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ABSTRACT 

Refinery planning optimization is a challenging problem as regards handling the nonconvex 

bilinearity mainly due to pooling operations in processes such as crude oil distillation and 

product blending. This work investigates the performance of several representative piecewise-

linear (or piecewise-affine) relaxation schemes referred to as McCormick, bm, nf5, nf6t, and 

de (which is a new approach proposed based on eigenvector decomposition) that mainly give 

rise to mixed-integer optimization programs to convexify a bilinear term using predetermined 

univariate partitioning for instances of uniform and non-uniform partition sizes. Computational 

results show that applying these schemes give improved relaxation tightness than only applying 

convex and concave envelopes as estimators. Uniform partition sizes typically perform better 

in terms of relaxation solution quality and convergence behavior. It is also seen that there is a 
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limit on the number of partitions that contributes to relaxation tightness, which does not 

necessarily correspond to a larger number of partitions, while a direct relation between 

relaxation size and tightness does not always hold for non-uniform partition sizes. 

KEYWORDS: piecewise-linear relaxation; refinery planning; nonconvex; bilinear; nonlinear 

programming (NLP); mixed-integer linear programming (MILP) 

1. INTRODUCTION 

 

Optimization or mathematical programming models and tools are widely used in strategic and 

tactical planning of petroleum refinery operations. Major commercial refinery planning 

software include PIMS-AO (Aspen Technology),1 RPMS (Honeywell),2 GRTMPS (Haverly),3 

and Spiral Plan (AVEVA). Existing use of such platforms largely involve linear programming 

(LP)-based techniques combined with heuristics and expert insights as well as rules-of-thumb 

to handle (including to simplify) the inherently nonlinear refinery processing behavior. On the 

other hand, it is deemed as to use rigorous planning models4 if they are not able to adequately 

represent the intended process details that possibly involve nonconvex nonlinearity towards 

obtaining globally optimal solutions,5 whose features likely vary from one plant to another.6-7 

In this regard, there is interest for refineries to develop their own planning models,8 but which 

necessitates customizing solution strategies rather than relying on off-the-shelf solvers 

particularly to handle the presence of nonconvexity. 

 

There is ongoing effort to capture the complexity of refinery operations in formulating suitable 

planning optimization models.9-10 A chief interest is to improve the operational representation 

of a crude distillation units (CDU), which is a main refining process to separate crude oil 

mixtures into different fractions (e.g., naphtha, light and heavy distillates, bottom residue) 
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based on boiling point differences. The complex nature of crude oil as feed and distillation 

operation with multiple inflows (e.g., reflux) and outflows (e.g., side streams) of material and 

energy make CDU modeling challenging.11-12 

 

Refinery distillation modeling method (for CDU)

Fixed
yield

Swing
cut

Fractionation
index

Alattas et al. (2011, 
2012)

Manne (1958) Li et al. (2005)

Process simulatorAssay data Assay data

 

Figure 1. Modeling methods for petroleum refinery distillation cutpoints (mainly for CDU). 

 

There are several modeling approaches to estimate CDU outlet fractions or distillates; also 

called crude oil cuts or simply “cuts”. The methods include fixed yield, swing cut, and 

fractionation index as summarized in Figure 1 in terms of their input data and representative 

(seminal) work. Fixed yield is a basic method to represent CDU distillates as constant values 

specified based on historical data (e.g., crude assay reports), experience (i.e., expert advice), or 

process simulation models. Swing cut is more detailed by estimating a small portion of the 

yields (i.e., the “swing cut”) that overlaps between adjacent cuts either represented as a 

parameter or determined as a decision variable. A potentially more accurate and physically-

based technique uses fractionation index13 that incorporates phase equilibrium and relative 

volatility to represent component distributions of the CDU cuts. Table 1 compares key 

attributes of these techniques including application examples. It is noteworthy that an emerging 

approach is to adopt suitable surrogate models to represent the yields (e.g., by improving the 

swing cuts prediction).14 
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Table 1. Methods to model refinery distillation yields of crude oils. 

