(τ1, τ2) =

1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
exp (−β H) {Π(x, τ1),Π(x, τ2)}PB

= 2 W2(τ1 − τ2)

∫
d3k1

(2π)3
. (6.40)

This result is divergent because of the presence of term volume in general. To get the finite

contribution in the classical limit we regulate the momentum integrals by putting the cut-off

scale L, for which the momentum range are given by, 0 < k1 < L. By applying this regulator we

get the following regulated results:∫
d3k1

(2π)3
=

1

2π2

∫ L

k1=0
k2

1 dk1 =
L3

6π2
. (6.41)

After substituting the above regulated volume factor finally we get:

Y f
1,Classical(τ1, τ2) =

L3

3π2
W1(τ1 − τ2) =

L3

3π2

√
G

(1)
Kernel(|τ1 − τ2|) , (6.42)

Y f
2,Classical(τ1, τ2) =

L3

3π2
W2(τ1 − τ2) =

L3

3π2

√
G

(2)
Kernel(|τ1 − τ2|) . (6.43)

Here the regularised volume factor, L3/3π2, is the two-point time independent amplitude of

the cosmological two-point OTOCs in the classical limiting approximation. From the above

mentioned result one can consider a situation when we have τ1 = τ2 = τ in the classical limiting

situation. In that case, we get further simplified results for two-point functions which are given

by the following expressions:

Y f
1,Classical(τ, τ) =

L3

3π2
W1(0) =

L3

3π2

√
G

(1)
Kernel(0) , (6.44)
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Y f
2,Classical(τ, τ) =

L3

3π2
W2(0) =

L3

3π2

√
G

(2)
Kernel(0) . (6.45)

This result only exists when the window functions, W1(0) and W2(0), and the corresponding

Green’s functions G
(1)
Kernel(0) and G

(2)
Kernel(0) are finite in the classical limiting approximation to

describe the coloured non-Gaussian noise and white Gaussian noise respectively.

Now to demonstrate the explicit role of a non-Gaussian coloured noise and Gaussian white

noise in the present context of discussion one can further consider the following mathematical

structures of the corresponding Green’s functions/window functions:

W1(τ1 − τ2) =



√
A1

γ1

exp
(
−γ1

2
|τ1 − τ2|

)
, Coloured Noise

lim
C1→0

√
B1

|C1|
√
π

exp

(
−|τ1 − τ2|2

C2
1

)
White Noise

(6.46)

W2(τ1 − τ2) =



√
A2

γ2

exp
(
−γ2

2
|τ1 − τ2|

)
, Coloured Noise

lim
C2→0

√
B2

|C2|
√
π

exp

(
−|τ1 − τ2|2

C2
2

)
White Noise

(6.47)

where A1,A2 and B1,B2 and C1,C2, represent the conformal time independent amplitudes of

the coloured and white random classical noise respectively in the present context. Also, γ1 and

γ2, represent the interaction strength of the dissipation in the context of coloured noise in classical

regime.

Now from the general mathematical structure of the white noise it is evident that, G
(1)
Kernel(0)→

∞ and G
(2)
Kernel(0) → ∞ is giving diverging contribution for τ1 = τ2 = τ case. So appearance

of the possibility of the equal time limit is completely discarded as it gives overall diverging

contribution in the classical limit of the two-point functions in the present context. On the other

hand, in the equal time limit we have:

G
(1)
Kernel(0) =

A1

γ1
= W2

1(0) , (6.48)

G
(2)
Kernel(0) =

A2

γ2
= W2

2(0) (6.49)

for the coloured noise case. This implies for coloured noise equal time limit exists and one can

write down the following simplified expression for the classical limit of the two-point function as:

Y f
1,Classical(τ, τ) =

L3

3π2

√
A1

γ1
, (6.50)

Y f
2,Classical(τ, τ) =

L3

3π2

√
A2

γ2
. (6.51)
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Similarly for the equal time limit case with white noise profile we have:

W1(0) = lim
C1→0

B1

|C1|
√
π
, (6.52)

W2(0) = lim
C2→0

B2

|C2|
√
π

(6.53)

for the coloured noise case. This implies for coloured noise equal time limit exists and one can

write down the following simplified expression for the classical limit of the two-point function as:

Y f
1,Classical(τ, τ) =

L3

3π2
lim

C1→0

√
B1

|C1|
√
π
, (6.54)

Y f
2,Classical(τ, τ) =

L3

3π2
lim

C2→0

√
B2

|C2|
√
π
. (6.55)

But for unequal time case both the results exist and we get:

Y f
1,Classical(τ1, τ2) =


L3

3π2

√
A1

γ1
exp

(
−γ1|τ1 − τ2|

2

)
, Coloured Noise

L3

3π2
lim

C1→0

√
B1

|C1|
√
π

exp

(
−|τ1 − τ2|

2

C2
1

)
White Noise

(6.56)

Y f
2,Classical(τ1, τ2) =


L3

3π2

√
A2

γ2
exp

(
−γ2|τ1 − τ2|

2

)
, Coloured Noise

L3

3π2
lim

C2→0

√
B2

|C2|
√
π

exp

(
−|τ1 − τ2|

2

C2
2

)
White Noise

(6.57)

Since in general, both of the two-point correlations are generated from different source, i.e.

rescaled field variable and its canonically conjugate momenta it is expected to have.,

Y f
2,Classical(τ1, τ2) 6= Y f

2,Classical(τ1, τ2). This is simply because of the fact that, A1 6= A2,

B1 6= B2, C1 6= C2, γ1 6= γ2.

6.6 Classical limit of cosmological two-point non-chaotic OTOC: curvature pertur-

bation field version

Here we need to perform the similar type of the computation for the classical version of the two-

point OTOCs that we have derived in the previous subsection, but here we have to derive the

results in terms of the scalar curvature perturbation and the canonically conjugate momentum

associated with it, instead of using the rescaled field variable and its conjugate momenta. Here

we have found the following simplified expressions:

Y ζ
1,Classical(τ1, τ2) =

1

z(τ1)z(τ2)
Y f

1,Classical(τ1, τ2) .

=
L3

3π2z(τ1)z(τ2)
×


√

A1

γ1
exp

(
−γ1|τ1 − τ2|

2

)
, Coloured Noise

lim
C2→0

√
B1

|C1|
√
π

exp

(
−|τ1 − τ2|

2

C2
1

)
White Noise

(6.58)
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Y ζ
2,Classical(τ1, τ2) =

1

z(τ1)z(τ2)
Y f

2,Classical(τ1, τ2) .

=
L3

3π2z(τ1)z(τ2)
×


√

A1

γ1
exp

(
−γ1|τ1 − τ2|

2

)
, Coloured Noise

lim
C2→0

√
B1

|C1|
√
π

exp

(
−|τ1 − τ2|

2

C2
1

)
White Noise

(6.59)

Since in general, both of the two-point correlations are generated from different source, i.e.

rescaled field variable and its canonically conjugate momenta it is expected to have:

Y ζ
2,Classical(τ1, τ2) 6= Y ζ

2,Classical(τ1, τ2) =⇒ Y f
2,Classical(τ1, τ2) 6= Y f

2,Classical(τ1, τ2). (6.60)

6.7 Classical limit of cosmological four-point non-chaotic OTOC: rescaled field ver-

sion

6.7.1 Without normalization

In this subsection, our prime objective is to explicitly compute the classical limiting result of two

un-normalized cosmological four-point OTOC in terms of the Poisson Brackets, which is given

by the following simplified expressions:

Cf1,Classical(τ1, τ2) : =
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
exp (−β H) {f(x, τ1), f(x, τ2)}2PB

=
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
exp (−β H)︸ ︷︷ ︸

≡ ZClassical(β;τ1)

×(2π)6

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)[

δ3(k1 + k2)δ3(k3 + k4) + δ3(k1 + k3)δ3(k2 + k4)

+δ3(k1 + k4)δ3(k3 + k2) + δ3(k2 + k3)δ3(k4 + k1)

+δ3(k2 + k1)δ3(k4 + k3) + δ3(k2 + k4)δ3(k1 + k3)

+δ3(k3 + k1)δ3(k4 + k2) + δ3(k3 + k2)δ3(k1 + k4)

+δ3(k3 + k4)δ3(k1 + k2) + δ3(k4 + k1)δ3(k2 + k3)

+δ3(k4 + k2)δ3(k3 + k1) + δ3(k4 + k3)δ3(k2 + k1)
]

G
(1)
Kernel(|τ1 − τ2|), (6.61)

and

Cf2,Classical(τ1, τ2) : =
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
exp (−β H) {Π(x, τ1),Π(x, τ2)}2PB

=
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
exp (−β H)︸ ︷︷ ︸

≡ ZClassical(β;τ1)

×(2π)6

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)
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[
δ3(k1 + k2)δ3(k3 + k4) + δ3(k1 + k3)δ3(k2 + k4)

+δ3(k1 + k4)δ3(k3 + k2) + δ3(k2 + k3)δ3(k4 + k1)

+δ3(k2 + k1)δ3(k4 + k3) + δ3(k2 + k4)δ3(k1 + k3)

+δ3(k3 + k1)δ3(k4 + k2) + δ3(k3 + k2)δ3(k1 + k4)

+δ3(k3 + k4)δ3(k1 + k2) + δ3(k4 + k1)δ3(k2 + k3)

+δ3(k4 + k2)δ3(k3 + k1) + δ3(k4 + k3)δ3(k2 + k1)
]

G
(2)
Kernel(|τ1 − τ2|), (6.62)

where in the classical limiting version the thermal partition function is given by the following

expression:

ZClassical(β; τ1) = exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
, (6.63)

where the individual details and derivation of this equation is given in the previous sub-section.

Now, after doing a simple computation in the present context we get the following simplified

results for the un-normalized version of the regulated classical limit of OTOC, which are given

by the following expressions:

Cf1,Classical(τ1, τ2) = 12 G
(1)
Kernel(|τ1 − τ2|)

∫
d3k1

(2π)3

∫
d3k2

(2π)3
, (6.64)

Cf2,Classical(τ1, τ2) = 12 G
(2)
Kernel(|τ1 − τ2|)

∫
d3k1

(2π)3

∫
d3k2

(2π)3
. (6.65)

These results are actually divergent which are appearing from the all space volume integral on

the momenta. Though the rest of the part of the classical result which is completely momentum

independent is not divergent at all. Now to get the finite sensible contribution out of the above

mentioned volume integrals we regulate the momentum integrals by putting the cut-off scale L,

for which the momentum range are given by, 0 < k1 < L and 0 < k2 < L for both the cases.

Further applying this trick we get the following volume regulated results, which are given by:∫
d3k1

(2π)3

∫
d3k2

(2π)3
=

1

4π4

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 =
L6

36π4
. (6.66)

Further substituting the above mentioned regulated factors finally we get the following simplified

results for both the classical limiting version of the correlators:

Cf1,Classical(τ1, τ2) =
L6

3π4
G

(1)
Kernel(|τ1 − τ2|) , (6.67)

Cf2,Classical(τ1, τ2) =
L6

3π4
G

(2)
Kernel(|τ1 − τ2)| , (6.68)

From the above mentioned result one can next consider a pathological situation when we have

τ1 = τ2 = τ in the classical limit. In that case, we get further simplified answers, which are given
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by:

Cf1,Classical(τ, τ) =
L6

3π4
G

(1)
Kernel(0) , (6.69)

Cf2,Classical(τ, τ) =
L6

3π4
G

(2)
Kernel(0) , (6.70)

It is important to note that here in the above context these results only exist when G
(1)
Kernel(0)

and G
(2)
Kernel(0) both are finite in the classical limit separately for the coloured non-Gaussian

noise as well for the white Gaussian noise respectively.

Now to precisely demonstrate the explicit role of a non-Gaussian coloured noise and Gaussian

white noise one can further consider the following conformal time dependent two point classical

correlation functions:

G
(1)
Kernel(|τ1 − τ2|) =

{
A1

γ2
exp(−γ1|τ1 − τ2|) , Coloured Noise

B1 δ(τ1 − τ2) White Noise
(6.71)

G
(2)
Kernel(|τ1 − τ2|) =

{
A2

γ2
exp(−γ2|τ1 − τ2|) , Coloured Noise

B2 δ(τ1 − τ2) White Noise
(6.72)

where A1,A2 and B1,B2, represent the overall conformal time independent contributions that

appearing in the context of the coloured non-Gaussian and white Gaussian random classical noise

respectively. Also it is important to mention that, γ1 and γ2 are the strength of the dissipation

in the context of coloured non-Gaussian noise for the two consecutive cases respectively.

Now from the general structure of the white Gaussian noise one casn write G
(1)
Kernel(0) =

B1 δ(0)→∞ and G
(2)
Kernel(0) = B2 δ(0)→∞ giving diverging contribution for τ1 = τ2 case. So

appearance of the possibility of the equal time limit is completely discarded as it gives overall

diverging contribution in the classical limit of the four-point cosmological OTOC. On the other

hand, in the equal time limit we have, G
(1)
Kernel(0) = A1/γ1 and G

(2)
Kernel(0) = A2/γ2 for the

non-Gaussian coloured noise case. This implies for coloured noise equal time limit exists and

one can write down the following simplified expression for the classical limit of the four-point

cosmological OTOC as:

Cf1,Classical(τ, τ) =
A1 L

6

3γ1π4
, (6.73)

Cf2,Classical(τ, τ) =
A2 L

6

3γ2π4
. (6.74)

But for unequal time case both the results exist and we get:

Cf1,Classical(τ1, τ2) =


A1L

6

3γ1π4
exp (−γ1|τ1 − τ2|) , Coloured Noise

B1L
6

3π4
δ(τ1 − τ2) White Noise

(6.75)

Cf2,Classical(τ1, τ2) =


A2L

6

3γ2π4
exp (−γ2|τ1 − τ2|) , Coloured Noise

B2L
6

3π4
δ(τ1 − τ2) White Noise

(6.76)
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6.7.2 With normalization

The normalisation factors of classical limit of the two types of the desired OTOCs for the rescaled

field variable and its canonically conjugate momenta can be computed as:

N f
1,Classical(τ1, τ2) =

36π4

L6W2
1(0)

=
36π4

L6G
(1)
Kernel(0)

, (6.77)

N f
2,Classical(τ1, τ2) =

36π4

L6W2
2(0)

=
36π4

L6G
(2)
Kernel(0)

. (6.78)

Now, considering the examples of non-Gaussian coloured noise and Gaussian white noise we get

the following answer for the normalization factor:

N f
1,Classical(τ1, τ2) =

{
36γ1π

4

L6A1
, Coloured Noise

0 White Noise
(6.79)

N f
2,Classical(τ1, τ2) =

{
36γ2π

4

L6A2
, Coloured Noise

0 White Noise
(6.80)

Then the classical limiting version the normalized four-point OTOCs can be expressed in terms

of the contribution of phase space averaged Poisson Bracket squared as:

Cf1,Classical(τ1, τ2) = N f
1,Classical(τ1, τ2)Cf1,Classical(τ1, τ2) = 12

(
G

(1)
Kernel(|τ1 − τ2|)
G

(1)
Kernel(0)

)
, (6.81)

Cf2,Classical(τ1, τ2) = N f
2,Classical(τ1, τ2)Cf2,Classical(τ1, τ2) = 12

(
G

(2)
Kernel(|τ1 − τ2|)
G

(2)
Kernel(0)

)
. (6.82)

This is a very useful result as it translates everything in terms of the time translation invariant

noise field and its canonically conjugate momenta Green’s functions, G
(1)
Kernel(|τ1 − τ2|) and

G
(2)
Kernel(|τ1 − τ2|) respectively.

Now, further considering the examples of non-Gaussian coloured noise and Gaussian white

noise we get the following simplified results for the classical limit of the normalized four-point

OTOCs, which are given by:

Cf1,Classical(τ1, τ2) =

{
12 exp (−γ1|τ1 − τ2|) , Coloured Noise

0 White Noise
. (6.83)

Cf2,Classical(τ1, τ2) =

{
12 exp (−γ2|τ1 − τ2|) , Coloured Noise

0 White Noise
. (6.84)

6.8 Classical limit of cosmological four-point non-chaotic OTOC: curvature pertur-

bation field version

6.8.1 Without normalization

Here we need to perform the computation for the classical version of the un-normalised two types

of the OTOCs in terms of the scalar curvature perturbation field variable and the canonically
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conjugate momentum associated with it, which we have found that for the two separate cases

given by the following simplified expression:

Cζ1,Classical(τ1, τ2) =
1

ZζClassical(β, τ1)

∫ ∫ DζDΠζ

2π
e−βH(τ1) {ζ(x, τ1), ζ(x, τ2)}2PB

=
1

z2(τ1)z2(τ2)
Cf1,Classical(τ1, τ2) , (6.85)

Cζ2,Classical(τ1, τ2) =
1

ZζClassical(β, τ1)

∫ ∫ DζDΠζ

2π
e−βH(τ1) {Πζ(x, τ1),Πζ(x, τ2)}2PB

=
1

z2(τ1)z2(τ2)
Cf2,Classical(τ1, τ2) . (6.86)

6.8.2 With normalization

The classical version of the normalised four-point two types of the desired OTOCs in terms of

the scalar curvature perturbation field variable and its canonically conjugate momentum, which

are basically the computation of the following normalised OTOCs, can be written as:

Cζ1,Classical(τ1, τ2) =
Cζ1,Classical(τ1, τ2)

〈ζ(τ1)ζ(τ1)〉β〈ζ(τ1)ζ(τ1)〉β
= N ζ

1,Classical(τ1, τ2) Cζ1,Classical(τ1, τ2) , (6.87)

Cζ2,Classical(τ1, τ2) =
Cζ2,Classical(τ1, τ2)

〈Πζ(τ1)Πζ(τ1)〉β〈Πζ(τ1)Πζ(τ1)〉β
= N ζ

2,Classical(τ1, τ2) Cζ2,Classical(τ1, τ2) , (6.88)

where the normalisation factors to normalise the classical OTOCs are given by:

N ζ
1,Classical(τ1, τ2) =

1

〈ζ(τ1)ζ(τ1)〉β〈ζ(τ1)ζ(τ1)〉β
= z2(τ1)z2(τ2)N f

1,Classical(τ1, τ2), (6.89)

N ζ
2,Classical(τ1, τ2) =

1

〈Πζ(τ1)Πζ(τ1)〉β〈Πζ(τ1)Πζ(τ1)〉β
= z2(τ1)z2(τ2)N f

2,Classical(τ1, τ2). (6.90)

Consequently, the classical limit of the normalised four-point desired OTOCs computed from the

curvature perturbation field variable and its canonically conjugate momentum field variable are

given by the following expressions:

Cζ1,Classical(τ1, τ2) = Cf1,Classical(τ1, τ2) = 12

(
G

(1)
Kernel(|τ1 − τ2|)
G

(1)
Kernel(0)

)
, (6.91)

Cζ2,Classical(τ1, τ2) = Cf2,Classical(τ1, τ2) = 12

(
G

(2)
Kernel(|τ1 − τ2|)
G

(1)
Kernel(0)

)
. (6.92)

Now, considering the examples of non-Gaussian coloured noise and Gaussian white noise we get

the following answer for the classical limit of normalized four-point two types of desired OTOCs
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are given by:

Cζ1,Classical(τ1, τ2) = Cf1,Classical(τ1, τ2) =

{
12 exp (−γ1|τ1 − τ2|) , Coloured Noise

0 White Noise
. (6.93)

Cζ2,Classical(τ1, τ2) = Cf2,Classical(τ1, τ2) =

{
12 exp (−γ2|τ1 − τ2|) , Coloured Noise

0 White Noise
. (6.94)

7 Summary and Outlook

To summarize, in this work, we have addressed the following issues to study the random non-

chaotic features of Cosmological OTOCs:

• First of all in this paper we have provided a computation using which it now possible to

derive the expressions for the two specific types of OTOCs made up of cosmological scalar

perturbation field variable and its associated canonically conjugate momentum variable

auto-correlations to study the feature of randomness without having chaotic behaviour in

Primordial Cosmology set up. It is expected that our presented computation and finding for

the two new types of cosmological OTOCs in this paper will surely be helpful to understand

the quantum field theoretic features of random non-chaotic cosmological events in detail.

Apart from using the presented methodology in the present context of discussion, we believe

that these results will also be used in other contexts of cosmological phenomena to study

similar type of random non-chaotic events appearing in the time line of the universe.

• The computation is presented by making use of the well known Euclidean vacuum i. e.

Bunch Davies vacuum, CPT invariant α vacua and CPT violating Motta Allen vacua as a

choice of initial quantum mechanical vacuum state. In each cases we get very distinctive

features in the auto-correlated two types of OTO functions studied in this paper. We have

studied this issue analytically as well as numerically in detail in this paper, which completely

physically justify our prescription proposed in this paper.

• In general the construction of OTOC’s demands to have two quantum mechanical opera-

tors defined at two different time scales, which are same operators for auto-correlations and

different operators for cross-correlations. In this paper, we exactly follow the same strat-

egy to define auto-correlated two different types of OTO functions within the framework

of primordial cosmological perturbation theory for scalar mode fluctuations in quantum

regime. To construct these crucial auto-correlated OTO functions we use the scalar mode

field variable and its associated canonically conjugate momenta which according to the

mathematical construction are defined in two different conformal time scales. To study

the behaviour of the two types of the auto-correlated OTO functions we freeze one of the

conformal time scales between the two and study the dynamical feature with respect to the

other conformal time. By doing this analysis we have found that the dynamical features

with respect to both the time scales for the two different types of auto-correlated OTO

functions are significantly different and all of them describes distinctive randomness at out-

of-equilibrium without having any specific chaoticity. For both the cases we have explicitly

studied the long time behaviour of these two types of auto-correlated OTO functions. We
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found that the obtained behaviour from the numerical plots are perfectly consistent with

the expectation from the present set up within the framework of Primordial Cosmology.

The most interesting part of this finding is that using the present methodology it is now

possible to probe various cosmological aspects at out-of-equilibrium using quantum field

theory calculations in terms of quantum mechanical correlation functions. Also we are very

hopeful regarding the fact that these results can be verifiable in near future cosmological

observational probes.

• By doing the analysis we have found that at very early epoch of our universe during random

cosmological events quantum fluctuations generated from the scalar perturbations goes to

the out-of-equilibrium phase. Then the auto-correlators decay in a non-standard fashion

with respect to the conformal time scale up to very late time scale of the universe. After

that the system reaches equilibrium and one can perform all the possible computations in

quantum regime. This computation can be applicable to describe the particle production

phenomena during reheating epoch.

• Also, we have found that the derived cosmological OTOCs at finite temperature is depen-

dent on two time scale and independent of any preferred choice of the coordinate system.

The derived expressions for the cosmological OTOCs are homogeneous in nature with re-

spect to the space coordinate, or its Fourier transformed momentum coordinate. We also

have found that the final results obtained for the two different types of cosmological OTOCs

are independent of the partition function which we have computed for Primordial Cosmolog-

ical perturbations for scalar fluctuation. It is important to note that, the obtained features

in these auto-correlations are exactly mimics the feature obtained for OTOCs computed

from inverted harmonic oscillator having a conformal time independent frequency. Here

one can exactly map the stochastic particle production problem in cosmology in terms of

finding from inverted harmonic oscillator with time dependent frequency because both the

set-up describes the same underlying physics.

• Also we have found that the presented analysis is valid for partially massless (m ∼ H) or

massive (m� H) spin-0 scalar particle production in the primordial universe.

• Further we have studied the classical limiting behaviours of the two-point and four-point two

types of auto-correlated OTO functions in terms of the phase space averaged of Poisson

brackets and the square of the Poisson brackets to check the consistency with the late

time behaviour in the super-horizon region of cosmological perturbations, which supports

classical behaviour.

• Finally, in this paper we have shown that the normalised auto-correlated OTO functions

is completely independent of the choice of cosmological perturbation field variable and the

associated canonically conjugate momentum in a specific gauge.

The future prospects of this work is as follows:

• We are very hopeful that our obtained results in this paper for the two different types of

auto-correlators can be probed by future observations with significant statistical accuracy
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and can be treated as benchmark using which one can study the out-of-equilibrium features

in primordial cosmological perturbation theory. To know about the implications of our

derived results one can further extend the present methodology for various cosmological

events as well where random quantum fluctuations play significant role in the time line

of our universe. Till date this is not very well studied fact and for this reason it will be

interesting to study these mentioned aspects in detail.

• The presented methodology can also extended to derive the auto-corrected OTO functions

in the context of bouncing cosmology. It is expected to get different random feature in the

context of bouncing paradigm. But it is not even clear till date how exactly and which

respect it will be different due to having lack of understanding the present formalism in

broader perspective. For this reason it will be very interesting to study out-of-equilibrium

features in quantum regime from bouncing cosmology framework and compare the results

obtained from the presented analysis in this paper.

• The explicit role of quantum entanglement in the present framework is not also studied yet.

Till date the explicit role of quantum entanglement phenomena [149–176] have been studied

within the framework of cosmological perturbation theory finding the quantum correlation

function in the equilibrium regime. But it is not studied in the out-of-equilibrium regime in

presence of quantum entanglement. So it will be interesting to investigate such possibilities

in detail. Most importantly, the role of cosmological Bell’s inequality violation [177–182] can

also be tested to know about the long range effect in the cosmological correlation functions.

• It is also very important to verify the connecting relationship between the quantum circuit

complexity [183–195] and OTO correlators [53, 196] within the framework of Primordial

Cosmology setup. Till date the work have been done on both the sides separately in the

cosmological framework. But no effort have been made to connect this two theoretical

ideas.
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A Asymptotic features of the scalar mode functions in cosmological pertur-

bation theory

The Mukhanov Sasaki equation for the scalar modes can be expressed as:

d2fk(τ)

dτ2
+

k2 −
ν2 − 1

4
τ2

 fk(τ) = 0. (A.1)

The most general solution of the above mentioned equation of motion is given by the following

expression:

fk(τ) =
√
−τ
[
C1 H

(1)
ν (−kτ) + C2 H

(2)
ν (−kτ)

]
, (A.2)

where C1 and C2 are two arbitrary integration constants which are fixed by the choice of the

initial quantum vacuum state. Here H
(1)
ν (−kτ) and H

(1)
ν (−kτ) are the Hankel functions of first

and second kind with order ν. Now we take the asymptotic limits kτ → 0 and kτ → −∞ for

which we get the following simplified results for the Hankel functions:

lim
kτ→−∞

H(1)
ν (−kτ) =

√
2

π

1√
−kτ

exp(−ikτ) exp

(
− iπ

2

(
ν +

1

2

))
, (A.3)

lim
kτ→−∞

H(2)
ν (−kτ) = −

√
2

π

1√
−kτ

exp(ikτ) exp

(
iπ

2

(
ν +

1

2

))
, (A.4)

lim
kτ→0

H(1)
ν (−kτ) =

i

π
Γ(ν)

(
−kτ

2

)−ν
, (A.5)

lim
kτ→0

H(2)
ν (−kτ) = − i

π
Γ(ν)

(
−kτ

2

)−ν
. (A.6)

Here kτ → 0 and kτ → −∞ asymptotic limiting results are used to describe the super-horizon

(kτ � −1) and sub-horizon (kτ � −1) limiting results.

Now, in the super-horizon limit (kτ � −1) and sub-horizon limit (kτ � −1) the asymp-

totic form of the rescaled field variable and the corresponding canonically conjugate momentum

computed for the arbitrary quantum initial vacuum can be expressed as:

Super− horizon limiting results (kτ � −1) :⇒ Classical behaviour

lim
kτ→0

fk(τ) =

√
2

k

i

π
Γ(ν)

(
−kτ

2

) 1
2
−ν

(C1 − C2), (A.7)

lim
kτ→0

Πk(τ) =

√
2

k

i

2πk

(
ν − 1

2

)
Γ(ν)

(
−kτ

2

)−(ν+ 1
2)

(C1 − C2), (A.8)
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Sub− horizon limiting results (kτ � −1) :⇒ Quantum behaviour

lim
kτ→−∞

fk(τ) =

√
2

πk

[
C1 exp

(
−i
{
kτ +

π

2

(
ν +

1

2

)})
−C2 exp

(
i

{
kτ +

π

2

(
ν +

1

2

)})]
, (A.9)

lim
kτ→−∞

Πk(τ) =
1

i

√
2k

π

[
C1 exp

(
−i
{
kτ +

π

2

(
ν +

1

2

)})
+C2 exp

(
i

{
kτ +

π

2

(
ν +

1

2

)})]
. (A.10)

Combining the behaviour in both the super-horizon and sub-horizon limiting region we get fol-

lowing combined asymptotic most general solution for the rescaled field variable and momenta

computed for the arbitrary quantum initial vacuum can be expressed as:

fk(τ) = 2ν−
3
2

1

iτ

1
√

2k
3
2

(−kτ)
3
2
−ν

∣∣∣∣∣ Γ(ν)

Γ
(

3
2

)∣∣∣∣∣
×
[
C1 (1 + ikτ) exp

(
−i
{
kτ +

π

2

(
ν +

1

2

)})
−C2 (1− ikτ) exp

(
i

{
kτ +

π

2

(
ν +

1

2

)})]
, (A.11)

Πk(τ) = 2ν−
3
2

1
√

2ik
5
2

(−kτ)
3
2
−ν

∣∣∣∣∣ Γ(ν)

Γ
(

3
2

)∣∣∣∣∣
×
[
C1

{(
1

2
− ν
)

(1 + ikτ)

k2τ2
+ 1

}
exp

(
−i
{
kτ +

π

2

(
ν +

1

2

)})
−C2

{(
1

2
− ν
)

(1− ikτ)

k2τ2
+ 1

}
exp

(
i

{
kτ +

π

2

(
ν +

1

2

)})]
. (A.12)

These general asymptotic expressions are extremely important to compute the expressions for

the OTOC’s in the later subsections. To server this purpose we need to promote both of these

classical solutions to the quantum level.
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B Quantum two-point OTO amplitudes for Cosmology

B.1 Definition of OTO amplitude ∆̂1(k1,k2; τ1, τ2)

In this subsection we define a very important momentum and conformal time dependent two-point

OTO amplitude, which is given by the following expression:

∆̂1(k1,k2; τ1, τ2) = f̂k1(τ1)f̂k2(τ2) = D1(k1,k2; τ1, τ2) ak1ak2 +D2(k1,k2; τ1, τ2) a†−k1
ak2

+D3(k1,k2; τ1, τ2) ak1a
†
−k2

+D4(k1,k2; τ1, τ2) a†−k1
a†−k2

, (B.1)

where we have introduced momentum and time dependent four individual two-point OTO am-

plitudes, Di(k1,k2; τ1, τ2) ∀ i = 1, 2, 3, 4, which are explicitly defined as:

D1(k1,k2; τ1, τ2) = fk1(τ1)fk2(τ2), (B.2)

D2(k1,k2; τ1, τ2) = f∗−k1
(τ1)fk2(τ2), (B.3)

D3(k1,k2; τ1, τ2) = fk1(τ1)f∗−k2
(τ2), (B.4)

D4(k1,k2; τ1, τ2) = f∗−k1
(τ1)f∗−k2

(τ2). (B.5)

These contributions are really helpful to compute the two-point OTO amplitudes and the corre-

sponding momentum integrated OTOC, which we have discussed earlier in this paper.

B.2 Definition of OTO amplitude ∆̂2(k1,k2; τ1, τ2)

In this subsection we define a very important momentum and conformal time dependent two-point

OTO amplitude, which is given by the following expression:

∆̂2(k1,k2; τ1, τ2) = Π̂k1(τ1)Π̂k2(τ2) = L1(k1,k2; τ1, τ2) ak1ak2 + L2(k1,k2; τ1, τ2) a†−k1
ak2

+L3(k1,k2; τ1, τ2) ak1a
†
−k2

+ L4(k1,k2; τ1, τ2) a†−k1
a†−k2

, (B.6)

where we have introduced momentum and time dependent four individual two-point OTO am-

plitudes, Li(k1,k2; τ1, τ2) ∀ i = 1, 2, 3, 4, which are explicitly defined as:

L1(k1,k2; τ1, τ2) = Πk1(τ2)Πk2(τ1), (B.7)

L2(k1,k2; τ1, τ2) = Π∗−k1
(τ2)Πk2(τ1), (B.8)

L3(k1,k2; τ1, τ2) = Πk1(τ2)Π∗−k2
(τ1), (B.9)

L4(k1,k2; τ1, τ2) = Π∗−k1
(τ2)Π∗−k2

(τ1). (B.10)

These contributions are really helpful to compute the two-point OTO amplitudes and the corre-

sponding momentum integrated OTOC, which we have discussed earlier in this paper.
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C Quantum four-point OTO amplitudes for Cosmology

C.1 Definition of OTO amplitude T̂ (1)
1 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

1 (k1,k2,k3,k4; τ1, τ2)

The function T̂ (1)
1 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (1)
1 (k1,k2,k3,k4; τ1, τ2)

=
[
M(1)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4

+M(1)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4 +M(1)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4

+M(1)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4 +M(1)

5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a
†
−k3

ak4

+M(1)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4 +M(1)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4

+M(1)
8 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

ak4 +M(1)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+M(1)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+M(1)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+M(1)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+M(1)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+M(1)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+M(1)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+M(1)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.1)

where we define new sets of functions, M(1)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

M(1)
1 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)fk3(τ1)fk4(τ2), (C.2)

M(1)
2 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)fk3(τ1)fk4(τ2), (C.3)

M(1)
3 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)fk1(τ1)fk4(τ2), (C.4)

M(1)
4 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)fk3(τ1)fk4(τ2), (C.5)

M(1)
5 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)f∗−k3

(τ1)fk4(τ2), (C.6)

M(1)
6 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)f∗−k3
(τ1)fk4(τ2) (C.7)

M(1)
7 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)f∗−k3
(τ1)fk4(τ2), (C.8)

M(1)
8 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)f∗−k3

(τ1)fk4(τ2) (C.9)

M(1)
9 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)fk3(τ1)f∗−k4

(τ2), (C.10)

M(1)
10 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)fk3(τ1)f∗−k4
(τ2) (C.11)

M(1)
11 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)fk3(τ1)f∗−k4
(τ2), (C.12)

M(1)
12 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)fk3(τ1)f∗−k4

(τ2) (C.13)

M(1)
13 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)f∗−k3

(τ1)f∗−k4
(τ2), (C.14)
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M(1)
14 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)f∗−k3
(τ1)f∗−k4

(τ2) (C.15)

M(1)
15 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)f∗−k3
(τ1)f∗−k4

(τ2), (C.16)

M(1)
16 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)f∗−k3

(τ1)f∗−k4
(τ2) (C.17)

The function T̂ (2)
1 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (2)
1 (k1,k2,k3,k4; τ1, τ2)

=
[
M(2)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4

+M(2)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4 +M(2)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4

+M(2)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4 +M(2)

5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a
†
−k3

ak4

+M(2)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4 +M(2)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4

+M(2)
8 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

ak4 +M(2)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+M(2)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+M(2)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+M(2)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+M(2)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+M(2)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+M(2)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+M(2)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.18)

where we define new sets of functions, M(2)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

M(2)
1 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Πk3(τ1)Πk4(τ2), (C.19)

M(2)
2 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Πk3(τ1)Πk4(τ2), (C.20)

M(2)
3 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Πk1(τ1)Πk4(τ2), (C.21)

M(2)
4 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Πk3(τ1)Πk4(τ2), (C.22)

M(2)
5 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Π∗−k3

(τ1)Πk4(τ2), (C.23)