Method Relation 
Type  

Feature Application 

Fixed yield Linear Simple; amenable to large scale models 
(especially LP); can cater for different 
operating modes 

Simulation15 , planning optimization 
(LP,15 NLP,7, 16 MINLP17), scheduling 
optimization (MILP8) 

Swing cut Linear or 
nonlinear 

More accurate than fixed yield; can 
represent multiple operating modes18  

Planning optimization (LP19, MILP, 
NLP,14, 20-26 MINLP27 

Fractionation 
index 

Nonlinear High accuracy (considers relative volatility 
and phase equilibrium) 

Planning optimization (NLP,18 
MINLP)28-29 

 

This work considers a swing cut-based refinery planning nonlinear programming (NLP) model 

such as that based on Li et al.23 Existing work involves modeling swing cuts largely by using 

empirical correlations23 or determining a temperature range to define the associated swing 

cuts.14 Solution techniques include applying LP relaxations based on McCormick’s convex and 

concave envelopes30-31 to improve bounds tightening within a gradient-based local NLP solver5 

as well as using a branch and bound-based global solver such as ANTIGONE32 to perform 

integrated refinery and petrochemicals planning.33 

 

Reduced computational times are reported for solving large-scale pooling problems using 

piecewise-linear relaxations within global optimization framework.34-35 Wicaksono and 

Karimi36 and Gounaris et al.37 propose several piecewise-linear relaxation schemes using ab 

initio univariate and bivariate partitioning38 to handle nonconvex bilinear terms. A survey of 

developments on such relaxation methods can be found in Misener and Floudas.39 A related 

recent theoretical development is reported in Nagarajan et al.40 

 

Several global optimization methods for handling bilinear functions are reported in the 

literature.36, 41-46 A common technique uses spatial branch-and-bound framework47 which is 

similar to the class of branch-and-bound methods developed for integer optimization problems 

(e.g., pure integer linear program (ILP) or mixed-integer linear program (MILP))48 with a main 
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difference in that spatial branch-and-bound performs branching on continuous rather than 

discrete variables. The main challenges in spatial branch-and-bound involve devising and 

applying effective branching strategies in addition to efficient procedures for obtaining tight 

lower and/or upper bounds. An implementation of this framework is available in the BARON 

solver, which incorporates a branch-and-reduce technique to perform variable range reduction 

based on Lagrangean multipliers.49-51 

 

Other global optimization approach proposed includes a branch-and-contract algorithm for 

univariate concave, bilinear, and linear fractional functions that emphasizes reducing the 

number of branch-and-bound search tree nodes through a contraction operator.52 The relatively 

recent global optimization solver of ANTIGONE (commercial version of GloMIQO) offers 

capabilities based on advances in piecewise-linear (or -affine) relaxation algorithms.53 

Computational comparisons are available for a number of global optimization codes on 

benchmark problems.37, 54 

 

Much effort focusses on constructing convex relaxations for factorable nonconvex NLP 

problems. This class of problems exclusively involves factorable functions, which can be 

expressed as recursive sums and products of univariate functions.55 Symbolic reformulation 

techniques have been proposed to transform an arbitrary factorable nonconvex program into 

an equivalent standard form in which all nonconvex terms are expressed a special nonlinear 

terms such as bilinear and concave univariate terms.56 These special nonlinear terms form the 

building blocks for factorable problems that abound in a wide range of disciplines including 

chemical engineering. In addition to those mentioned earlier, many problems in (chemical) 

process systems engineering such as design, operation, and control fall within this scope.57-60 
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Thus by addressing bilinear functions in this work, we are essentially addressing the much 

wider class of nonconvex factorable programs. 

 

Our work contributes by conducting computational comparisons on several piecewise-linear 

relaxation schemes with potentially advantageous performance. Our study implements the 

schemes on a representative refinery planning nonconvex (bilinear) NLP model which involves 

distillation, conversion (reaction), and blending operations. We also compare the results with 

commercial global solvers (BARON and ANTIGONE). The rest of the paper consists of a brief 

description of the planning model followed by its reformulated relaxation versions that include 

a new proposed scheme based on separable programming. 