M(2)
6 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Π∗−k3
(τ1)Πk4(τ2) (C.24)

M7(k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2
(τ2)Π∗−k3

(τ1)Πk4(τ2), (C.25)

M(2)
8 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Π∗−k3

(τ1)Πk4(τ2) (C.26)

M(2)
9 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Πk3(τ1)Π∗−k4

(τ2), (C.27)

M(2)
10 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Πk3(τ1)Π∗−k4
(τ2) (C.28)

M(2)
11 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Πk3(τ1)Π∗−k4
(τ2), (C.29)

M(2)
12 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Πk3(τ1)Π∗−k4

(τ2) (C.30)

M(2)
13 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Π∗−k3

(τ1)Π∗−k4
(τ2), (C.31)

M(2)
14 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Π∗−k3
(τ1)Π∗−k4

(τ2) (C.32)
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M(2)
15 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Π∗−k3
(τ1)Π∗−k4

(τ2), (C.33)

M(2)
16 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Π∗−k3

(τ1)Π∗−k4
(τ2) (C.34)

C.2 Definition of OTO amplitude T̂ (1)
2 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

2 (k1,k2,k3,k4; τ1, τ2)

The function T̂ (1)
2 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (1)
2 (k1,k2,k3,k4; τ1, τ2)

=
[
J (1)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4 + J (1)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4

+J (1)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4 + J (1)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4

+J (1)
5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

ak4 + J (1)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4

+J (1)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4 + J (1)

8 (k1,k2,k3,k4; τ1, τ2) a†−k1
a†−k2

a†−k3
ak4

+J (1)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+ J (1)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+J (1)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+ J (1)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+J (1)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+ J (1)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+J (1)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+ J (1)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.35)

where we define new sets of functions, J (1)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

J (1)
1 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)fk3(τ1)fk4(τ2), (C.36)

J (1)
2 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)fk2(τ1)fk3(τ1)fk4(τ2), (C.37)

J (1)
3 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)fk3(τ1)fk4(τ2), (C.38)

J (1)
4 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)fk3(τ1)fk4(τ2), (C.39)

J (1)
5 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)f∗−k3

(τ1)fk4(τ2), (C.40)

J (1)
6 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)fk2(τ1)f∗−k3
(τ1)fk4(τ2) (C.41)

J (1)
7 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)f∗−k3
(τ1)fk4(τ2), (C.42)

J (1)
8 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)f∗−k3

(τ1)fk4(τ2) (C.43)

J (1)
9 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)fk3(τ1)f∗−k4

(τ2), (C.44)

J (1)
10 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)fk2(τ1)fk3(τ1)f∗−k4
(τ2) (C.45)

J (1)
11 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)fk3(τ1)f∗−k4
(τ2), (C.46)

J (1)
12 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)fk3(τ1)f∗−k4

(τ2) (C.47)

J (1)
13 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)f∗−k3

(τ1)f∗−k4
(τ2), (C.48)

J (1)
14 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)fk2(τ1)f∗−k3
(τ1)f∗−k4

(τ2) (C.49)
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J (1)
15 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)f∗−k3
(τ1)f∗−k4

(τ2), (C.50)

J (1)
16 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)f∗−k3

(τ1)f∗−k4
(τ2) (C.51)

The function T̂ (2)
2 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (2)
2 (k1,k2,k3,k4; τ1, τ2)

=
[
J (2)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4 + J (2)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4

+J (2)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4 + J (2)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4

+J (2)
5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

ak4 + J (2)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4

+J (2)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4 + J (2)

8 (k1,k2,k3,k4; τ1, τ2) a†−k1
a†−k2

a†−k3
ak4

+J (2)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+ J (2)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+J (2)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+ J (2)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+J (2)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+ J (2)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+J (2)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+ J (2)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.52)

where we define new sets of functions, J (2)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

J (2)
1 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)Πk3(τ1)Πk4(τ2), (C.53)

J (2)
2 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1)Πk3(τ1)Πk4(τ2), (C.54)

J (2)
3 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Πk3(τ1)Πk4(τ2), (C.55)

J (2)
4 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Πk3(τ1)Πk4(τ2), (C.56)

J (2)
5 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)Π∗−k3

(τ1)Πk4(τ2), (C.57)

J (2)
6 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1)Π∗−k3
(τ1)Πk4(τ2) (C.58)

J (2)
7 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Π∗−k3
(τ1)Πk4(τ2), (C.59)

J (2)
8 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Π∗−k3

(τ1)Πk4(τ2) (C.60)

J (1)
9 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)Πk3(τ1)Π∗−k4

(τ2), (C.61)

J (2)
10 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1)Πk3(τ1)Π∗−k4
(τ2) (C.62)

J (2)
11 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Πk3(τ1)Π∗−k4
(τ2), (C.63)

J (2)
12 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Πk3(τ1)Π∗−k4

(τ2) (C.64)

J (1)
13 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)f∗−k3

(τ1)Π∗−k4
(τ2), (C.65)

J (2)
14 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1)Π∗−k3
(τ1)Π∗−k4

(τ2) (C.66)

J (2)
15 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Π∗−k3
(τ1)Π∗−k4

(τ2), (C.67)

J (2)
16 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Π∗−k3

(τ1)Π∗−k4
(τ2) (C.68)
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C.3 Definition of OTO amplitude T̂ (1)
3 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

3 (k1,k2,k3,k4; τ1, τ2)

The function T̂ (1)
3 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (1)
3 (k1,k2,k3,k4; τ1, τ2)

=
[
N (1)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4 +N (1)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4

+N (1)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4 +N (1)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4

+N (1)
5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

ak4 +N (1)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4

+N (1)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4 +N (1)

8 (k1,k2,k3,k4; τ1, τ2) a†−k1
a†−k2

a†−k3
ak4

+N (1)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+N (1)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+N (1)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+N (1)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+N (1)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+N (1)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+N (1)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+N (1)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.69)

where we define new sets of functions, N (1)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

N (1)
1 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)fk3(τ2)fk4(τ1), (C.70)

N (1)
2 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)fk3(τ2)fk4(τ1), (C.71)

N (1)
3 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)fk1(τ2)fk4(τ1), (C.72)

N (1)
4 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)fk3(τ2)fk4(τ1), (C.73)

N (1)
5 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)f∗−k3

(τ2)fk4(τ1), (C.74)

N (1)
6 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)f∗−k3
(τ2)fk4(τ1) (C.75)

N7(k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2
(τ2)f∗−k3

(τ2)fk4(τ1), (C.76)

N (1)
8 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)f∗−k3

(τ2)fk4(τ1) (C.77)

N (1)
9 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)fk3(τ2)f∗−k4

(τ1), (C.78)

N (1)
10 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)fk3(τ2)f∗−k4
(τ1) (C.79)

N (1)
11 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)fk3(τ2)f∗−k4
(τ1), (C.80)

N (1)
12 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)fk3(τ2)f∗−k4

(τ1) (C.81)

N (1)
13 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)fk2(τ2)f∗−k3

(τ2)f∗−k4
(τ1), (C.82)

N (1)
14 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)f∗−k3
(τ2)f∗−k4

(τ1) (C.83)

N (1)
15 (k1,k2,k3,k4; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)f∗−k3
(τ2)f∗−k4

(τ1), (C.84)

N (1)
16 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)f∗−k3

(τ2)f∗−k4
(τ1) (C.85)

103

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


The function T̂ (2)
3 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (2)
3 (k1,k2,k3,k4; τ1, τ2)

=
[
N (2)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4 +N (2)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4

+N (2)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4 +N (2)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4

+N (2)
5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

ak4 +N (2)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4

+N (2)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4 +N (2)

8 (k1,k2,k3,k4; τ1, τ2) a†−k1
a†−k2

a†−k3
ak4

+N (2)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+N (2)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+N (2)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+N (2)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+N (2)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+N (2)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+N (2)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+N (2)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.86)

where we define new sets of functions, N (2)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

N (1)
2 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Πk3(τ2)Πk4(τ1), (C.87)

N (2)
2 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Πk3(τ2)Πk4(τ1), (C.88)

N (2)
3 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Πk1(τ2)Πk4(τ1), (C.89)

N (2)
4 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Πk3(τ2)Πk4(τ1), (C.90)

N (2)
5 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Π∗−k3

(τ2)Πk4(τ1), (C.91)

N (2)
6 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Π∗−k3
(τ2)Πk4(τ1) (C.92)

N (2)
7 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Π∗−k3
(τ2)Πk4(τ1), (C.93)

N (2)
8 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Π∗−k3

(τ2)Πk4(τ1) (C.94)

N (2)
9 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Πk3(τ2)Π∗−k4

(τ1), (C.95)

N (2)
10 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Πk3(τ2)Π∗−k4
(τ1) (C.96)

N (2)
11 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Πk3(τ2)Π∗−k4
(τ1), (C.97)

N (2)
12 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Πk3(τ2)Π∗−k4

(τ1) (C.98)

N (2)
13 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Πk2(τ2)Π∗−k3

(τ2)Π∗−k4
(τ1), (C.99)

N (2)
14 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Π∗−k3
(τ2)Π∗−k4

(τ1) (C.100)

N (2)
15 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Π∗−k3
(τ2)Π∗−k4

(τ1), (C.101)

N (2)
16 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ1)Π∗−k2
(τ2)Π∗−k3

(τ2)Π∗−k4
(τ1) (C.102)
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C.4 Definition of OTO amplitude T̂ (1)
4 (k1,k2,k3,k4; τ1, τ2) and T̂ (2)

4 (k1,k2,k3,k4; τ1, τ2)

The function T̂ (1)
4 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (1)
4 (k1,k2,k3,k4; τ1, τ2)

=
[
Q(1)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4 +Q(1)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4

+Q(1)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4 +Q(1)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4

+Q(1)
5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

ak4 +Q(1)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4

+Q(1)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4 +Q(1)

8 (k1,k2,k3,k4; τ1, τ2) a†−k1
a†−k2

a†−k3
ak4

+Q(1)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+Q(1)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+Q(1)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+Q(1)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+Q(1)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+Q(1)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+Q(1)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+Q(1)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.103)

where we define new sets of functions, Q(1)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

Q(1)
1 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)fk3(τ2)fk4(τ1), (C.104)

Q(1)
2 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f−k2(τ1)fk3(τ2)fk4(τ1), (C.105)

Q(1)
3 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)fk1(τ2)fk4(τ1), (C.106)

Q(1)
4 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)fk3(τ2)fk4(τ1), (C.107)

Q(1)
5 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)f∗−k3

(τ2)fk4(τ1), (C.108)

Q(1)
6 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)fk2(τ1)f∗−k3
(τ2)fk4(τ1) (C.109)

Q(1)
7 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)f∗−k3
(τ2)fk4(τ1), (C.110)

Q(1)
8 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)f∗−k3

(τ2)fk4(τ1) (C.111)

Q(1)
9 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)fk3(τ2)f∗−k4

(τ1), (C.112)

Q(1)
10 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)fk2(τ1)fk3(τ2)f∗−k4
(τ1) (C.113)

Q(1)
11 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)fk3(τ2)f∗−k4
(τ1), (C.114)

Q(1)
12 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)fk3(τ2)f∗−k4

(τ1) (C.115)

Q(1)
13 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)fk2(τ1)f∗−k3

(τ2)f∗−k4
(τ1), (C.116)

Q(1)
14 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)fk2(τ1)f∗−k3
(τ2)f∗−k4

(τ1) (C.117)

Q(1)
15 (k1,k2,k3,k4; τ1, τ2) = fk1(τ2)f∗−k2

(τ1)f∗−k3
(τ2)f∗−k4

(τ1), (C.118)

Q(1)
16 (k1,k2,k3,k4; τ1, τ2) = f∗−k1

(τ2)f∗−k2
(τ1)f∗−k3

(τ2)f∗−k4
(τ1) (C.119)
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The function T̂ (2)
4 (k1,k2,k3,k4; τ1, τ2) is defined as:

T̂ (2)
4 (k1,k2,k3,k4; τ1, τ2)

=
[
Q(2)

1 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3ak4 +Q(2)
2 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3ak4

+Q(2)
3 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3ak4 +Q(2)
4 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3ak4

+Q(2)
5 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

ak4 +Q(2)
6 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2a
†
−k3

ak4

+Q(2)
7 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
ak4 +Q(2)

8 (k1,k2,k3,k4; τ1, τ2) a†−k1
a†−k2

a†−k3
ak4

+Q(2)
9 (k1,k2,k3,k4; τ1, τ2) ak1ak2ak3a

†
−k4

+Q(2)
10 (k1,k2,k3,k4; τ1, τ2) a†−k1

ak2ak3a
†
−k4

+Q(2)
11 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

ak3a
†
−k4

+Q(2)
12 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
ak3a

†
−k4

+Q(2)
13 (k1,k2,k3,k4; τ1, τ2) ak1ak2a

†
−k3

a†−k4
+Q(2)

14 (k1,k2,k3,k4; τ1, τ2) a†−k1
ak2a

†
−k3

a†−k4

+Q(2)
15 (k1,k2,k3,k4; τ1, τ2) ak1a

†
−k2

a†−k3
a†−k4

+Q(2)
16 (k1,k2,k3,k4; τ1, τ2) a†−k1

a†−k2
a†−k3

a†−k4

]
, (C.120)

where we define new sets of functions, Q(2)
j (k1,k2,k3,k4; τ1, τ2) ∀ j = 1, · · · , 16, as:

Q(2)
1 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)Πk3(τ2)Πk4(τ1), (C.121)

Q(2)
2 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π−k2(τ1)Πk3(τ2)Πk4(τ1), (C.122)

Q(2)
3 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Πk1(τ2)Πk4(τ1), (C.123)

Q(2)
4 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Πk3(τ2)Πk4(τ1), (C.124)

Q(2)
5 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)Π∗−k3

(τ2)Πk4(τ1), (C.125)

Q(2)
6 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1)Π∗−k3
(τ2)Πk4(τ1) (C.126)

Q(2)
7 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)ΠΠ∗−k3
(τ2)Πk4(τ1), (C.127)

Q(2)
8 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Π∗−k3

(τ2)Πk4(τ1) (C.128)

Q(2)
9 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)Πk3(τ2)Π∗−k4

(τ1), (C.129)

Q(2)
10 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1)Πk3(τ2)Π∗−k4
(τ1) (C.130)

Q(2)
11 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Πk3(τ2)Π∗−k4
(τ1), (C.131)

Q(2)
12 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Πk3(τ2)Π∗−k4

(τ1) (C.132)

Q(2)
13 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Πk2(τ1)Π∗−k3

(τ2)Π∗−k4
(τ1), (C.133)

Q(2)
14 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Πk2(τ1)Π∗−k3
(τ2)Π∗−k4

(τ1) (C.134)

Q(2)
15 (k1,k2,k3,k4; τ1, τ2) = Πk1(τ2)Π∗−k2

(τ1)Π∗−k3
(τ2)Π∗−k4

(τ1), (C.135)

Q(2)
16 (k1,k2,k3,k4; τ1, τ2) = Π∗−k1

(τ2)Π∗−k2
(τ1)Π∗−k3

(τ2)Π∗−k4
(τ1) (C.136)

106

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 March 2021                   doi:10.20944/preprints202102.0616.v2

https://doi.org/10.20944/preprints202102.0616.v2


D Computation of classical limit of four-point “in-in” OTO amplitudes for

Cosmology

In this section, our prime objective is to explicitly compute the classical limiting version of the

four-point ”in-in” OTO amplitudes appearing in the expression or OTOC. To serve this purpose

in the classical limit we explicitly compute the following square of the Poisson bracket, given by:

{f(x, τ1), f(x, τ2)}2PB = {f(x, τ1), f(x, τ2)}PB {f(x, τ1), f(x, τ2)}PB , (D.1)

{f(x, τ1),Π(x, τ2)}2PB = {Π(x, τ1),Π(x, τ2)}PB {Π(x, τ1),Π(x, τ2)}PB . (D.2)

Now we use the following convention for the Fourier transformation, which is given by:

f(x, τ1) =

∫
d3k

(2π)3
exp(ik.x) fk(τ1), (D.3)

Π(x, τ1) = ∂τ1 f̂(x, τ1) =

∫
d3k

(2π)3
exp(ik.x) ∂τ1fk(τ1) =

∫
d3k

(2π)3
exp(ik.x) Πk(τ1), (D.4)

which will be very useful for the computation of the classical limiting result of four-point OTOC

in terms of the square of the Poisson bracket. Consequently, we get the following simplified

results:

{f(x, τ1), f(x, τ2)}2PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)[

{fk1(τ1), fk2(τ2)}PB {fk3(τ1), fk4(τ2)}PB + {fk1(τ1), fk3(τ2)}PB {fk2(τ1), fk4(τ2)}PB

+ {fk1(τ1), fk4(τ2)}PB {fk3(τ1), fk2(τ2)}PB + {fk2(τ1), fk3(τ2)}PB {fk4(τ1), fk1(τ2)}PB

+ {fk2(τ1), fk1(τ2)}PB {fk4(τ1), fk3(τ2)}PB + {fk2(τ1), fk4(τ2)}PB {fk1(τ1), fk3(τ2)}PB

+ {fk3(τ1), fk1(τ2)}PB {fk4(τ1), fk2(τ2)}PB + {fk3(τ1), fk2(τ2)}PB {fk1(τ1), fk4(τ2)}PB

+ {fk3(τ1), fk4(τ2)}PB {fk1(τ1), fk2(τ2)}PB + {fk4(τ1), fk1(τ2)}PB {fk2(τ1), fk3(τ2)}PB

+ {fk4(τ1), fk2(τ2)}PB {fk3(τ1), fk1(τ2)}PB + {fk4(τ1), fk3(τ2)}PB {fk2(τ1), fk1(τ2)}PB

]
. (D.5)

{Π(x, τ1),Π(x, τ2)}2PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)[

{Πk1(τ1),Πk2(τ2)}PB {Πk3(τ1),Πk4(τ2)}PB + {Πk1(τ1),Πk3(τ2)}PB {Πk2(τ1),Πk4(τ2)}PB

+ {Πk1(τ1),Πk4(τ2)}PB {Πk3(τ1),Πk2(τ2)}PB + {Πk2(τ1),Πk3(τ2)}PB {Πk4(τ1),Πk1(τ2)}PB

+ {Πk2(τ1),Πk1(τ2)}PB {Πk4(τ1),Πk3(τ2)}PB + {Πk2(τ1),Πk4(τ2)}PB {Πk1(τ1),Πk3(τ2)}PB

+ {Πk3(τ1),Πk1(τ2)}PB {Πk4(τ1),Πk2(τ2)}PB + {Πk3(τ1),Πk2(τ2)}PB {Πk1(τ1),Πk4(τ2)}PB

+ {Πk3(τ1),Πk4(τ2)}PB {Πk1(τ1),Πk2(τ2)}PB + {Πk4(τ1),Πk1(τ2)}PB {Πk2(τ1),Πk3(τ2)}PB

+ {Πk4(τ1),Πk2(τ2)}PB {Πk3(τ1),Πk1(τ2)}PB + {Πk4(τ1),Πk3(τ2)}PB {Πk2(τ1),Πk1(τ2)}PB

]
.(D.6)
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Now, here our job is to explicitly compute each of the Poisson brackets, which are appearing in

the above mentioned twelve terms. The explicit computation gives the following result:

{
fki(τ1), fkj (τ2)

}
PB

=

(
∂fki(τ1)

∂fkp(τ2)

∂fkj (τ1)

∂Πkp(τ2)
− ∂fki(τ1)

∂Πkp(τ2)

∂fkj (τ2)

∂fkp(τ2)

)
= (2π)3δ3(ki + kp)δ

3(kj + kp)U1(τ1, τ2)

(
∂kpfkj (τ1)

∂kjΠkp(τ2)
− ∂kpfki(τ1)

∂kiΠkp(τ2)

)
= (2π)3δ3(ki + kj)U1(τ1, τ2)

(
∂kjfkj (τ1)

∂kjΠkj (τ2)
− ∂kjfki(τ1)

∂kiΠkj (τ2)

)
= (2π)3δ3(ki + kj)U1(τ1, τ2)V1(τ1, τ2)

= (2π)3δ3(ki + kj) R1(τ1, τ2). ∀i 6= j with i, j = 1, 2, 3, 4. (D.7)

Here we define the overall time dependent amplitude as:

R1(τ1, τ2) = U1(τ1, τ2)V1(τ1, τ2), (D.8)

where we have used the following crucial facts:(
∂fki(τ1)

∂fkp(τ2)

)
= (2π)3δ3(ki + kp)U1(τ1, τ2), (D.9)(

∂kjfkj (τ1)

∂kjΠkj (τ2)
− ∂kjfki(τ1)

∂kiΠkj (τ2)

)
= V1(τ1, τ2). (D.10)

Similarly, one can compute:

{
Πki(τ1),Πkj (τ2)

}
PB

=

(
∂Πki(τ1)

∂fkp(τ2)

∂Πkj (τ1)

∂Πkp(τ2)
− ∂Πki(τ1)

∂Πkp(τ2)

∂Πkj (τ2)

∂fkp(τ2)

)
= (2π)3δ3(ki + kp)δ

3(kj + kp)U2(τ1, τ2)

(
∂kpΠkj (τ1)

∂kjfkp(τ2)
− ∂kpΠki(τ1)

∂kifkp(τ2)

)
= (2π)3δ3(ki + kj)U2(τ1, τ2)

(
∂kjΠkj (τ1)

∂kjfkj (τ2)
− ∂kjΠki(τ1)

∂kifkj (τ2)

)
= (2π)3δ3(ki + kj)U2(τ1, τ2)V2(τ1, τ2)

= (2π)3δ3(ki + kj) R2(τ1, τ2). ∀i 6= j with i, j = 1, 2, 3, 4. (D.11)

Here we define the overall time dependent amplitude as:

R2(τ1, τ2) = U2(τ1, τ2)V2(τ1, τ2), (D.12)

where we have used the following crucial facts:(
∂Πki(τ1)

∂Πkp(τ2)

)
= (2π)3δ3(ki + kp)U2(τ1, τ2), (D.13)(

∂kjΠkj (τ1)

∂kjfkj (τ2)
− ∂kjΠki(τ1)

∂kifkj (τ2)

)
= V2(τ1, τ2). (D.14)
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Here from these computed Poisson brackets we can extract the following sets of crucial informa-

tion, which will further helps us to understand more about the classical limit of the four-point

OTO amplitudes in the present computation:

1. The time dependent part as such very complicated as it contain the information regarding

classical version of random stochastic quantum fluctuations in the primordial universe. In

the present context it is hypothesized by a random function R1(τ1, τ2) and R2(τ1, τ2) which

incorporate the two conformal time scales in the results.

2. Also it is important to note that, R1(τ1, τ2) and R2(τ1, τ2) are homogeneous and isotropic

functions, which captures the dynamical effect of the spatially flat FLRW background.

For this reason the random functions, R1(τ1, τ2) and R2(τ1, τ2) are completely i and j

momentum index independent. This is actually the outcome of the stochastic randomness

in the present context. Due to having this fact these random functions, R1(τ1, τ2) and

R2(τ1, τ2) are non-zero in the present computation. This is the non-trivial result as in the

usual classical field theory these two correlators gives vanishing contribution without having

any random fluctuations in the theory.

3. Moreover, the interesting to point here that, one can explicitly separately write down the

contribution of the inhomogeneity and time dynamics in Fourier space after computing the

classical Poisson brackets.

4. Finally, the appearance of the three dimensional Dirac Delta function confirms the mo-

mentum conservation in the Fourier space in the classical two point OTO micro-canonical

amplitudes.

Further, we compute the square of the Poisson brackets, which after performing the Fourier

transformation can be expressed as:{
fki(τ1), fkj (τ2)

}
PB
{fkl(τ1), fkm(τ2)}PB = (2π)6δ3(ki + kj)δ

3(kl + km)U2
1(τ1, τ2)V2

1(τ1, τ2)

= (2π)6δ3(ki + kj)δ
3(kl + km) R2

1(τ1, τ2). (D.15){
Πki(τ1),Πkj (τ2)

}
PB
{Πkl(τ1),Πkm(τ2)}PB = (2π)6δ3(ki + kj)δ

3(kl + km)U2
2(τ1, τ2)V2

2(τ1, τ2)

= (2π)6δ3(ki + kj)δ
3(kl + km) R2

2(τ1, τ2).

∀i 6= j 6= l 6= m with i, j, k, l = 1, 2, 3, 4.

(D.16)

Consequently, we get the following simplified results:

{f(x, τ1), f(x, τ2)}2PB = (2π)6

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)

4∑
i,j,l,m=1,i 6=j 6=l 6=m

δ3(ki + kj)δ
3(kl + km)

︸ ︷︷ ︸
Contribution from 12 terms

R2
1(τ1, τ2). (D.17)
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{Π(x, τ1),Π(x, τ2)}2PB = (2π)6

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3
exp (i(k1 + k2 + k3 + k4).x)

4∑
i,j,l,m=1,i 6=j 6=l 6=m

δ3(ki + kj)δ
3(kl + km)

︸ ︷︷ ︸
Contribution from 12 terms

R2
2(τ1, τ2). (D.18)

Here, the explicit computation gives following product identity of the Dirac Delta function:

4∑
i,j,l,m=1,i 6=j 6=l 6=m

δ3(ki + kj)δ
3(kl + km) =

[
δ3(k1 + k2)δ3(k3 + k4) + δ3(k1 + k3)δ3(k2 + k4)

+δ3(k1 + k4)δ3(k3 + k2) + δ3(k2 + k3)δ3(k4 + k1)

+δ3(k2 + k1)δ3(k4 + k3) + δ3(k2 + k4)δ3(k1 + k3)

+δ3(k3 + k1)δ3(k4 + k2) + δ3(k3 + k2)δ3(k1 + k4)

+δ3(k3 + k4)δ3(k1 + k2) + δ3(k4 + k1)δ3(k2 + k3)

+δ3(k4 + k2)δ3(k3 + k1) + δ3(k4 + k3)δ3(k2 + k1)
]
. (D.19)

Now, we give the following proposal to quantify the random function R2(τ1, τ2), which is given

by the following expression:

R2
1(τ1, τ2) := 〈ηNoise(τ1)ηNoise(τ2)〉︸ ︷︷ ︸

Contribution from random noise field correlation

, (D.20)

R2
2(τ1, τ2) := 〈ΠηNoise

(τ1)ΠηNoise
(τ2)〉︸ ︷︷ ︸

Contribution from random momentum correlation

, (D.21)

where ηNoise(τi) ∀ i = 1, 2 and ΠηNoise
(τi) ∀ i = 1, 2 represent the conformal time dependent

random noise field and momentum functions.

Also it is important to note that the two consecutive noise kernels is time translation invariant,

for which we have written as:

〈ηNoise(τ1)ηNoise(τ2)〉 = G
(1)
Kernel(τ1, τ2) := G

(1)
Kernel(|τ1 − τ2|), (D.22)

〈ΠηNoise
(τ1)ΠηNoise

(τ2)〉 = G
(2)
Kernel(τ1, τ2) := G

(2)
Kernel(|τ1 − τ2|). (D.23)

Additionally, the conformal time dependent noise satisfy the following constraint conditions:

〈ηNoise(τi)〉 = 0, Noise = Gaussian, Non−Gaussian, (D.24)

〈ηNoise(τ1)ηNoise(τ2)ηNoise(τ3)〉 = 0, Noise = Gaussian, (D.25)

〈ηNoise(τ1)ηNoise(τ2).......ηNoise(τN )〉 = f
(1)
Noise(τ1, τ2, ...., τN ) 6= 0 ∀ N ≥ 2,

Noise = Non−Gaussian. (D.26)
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and

〈ΠηNoise
(τi)〉 = 0, Noise = Gaussian, Non−Gaussian, (D.27)

〈ΠηNoise
(τ1)ΠηNoise

(τ2)ηNoise(τ3)〉 = 0, Noise = Gaussian, (D.28)

〈ΠηNoise
(τ1)ΠηNoise

(τ2).......ΠηNoise
(τN )〉 = f

(2)
Noise(τ1, τ2, ...., τN ) 6= 0 ∀ N ≥ 2,

Noise = Non−Gaussian. (D.29)

After substituting this result in the previously computed expression for the amplitude we get the

following simplified expression:

{f(x, τ1), f(x, τ2)}2PB

= (2π)6
4∏
p=1

∫
d3kp
(2π)3

exp (ikp.x)
4∑

i,j,l,m=1,i 6=j 6=l 6=m
δ3(ki + kj)δ

3(kl + km)G
(2)
Kernel(|τ1 − τ2|), (D.30)

{Π(x, τ1),Π(x, τ2)}2PB

= (2π)6
4∏
q=1

∫
d3kq
(2π)3

exp (ikq.x)
4∑

i,j,l,m=1,i 6=j 6=l 6=m
δ3(ki + kj)δ

3(kl + km)G
(2)
Kernel(|τ1 − τ2|). (D.31)

E Computation of the trace of the two-point amplitude in OTOC

Now, we will explicitly compute the numerator of the OTOC for quantum Mota Allen vacua,

which is given by the following expression:

Tr
[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]]
(α,γ)

=
exp(−2 sin γtanα)

| coshα|

∫
dΨBD

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp [i (k1 + k2) .x]

〈ΨBD|
[
∇̂(1)

1 (k1,k2; τ1, τ2;β)− ∇̂(1)
2 (k1,k2; τ1, τ2;β)

]
|ΨBD〉. (E.1)

and

Tr
[
e−βĤ(τ1)

[
Π̂(x, τ1), Π̂(x, τ2)

]]
(α,γ)

=
exp(−2 sin γtanα)

| coshα|

∫
dΨBD

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp [i (k1 + k2) .x]

〈ΨBD|
[
∇̂(2)

1 (k1,k2; τ1, τ2;β)− ∇̂(2)
2 (k1,k2; τ1, τ2;β)

]
|ΨBD〉. (E.2)

Further, our aim is to compute the individual contributions which are given by:∫
dΨBD 〈ΨBD|∇̂(1)

1 (k1,k2; τ1, τ2;β)|ΨBD〉 =

∫
dΨBD 〈ΨBD|e−βĤ(τ1) ∆̂

(1)
1 (k1,k2; τ1, τ2)|ΨBD〉, (E.3)∫

dΨBD 〈ΨBD|∇̂(1)
2 (k1,k2; τ1, τ2;β)|ΨBD〉 =

∫
dΨBD 〈ΨBD|e−βĤ(τ1) ∆̂

(1)
2 (k1,k2; τ1, τ2)|ΨBD〉. (E.4)
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and∫
dΨBD 〈ΨBD|∇̂(2)

1 (k1,k2; τ1, τ2;β)|ΨBD〉 =

∫
dΨBD 〈ΨBD|e−βĤ(τ1) ∆̂

(2)
1 (k1,k2; τ1, τ2)|ΨBD〉, (E.5)∫

dΨBD 〈ΨBD|∇̂(2)
2 (k1,k2; τ1, τ2;β)|ΨBD〉 =

∫
dΨBD 〈ΨBD|e−βĤ(τ1) ∆̂

(2)
2 (k1,k2; τ1, τ2)|ΨBD〉. (E.6)

Let us evaluate one by one each of the contributions, which are given introducing normal ordering

by: ∫
dΨBD 〈ΨBD| : e−βĤ(τ1) ak1ak2 : |ΨBD〉 = 0, (E.7)∫
dΨBD 〈ΨBD| : e−βĤ(τ1) ak1a

†
−k2

: |ΨBD〉

= (2π)3 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3 (k1 + k2) , (E.8)

∫
dΨBD 〈ΨBD| : e−βĤ(τ1) a†−k1

ak2 : |ΨBD〉

= (2π)3 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3 (k1 + k2) , (E.9)∫

dΨBD 〈ΨBD| : e−βĤ(τ1) a†−k1
a†−k2

: |ΨBD〉 = 0. (E.10)

Consequently, the individual contributions can be computed in the normal ordered form as:∫
dΨBD 〈ΨBD|∇̂(1)

1 (k1,k2; τ1, τ2;β)|ΨBD〉

= (2π)3 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3(k1 + k2)

[
D(1)

2 (k1,k2; τ1, τ2) +D(1)
3 (k1,k2; τ1, τ2)

]
, (E.11)∫

dΨBD 〈ΨBD|∇̂(1)
2 (k1,k2; τ1, τ2;β)|ΨBD〉

= (2π)3 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3(k1 + k2)

[
L(1)

2 (k1,k2; τ1, τ2) + L(1)
3 (k1,k2; τ1, τ2)

]
, (E.12)∫

dΨBD 〈ΨBD|∇̂(2)
1 (k1,k2; τ1, τ2;β)|ΨBD〉

= (2π)3 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3(k1 + k2)

[
D(2)

2 (k1,k2; τ1, τ2) +D(2)
3 (k1,k2; τ1, τ2)

]
, (E.13)∫

dΨBD 〈ΨBD|∇̂(2)
2 (k1,k2; τ1, τ2;β)|ΨBD〉

= (2π)3 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3(k1 + k2)

[
L(2)

2 (k1,k2; τ1, τ2) + L(2)
3 (k1,k2; τ1, τ2)

]
, (E.14)
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F Computation of the trace of the four-point amplitude in OTOC

Now, we will explicitly compute the numerator of the OTOC for quantum α vacua,which is given

by the following expression:

Tr

[
e−βĤ(τ1)

[
f̂(x, τ1), f̂(x, τ2)

]2
]

(α)

=
exp(−2 sin γtanα)

| coshα|

∫
dΨBD

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3

exp [i (k1 + k2 + k3 + k4) .x]

〈ΨBD|
[
V̂(1)

1 (k1,k2,k3,k4; τ1, τ2;β)− V̂(1)
2 (k1,k2,k3,k4; τ1, τ2;β)

+V̂(1)
3 (k1,k2,k3,k4; τ1, τ2;β)− V̂(1)

4 (k1,k2,k3,k4; τ1, τ2;β)
]
|ΨBD〉. (F.1)

Tr

[
e−βĤ(τ1)

[
Π̂(x, τ1), Π̂(x, τ2)

]2
]

(α)

=
exp(−2 sin γtanα)

| coshα|

∫
dΨBD

∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3

∫
d3k4

(2π)3

exp [i (k1 + k2 + k3 + k4) .x]

〈ΨBD|
[
V̂(2)

1 (k1,k2,k3,k4; τ1, τ2;β)− V̂(2)
2 (k1,k2,k3,k4; τ1, τ2;β)

+V̂(2)
3 (k1,k2,k3,k4; τ1, τ2;β)− V̂(2)

4 (k1,k2,k3,k4; τ1, τ2;β)
]
|ΨBD〉. (F.2)

Further, our aim is to compute the individual contributions for l = 1, 2 which are given by:∫
dΨBD 〈ΨBD|V̂(l)

1 (k1,k2,k3,k4; τ1, τ2;β)|ΨBD〉

=

∫
dΨBD 〈ΨBD|e−βĤ(τ1) T̂ (l)

1 (k1,k2,k3,k4; τ1, τ2)|ΨBD〉, (F.3)∫
dΨBD 〈ΨBD|V̂(l)

2 (k1,k2,k3,k4; τ1, τ2;β)|ΨBD〉

=

∫
dΨBD 〈ΨBD|e−βĤ(τ1) T̂ (l)

2 (k1,k2,k3,k4; τ1, τ2)|ΨBD〉, (F.4)∫
dΨBD 〈ΨBD|V̂(l)