 

2. PROBLEM DESCRIPTION ON REFINERY PLANNING MODEL 

 

The computational study considers a petroleum refinery planning problem with its 

configuration shown in Figure 2 and described as follows (with the symbols denoted in the 

diagram stated in parentheses). A crude oil mixture enters CDU that separates this feed stream 

into five cuts, namely gross overhead (GO), heavy naphtha (HN), light distillate (LD), heavy 

distillate (HD), and bottom residue (BR). The lighter CDU cuts of GO and HN are blended 

with FCC gasoline (FGas) and MTBE (methyl tert-butyl ether, which functions as a gasoline 

additive) in gasoline blending unit (GB) to produce two gasoline grades represented by streams 

90G and 93G (with octane numbers of at least 90 and 93, respectively). The heavier CDU cuts 

of LD and HD are blended in diesel blending unit (DB) to produce two diesel grades 

represented by streams10D and 0D (with pour points of at most 10°C and 0°C, respectively). 

The BR cut from CDU is fed to FCC that produces four outlets, namely a stream containing 

components with two to four carbon atoms (C24), FCC gasoline (FGas), total gas oil (TGO), 
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and coke (COKE). C24 is sold as a valuable product while FGas is fed to GB. A portion of 

TGO is recycled to mix with BR with the remaining sold as FCC heavy oil (FHO). The coke 

produced is consumed internally in the refinery as a fuel source. 

 

Mathematical formulation for the refinery planning NLP model is provided as Supporting 

Information. 

 

 

Figure 2. Flowsheet configuration for refinery planning model (NLP). 

 

3. COMPUTATIONAL EXPERIMENTS 

 

This section presents our computational experiment results to investigate the performance of 

several representative piecewise-linear relaxation methods applied to nonconvex bilinear terms 

in the foregoing refinery planning NLP model. Table 2 lists the bilinear terms and their number 

of occurrences in the model. Unless otherwise stated, we reformulate the model obtain its 

relaxations by implementing univariate partitioning. 
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Table 2. Bilinear terms in refinery planning NLP model. 

Bilinear Term Count 
𝐿௨𝑊௣ 5 
𝐿௨𝑌௙ 4 

𝐶𝑜𝑛𝑣 × 𝐶𝑜𝑛𝑣 =  (𝐶𝑜𝑛𝑣)ଶ 4 
𝑀𝑊௣ × 𝑀𝑊௣ = 𝑀𝑊௣

ଶ 4 

𝑃𝑟௝,௣𝐹௣,௚
௜௣௥௢ௗ 4 

Total 21 

 

3.1. Reformulation as Relaxation Models 

 

The bilinear terms in the refinery planning model are identified and replaced with new single-

term variables in reformulating their associated constraints to obtain a convexified model 

(either as LP or MILP). We apply the following relaxation methods for the reformulation 

(which are mostly referred to by the names used in their original publications):36-37 convex and 

concave envelopes relaxation called mc scheme,55 a big-M relaxation called bm scheme,36-37 

two incremental cost relaxations called nf5 and nf6t schemes,36-37 and a decomposition in 

eigenvector directions scheme called de. The reformulated relaxed models for these schemes 

are given in Supporting Information as applied to the bilinear term 𝐿௨𝑊௣ in equation B26). The 

resulting relaxed models of LP (for mc scheme) and MILP (for bm, nf5, and nf6t schemes) 

are solved using GAMS 30.3.0/CPLEX 12. Figure 3 shows a flowchart on the procedure used 

in our computational comparison study. 
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Reformulate nonconvex (bilinear) terms in original model (NLP)

Eigenvector 
decomposition (de)

Big-M
(bm)

nf5 nf6t

|UB – GO| ≤ 
(GO = known global optimum)

Solve relaxation to get objective function upper bound (UB)

MILP relaxationLP relaxation

Vary partition number ( ) and size ( )

YES

Verify suitable and for relaxation scheme

NO

McCormick 
envelopes (mc)

 

Figure 3. Procedure for investigating performance of piecewise-linear relaxation schemes on a 

nonconvex bilinear refinery planning NLP model. 