3 (k1,k2,k3,k4; τ1, τ2;β)|ΨBD〉

=

∫
dΨBD 〈ΨBD|e−βĤ(τ1) T̂ (l)

3 (k1,k2,k3,k4; τ1, τ2)|ΨBD〉, (F.5)∫
dΨBD 〈ΨBD|V̂(l)

4 (k1,k2,k3,k4; τ1, τ2;β)|ΨBD〉

=

∫
dΨBD 〈ΨBD|e−βĤ(τ1) T̂ (l)

4 (k1,k2,k3,k4; τ1, τ2)|ΨBD〉. (F.6)
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Let us evaluate one by one each of the contributions, by introducing normal ordering for l = 1, 2,

which are given by:∫
dΨBD 〈ΨBD| : V̂(l)

1 (k1,k2,k3,k4; τ1, τ2;β) : |ΨBD〉

= (2π)6 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
[
M(l)

4 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k4) δ3 (k2 + k3) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+M(l)

6 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+M(l)

7 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+M(l)

10(k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+M(l)

11(k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+M(l)

13(k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k3) δ3 (k2 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}]
, (F.7)∫

dΨBD 〈ΨBD| : V̂(l)
2 (k1,k2,k3,k4; τ1, τ2;β) : |ΨBD〉

= (2π)6 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
[
J (l)

4 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k4) δ3 (k2 + k3) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+J (l)

6 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+J (l)

7 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+J (l)

10 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+J (l)

11 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+J (l)

13 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k3) δ3 (k2 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}]
, (F.8)∫

dΨBD 〈ΨBD| : V̂(l)
3 (k1,k2,k3,k4; τ1, τ2;β) : |ΨBD〉

= (2π)6 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
[
N (l)

4 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k4) δ3 (k2 + k3) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+N (l)

6 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+N (l)

7 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+N (l)

10 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+N (l)

11 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+N (l)

13 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k3) δ3 (k2 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}]
, (F.9)
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∫
dΨBD 〈ΨBD| : V̂(l)

4 (k1,k2,k3,k4; τ1, τ2;β) : |ΨBD〉

= (2π)6 exp

(
−
∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
[
Q(1)

4 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k4) δ3 (k2 + k3) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+Q(l)

6 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+Q(l)

7 (k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+Q(l)

10(k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k3) δ3 (k2 + k4)

}
+Q(l)

11(k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k2) δ3 (k3 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}
+Q(l)

13(k1,k2,k3,k4; τ1, τ2)
{
δ3 (k1 + k3) δ3 (k2 + k4) + δ3 (k1 + k4) δ3 (k2 + k3)

}]
, (F.10)

After detailed computation it is possible to obtain the following OTO amplitudes which will finally

contribute in the expressions for the two desired auto-correlated OTOCs which are computing

in this paper. To understand the structure of these functions more clearly one can further write

them in terms of the redefined field and its canonically conjugate momenta, for the two specific

types of OTOCs as:

E(1)
4 (k1,k2,−k2,−k1; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)f−k2(τ1)f−k1(τ2)− f∗−k1

(τ2)f∗−k2
(τ1)f−k2(τ1)f−k1(τ2)

+f∗−k1
(τ1)f∗−k2

(τ2)f−k2(τ2)f−k1(τ1)− f∗−k1
(τ2)f∗−k2

(τ1)f−k2(τ2)f−k1(τ1), (F.11)

E(1)
4 (k1,k2,−k1,−k2; τ1, τ2) = f∗−k1

(τ1)f∗−k2
(τ2)f−k1(τ1)f−k2(τ2)− f∗−k1

(τ2)f∗−k2
(τ1)f−k1(τ1)f−k2(τ2)

+f∗−k1
(τ1)f∗−k2

(τ2)f−k1(τ2)f−k2(τ1)− f∗−k1
(τ2)f∗−k2

(τ1)f−k1(τ2)f−k2(τ1), (F.12)

E(1)
6 (k1,k2,−k2,−k1; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)f∗k2
(τ1)f−k1(τ2)− f∗−k1

(τ2)fk2(τ1)f∗k2
(τ1)f−k1(τ2)

+f∗−k1
(τ1)fk2(τ2)f∗k2

(τ2)f−k1(τ1)− f∗−k1
(τ2)fk2(τ1)f∗k2

(τ2)f−k1(τ1), (F.13)

E(1)
7 (k1,k2,−k1,−k2; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)f∗k1
(τ1)f−k2(τ2)− fk1(τ2)f∗−k2

(τ1)f∗k1
(τ1)f−k2(τ2)

+fk1(τ1)f∗−k2
(τ2)f∗k1

(τ2)f−k2(τ1)− fk1(τ2)f∗−k2
(τ1)f∗k1

(τ2)f−k2(τ1), (F.14)

E(1)
10 (k1,k2,−k1,−k2; τ1, τ2) = f∗−k1

(τ1)fk2(τ2)f−k1(τ1)f∗k2
(τ2)− f∗−k1

(τ2)fk2(τ1)f−k1(τ1)f∗k2
(τ2)

+f∗−k1
(τ1)fk2(τ2)f−k1(τ2)f∗k2

(τ1)− f∗−k1
(τ2)fk2(τ1)fk3(τ2)f∗−k4

(τ1), (F.15)

E(1)
11 (k1,k2,−k2,−k1; τ1, τ2) = fk1(τ1)f∗−k2

(τ2)f−k2(τ1)f∗k1
(τ2)− fk1(τ2)f∗−k2

(τ1)f−k2(τ1)f∗k1
(τ2)

+fk1(τ1)f∗−k2
(τ2)f−k2(τ2)f∗k1

(τ1)− fk1(τ2)f∗−k2
(τ1)f−k1(τ2)f∗k2

(τ1), (F.16)

E(1)
13 (k1,k2,−k1,−k2; τ1, τ2) = fk1(τ1)fk2(τ2)f∗k1

(τ1)f∗k2
(τ2)− fk1(τ2)fk2(τ1)f∗k1

(τ1)f∗k2
(τ2)

+fk1(τ1)fk2(τ2)f∗k1
(τ2)f∗k2

(τ1)− fk1(τ2)fk2(τ1)f∗k1
(τ2)f∗k2

(τ1), (F.17)

E(1)
13 (k1,k2,−k2,−k1; τ1, τ2) = fk1(τ1)fk2(τ2)f∗k2

(τ1)f∗k1
(τ2)− fk1(τ2)fk2(τ1)f∗k2

(τ1)f∗k1
(τ2)

+fk1(τ1)fk2(τ2)f∗k2
(τ2)f∗k1

(τ1)− fk1(τ2)fk2(τ1)f∗k2
(τ2)f∗k1

(τ1), (F.18)

E(1)
7 (k1,−k1,k2,−k2; τ1, τ2) = fk1(τ1)f∗k1

(τ2)f∗−k2
(τ1)f−k2(τ2)− fk1(τ2)f∗k1

(τ1)f∗−k2
(τ1)f−k2(τ2)

+fk1(τ1)f∗k1
(τ2)f∗−k2

(τ2)f−k2(τ1)− fk1(τ2)f∗k1
(τ1)f∗−k2

(τ2)f−k2(τ1), (F.19)
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E(1)
10 (k1,−k1,k2,−k2; τ1, τ2) = f∗−k1

(τ1)f−k1(τ2)fk2(τ1)f∗k2
(τ2)− f∗−k1

(τ2)f−k1(τ1)fk2(τ1)f∗k2
(τ2)

+f∗−k1
(τ1)f−k1(τ2)fk2(τ2)f∗k2

(τ1)− f∗−k1
(τ2)f−k1(τ1)fk2(τ2)f∗k2

(τ1), (F.20)

E(1)
11 (k1,−k1,k2,−k2; τ1, τ2) = fk1(τ1)f∗k1

(τ2)fk2(τ1)f∗k2
(τ2)− fk1(τ2)f∗k1

(τ1)fk2(τ1)f∗k2
(τ2)

+fk1(τ1)f∗k1
(τ2)fk2(τ2)f∗k2

(τ1)− fk1(τ2)f∗k1
(τ1)fk2(τ2)f∗k2

(τ1), (F.21)

and

E(2)
4 (k1,k2,−k2,−k1; τ1, τ2)

= Π∗−k1
(τ1)Π∗−k2

(τ2)Π−k2(τ1)Π−k1(τ2)−Π∗−k1
(τ2)Π∗−k2

(τ1)Π−k2(τ1)Π−k1(τ2)

+Π∗−k1
(τ1)Π∗−k2

(τ2)Π−k2(τ2)Π−k1(τ1)−Π∗−k1
(τ2)Π∗−k2

(τ1)Π−k2(τ2)Π−k1(τ1), (F.22)

E(2)
4 (k1,k2,−k1,−k2; τ1, τ2)

= Π∗−k1
(τ1)Π∗−k2

(τ2)Π−k1(τ1)Π−k2(τ2)−Π∗−k1
(τ2)Π∗−k2

(τ1)Π−k1(τ1)Π−k2(τ2)

+Π∗−k1
(τ1)Π∗−k2

(τ2)Π−k1(τ2)Π−k2(τ1)−Π∗−k1
(τ2)Π∗−k2

(τ1)Π−k1(τ2)Π−k2(τ1), (F.23)

E(2)
6 (k1,k2,−k2,−k1; τ1, τ2)

= Π∗−k1
(τ1)Πk2(τ2)Π∗k2

(τ1)Π−k1(τ2)−Π∗−k1
(τ2)Πk2(τ1)Π∗k2

(τ1)Π−k1(τ2)

+Π∗−k1
(τ1)Πk2(τ2)Π∗k2

(τ2)Π−k1(τ1)−Π∗−k1
(τ2)Πk2(τ1)Π∗k2

(τ2)Π−k1(τ1), (F.24)

E(2)
7 (k1,k2,−k1,−k2; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Π∗k1
(τ1)Π−k2(τ2)−Πk1(τ2)Π∗−k2

(τ1)Π∗k1
(τ1)Π−k2(τ2)

+Πk1(τ1)Π∗−k2
(τ2)Π∗k1

(τ2)Π−k2(τ1)−Πk1(τ2)Π∗−k2
(τ1)Π∗k1

(τ2)Π−k2(τ1), (F.25)

E(2)
10 (k1,k2,−k1,−k2; τ1, τ2) = Π∗−k1

(τ1)Πk2(τ2)Π−k1(τ1)Π∗k2
(τ2)−Π∗−k1

(τ2)Πk2(τ1)Π−k1(τ1)Π∗k2
(τ2)

+Π∗−k1
(τ1)Πk2(τ2)Π−k1(τ2)Π∗k2

(τ1)−Π∗−k1
(τ2)Πk2(τ1)Πk3(τ2)Π∗−k4

(τ1), (F.26)

E(2)
11 (k1,k2,−k2,−k1; τ1, τ2) = Πk1(τ1)Π∗−k2

(τ2)Π−k2(τ1)Π∗k1
(τ2)−Πk1(τ2)Π∗−k2

(τ1)Π−k2(τ1)Π∗k1
(τ2)

+Πk1(τ1)Π∗−k2
(τ2)Π−k2(τ2)Π∗k1

(τ1)−Πk1(τ2)Π∗−k2
(τ1)Π−k1(τ2)Π∗k2

(τ1), (F.27)

E(2)
13 (k1,k2,−k1,−k2; τ1, τ2) = Πk1(τ1)Πk2(τ2)Π∗k1

(τ1)Π∗k2
(τ2)−Πk1(τ2)Πk2(τ1)Π∗k1

(τ1)Π∗k2
(τ2)

+Πk1(τ1)Πk2(τ2)Π∗k1
(τ2)Π∗k2

(τ1)−Πk1(τ2)Πk2(τ1)Π∗k1
(τ2)Π∗k2

(τ1), (F.28)

E(2)
13 (k1,k2,−k2,−k1; τ1, τ2) = Πk1(τ1)Πk2(τ2)Π∗k2

(τ1)Π∗k1
(τ2)−Πk1(τ2)Πk2(τ1)Π∗k2

(τ1)Π∗k1
(τ2)

+Πk1(τ1)Πk2(τ2)Π∗k2
(τ2)Π∗k1

(τ1)−Πk1(τ2)Πk2(τ1)Π∗k2
(τ2)Π∗k1

(τ1), (F.29)

E(2)
7 (k1,−k1,k2,−k2; τ1, τ2) = Πk1(τ1)Π∗k1

(τ2)Π∗−k2
(τ1)Π−k2(τ2)−Πk1(τ2)Π∗k1

(τ1)Π∗−k2
(τ1)Π−k2(τ2)

+Πk1(τ1)Π∗k1
(τ2)Π∗−k2

(τ2)Π−k2(τ1)−Πk1(τ2)Π∗k1
(τ1)Π∗−k2

(τ2)Π−k2(τ1), (F.30)

E(2)
10 (k1,−k1,k2,−k2; τ1, τ2) = Π∗−k1

(τ1)Π−k1(τ2)Πk2(τ1)Π∗k2
(τ2)−Π∗−k1

(τ2)Π−k1(τ1)Πk2(τ1)Π∗k2
(τ2)

+Π∗−k1
(τ1)Π−k1(τ2)Πk2(τ2)Π∗k2

(τ1)−Π∗−k1
(τ2)Π−k1(τ1)Πk2(τ2)Π∗k2

(τ1), (F.31)

E(2)
11 (k1,−k1,k2,−k2; τ1, τ2) = Πk1(τ1)Π∗k1

(τ2)Πk2(τ1)Π∗k2
(τ2)−Πk1(τ2)Π∗k1

(τ1)Πk2(τ1)Π∗k2
(τ2)

+Πk1(τ1)Π∗k1
(τ2)Πk2(τ2)Π∗k2

(τ1)−Πk1(τ2)Π∗k1
(τ1)Πk2(τ2)Π∗k2

(τ1), (F.32)
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G Time dependent two-point amplitude in OTOC

We define the following momentum integrated time dependent amplitudes, which are given by:

B1(T, τ) : =

∫ L

k1=0
k2

1 dk1 P1(k1,−k1;T, τ)

= (−T )
1
2
−ν(−τ)

1
2
−ν
[
Z

(1)
(1) (τ1, τ2) + Z

(1)
(2) (τ1, τ2)− Z(1)

(3) (τ1, τ2)− Z(1)
(4) (τ1, τ2)

]
, (G.1)

B2(T, τ) : =

∫ L

k1=0
k2

1 dk1 P@(k1,−k1;T, τ)

= (−T )
3
2
−ν(−τ)

3
2
−ν
[
Z

(2)
(1) (τ1, τ2) + Z

(2)
(2) (τ1, τ2)− Z(2)

(3) (τ1, τ2)− Z(2)
(4) (τ1, τ2)

]
, (G.2)

where we have introduced the time dependent four individual amplitudes, Z
(1)
(i) (T, τ) ∀ i = 1, 2, 3, 4

and Z
(2)
(i) (T, τ) ∀ i = 1, 2, 3, 4, which are given by the following expressions:

Z
(1)
(1) (T, τ) :=

∫ L

k1=0
k2

1 dk1 fk1(T )f∗k1
(τ), (G.3)

Z
(1)
(2) (T, τ) =

∫ L

k1=0
k2

1 dk1 f
∗
−k1

(T )f−k1(τ), (G.4)

Z
(1)
(3) (T, τ) :=

∫ L

k1=0
k2

1 dk1 fk1(τ)f∗k1
(T ), (G.5)

Z
(1)
(4) (T, τ) :=

∫ L

k1=0
k2

1 dk1 f
∗
−k1

(τ)f−k1(T ), (G.6)

Z
(2)
(1) (T, τ) :=

∫ L

k1=0
k2

1 dk1 Πk1(T )Π∗k1
(τ), (G.7)

Z
(2)
(2) (T, τ) =

∫ L

k1=0
k2

1 dk1 Π∗−k1
(T )Π−k1(τ), (G.8)

Z
(2)
(3) (T, τ) :=

∫ L

k1=0
k2

1 dk1 Πk1(τ)Π∗k1
(T ), (G.9)

Z
(2)
(4) (T, τ) :=

∫ L

k1=0
k2

1 dk1 Π∗−k1
(τ)Π−k1(T ), (G.10)

which we are going to explicitly evaluate in this Appendix.