 

The first scheme is the McCormick relaxation approach that involves representing (and 

replacing) a bilinear term by constructing its convex and concave envelopes as shown in the 

following constraints for the term 𝑊௣ in bilinear variable 𝐿௨𝑊௣: 

 

 𝜔௨,௣ ≥ 𝐿௨
୐୓𝑊௣ + 𝐿௨𝑊௣

୐୓ − 𝐿௨
୐୓𝑊௣

୐୓, 𝑢 = CDU, ∀𝑝 (1) 

 𝜔௨,௣ ≥ 𝐿௨
୙୔𝑊௣ + 𝐿௨𝑊௣

୙୔ − 𝐿௨
୙୔𝑊௣

୙୔, 𝑢 = CDU, ∀𝑝 (2) 

 𝜔௨,௣ ≤ 𝐿௨
୙୔𝑊௣ + 𝐿௨𝑊௣

୐୓ − 𝐿௨
୙୔𝑊௣

୐୓, 𝑢 = CDU, ∀𝑝 (3) 

 𝜔௨,௣ ≤ 𝐿௨
୐୓𝑊௣ + 𝐿௨𝑊௣

୙୔ − 𝐿௨
୐୓𝑊௣

୙୔, 𝑢 = CDU, ∀𝑝 (4) 

 

where 𝜔௨,௣ is reformulated bilinear term 𝐿௨𝑊௣ while superscripts LO and UP are lower and 

upper bounds, respectively of the bilinear term. 
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The second scheme called bm is of the big-M relaxation type that is reported to give tighter 

relaxation than mc scheme37 by dividing the domain of a partitioned bilinear variable term into 

N segments (i.e., partitions) and applying overestimators and underestimators for each segment 

n where n = 1, 2, … N as shown in the following for the bilinear variable term 𝑊௣: 

 

 ∑ 𝜆௡,௣௡ = 1,     ∀𝑝 (5) 

 𝑊௣ ≥ 𝑊௣
୐୓ + ൫𝑘௡ିଵ,௣ − 𝑊௣

୐୓൯𝜆௡,௣,     ∀𝑛, 𝑝 (6) 

 𝑊௣ ≤ 𝑊௣
୙୔ − ൫𝑊௣

୙୔ − k௡,௣൯𝜆௡,௣,     ∀𝑛, 𝑝 (7) 

 𝜔௨,௣ ≥ 𝑊௣𝐿௨
୐୓ + 𝑘௡ିଵ,௣(𝐿௨ − 𝐿௨

୐୓) − 𝑀௣൫1 − 𝜆௡,௣൯,     𝑢 = CDU, ∀𝑛, 𝑝  (8) 

 𝜔௨,௣ ≥ 𝑊௣𝐿௨
୙୔ + 𝑘௡,௣(𝐿௨ − 𝐿௨

୙୔) − 𝑀௣൫1 − 𝜆௡,௣൯,     𝑢 = CDU, ∀𝑛, 𝑝 (9) 

 𝜔௨,௣ ≤ 𝑊௣𝐿௨
୙୔ + 𝑘௡ିଵ,௣(𝐿௨ − 𝐿௨

୙୔) + 𝑀௣൫1 − 𝜆௡,௣൯,     𝑢 = CDU, ∀𝑛, 𝑝 (10) 

 𝜔௨,௣ ≤ 𝑊௣𝐿௨
୐୓ + 𝑘௡,௣(𝐿௨ − 𝐿௨

୐୓) + 𝑀௣൫1 − 𝜆௡,௣൯,     𝑢 = CDU, ∀𝑛, 𝑝 (11) 

 

where 𝜆௡,௣ is binary variable that is equal to one if variable Wp is activated in subdomain n for 

CDU fraction p,  𝑘௡,௣ is grid point of segment n for fraction p, and Mp is big-M parameter for 

p. The resulting relaxed model gives rise to an MILP. 

 

The third scheme, nf5 incrementally builds on the values of a partitioned bilinear variable term 

through successive segmenting (hence called an incremental cost relaxation type), resulting in 

a tighter relaxation than the bm scheme and similarly leads to an MILP relaxed model as 

follows for the bilinear variable term 𝑊௣: 

 

 𝑊௣ = 𝑊௣
୐୓ + ෌ 𝑞௡𝑑𝑈௡,௣௡

,     𝑢 = CDU, ∀𝑝 (12) 
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 𝑑𝑈௡,௣ ≥ 𝜃௡,௣,     ∀𝑛 < 𝑁, 𝑝 (13) 

 𝑑𝑈௡,௣ ≤ 𝜃௡ିଵ,௣,     ∀𝑛 > 1 (14) 

 𝜔௨,௣ = 𝑊௣
୐୓𝐿௨ + 𝑊௣𝐿௨

୐୓ − 𝐿௨
୐୓𝑊௣

୐୓ + ∑ 𝑞௡𝑑𝑄௡,௣௡ ,     𝑢 = CDU, ∀𝑝 (15) 

 𝑑𝑄௡,௣ ≥ ൫𝑊௣
୙୔ − 𝑊௣

୐୓൯𝑑𝑈௡,௣ + 𝑊௣ − 𝑊௣
୙୔,      𝑛 = 1, ∀𝑝 (16) 

 𝑑𝑄௡,௣ ≥ 𝑑𝑉௡,௣,      ∀𝑛 < 𝑁, 𝑝 (17) 

 𝑑𝑄௡,௣ ≥ ൫𝑊௣
୙୔ − 𝑊௣

୐୓൯൫𝑑𝑈௡,௣ − 𝜃୬ିଵ൯ + 𝑑𝑉௡ିଵ,௣,     ∀𝑛 > 1, 𝑝 (18) 

 𝑑𝑄௡,௣ ≤ 𝑊௣ − 𝑊௣
୐୓,     𝑛 = 1, ∀𝑛, 𝑝 (19) 

 𝑑𝑄௡,௣ ≤ ൫𝑊௣
୙୔ − 𝑊௣

୐୓൯൫𝑑𝑈௡,௣ − 𝜃௡൯ + 𝑑𝑉௡,௣,     ∀𝑛 < 𝑁, ∀𝑝 (20) 

 𝑑𝑄௡,௣ ≤ 𝑑𝑉௡ିଵ,௣,      ∀𝑛 > 1, ∀𝑝 (21) 

 𝑑𝑄௡,௣ ≤ ൫𝑊௣
୙୔ − 𝑊௣

୐୓൯𝑑𝑈௡,௣,     𝑛 = 𝑁, ∀𝑝 (22) 

 

where 𝜃௡,௣ is binary variable that is equal to one if variable Wp is activated in subdomain n for 

CDU fraction p, 𝑞௡ is partition length for variable 𝐿௨ defined as 𝑞௡ = ((𝑛 𝑁⁄ )ఊ −

((𝑛 − 1) 𝑁⁄ )ఊ)൫𝑊௣
୙୔ − 𝑊௣

୐୓൯, and the following three sets of continuous variables 

comprising 𝑑𝑈௡,௣ ∈ [0,1], 𝑑𝑄௡,௣ ∈ ൣ0, 𝑊௣
୙୔ − 𝑊௣

୐୓൧, 𝑛 = 1,2, … , 𝑁, and 𝑑𝑉௡ ∈ ൣ0, 𝑊௣
୙୔ −

𝑊௣
୐୓൧, 𝑛 = 1,2, … , 𝑁 − 1. 

 

The fourth scheme, nf6t also belongs to the incremental cost relaxation type as based on the 

foregoing nf5 scheme, but the latter entails a smaller size at the expense of reduced tightness.37 

Implementing nf6t scheme to reformulate the same bilinear term 𝑊௣ comprises equations (12), 

(13), (14), (15), and (23) to (26): 

 

 𝑑𝑊௡,௣ ≥ ൫𝑊௣
୙୔ − 𝑊௣

୐୓൯𝑑𝑈௡ + 𝑊௣ − 𝑊௣
୙୔,     ∀𝑛, 𝑝 (23) 
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 𝑑𝑊௡,௣ ≤ 𝑊௣ − 𝑊௣
୐୓,     𝑛 = 1, ∀𝑝 (24) 