Now before going to evaluate the individual contributions from the symmetry properties of

the momentum dependent amplitudes we have derived the following results:

Z
(1)
(2) (T, τ) = (−1)−(2ν+1)Z

(1)
(1) (T, τ), (G.11)

Z
(1)
(4) (T, τ) = (−1)−(2ν+1)Z

(1)
(3) (T, τ), (G.12)

Z
(2)
(2) (T, τ) = (−1)−(2ν+1)Z

(2)
(1) (T, τ), (G.13)

Z
(2)
(4) (T, τ) = (−1)−(2ν+1)Z

(2)
(3) (T, τ), (G.14)
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using which the simplified form of the momentum integrated time dependent amplitudes can be

written as:

B1(T, τ) : = (−T )
1
2
−ν(−τ)

1
2
−ν
[
1 + (−1)−(2ν+1)

] (
Z(1)(T, τ)− Z(3)(T, τ)

)
, (G.15)

B2(T, τ) : = (−T )
3
2
−ν(−τ)

3
2
−ν
[
1 + (−1)−(2ν+1)

] (
Z(1)(T, τ)− Z(3)(T, τ)

)
. (G.16)

Consequently, the desired two-point OTOCs can be computed in the present context as:

Y f
1 (T, τ) = − 1

2π2
B1(T, τ) = (−T )

1
2
−ν(−τ)

1
2
−ν
[
1 + (−1)−(2ν+1)

] (
Z

(1)
(3) (T, τ)− Z(1)

(1) (T, τ)
)
, (G.17)

Y f
1 (T, τ) = − 1

2π2
B2(T, τ) = (−T )

3
2
−ν(−τ)

3
2
−ν
[
1 + (−1)−(2ν+1)

] (
Z

(2)
(3) (T, τ)− Z(2)

(1) (T, τ)
)
. (G.18)

The expression for
(
Z

(1)
(3) (T, τ)− Z(1)

(1) (T, τ)
)

is given by the following expression:

(
Z

(1)
(3) (T, τ)− Z(1)

(1) (T, τ)
)

=
i(A2 −B2)

(T − τ)5
L−2ν

(
−T 2(−iL(T − τ))2νΓ(3− 2ν,−iL(T − τ))

−T 2(−iL(T − τ))2νΓ(4− 2ν,−iL(T − τ))− T 2(iL(T − τ))2νΓ(3− 2ν, iL(T − τ))

−T 2(iL(T − τ))2νΓ(4− 2ν, iL(T − τ))− τ2(−iL(T − τ))2νΓ(3− 2ν,−iL(T − τ))

−τ2(−iL(T − τ))2νΓ(4− 2ν,−iL(T − τ))− τ2(iL(T − τ))2νΓ(3− 2ν, iL(T − τ))

−τ2(iL(T − τ))2νΓ(4− 2ν, iL(T − τ)) + τ(−T )Γ(5− 2ν)(−iL(T − τ))2ν

+Γ(3− 2ν)(T − τ)2
(
(−iL(T − τ))2ν + (iL(T − τ))2ν

)
+Γ(4− 2ν)(T − τ)2

(
(−iL(T − τ))2ν + (iL(T − τ))2ν

)
− τTΓ(5− 2ν)(iL(T − τ))2ν

+2τT (−iL(T − τ))2νΓ(3− 2ν,−iL(T − τ)) + 2τT (−iL(T − τ))2νΓ(4− 2ν,−iL(T − τ))

+τT (−iL(T − τ))2νΓ(5− 2ν,−iL(T − τ)) + 2τT (iL(T − τ))2νΓ(3− 2ν, iL(T − τ))

+2τT (iL(T − τ))2νΓ(4− 2ν, iL(T − τ)) + τT (iL(T − τ))2νΓ(5− 2ν, iL(T − τ))

)
. (G.19)

Similarly, the expression for
(
Z

(2)
(3) (T, τ)− Z(2)

(1) (T, τ)
)

can be found. Due to its length we are

not proving the details of the result. Though during the numerical plots the explicit detail have

been taken care of. Also for massive fields one can obtain the above mentioned results for the

two types of the integrals by taking the analytic continuation from ν to −i|ν|.
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H Time dependent four-point amplitudes in OTOC

We define the following momenta integrated time dependent amplitudes for l = 1, 2, which are

given by:

I(l)
1 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 2E(l)
4 (k1,k2,−k2,−k1; τ1, τ2), (H.1)

I(l)
2 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 2E(l)
13 (k1,k2,−k2,−k1; τ1, τ2), (H.2)

I3(τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 E(l)
6 (k1,k2,−k2,−k1; τ1, τ2), (H.3)

I(l)
4 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 E(l)
7 (k1,k2,−k1,−k2; τ1, τ2), (H.4)

I(l)
5 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 E(l)
10 (k1,k2,−k1,−k2; τ1, τ2), (H.5)

I(l)
6 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 E(l)
11 (k1,k2,−k2,−k1; τ1, τ2), (H.6)

I(l)
7 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 E(l)
7 (k1,−k1,k2,−k2; τ1, τ2), (H.7)

I(l)
8 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 E(l)
10 (k1,−k1,k2,−k2; τ1, τ2), (H.8)

I(l)
9 (τ1, τ2) :=

∫ L

k1=0
k2

1 dk1

∫ L

k2=0
k2

2 dk2 E(l)
10 (k1,−k1,k2,−k2; τ1, τ2). (H.9)

From the symmetry properties of the momentum dependent amplitudes we have derived the

following results for l = 1, 2, which are given by:

I(l)
2 (τ1, τ2) = (−1)4νI(l)

1 (τ1, τ2) with weight w2 = 2, (H.10)

I(l)
3 (τ1, τ2) = (−1)2νI(l)

1 (τ1, τ2) with weight w3 = 1, (H.11)

I(l)
4 (τ1, τ2) = (−1)2νI(l)

1 (τ1, τ2) with weight w4 = 1, (H.12)

I(l)
5 (τ1, τ2) = (−1)2νI(l)

1 (τ1, τ2) with weight w5 = 1, (H.13)

I(l)
6 (τ1, τ2) = (−1)2νI(l)

1 (τ1, τ2) with weight w6 = 1, (H.14)

I(l)
7 (τ1, τ2) = (−1)2νI(l)

1 (τ1, τ2) with weight w7 = 1, (H.15)

I(l)
8 (τ1, τ2) = (−1)2νI(l)

1 (τ1, τ2) with weight w8 = 1, (H.16)

I(l)
9 (τ1, τ2) = (−1)2νI(l)

1 (τ1, τ2) with weight w9 = 1. (H.17)

The details of the all of these regularised four-point integral computations we have given in the

following subsections. These computations are useful to construct the final expression for the

cosmological OTOC.
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H.1 Computation of I(1)
1 (τ1, τ2) and I(2)

1 (τ1, τ2)

First of all we evaluate the amplitude integral for l = 1, which is given by:

I(1)
1 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
4 (k1,k2,−k2,−k1;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)4ν

4∑
i=1

X
(1),1
i (T, τ),

(H.18)

where we define four time dependent functions, X
(1),1
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),1
1 = 1

32
L−2ν

(
(A2+B2)L3−2ν

3−2ν
+

(A2+B2)T2L5−2ν

5−2ν

+AB22ν−5T 2(−iT )2ν−5(Γ(5−2ν)−Γ(5−2ν,−2iLT ))+
AB22ν−3(iT )2ν−1(Γ(4−2ν)−Γ(4−2ν,2iLT ))

T2

+AB22ν−5T 2(iT )2ν−5(Γ(5−2ν)−Γ(5−2ν,2iLT ))−AB22ν−3(−iT )2ν−3(Γ(3−2ν)−Γ(3−2ν,−2iLT ))

−AB22ν−3(iT )2ν−3(Γ(3−2ν)−Γ(3−2ν,2iLT ))+
iAB22ν−3(−iT )2ν (Γ(4−2ν)−Γ(4−2ν,−2iLT ))

T3

)
×
(

32(A2+B2)L5T2

5−2ν
+

32(A2+B2)L3

3−2ν
− iAB4ν+1(−iLT )2νΓ(3−2ν,−2iLT )

T3

− iAB4ν+1(−iLT )2νΓ(4−2ν,−2iLT )

T3 − iAB4ν (−iLT )2νΓ(5−2ν,−2iLT )

T3

+
iAB4ν+1(iLT )2νΓ(3−2ν,2iLT )

T3 +
iAB4ν+1(iLT )2νΓ(4−2ν,2iLT )

T3

+
iAB4ν (iLT )2νΓ(5−2ν,2iLT )

T3 +
iAB4ν (2ν−7)Γ(5−2ν)((−iLT )2ν−(iLT )2ν)

(2ν−3)T3

)
(H.19)

X
(1),1
2 =−(−L2)

−2ν

(
B2(Γ(3−2ν)−Γ(3−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)3
+
B2(T+τ)(Γ(4−2ν)−Γ(4−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)4

+
B2Tτ(Γ(5−2ν)−Γ(5−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)5
+
AB(iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T+τ)))

(T+τ)3

+
A2(iL(T−τ))2ντ(Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4
+
AB(T−τ)(iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T+τ)))

(T+τ)4

+
A2T (iL(T−τ))2ντ(Γ(5−2ν)−Γ(5−2ν,iL(T−τ)))

(T−τ)5
−A

2(iL(T−τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T−τ)))

(T−τ)3

−A
2T (iL(T−τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4
−AB(−iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,−iL(T+τ)))

(T+τ)3

−AB(−iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,−iL(T+τ)))

(T+τ)3
−ABTτ(−iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,−iL(T+τ)))

(T+τ)5

−ABTτ(iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,iL(T+τ)))

(T+τ)5

)(
A2(Γ(3−2ν)−Γ(3−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)3

+
A2(Γ(4−2ν)−Γ(4−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)3
−A

2Tτ(Γ(5−2ν)−Γ(5−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)5

+
B2(iL(T−τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T−τ)))

(τ−T )3
+
AB(iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T+τ)))

(T+τ)3

+
B2(iL(T−τ))2ντ(Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4
+
ABT (iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T+τ)))

(T+τ)4

+
ABτ(iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T+τ)))

(T+τ)4
+
B2T (iL(T−τ))2ντ(Γ(5−2ν)−Γ(5−2ν,iL(T−τ)))

(T−τ)5

+
ABTτ(iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,iL(T+τ)))

(T+τ)5
−B

2T (iL(T−τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4

−AB(−iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,−iL(T+τ)))

(T+τ)3
−ABT (−iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,−iL(T+τ)))

(T+τ)4

−ABτ(−iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,−iL(T+τ)))

(T+τ)4
−ABTτ(−iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,−iL(T+τ)))

(T+τ)5

)
, (H.20)
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X
(1),1
3 =− 1

32
L−2ν

(
A2L5τ2(−L)−2ν

5−2ν
+

(A2+B2)L3(−L)−2ν

3−2ν
+
B2τ2(−L)5−2ν

5−2ν
+
iB2τ(−L)4−2ν

ν−2

+
AB22ν−3(iτ)2ν+1(Γ(4−2ν)−Γ(4−2ν,−2iLτ))

τ4 +
AB22ν−5(iτ)2ν+1(Γ(5−2ν)−Γ(5−2ν,−2iLτ))

τ4

+AB22ν−5τ2(−iτ)2ν−5(Γ(5−2ν)−Γ(5−2ν,2iLτ))+AB22ν−3(iτ)2ν−3(Γ(3−2ν)−Γ(3−2ν,−2iLτ))

+AB22ν−3(−iτ)2ν−3(Γ(3−2ν)−Γ(3−2ν,2iLτ)))
(

32(A2+B2)L5T2

5−2ν
+

32(A2+B2)L3

3−2ν
+
iAB4ν (2ν−7)Γ(5−2ν)((−iLT )2ν−(iLT )2ν)

(2ν−3)T3

− iAB4ν+1(−iLT )2νΓ(3−2ν,−2iLT )

T3 − iAB4ν+1(−iLT )2νΓ(4−2ν,−2iLT )

T3

− iAB4ν (−iLT )2νΓ(5−2ν,−2iLT )

T3 +
iAB4ν+1(iLT )2νΓ(3−2ν,2iLT )

T3 +
iAB4ν+1(iLT )2νΓ(4−2ν,2iLT )

T3 +
iAB4ν (iLT )2νΓ(5−2ν,2iLT )

T3

)
. (H.21)

X
(1),1
4 =(−L2)−2ν

(
B2(Γ(3−2ν)−Γ(3−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)3
+
B2T (Γ(4−2ν)−Γ(4−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)4

−B
2τ(Γ(4−2ν)−Γ(4−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)4
−B

2Tτ(Γ(5−2ν)−Γ(5−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)5

+
A2(iL(T−τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T−τ)))

(τ−T )3
+
AB(iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T+τ)))

(T+τ)3

+
A2(iL(T−τ))2ντ(Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4
+
ABT (iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T+τ)))

(T+τ)4

+
ABτ(iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T+τ)))

(T+τ)4
+
A2T (iL(T−τ))2ντ(Γ(5−2ν)−Γ(5−2ν,iL(T−τ)))

(T−τ)5

+
ABTτ(iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,iL(T+τ)))

(T+τ)5
−A

2T (iL(T−τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4

−AB(−iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,−iL(T+τ)))

(T+τ)3
−ABT (−iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,−iL(T+τ)))

(T+τ)4

−ABτ(−iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,−iL(T+τ)))

(T+τ)4
−ABTτ(−iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,−iL(T+τ)))

(T+τ)5

)
(

A2(Γ(3−2ν)−Γ(3−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)3
+
A2T (Γ(4−2ν)−Γ(4−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)4

−A
2τ(Γ(4−2ν)−Γ(4−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)4
−A

2Tτ(Γ(5−2ν)−Γ(5−2ν,−iL(T−τ)))(−iL(T−τ))2ν

(T−τ)5

+
AB(iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T+τ)))

(T+τ)3
+
B2(iL(T−τ))2ντ(Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4

+
ABT (iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T+τ)))

(T+τ)4
+
ABτ(iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T+τ)))

(T+τ)4

+
B2T (iL(T−τ))2ντ(Γ(5−2ν)−Γ(5−2ν,iL(T−τ)))

(T−τ)5
+
ABTτ(iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,iL(T+τ)))

(T+τ)5

−B
2(iL(T−τ))2ν (Γ(3−2ν)−Γ(3−2ν,iL(T−τ)))

(T−τ)3
−B

2T (iL(T−τ))2ν (Γ(4−2ν)−Γ(4−2ν,iL(T−τ)))

(T−τ)4

−AB(−iL(T+τ))2ν (Γ(3−2ν)−Γ(3−2ν,−iL(T+τ)))

(T+τ)3
−ABT (−iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,−iL(T+τ)))

(T+τ)4

−ABτ(−iL(T+τ))2ν (Γ(4−2ν)−Γ(4−2ν,−iL(T+τ)))

(T+τ)4
−ABTτ(−iL(T+τ))2ν (Γ(5−2ν)−Γ(5−2ν,−iL(T+τ)))

(T+τ)5

)
(H.22)

Here we have introduced two factors A and B which are defined as:

A =
2ν−

3
2√

2

∣∣∣∣∣ Γ(ν)

Γ
(

3
2

)∣∣∣∣∣ exp

(
−i
{
π

2

(
ν +

1

2

)})
C1, B =

2ν−
3
2√

2

∣∣∣∣∣ Γ(ν)

Γ
(

3
2

)∣∣∣∣∣ exp

(
i

{
π

2

(
ν +

1

2

)})
C2. (H.23)
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Here for general Mota Allen vacua we choose, C1 = coshα, C2 = exp(iγ) sinhα. Now setting

γ = 0 and α = 0 = γ we get the constants for α vacua and Bunch Davies vacuum.

Next, we evaluate the amplitude integral for l = 2, which is given by:

I(2)
1 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
4 (k1,k2,−k2,−k1;T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)4ν

4∑
i=1

X
(2),1
i (T, τ),

(H.24)

where we define four time dependent functions, X
(2),1
i (T, τ) ∀ i = 1, 2, 3, 4, which can be ana-

lytically computable but due to the length of the expressions we are not providing the explicit

details of the expressions here. Though the details have been used for the numerical plots. For

massive fields one can obtain the above mentioned results for the two types of the integrals by

taking the analytic continuation from ν to −i|ν|.

H.2 Computation of I(1)
2 (τ1, τ2) and I(2)

2 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
2 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
13 (k1,k2,−k1,−k2;T, τ) = (−T )1−2ν(−τ)1−2ν

4∑
i=1

X
(1),2
i (T, τ),

(H.25)

where we define four time dependent functions, X
(1),2
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),2
1 = X

(1),1
1 , X

(1),2
2 = X

(1),1
2 , X

(1),2
3 = X

(1),1
3 , X

(1),2
4 = X

(1),1
4 . (H.26)

Consequently, one can write:

I(1)
2 (T, τ) = (−T )1−2ν(−τ)1−2ν

4∑
i=1

X
(1),2
i (T, τ) = (−1)4νI(1)

1 (T, τ). (H.27)

Next, we have to evaluate the following integral for l = 2, which is given by:

I(2)
2 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
13 (k1,k2,−k1,−k2;T, τ) = (−T )3−2ν(−τ)3−2ν

4∑
i=1

X
(2),2
i (T, τ),

(H.28)

where we define four time dependent functions, X
(2),2
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(2),2
1 = X

(2),1
1 , X

(2),2
2 = X

(2),1
2 , X

(2),2
3 = X

(2),1
3 , X

(2),2
4 = X

(2),1
4 . (H.29)
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Consequently, one can write:

I(2)
2 (T, τ) = (−T )3−2ν(−τ)3−2ν

4∑
i=1

X
(2),2
i (T, τ) = (−1)4νI(2)

1 (T, τ). (H.30)

H.3 Computation of I(1)
3 (τ1, τ2) and I(2)

3 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
3 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
6 (k1,k2,−k2,−k1;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),3
i (T, τ),

(H.31)

where we define four time dependent functions, X
(1),3
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),3
1 = X

(1),1
1 , X

(1),3
2 = X

(1),1
2 , X

(1),3
3 = X

(1),1
3 , X

(1),3
4 = X

(1),1
4 . (H.32)

Consequently, one can write:

I(1)
3 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),3
i (T, τ) = (−1)2νI(1)

1 (T, τ). (H.33)

Next, we have to evaluate the following integral for l = 2, which is given by:

I(2)
3 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
6 (k1,k2,−k2,−k1;T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),3
i (T, τ),

(H.34)

where we define four time dependent functions, X
(2),3
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(2),3
1 = X

(2),1
1 , X

(2),3
2 = X

(2),1
2 , X

(2),3
3 = X

(2),1
3 , X

(2),3
4 = X

(2),1
4 . (H.35)

Consequently, one can write:

I(2)
3 (T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),3
i (T, τ) = (−1)2νI(2)

1 (T, τ). (H.36)
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H.4 Computation of I(1)
4 (τ1, τ2) and I(2)

4 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
4 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
7 (k1,k2,−k1,−k2;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),4
i (T, τ),

(H.37)

where we define four time dependent functions, X
(1),4
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),4
1 = X

(1),1
1 , X

(1),4
2 = X

(1),1
2 , X

(1),4
3 = X

(1),1
3 , X

(1),4
4 = X

(1),1
4 . (H.38)

Consequently, one can write:

I(1)
4 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(i)
1 (T, τ) = (−1)2νI(1)

1 (T, τ). (H.39)

Next, we have to evaluate the following integral for l = 2, which is given by:

I(2)
4 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
7 (k1,k2,−k1,−k2;T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),4
i (T, τ),

(H.40)

where we define four time dependent functions, X
(2),4
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(2),4
1 = X

(2),1
1 , X

(2),4
2 = X

(2),1
2 , X

(2),4
3 = X

(2),1
3 , X

(2),4
4 = X

(2),1
4 . (H.41)

Consequently, one can write:

I(2)
4 (T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),4
i (T, τ) = (−1)2νI(2)

1 (T, τ). (H.42)

H.5 Computation of I(1)
5 (τ1, τ2) and I(2)

5 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
5 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
10 (k1,k2,−k1,−k2;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),5
i (T, τ),

(H.43)
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where we define four time dependent functions, X
(1),5
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),5
1 = X

(1),1
1 , X

(1),5
2 = X

(1),1
2 , X

(1),5
3 = X

(1),1
3 , X

(1),5
4 = X

(1),1
4 . (H.44)

Consequently, one can write:

I(1)
5 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),5
i (T, τ) = (−1)2νI(1)

1 (T, τ). (H.45)

Next, we have to evaluate the following integral for l = 2, which is given by:

I(2)
5 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
10 (k1,k2,−k1,−k2;T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),5
i (T, τ),

(H.46)

where we define four time dependent functions, X
(2),5
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(2),5
1 = X

(2),1
1 , X

(2),5
2 = X

(2),1
2 , X

(2),5
3 = X

(2),1
3 , X

(2),5
4 = X

(2),1
4 . (H.47)

Consequently, one can write:

I(2)
5 (T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),5
i (T, τ) = (−1)2νI(2)

1 (T, τ). (H.48)

H.6 Computation of I(1)
6 (τ1, τ2) and I(2)

6 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
6 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
11 (k1,k2,−k2,−k1;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),6
i (T, τ),

(H.49)

where we define four time dependent functions, X
(1),6
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),6
1 = X

(1),1
1 , X

(1),6
2 = X

(1),1
2 , X

(1),6
3 = X

(1),1
3 , X

(1),6
4 = X

(1),1
4 . (H.50)

Consequently, one can write:

I(1)
6 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),6
i (T, τ) = (−1)2νI(1)

1 (T, τ). (H.51)
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In this context, we have to evaluate the following integral for l = 2, which is given by:

I(2)
6 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
11 (k1,k2,−k2,−k1;T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),6
i (T, τ),

(H.52)

where we define four time dependent functions, X
(2),6
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(2),6
1 = X

(2),1
1 , X

(2),6
2 = X

(2),1
2 , X

(2),6
3 = X

(2),1
3 , X

(2),6
4 = X

(2),1
4 . (H.53)

Consequently, one can write:

I(2)
6 (T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),6
i (T, τ) = (−1)2νI(2)

1 (T, τ). (H.54)

H.7 Computation of I(1)
7 (τ1, τ2) and I(2)

7 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
7 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
7 (k1,−k1,k2,−k2;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),7
i (T, τ),

(H.55)

where we define four time dependent functions, X
(1),7
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),7
1 = X

(1),1
1 , X

(1),7
2 = X

(1),1
2 , X

(1),7
3 = X

(1),1
3 , X

(1),7
4 = X

(1),1
4 . (H.56)

Consequently, one can write:

I(1)
7 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),7
i (T, τ) = (−1)2νI(1)

1 (T, τ). (H.57)

Next, we have to evaluate the following integral for l = 2, which is given by:

I(2)
7 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
7 (k1,−k1,k2,−k2;T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),7
i (T, τ),

(H.58)

where we define four time dependent functions, X
(2),7
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(2),7
1 = X

(2),1
1 , X

(2),7
2 = X

(2),1
2 , X

(2),7
3 = X

(2),1
3 , X

(2),7
4 = X

(2),1
4 . (H.59)
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Consequently, one can write:

I(2)
7 (T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),7
i (T, τ) = (−1)2νI(2)

1 (T, τ). (H.60)

H.8 Computation of I(1)
8 (τ1, τ2) and I(2)

8 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
8 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
10 (k1,−k1,k2,−k2;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),8
i (T, τ)

(H.61)

where we define four time dependent functions, X
(1),8
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),8
1 = X

(1),1
1 , X

(1),8
2 = X

(1),1
2 , X

(1),8
3 = X

(1),1
3 , X

(1),8
4 = X

(1),1
4 . (H.62)

Consequently, one can write:

I(1)
8 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),8
i (T, τ) = (−1)2νI(1)

1 (T, τ). (H.63)

Next, we have to evaluate the following integral for l = 2, which is given by:

I(2)
8 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(2)
10 (k1,−k1,k2,−k2;T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),8
i (T, τ)

(H.64)

where we define four time dependent functions, X
(2),8
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(2),8
1 = X

(1),1
1 , X

(2),8
2 = X

(1),1
2 , X

(2),8
3 = X

(1),1
3 , X

(2),8
4 = X

(1),1
4 . (H.65)

Consequently, one can write:

I(2)
8 (T, τ) =

(−T )3−2ν(−τ)3−2ν

(−1)2ν

4∑
i=1

X
(2),8
i (T, τ) = (−1)2νI(2)

1 (T, τ). (H.66)
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H.9 Computation of I(1)
9 (τ1, τ2) and I(2)

9 (τ1, τ2)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
9 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
11 (k1,−k1,k2,−k2;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),9
i (T, τ)

(H.67)

where we define four time dependent functions, X
(1),9
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),9
1 = X

(1),1
1 , X

(1),9
2 = X

(1),1
2 , X

(1),9
3 = X

(1),1
3 , X

(1),9
4 = X

(1),1
4 . (H.68)

Consequently, one can write:

I(1)
9 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),9
i (T, τ) = (−1)2νI(1)

1 (T, τ). (H.69)

In this context, we have to evaluate the following integral for l = 1, which is given by:

I(1)
9 (T, τ) =

∫ L

k1=0
k2

1dk1

∫ L

k2=0
k2

2dk2E(1)
11 (k1,−k1,k2,−k2;T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),9
i (T, τ)

(H.70)

where we define four time dependent functions, X
(1),9
i (T, τ) ∀ i = 1, 2, 3, 4, which are given by

the following expressions:

X
(1),9
1 = X

(1),1
1 , X

(1),9
2 = X

(1),1
2 , X

(1),9
3 = X

(1),1
3 , X

(1),9
4 = X

(1),1
4 . (H.71)

Consequently, one can write:

I(1)
9 (T, τ) =

(−T )1−2ν(−τ)1−2ν

(−1)2ν

4∑
i=1

X
(1),9
i (T, τ) = (−1)2νI(1)

1 (T, τ). (H.72)

I Computation of the normalization factor in four-point OTOC

I.1 Normalization factor of four-point OTOC computed from rescaled field variable

Further, our objective is to compute the normalisation factors of two OTOCs computed from

the rescaled field variable f and its conjugate momentum Π, which are given by the following

expression:

N f
1 (τ1, τ2) :=

1

〈f̂(τ1)f̂(τ1)〉β〈f̂(τ2)f̂(τ2)〉β
, (I.1)

N f
2 (τ1, τ2) :=

1

〈Π̂(τ1)Π̂(τ1)〉β〈Π̂(τ2)Π̂(τ2)〉β
, (I.2)
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for this we need to explicitly evaluate the denominator of the above mentioned expressions.

Now, the product of the two thermal two point function for general Mota Allen vacua are

evaluated as:

〈f̂(τ1)f̂(τ1)〉β =
1

Zα,γ(β; τ1)
Tr
[
e−βĤ(τ1)f̂(x, τ1)f̂(x, τ1)

]
(α,γ)

, (I.3)

〈Π̂(τ2)Π̂(τ2)〉β =
1

Zα,γ(β; τ2)
Tr
[
e−βĤ(τ2)Π̂(x, τ2)Π̂(x, τ2)

]
(α,γ)

, (I.4)

where the thermal partition function for cosmology computed for Mota Allen vacua can be

expressed as:

Zα,γ(β; τi) =
exp(−2 sin γtanα)

| coshα| exp

(
−
(

1 +
1

2
δ3(0)

)∫
d3k ln

(
2 sinh

βEk(τi)

2

))
∀ i = 1, 2. (I.5)

Next, we compute the expressions for the numerators with respect to the general Mota Allen

vacua, which are given by:

Tr
[
e−βĤ(τ1)f̂(x, τ1)f̂(x, τ1)

]
(α,γ)

=
exp(−2 sin γtanα)

| coshα|

∫
dΨBD 〈ΨBD|

{
exp

(
i

2
exp(iγ) tanhα

∫
d3k1

(2π)3
ak1ak1

)
exp

(
−β
∫
d3k

(
a†kak +

1

2
δ3(0)

)
Ek(τ1)

)
∫

d3k3

(2π)3

∫
d3k4

(2π)3
exp ((k3 + k4) .x)

[
fk3(τ1)fk4(τ1) ak3ak4 + f∗−k3

(τ1)fk4(τ1) a†−k3
ak4

+fk3(τ1)f∗−k4
(τ1) ak3a

†
−k4

+ f∗−k3
(τ1)f∗−k4

(τ1) a†−k3
a†−k4

]
exp

(
− i

2
exp(−iγ) tanhα

∫
d3k2

(2π)3
a†k2

a†k2

)}
|ΨBD〉. (I.6)

Now we will explicitly compute the individual contributions, which are given by:

exp

(
− i

2
exp(−iγ) tanhα

∫
d3k2

(2π)3
a†k2

a†k2

)
|ΨBD〉

=

∞∑
n=0

(−1)n

n!

(
i

2
exp(−iγ) tanhα

)n(∫ d3k2

(2π)3
a†k2

a†k2

)n
|ΨBD〉 = exp

(
− i

2
exp(−iγ) tanhα

)
|ΨBD〉., (I.7)

〈ΨBD| exp

(
i

2
exp(iγ) tanhα

∫
d3k2

(2π)3
ak2ak2

)
=

[
exp

(
− i

2
exp(−iγ) tanhα

∫
d3k2

(2π)3
a†k2

a†k2

)
|ΨBD〉

]†
= 〈ΨBD| exp

(
i

2
exp(iγ) tanhα

)
, (I.8)

and also we have used the following sets of useful results:∫
dΨBD 〈ΨBD| exp

(
−β
∫
d3k

(
a†kak +

1

2
δ3(0)

)
Ek(τ1)

)
ak3ak4 |ΨBD〉 = 0, (I.9)
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∫
dΨBD 〈ΨBD| exp

(
−β
∫
d3k

(
a†kak +

1

2
δ3(0)

)
Ek(τ1)

)
a†−k3

ak4 |ΨBD〉

= (2π)3 exp

(
−
(

1 +
1

2
δ3(0)

)∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3(k3 + k4), (I.10)∫

dΨBD 〈ΨBD| exp

(
−β
∫
d3k

(
a†kak +

1

2
δ3(0)

)
Ek(τ1)

)
ak3a

†
−k4
|ΨBD〉

= (2π)3 exp

(
−
(

1 +
1

2
δ3(0)

)∫
d3k ln

(
2 sinh

βEk(τ1)

2

))
δ3(k3 + k4), (I.11)∫

dΨBD 〈ΨBD| exp

(
−β
∫
d3k

(
a†kak +

1

2
δ3(0)

)
Ek(τ1)

)
a†−k3

a†−k4
|ΨBD〉 = 0. .(I.12)

Consequently, we can simplify the final result of the previously mentioned trace as given by the

following expressions:

Tr
[
e−βĤ(τ1)f̂(x, τ1)f̂(x, τ1)

]
(α,γ)

= Zα,γ(β; τ1)

∫
d3k3

(2π)3

∫
d3k4

(2π)3
(2π)3δ3(k3 + k4)

[
fk3(τ1)f∗−k4

(τ1) + f∗−k3
(τ1)fk4(τ1)

]
=
Zα,γ(β; τ1)

π2
F (α,γ)

1 (τ1), (I.13)

Tr
[
e−βĤ(τ2)f̂(x, τ2)f̂(x, τ2)

]
(α,γ)

= Zα,γ(β; τ2)

∫
d3k3

(2π)3

∫
d3k4

(2π)3
(2π)3δ3(k3 + k4)

[
fk3(τ2)f∗−k4

(τ2) + f∗−k3
(τ2)fk4(τ2)

]
=
Zα,γ(β; τ2)

π2
F (α,γ)

1 (τ2), (I.14)

where we define a regularised time dependent functions F (α,γ)
1 (τ1) and F (α,γ)

1 (τ2) as:

F (α,γ)
1 (τ1) :=

∫ L

0
dk3 k

2
3 |fk3(τ1)|2,

=
iAB

32τ3
1

(
2

L

)2ν
[

32(A2 +B2)

iAB
τ3

1L
3

(
L2τ2

1

5− 2ν
+

1

3− 2ν

)
+

(2ν − 7)Γ(5− 2ν)
(
(−iLτ1)2ν − (iLτ1)2ν

)
(2ν − 3)

+(iLτ1)2ν {4Γ(3− 2ν, 2iLτ1) + Γ(5− 2ν, 2iLτ1) + 4Γ(4− 2ν, 2iLτ1)}
−(−iLτ1)2ν {4Γ(3− 2ν, 2iLτ1) + Γ(5− 2ν,−2iLτ1) + 4Γ(4− 2ν,−2iLτ1)}

]
, (I.15)

Here the constants A and B are in general dependent on the mass parameter ν and the vacuum

parameters α and γ for the Mota Allen vacua. Replacing τ1 with τ2 one can write down the

expression for F (α,γ)
1 (τ2).
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Similarly, following the same logical arguments one can show that:

Tr
[
e−βĤ(τ1)Π̂(x, τ1)Π̂(x, τ1)

]
(α,γ)

= Zα,γ(β; τ1)

∫
d3k3

(2π)3

∫
d3k4

(2π)3
(2π)3δ3(k3 + k4)

[
Πk3(τ1)Π∗−k4

(τ1) + Π∗−k3
(τ1)Πk4(τ1)

]
=
Zα,γ(β; τ1)

π2
F (α,γ)

2 (τ2), (I.16)

Tr
[
e−βĤ(τ2)Π̂(x, τ2)Π̂(x, τ2)

]
(α,γ)

= Zα(β; τ2)

∫
d3k3

(2π)3

∫
d3k4

(2π)3
(2π)3δ3(k3 + k4)

[
Πk3(τ2)Π∗−k4

(τ2) + Π∗−k3
(τ2)Πk4(τ2)

]
=
Zα(β; τ2)

π2
F (α)

2 (τ2), (I.17)

where we define a regularised time dependent function F (α,γ)
2 (τ1) and F (α,γ)

2 (τ2) as:

F (α,γ)
2 (τ1) :=

∫ L

0
dk3 k

2
3 |Πk3(τ1)|2,

=
1

4τ4
1

L−2ν
[
−i4ν+1ABτ3

1 Γ(−2ν,−2iLτ1)(−iLτ1)2ν + 22ν+3ABiντ3
1 Γ(−2ν,−2iLτ1)(−iLτ1)2ν

+22ν+5ABiν2τ3
1 Γ(−2(ν + 1),−2iLτ1)(−iLτ1)2ν + 22ν+3ABiτ3

2 Γ(−2(ν + 1),−2iLτ1)(−iLτ1)2ν

−i22ν+5ABντ3
2 Γ(−2(ν + 1),−2iLτ1)(−iLτ1)2ν + 22ν+3ABi(1− 2ν)2τ3

1 Γ(−2ν − 3,−2iLτ1)(−iLτ1)2ν

+22ν+3ABiν2τ3
1 Γ(−2ν − 1,−2iLτ1)(−iLτ1)2ν − 3i22ν+1ABτ3

1 Γ(−2ν − 1,−2iLτ1)(−iLτ1)2ν

+22ν+3ABiντ3
1 Γ(−2ν − 1,−2iLτ1)(−iLτ1)2ν + 22ν+1ABiτ3

1 Γ(1− 2ν,−2iLτ1)(−iLτ1)2ν

+
4(A2 +B2)Lτ4

1

1− 2ν
− 4iB2τ3

1 +
2B2iτ3

1

ν

]
+

1

4τ4
1

L−2ν

[
τ2

1 [4ν2(2A2 +B2) +B2(4ν − 3)− 5A2]

L(2ν + 1)
+
B2iτ2[4ν(ν − 1) + 1]

L2(ν + 1)

+4ν+1ABiτ3
1

(
7(−iLτ1)2ν − 13(iLτ1)2ν + 4ν3

(
(−iLτ1)2ν + 7(iLτ1)2ν

)
+ν
(
9(iLτ1)2ν − 25(−iLτ1)2ν

)
+ ν2

(
68(iLτ1)2ν − 28(−iLτ1)2ν

))
Γ(−2ν − 3)

−i22ν+5ABν2τ3
1 (iLτ2)2νΓ(−2ν − 3, 2iLτ2)− i22ν+3ABτ3

2 (iLτ2)2νΓ(−2ν − 3, 2iLτ1)

+22ν+5ABiντ3
1 (iLτ1)2νΓ(−2ν − 3, 2iLτ1) + 22ν+3ABiν2τ3

1 (iLτ1)2νΓ(−2ν − 1, 2iLτ1)

+5 22ν+1ABiτ3
1 (iLτ1)2νΓ(−2ν − 1, 2iLτ1)− 3i22ν+3ABντ3

2 (iLτ1)2νΓ(−2ν − 1, 2iLτ1)

−i22ν+1ABτ3
1 (iLτ2)2νΓ(1− 2ν, 2iLτ1) +

4(A2 +B2)[ν(1− ν)− 1]

L3(2ν + 3)

]
, (I.18)

Replacing τ1 with τ2 one can write down the expression for F (α,γ)
2 (τ2).