 𝑑𝑊௡,௣ ≤ 𝑑𝑊௡ିଵ,௣,     ∀𝑛 > 1, 𝑝 (25) 

 𝑑𝑊௡,௣ ≤ ൫𝑊௣
୙୔ − 𝑊௣

୐୓൯𝑑𝑈௡,௣,     ∀𝑛, 𝑝 (26) 

 

The formulation for a proposed fifth scheme, de is presented in the following for the bilinear 

variable 𝐿௨𝑊௣: 

 

 𝐿௨𝑊௣ = 𝜔క − 𝜔ఎ (27) 

 ξ = ൫𝐿௨ + 𝑊௣൯ 2⁄ ,     ∀𝑢, 𝑝 (28) 

 η = ൫𝐿௨ − 𝑊௣൯ 2⁄ ,     ∀𝑢, 𝑝 (29) 

 

where 𝜔క = 𝜉ଶ and 𝜔ఎ = 𝜂ଶ. Bounding overestimators and underestimators in 𝜉-direction are 

as follows: 

 

 𝜔క ≥ 2𝜉ఫ
ഥ 𝜉 − 𝜉ఫ

ଶതതത,     𝑗 = 1,∙∙∙, 𝑀క  (30) 

 𝜔క ≤ ∑ 𝜉௡
ଶ𝜆௡

క
௡  (31) 

 𝜉 = ∑ 𝜉௡𝜆௡
క

௡  (32) 

 ∑ 𝜆௡
క

௡ = 1 (33) 

 SOS: 𝜆௡
క

,     𝑛 = 0,∙∙∙, 𝑁క  (34) 

 

Bounding overestimators and underestimators in 𝜂-direction are as follows: 

 

 𝜔ఎ ≥ 2𝜂ఫഥ 𝜂 − 𝜂ఫ
ଶതതത,     𝑗 = 1,∙∙∙, 𝑀ఎ (35) 

 𝜔ఎ ≤ ∑ 𝜂௡
ଶ𝜆௡

ఎ
௡  (36) 
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 𝜂 = ∑ 𝜂௡𝜆௡
ఎ

௡  (37) 

 ∑ 𝜆௡
ఎ

௡ = 1 (38) 

 SOS: 𝜆௡
ఎ

,     𝑛 = 0,∙∙∙, 𝑁ఎ (39) 

 

3.2. Computational Results 

 

The original refinery planning model is solved using BARON and ANTIGONE in which both 

report the same -global optimal value of US$75,494 for the objective function (profit 

maximization). The reformulated relaxed models as MILP are solved using CPLEX (12.10.0) 

to obtain an upper bound of US$98,547 for the maximization objective function. 

 

Each of the relaxed models is solved by varying the associated number of partitions n (for n = 

1, 2, 3, 4, 5, 7, 10, 15, 20, 25) and partition size 𝛾 (for 𝛾 = 0.25, 0. 5, 1, 1.5, 2, 3, 4) with the 

model performance shown in Figure 4 to Figure 10. We observe that as 𝛾 is decreased to values 

less than unity (in which 𝛾 = 1 corresponds to uniform partitioning), the magnitude of the 

difference between an upper bound (given by relaxed model solution) and a global optimum 

generally increases in the order of nf5 < nf6t < de < bm (see Figure 4 to Figure 6). On the 

other hand, as  is increased to values greater than unity, the magnitude difference between an 

upper bound and a global optimum generally increases in the order of bm < de < nf5 < nf6t 

(see Figure 7 to Figure 10). A convexified model using nf5 is tighter than nf6t but at the 

expense of a larger size while that of bm as well as de varies with respect to 𝛾, which is 

consistent with reported results.37 In terms of the relaxed model sizes which are in the order of 

bm < de < nf6t < nf5, a larger model size typically results in a tighter relaxation.37. Our study 

finds that as the partitioning levels (n) and sizes (𝛾) are increased, bm (which is smallest in 

size) shows tighter relaxation compared to the other schemes. 
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We consider a convergence indicator for a resulting relaxation model that measures the distance 

traversed by a relaxed solution towards attaining an -global optimal solution. This indicator is 

evaluated at a certain partition level n with respect to a corresponding upper bound (for n = 1) 

and a lower bound (for n = N) as tabulated in Table 3. For 1 ≤ 𝑁 ≤ 10, an average value of 

about 90 percent is estimated as also depicted by the slope (steepness) of the convergence-

indicating curves in Figure 4 to Figure 10. In contrast, for 𝑁 ≥ 10, a significantly lower 

average value of approximately 10 percent is indicated. Therefore, a limit on the number of 

partitions can be observed that exhibits a certain relaxation tightness, beyond which no 

increased tightness or performance improvement is obtained (notwithstanding the increased 

model size and computational load). 

 

Table 3: Convergence indicator of bm, de, nf5, and nf6t relaxation schemes with partition size 
variation. 
 

𝛾 
Convergence indicator (%) 

for 1  N  10 
Convergence indicator (%) 

for N  10 
0.25 92 8 
0.5 93 7 
1 90 10 

1.5 91 9 
2 88 12 
3 93 7 
4 80 20 

Average 90 10 

 

To investigate the performance of uniform and non-uniform partition sizes, we determine an 

average relative difference or deviation of a relaxed solution from an -global optimal solution 

for each value of 𝛾 and n. Figure 11 shows a lowest deviation (about 33 percent) for uniform 

partitioning (𝛾 = 1) compared to other non-uniform partition sizes, thereby indicating better 

solution quality for the former in employing a piecewise-linear relaxation scheme as is 

consistent with the literature.37-38 
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Figure 4. Convergence-indicating curves of bm, de, nf5, and nf6t relaxation schemes for 𝛾 = 

0.25. 

 

Figure 5. Convergence-indicating curves of bm, de, nf5, and nf6t relaxation schemes for 𝛾 = 

0.5. 
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Figure 6. Convergence-indicating curves of bm, de, nf5, and nf6t relaxation schemes for 𝛾 = 

1. 

 

Figure 7. Convergence-indicating curves of bm, de, nf5, and nf6t relaxation schemes for 𝛾 = 

1.5. 
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Figure 8. Convergence-indicating curves of bm, de, nf5, and nf6t relaxation schemes for 𝛾 = 

2. 

 

Figure 9. Convergence-indicating curves of bm, de, nf5, and nf6t relaxation schemes for 𝛾 = 

3. 
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Figure 10. Convergence-indicating curves of bm, de, nf5, and nf6t relaxation schemes for 𝛾 = 

4. 

 

Figure 11. Performance of uniform (𝛾 = 1) and non-uniform partition sizes (𝛾  1). 

 

4. CONCLUDING REMARKS 

 

In this work, we apply piecewise-linear relaxation schemes to convexify bilinear terms in a 
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size of partitions. As alternatives to conventional measures (e.g., computational time or 

optimality gap, which are more applicable to large scale industrial-size problems), we consider 

certain indicators to compare the schemes in terms of convergence and partitioning behavior. 

Our study encounters a limit on the number of partitions that contributes to relaxation tightness 

which does not necessarily correspond to a larges number of partitions. Further, the 

computational results show better performance in using uniform partition sizes. These results 

are largely consistent with the literature. 

 

ASSOCIATED CONTENT 

Mathematical formulation of the refinery planning NLP model is available as Supplementary 

Material. 
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NOMENCLATURE 

Sets and indices 

𝑈 set of process unit u 

𝑃 set of CDU fraction p 

𝑁 set of gridpoints for segment n 

 

Parameters 

𝛾 segment size (i.e., length) 

M big-M parameter 

𝑘௡,௣ gridpoint for segment n 
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qn length of segment n 

 

Continuous variables 

𝐿௨ load of process unit u 

𝑊௣ weight transfer ratio of fraction p (for CDU) 

𝑑𝑊 deviation of partitioned variable in bilinear term from lower bound 

𝑑𝑈, 𝑑𝑉 auxiliary variable for relaxation 

𝜔௨,௣ variable for reformulation to replace bilinear term 

 

Binary variables 

𝜆 disjunction in bm scheme 

θ  disjunction in nf5 and nf6t formulations 
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