Then we have found the following expression:

〈f̂(τ1)f̂(τ1)〉β =
1

Zα,γ(β; τ1)
Tr
[
e−βĤ(τ1)f̂(x, τ1)f̂(x, τ1)

]
(α)

=
1

π2
F (α,γ)

1 (τ1), (I.19)
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〈f̂(τ2)f̂(τ2)〉β =
1

Zα,γ(β; τ2)
Tr
[
e−βĤ(τ2)f̂(x, τ2)f̂(x, τ2)

]
(α)

=
1

π2
F (α,γ)

1 (τ2), (I.20)

〈Π̂(τ1)Π̂(τ1)〉β =
1

Zα,γ(β; τ1)
Tr
[
e−βĤ(τ1)Π̂(x, τ1)Π̂(x, τ1)

]
(α,γ)

=
1

π2
F (α,γ)

2 (τ1), (I.21)

〈Π̂(τ2)Π̂(τ2)〉β =
1

Zα,γ(β; τ2)
Tr
[
e−βĤ(τ2)Π̂(x, τ2)Π̂(x, τ2)

]
(α,γ)

=
1

π2
F (α,γ)

2 (τ2). (I.22)

Consequently, the normalisation factors of the previously defined two types of auto correlated

OTO functions for the rescaled field variable and its canonically conjugate momenta operators

can be computed as:

N f
1 (τ1, τ2) =

1

〈f̂(τ1)f̂(τ1)〉β〈f̂(τ2)f̂(τ2)〉β
=

π4

F (α,γ)
1 (τ1)F (α)

1 (τ2)
, (I.23)

N f
2 (τ1, τ2) =

1

〈Π̂(τ1)Π̂(τ1)〉β〈Π̂(τ2)Π̂(τ2)〉β
=

π4

F (α,γ)
2 (τ1)F (α,γ)

2 (τ2)
. (I.24)

For further computation we frequently drop the exponent (α, γ) as appearing in the normalization

factors. So in this simple notation one can write:

N f
1 (τ1, τ2) =

π4

F1(τ1)F1(τ2)
, (I.25)

N f
2 (τ1, τ2) =

π4

F2(τ1)F2(τ2)
. (I.26)

I.2 Normalization factor of four-point OTOC computed from curvature perturba-

tion field variable

Now, we are going to perform the similar computations when we express the normalisation factors

of the two types of the desired OTOCs written in terms of the scalar curvature perturbation field

variable and its canonical conjugate momenta:

N ζ
1 (τ1, τ2) :=

1

〈ζ̂(τ1)ζ̂(τ1)〉β〈ζ̂(τ2)ζ̂(τ2)〉β
, (I.27)

N ζ
2 (τ1, τ2) :=

1

〈Π̂ζ(τ1)Π̂ζ(τ1)〉β〈Π̂ζ(τ2)Π̂ζ(τ2)〉β
. (I.28)

for this we need to explicitly evaluate the denominator of the above mentioned expression.

Now, the product of the two thermal two point function written in terms of curvature per-

turbation and its canonically conjugate momenta are evaluated for the generalized Mota Allen

quantum vacua as:

〈ζ̂(τ1)ζ̂(τ1)〉β =
1

Zα,γ(β; τ1)
Tr
[
e−βĤ(τ1)ζ̂(x, τ1)ζ̂(x, τ1)

]
(α,γ)

, (I.29)

〈Π̂ζ((τ2)Π̂ζ((τ1)〉β =
1

Zα,γ(β; τ2)
Tr
[
e−βĤ(τ2)Π̂ζ(x, τ2)Π̂ζ(x, τ2)

]
(α,γ)

, (I.30)

where the thermal partition function for primordial cosmology in terms of curvature perturbation
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field variable is computed for generalised Mota Allen vacua can be expressed as:

Zζα,γ(β; τi) =
exp(−2 sin γtanα) ZζBD(β; τi)

| coshα| ∀ i = 1, 2. (I.31)

Here the thermal partition function for primordial cosmology in terms of curvature perturbation

field variable computed for the Bunch Davies quantum vacuum as:

ZζBD(β; τi) ≈ exp

(
−
(

1 +
1

2
δ3(0)

)∫
d3k ln

(
2 sinh

βz2(τi)Ek,ζ(τi)

2

))
∀ i = 1, 2. (I.32)

Here we define the conformal time dependent energy dispersion relation in terms of the curvature

perturbation field variable and its canonically conjugate momenta as:

Ek,ζ(τi) : =
∣∣∣Πζ

k(τi)
∣∣∣2 +

(
k2 − 1

z(τi)

d2z(τi)

dτ2
i

+

(
1

z(τi)

dz(τi)

dτi

)2
)
|ζk(τi)|2 ∀ i = 1, 2 (I.33)

Consequently, we can simplify the final result of the previously mentioned trace in terms of

the curvature perturbation and its canonically conjugate momenta as given by the following

expression:

Tr
[
e−βĤ(τ1)ζ̂(x, τ1)ζ̂(x, τ1)

]
(α,γ)

=
Zζα,γ(β; τ1)

π2z2(τ1)
F (α,γ)

1 (τ1), (I.34)

Tr
[
e−βĤ(τ2)ζ̂(x, τ2)ζ̂(x, τ2)

]
(α,γ)

=
Zζα,γ(β; τ2)

π2z2(τ2)
F (α,γ)

1 (τ2), (I.35)

Tr
[
e−βĤ(τ1)Π̂ζ(x, τ1)Π̂ζ(x, τ1)

]
(α,γ)

=
Zζα(β; τ2)

π2z2(τ2)
F (α,γ)

2 (τ1), (I.36)

Tr
[
e−βĤ(τ2)Π̂ζ(x, τ2)Π̂ζ(x, τ2)

]
(α)

=
Zζα(β; τ2)

π2z2(τ2)
F (α,γ)

2 (τ2). (I.37)

Then we have found the following expressions for the thermal two point functions:

〈ζ̂(τ1)ζ̂(τ1)〉β =
1

Zζα(β; τ1)
Tr
[
e−βĤ(τ1)ζ̂(x, τ1)ζ̂(x, τ1)

]
(α)

=
1

π2z2(τ1)
F (α)

1 (τ1), (I.38)

〈ζ̂(τ1)ζ̂(τ1)〉β =
1

Zζα(β; τ1)
Tr
[
e−βĤ(τ1)ζ̂(x, τ1)ζ̂(x, τ1)

]
(α)

=
1

π2z2(τ1)
F (α)

1 (τ1), (I.39)

〈Π̂ζ(τ1)Π̂ζ(τ1)〉β =
1

Zζα,γ(β; τ2)
Tr
[
e−βĤ(τ1)Π̂ζ(x, τ1)Π̂ζ(x, τ1)

]
(α,γ)

=
1

π2z2(τ1)
F (α,γ)

2 (τ1) , (I.40)

〈Π̂ζ(τ2)Π̂ζ(τ2)〉β =
1

Zζα,γ(β; τ2)
Tr
[
e−βĤ(τ2)Π̂ζ(x, τ2)Π̂ζ(x, τ2)

]
(α,γ)

=
1

π2z2(τ2)
F (α,γ)

2 (τ2) . (I.41)

This further implies that the connecting relation between the two point thermal correlation

functions computed from the rescaled field variable and curvature perturbation variable and
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their conjugate momenta are given by:

〈f̂(τ1)f̂(τ1)〉β = z2(τ1)〈ζ̂(τ1)ζ̂(τ1)〉β, (I.42)

〈f̂(τ2)f̂(τ2)〉β = z2(τ2)〈ζ̂(τ2)ζ̂(τ2)〉β, (I.43)

〈Π̂(τ1)Π̂(τ1)〉β = z2(τ1)〈Π̂ζ(τ1)Π̂ζ(τ1)〉β, (I.44)

〈Π̂(τ2)Π̂(τ2)〉β = z2(τ2)〈Π̂ζ(τ2)Π̂ζ(τ2)〉β. (I.45)

Consequently, the normalisation factors of the two desired auto-correlated OTOs for the curvature

perturbation variable and in terms of the canonically conjugate momenta can be finally computed

as:

N ζ
1 (τ1, τ2) =

1

〈ζ̂(τ1)ζ̂(τ1)〉β〈ζ̂(τ2)ζ̂(τ2)〉β
=

π4z2(τ1)z2(τ2)

F (α,γ)
1 (τ1)F (α,γ)

1 (τ2)
= z2(τ1)z2(τ2)N f

1 (τ1, τ2), (I.46)

N ζ
2 (τ1, τ2) =

1

〈Π̂ζ(τ1)Π̂ζ(τ1)〉β〈Π̂ζ(τ2)Π̂ζ(τ2)〉β
=

π4z2(τ1)z2(τ2)

F (α,γ)
2 (τ1)F (α,γ)

2 (τ2)
= z2(τ1)z2(τ2)N f

2 (τ1, τ2). (I.47)

J Computation of the normalization factor in classical limit of four-point

OTOC

J.1 Normalization factor of the classical version of four-point OTOC computed

from rescaled field variable

Further, our aim is to compute the normalisation factor of the classical version of OTOC computed

from the rescaled field variable f , which is given by the following expression:

N f
1,Classical(τ1, τ2) :=

1

〈f(τ1)f(τ1)〉β〈Π(τ2Π(τ2)〉β
, (J.1)

N f
1,Classical(τ1, τ2) :=

1

〈f(τ1)f(τ1)〉β〈Π(τ2Π(τ2)〉β
, (J.2)

for this we need to explicitly evaluate the denominators of the above mentioned expressions. In

the classical limiting case there is no physical notion of vacuum state exist using which we can

take the thermal average over a statistical ensemble. To avoid such confusion in the classical

case the commutator brackets are replaced by the usual Poisson brackets and the thermal tracing

operation to find the OTOC will be replaced by the phase space measure
DfDΠ

2π
over which we

have to perform the average at the end.

Now, the two thermal two point functions in the classical limiting case are evaluated in terms

of the phase space averaged Poisson Brackets as:

〈f(τ1)f(τ1)〉β =
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
e−βH(τ1) {f(x, τ1), f(x, τ1)}PB, (J.3)

〈f(τ2)f(τ2)〉β =
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
e−βH(τ2) {f(x, τ2), f(x, τ2)}PB, (J.4)
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〈Π(τ1)Π(τ1)〉β =
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
e−βH(τ1) {Π(x, τ1),Π(x, τ1)}PB, (J.5)

〈Π(τ2)Π(τ2)〉β =
1

ZClassical(β; τ2)

∫ ∫ DfDΠ

2π
e−βH(τ2) {Π(x, τ2),Π(x, τ2)}PB. (J.6)

where the thermal partition function for cosmology in the classical limit is computed as:

ZClassical(β; τi) = exp

(
−
∫
d3k ln

(
2 sinh

βEk(τi)

2

))
∀ i = 1, 2. (J.7)

Now we compute the Poission brackets as:

{f(x, τ1), f(x, τ1)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {fk1(τ1), fk2(τ1)}PB

=
W1(0)

2π2

∫ L

k1=0
k2

1dk1 =
L3

6π2
W1(0), (J.8)

{f(x, τ2), f(x, τ2)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {fk1(τ2), fk2(τ2)}PB

=
W1(0)

2π2

∫ L

k1=0
k2

1dk1 =
L3

6π2
W1(0), (J.9)

{Π(x, τ1),Π(x, τ1)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {Πk1(τ2),Πk2(τ2)}PB

=
W2(0)

2π2

∫ L

k1=0
k2

1dk1 =
L3

6π2
W2(0), (J.10)

{Π(x, τ2),Π(x, τ2)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {Πk1(τ2),Πk2(τ2)}PB

=
W2(0)

2π2

∫ L

k1=0
k2

1dk1 =
L3

6π2
W2(0). (J.11)

Here it is important to note that, W1(0) 6= W2(0). Then we have found the following expression:

〈f(τ1)f(τ1)〉β =
L3

6π2
W1(0) = 〈f(τ2)f(τ2)〉β, (J.12)

〈Π(τ1)Π(τ1)〉β =
L3

6π2
W2(0) = 〈Π(τ2)Π(τ2)〉β. (J.13)

Consequently, the normalisation factors of classical limit of the two types of the desired OTOCs

for the rescaled field variable and its associated canonical conjugate momenta can be computed

as:

N f
1,Classical(τ1, τ2) =

36π4

L6W2
1(0)

=
36π4

L6G
(1)
Kernel(0)

, (J.14)

N f
2,Classical(τ1, τ2) =

36π4

L6W2
2(0)

=
36π4

L6G
(2)
Kernel(0)

, (J.15)
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which further implies, N f
1,Classical(τ1, τ2) 6= N f

2,Classical(τ1, τ2). Now, considering the examples of

non-Gaussian coloured noise and Gaussian white noise we get the following simplified result for

the normalization factors in the classical limit:

N f
1,Classical(τ1, τ2) =


36γ1π

4

L6A1

, Coloured Noise

0 White Noise
(J.16)

N f
2,Classical(τ1, τ2) =


36γ2π

4

L6A2

, Coloured Noise

0 White Noise
(J.17)

where for the non-Gaussian coloured noise we have, γ1 6= γ2,A1 6= A2.

J.2 Normalization factor of the classical version of four-point OTOC computed

from curvature perturbation field variable

Now, we are going to perform the similar type of computation when we express the normalisation

factors of the two types of the desired OTOCs in the classical limit written in terms of the scalar

curvature perturbation field variable and its canonically conjugate momentum variable as:

N ζ
1,Classical(τ1, τ2) :=

1

〈ζ(τ1)ζ(τ1)〉β〈ζ(τ2)ζ(τ2)〉β
, (J.18)

N ζ
2,Classical(τ1, τ2) :=

1

〈Πζ(τ1)Πζ(τ1)〉β〈Πζ(τ2)Πζ(τ2)〉β
, (J.19)

for this we need to explicitly evaluate the denominators of the above mentioned expressions.

Now, the product of the two thermal two point function written in terms of curvature pertur-

bation and its canonically conjugate momenta are evaluated as:

〈ζ(τ1)ζ(τ1)〉β =
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
e−βH(τ1) {ζ(x, τ1), ζ(x, τ1)}PB, (J.20)

〈ζ(τ2)ζ(τ2)〉β =
1

ZClassical(β; τ2)

∫ ∫ DfDΠ

2π
e−βH(τ2) {ζ(x, τ2), ζ(x, τ2)}PB, (J.21)

〈Π̂(τ1)Π̂(τ1)〉β =
1

ZClassical(β; τ1)

∫ ∫ DfDΠ

2π
e−βH(τ2) {Π(x, τ1),Π(x, τ1)}PB, (J.22)

〈Π̂(τ2)Π̂(τ2)〉β =
1

ZClassical(β; τ2)

∫ ∫ DfDΠ

2π
e−βH(τ2) {Π(x, τ2),Π(x, τ2)}PB, (J.23)

where the thermal partition function for cosmology in the classical limit in terms of curvature

perturbation field variable can be computed as:

ZζClassical(β; τi) = exp

(
−
∫
d3k ln

(
2 sinh

βz2(τi)Ek,ζ(τi)

2

))
∀ i = 1, 2, (J.24)

Here we define the time dependent energy dispersion relation in terms of the curvature pertur-
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bation field variable and the its canonically conjugate momentum as:

Ek,ζ(τi) : =
∣∣∣Πζ

k(τi)
∣∣∣2 +

(
k2 − 1

z(τi)

d2z(τi)

dτ2
i

+

(
1

z(τi)

dz(τi)

dτi

)2
)
|ζk(τi)|2 ∀ i = 1, 2 (J.25)

Now we compute the classical Poission brackets as:

{ζ(x, τ1), ζ(x, τ1)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {ζk1(τ1), ζk2(τ1)}PB , (J.26)

{ζ(x, τ2), ζ(x, τ2)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {ζk1(τ1), ζk2(τ1)}PB , (J.27)

{Πζ(x, τ1),Πζ(x, τ1)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {Πζ;k1(τ2),Πζ;k2(τ2)}PB , (J.28)

{Πζ(x, τ2),Πζ(x, τ2)}PB =

∫
d3k1

(2π)3

∫
d3k2

(2π)3
exp(i(k1 + k2).x) {Πζ;k1(τ2),Πζ;k2(τ2)}PB . (J.29)

Then we have found the following expressions for the thermal two point auto correlation functions:

〈ζ(τ1)ζ(τ1)〉β =
L3

6π2z2(τ1)
W1(0), (J.30)

〈ζ(τ2)ζ(τ2)〉β =
L3

6π2z2(τ2)
W1(0), (J.31)

〈Πζ(τ1)Πζ(τ1)〉β =
L3

6π2z2(τ1)
W2(0) , (J.32)

〈Πζ(τ2)Πζ(τ2)〉β =
L3

6π2z2(τ2)
W2(0) . (J.33)

This further implies the following connecting relations between the two point thermal auto cor-

relation functions computed from the rescaled field variable and curvature perturbation field

variable and their conjugate momenta in the classical limit are given by:

〈f(τ1)f(τ1)〉β = z2(τ1)〈ζ(τ1)ζ(τ1)〉β, (J.34)

〈f(τ2)f(τ2)〉β = z2(τ2)〈ζ(τ2)ζ(τ2)〉β, (J.35)

〈Π(τ1)Π(τ1)〉β = z2(τ1)〈Πζ(τ1)Πζ(τ1)〉β, (J.36)

〈Π(τ2)Π(τ2)〉β = z2(τ2)〈Πζ(τ2)Πζ(τ2)〉β. (J.37)

Consequently, the normalisation factors of auto-correlated OTO functions in the classical limit

for the curvature perturbation variable and its canonically conjugate momenta can be computed

as:

N ζ
1,Classical(τ1, τ2) =

1

〈ζ(τ1)ζ(τ1)〉β〈ζ(τ2)ζ(τ2)〉β
= z2(τ1)z2(τ2)N f

Classical(τ1, τ2), (J.38)

N ζ
2,Classical(τ1, τ2) =

1

〈Πζ(τ1)Πζ(τ1)〉β〈Πζ(τ2)Πζ(τ2)〉β
= z2(τ1)z2(τ2)N f

Classical(τ1, τ2). (J.39)
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